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Abstract

An algorithm is presented to extract the square root from a multivector (MV) in real Clifford
algebras Cl, 4, where n = p +q < 3, in radicals. It is shown that in Cl3, Cl; 5, and Clo3
algebras, there are up to four isolated square roots in a case of the most general (generic)
MV. The algebra Cl, ; is an exception and, there, the MV can have up to 16 isolated roots.
In addition, a continuum of roots has been found in all Clifford algebras except p + g = 1.
Examples which clarify computations are provided to illustrate the properties of roots in all
n = 3 algebras. The results may be useful in solving nonlinear equations, like for example,
the Clifford—Riccati equation.

Keywords: square root of multivector; Clifford algebra; geometric algebra; computer-aided
theory
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1. Introduction

The square root has a long history. Solution by radicals of the cubic equation was
first published in 1545 by G. Cardano. Simultaneously, a concept of the square root of a
negative number was developed [1]. In 1872, A. Cayley was the first to carry over the
square root to matrices [2]. In the recent book by N. J. Higham [3], where an extensive
literature is presented on nonlinear functions of matrices, two sections are devoted to
matrix square roots. In the context of Clifford algebra (CA), the main attention up till
now was concentrated on the square roots of quaternions [4,5], or their derivatives such
as coquaternions (also called split quaternions) or nectarines [5-7]. The square root of
biquaternions (complex quaternions) was considered in [8]. Quaternions and related objects
are isomorphic to one of n = 2 algebras Clyy, Cl 1, Cly 9, and therefore, the quaternionic
square root analysis can be easily rewritten in terms of CA (see Appendix B). In this paper,
we shall mainly be interested in higher, namely, n = 3 Clifford algebras (CAs), where the
main object is the eight-component multivector (abbreviated as MV through the article).

For CAs of dimension n > 3, the investigation and understanding of square root
properties is still in infancy. The most akin to the present paper are the investigation of
conditions for the existence of square root of —1 [8-10]. The existence of such roots allows to
extend the Fourier transform to MVs, where they are used in formulating Clifford—Fourier
transform and CA-based wavelet theories [11].
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Our preliminary investigation [12] on this subject was concerned with square roots of
individual multivector grades such as scalar, vector, bivector, pseudoscalar, or their simple
combinations. For this purpose, we have applied the Grobner basis algorithm to analyze
the system of nonlinear polynomial equations that ensue from the MV equation A? = B,
where A and B are the MVs. The Grobner basis is accessible in many symbolic mathematical
packages. Specifically, Mathematica commands such as Reducel 1, Solve[ ], Eliminate[ ]
and others also employ the Grobner basis to solve nonlinear problems. With their help,
we were able to find new properties of roots for the n = 3 case, namely, that the MVs may
have no roots, a single or multiple isolated roots, or even an infinite number (continuum) of
roots in 4D parameter spaces or spaces of smaller dimension. A short overview of current
Clifford algebra software is described in the introduction of [13].

In this paper, we continue our [12] investigations of the square root problem in real
CAs for the n = 3 case. In particular, we examine and provide explicit conditions for an
MV to have discrete and continuum of roots, and how to express real root coefficients in
radicals. For this purpose, a symbolic package was used [14] that appeared to be invaluable
both for detecting specific solutions of the nonlinear equation A?> = B and for numerical
checks in general.

In Section 2, the notation is introduced. The algorithm to calculate the square
root of a generic MV and special cases that follow are given in Sections 3-5 for
Clzo ~ Clyp, Clps, and Cly; algebras, respectively. The computation is illustrated by
a number of examples. The conclusions are drawn in Section 6. For completeness, in
Appendixes A and B, the MV square roots are presented for lower-dimensional CAs.
Appendix C provides summary for the two most important algebras, Cl3 o and Cly3 alge-
bras, which will be useful for implementation. Appendix D is devoted to MV determinants.

2. Notation

For n = 3, a general MV can be expanded in the orthonormal basis that consists of
2" = 8 elements listed in inverse degree lexicographic ordering (note an increasing order
of digits in indices). Therefore, we write e;3 instead of e3; = —ej3. This convention is
reflected in opposite signs of some terms in formulas.

{1/ e], ey, e3,e12,€13,€23,€123 = I}/ (1)

where e; are basis vectors and e;; are the bivectors (oriented planes). The last term is the
pseudoscalar. The number of subscripts indicates the grade of basis element. The scalar is a
grade-0 element, the vectors e; are the grade-1 elements, etc. In the orthonormalized basis,
the geometric (Clifford) products of basis vectors satisfy the anticommutation relation,

ejej + eje; = £20;;. (2)

For Cl3 and Cly 3 algebras, the squares of basis vectors, correspondingly, are e? = +1 and

e? = —1, where i = 1,2,3. For mixed signature algebras such as Cl,1 and Cl; 5, we have

1
el =e2=1e=—1ande? =1, e} = e2 = —1, respectively. The sign of squares of higher

grade elements is determined by squares of vectors and property (2). For example, in Cl3,
we have e%z = epep = —ejerere; = —eq(+1)e; = —eje; = —1. However, in Cljp, a
similar computation gives e%z = —ejepepe; = —ej(—1)e; = eje; = +1.

When n = 3, an MV A in real CA can be expanded in the basis (1),

A =ag + ajeq + arer + azez + appern + axzers + azer3 + appsl

_ 3)
=ay+a+ A+ apsl,
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where a;, a;;, and aj1p3 are the real coefficients, and a = aje; + aze; + aze; and A =
ajpeqp + axzens + ajzeqs are, respectively, the vector and the bivector. We will seek a real
MV A (with real coefficients), the square of which satisfies

AA=A2=B="by+b+ B+ byl (4)

The MV A is called a square root of B. In Equation (4), the square A has been expanded
in the orthonormal basis where by, b, B and I = I3 denote, respectively, a scalar, a vector
(b = bye; + byey + bze), abivector (B = bipeqn + bazers + bizess), and a pseudoscalar. The
representation (3) is not convenient for our problem; therefore, for all 3D algebras Cl3 ),
Clp3, Cly 5, and Cl; 1 a more symmetric representation is introduced,

A=s+v+(S+V)I, ®)

where now both s and S are the real scalars and both v = vie; + vye; + vze3 and
V = Vje; + Vhep + Vies are the vectors with real coefficients v; and V;. The MV rep-
resentation (5) allows to disentangle the coupled nonlinear equations in a regular manner
for all listed algebras. To select the scalar s in (5), the grade selector (A) = (A)y = s is
used. The pseudoscalar part can be extracted by (A) = (—AI)o = S, and similarly for other
grades. More about CAs and MV properties can be found, for example, in books [15,16].

When n = 1,2, the MV square root algorithm simplifies substantially. All needed
formulas are presented in Appendix A and Appendix B, respectively.

3. Square Roots in Cl3 ¢ and Cl;, Algebras

This section describes the method of substitution of variables in CA which paves a di-
rect way to square root algorithm. The Euclidean CI3 j algebra is the most simple one among
n = 3 algebras. The algebra CI , is isomorphic to Cl3 o; therefore, the computations for this
algebra follows the same route except that, there, some notational differences appear.

The goal is to solve nonlinear MV equation A2 = B, where B = by + bjes + byes +
bses + bypers + bizeis + basens + bipzl and A is unknown. The latter may have the general
form (5). Expanding A? in components and equating (real) coefficients at basis elements to
respective coefficients in B, one obtains a system of eight nonlinear equations:

by = s> — S+ v> — V2, b1z =2(sS+v-V), (6)
by = 2(sv; — SV), bys = 2(sVq + Svy), (7)
by = 2(5v, — SVh), bis = 2(sVs + Svy), (8)
by = 2(sv3 — SV3), b1y = 2(sV3 + Svz) 9)

These equations were written in [12], but they were not solved properly, so the results
presented there did not cover all possible cases. Here, we provide a complete solution of
square root problem for n = 3 Clifford algebras. The square root computations split into
two cases: the generic case where either s+ 8% #£0 (in Cl3g and Cly 5) or s2 — 82 40 (in
Clo3 and Cly 1), and the special case where s> + S? = 0 (in Cl3 g and Cly 5) or s> — §? = 0 (in
Clorg, and Clz/l).

3.1. The Generic Case s> + S% # 0

The system of six Equations (7)—(9) is linear in new variables v; and V; in (5). It has a
very simple solution which is a key to the analysis that follows. As a note, the symmetry of
Equations (10) and (11) with respect to pairs (va, V3), (v1, V1), and (vs, V3) differ as it was
explained in the beginning of Section 2.
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It can be restored if by3 is replaced by —b3;.
bis + b3S bys — b13S b3s + b12S
P —— = 55 = 5 Aahvs ].0
U= 9 2= 9 B= oy 10
Vi — byzs — b1S _ bi3s + by S . b1ps — b3S (1)
L7 o(2 4 82y 2T (2492 37 (24 82)

The Equations (10) and (11) express the components of vectors v and V in terms of scalars
s and S, which are to be determined from a pair of Equation (6). The solution is valid
when s? + S? # 0, i.e., when either s # 0 or S # 0, or both s and S are non-zero scalars.
If these conditions are not satisfied, we have the subcase s = S = 0. After substitution of
(10) and (11), i.e., of (v1,v2,v3) and (V3, V3, V3), into (6), we get a system of two coupled
algebraic equations for two unknowns s and S,

4(bg — 5%+ S?)(s? + %)% =+ (b1s + b23S)? + (bas — b13S)* + (b3s + b12S)?
— (byss — b1S)? — (b13s + bS)* — (b1ps — b3S)?,
2(b1os — 255)(5* + 5%)* = + (b15 + b3S) (bazs — b1S) — (bas — by3S)
X (b135 + b2S) + (b3s 4 b12S) (b12s — b3S).

(12)

The system (12) has exactly four solutions that can be expressed in radicals. If new variables
t and T are introduced and substitution

sS=t, Y- +8)=T (13)
is used, the system (12) reduces to

(bo +4T)(4t — bipz) — b1 /2 =0,

(14)
bs — (bo — bias +4T + 4t) (b + b1o +4T — 4t) = 0.
In (14), coordinate-free abbreviations bg and b; have been introduced,
bs = (BB)o = b§ — bf — b3 — b3 + b, + by + b5 — biys, (15)

b[ = <BBI>0 = 2b3b12 — 2b2b13 + 2b1b23 — 2b0b123.

In (15), the MV B denotes the Clifford conjugate of B, where tilde is the grade reversion and
cap is the grade inversion. Note that for remaining algebras Cly 3, Cly 1, and Cly 1, the signs
of individual terms inside bg and by all are different. As we shall see below, the square roots
for all n = 3 algebras are predetermined by four real coefficients only, namely, by, b123, bs,
and b;.

After substitution of (13), the resulting system of Equation (14) is of degree < 4. Thus,
we conclude that the initial system (12) can be explicitly solved in radicals. In particular,
two real solutions of (13) have the form

/ [ t
512 = +\ —-T+ T2 + fz, Sl,Z =4+ ’ (16)
( \/—T+\/T2+t2)

where the signs in pairs (s;, S;) must be identical, plus or minus. The denominator of S; »

becomes zero if s = S = 0. The remaining two solutions of (13), which can be obtained from
(16) by the substitution v/ T? + t> — —+/T? + 12, are complex-valued due to the inequality
VT? + 12 > T and therefore must be rejected.
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The two real-valued solutions of Equation (14) are

(fl,z = }1(5123 + % —bs + \/5)/ Tip = %(ﬁ\/% - bo)),
if — bs -+ \/5 >0, (17)

<t1,2:b123/4, Tip = }I(iﬁ—bo)), if —b5+\/5:0 A bg > 0.

No additional conditions are required for the determinant D = b% + b% > 0 of the MV B,
since for Cls algebra, it is always positive definite D > bs (see in Appendix D how to
compute the MV determinant). Again, we should take the same signs for ¢; and T;. The
two complex-valued solutions of (14), which can be obtained from (17) by substitution
VD — —+/D, must be rejected. The denominator of T;, in (17) turns into zero when
bs = /D, i.e., when by = 0.

To summarize, starting from (17) and then going to (16), and finally to Formulas (10)
and (11), one obtains four explicit real solutions which completely determine the square
root A = /B of generic MV B in terms of radicals A = s + v + (S + V)I of real Clifford
algebra Cl3 .

3.2. The Special Case s> + S*> = 0

The only special case in Cl3 corresponds to s = S = 0. In the subcasess = S # 0
and s = —S # 0, one can rewrite expressions (16) in a simpler form. In particular, when
s =S # 0, we have

2bo (18)
bis £/—bs if by=0,

b
+1 b+ = if by #0,
51,2 .

3
and whens = —S # 0,

b
+1 )/ —bis — —  if by £0,
S12 = 5 123 20, 1 0 # (19)

+3V/—bis £/=bs if by =0,

where all expressions inside square roots are assumed to be positive.

The case s = S = 0 is special, because the condition implies that the number of square
roots of B may be infinite (the case of simple MV roots is given in [12]). Indeed, in this case,
Equations (7)—(9) are compatible only if the vector (by, by, b3) and bivector (bia, by3, b3)
coefficients are zeros. Then, Equation (6) reduces to

bp=v>—V?, bz =2(v-V), (20)

where v2 = ©v2 + v3 + 03 and V2 = V2 + V2 + V2 for Cl3. Since, in general, we have
3 4+ 3 = 6 unknowns which must satisfy Equation (20), we are left with four real arbitrary
parameters as will be explicitly demonstrated in Example 1. The solution therefore makes a
four-dimensional (or smaller) set of real-valued MV coefficients. It is interesting that both
expressions in (20) have a very clear geometric interpretation. Indeed, if the ends of vectors
v and V represent two concentric spheres, then the coefficient by controls the lengths of radii
|v| and | V|, while the pseudoscalar coefficient b3 controls the angle between the vectors v
and V. From this follows that, due to periodicity of the angle, one can introduce principal
value for coefficient byp3. Similar properties, i.e., the multiplicity of roots and the existence
of principal angle in a complex plane, are well-known in case complex numbers [17].
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3.3. Cly o ~ Cl3y Algebra

In paper [18], it is shown that “...for odd n > 3, there are three classes of isomorphic
Clifford algebras what is consistent with Cartan’s classification of real Clifford algebras.”
In particular, two algebras, Cl3 and Clj 5, are represented by 2 x 2 complex matrices C(2).
The similarity between square root expressions obtained below also confirms that these two
algebras fall into the same isomorphism class. On the other hand, the algebras Cly3 and
Cly 1 are represented by blocked 2 x 2 and 1 x 1 matrices, respectively, 2R(2) and 2H(1).
Therefore, they belong to different classes. Indeed, as we shall show later, the analysis of
roots in Cl, 1 is only roughly similar to that in Cly 3. However, between CI, 1 and Cly 3, there
are distinctions: they are isomorphic to different, real, and quaternionic matrices.

As far as Clj ; algebra is concerned, its difference from Cl3 g is contained in the explicit
expression for bg,

bs = (BB)o = b — bf + b3 + b3 — bT, — b + b33 — by, (21)
b[ = <BBI>0 = 2b3b12 — 2b2b13 + 2b1b23 — 2b0b123, (22)
D = b% + b3, Cly (23)

and expressions for v; and V;

. bys + bp3S . bys + b13S . bsys — b1pS

U= @Sy 2= Sy TN )
_ b23S — b15 _ b13S — sz _ b125 + b3S (25)
17 2(s2+ 7)) 27 2(s2+ 82 2T (24 8y

The expressions for by and D (the determinant of B) remain the same. Note that in (20), the
scalar product in Cl; » has both plus/minus signs, in particular v? = v? — v2 — v3. Before

considering other algebras, it is helpful to analyze a few examples.
3.4. Examples for Clz g and Cly »

Example 1. The Case s # S.

The square root of B = e; — 2ep3 in Cl3 9. The coefficients in this case are b; = 1 and
by3 = —2, and all remaining ones are equal to zero. Then, from (15) follows that b; = —4
and bg = 3. The expression (17) gives t1, = (%, —%) and T, = (—%, %) Finally, using (16),
we find the real solutions for s and S,

(s12 = Fxc1, S1p = £3c2) and (53,4 =+1cy, S3a = i%ﬁ), (26)

where ¢; = vV -2+ V5 and ¢; = V2 + v/5. Thus, the MV is regular. Using (10) and (11),

we have the following four sets of non-zero coefficients:

(s1=—%c1, S1=30, ©vi=-%0 Vi=-30)

(Sz = %CL Sy = *%Cg, 01 = %Cz, Vi= %Cl), (27)
(s3=12c, S3=1c;, wvi=1a, Vi=-lo),

(54 = —%02, 54 = —%Cl, 01 = —%Cl, V1 = %Cg).
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The remaining coefficients are equal to zero, v, = v3 = V, = V3 = 0. Finally, inserting the
coefficients (27) into (5), one can find four different roots,

A1,2 = ¢%c2(—2 + \/§+ e + (*2 + \/5)923 - e123),

Ags =+l (24+V5+e— (2+V5)exn +e3), 2%
squares of which give the initial MV B = e; — 2ep3.
Example 2. The Cases = S.
The square root of B = —1+e3 — ey + %9123 in Cl3p. Now, by = —1, bjp3 = %,
by =—1,bs = %. Then, from (16) and (17) follows real solutions for s; and S;,
(s10==%%, Sip==+1) and (s30=0, Sza=%l). (29)
Then, for case (s1 2, S12), Equations (10) and (11) yield
(s1=-L ov1=vm=0v3=0, =Wh=0, V3=1), (30)

’ 01202203:0, V1:V2:0, V3:—1).

Nl—

(52

The case (s34,S534) is treated exactly as in Example 1. The final answer consists of four
roots too:

Ay = £1(—1+2ep; —e3),

Ass = E1(es+ e —2e). 51
Example 3. The Cases = S = 0.
The square root of B = —1 + ejp3, which is the center of Cl3 . The coefficients by = —1,
bips = 1 give by = 2, bg = 0. Then, from expressions (17) and (16) follows
(s10 = *c1, S1p =+cx) and (s3=0, S3=0), (32)

where c; = vV —1/24+1/v2andc; = V1/2+1/V2.

The case (s17,51,2) in (32) can be computed similarly as in Example 1. The two square
roots, which are obtained from case (51,2 =%cy, S1p = icz), therefore are

Aip = E(c1 + coeq23). (33)

The set of two roots above should be extended by adding a set of roots provided by
the case (s3 = 0, S3 = 0) in (32), which is special. Indeed, some of coefficients in this
case remain unspecified and therefore may be treated as free parameters that yield an
uncountable number (continuum) of roots. The coefficients (b1, by, b3) and (b1, by3, by3) in
this case are zeroes; however, the compatibility of (7)—(9) is satisfied and the solution set
is not empty. Indeed, as seen from (20), the system can be solved for an arbitrary pair of
coefficients (v1,vo, v3, V1, V2, V3), for example with (vy, V7). If (vq, V1) is inserted into (5),
one gets an MV with four free parameters,

A = fi(v2,v3, Vo, V3)e1 + v2ey + v3e3 + fo(v2, v3, Vo, V3)ex3 — Vaeqs + Vzern, (34)

https://doi.org/10.3390 /math14020209


https://doi.org/10.3390/math14020209

Mathematics 2026, 14, 209 8 of 24

where v = f1(vp,v3, V2, V3) and V) = f>(v2, v3, V2, V3) denote explicit solutions of (20),

1 —biz + 2(7]2V2 + U3V3)

C1 .
v = F—, Vi==+— , with
1 ?\ﬁ 1 o NG
1= (i\/(bo — U% — Z)% + V22 + V32)2 + (b1as — 2(0a Vo + U3V3))2 (35)

NI=

+(b0—v§—v§+V§+V§)> .

For example, by setting all free parameters to zero, v, = Vp = v3 = V3 = 0, we select from
a continuum two roots, which we denote

Azy = £(c1e1 + coe23). (36)

It is important to realize, however, that the number of roots provided by case (s3 = 0, S3 = 0) in
general is infinite and the two roots in (36) represent the simplest choice of free parameters.
All roots A, satisfy AJZ =B=—-1+eqx3.

If, instead of B = —1 + eqp3, we had tried to find the square root of MV that does not
belong to the center, for example, if we had worked with B = e; + e, which is directly
related to polarized electromagnetic wave in Cl3 g, we would have ended up with an empty
solution set. Indeed, in the latter case, s1 = 0, S; = 0 and by = b1p3 = b = bg = 0. Then,
after substitution of s — s; = 0 and S — S; = 0 into Equations (7)—(9), one obtains the
contradiction 1 = 0.

Example 4. The case of Quaternion.

Quaternions are isomorphic to even subalgebra Cl;; o with elements {1, e1p, e23, e13};
therefore, the provided formulas allow to find quaternionic square root too. Taking into
account that quaternion imaginary units are i = eqp, j = —eq3 and k = ey3, let us compute
the square root of B = 1+ ep — e13 + ep3 = 1 + 1+ j + k. In this example, we have by =1,
bip3 = 0,and by = 0, bg = 4. Starting from (17) and then using Equation (16), it is easy to
find that the MV represents a regular case with four different coefficients

(12=0, S12=%1/v2) and (s34=%v3/2, S34=0). (37)
Using (10)—(11) and (5), we can write the answer:

Ao =+(e;+ey+es+es)/V2,

(38)
Asy=+B+epn—ep3ten)/Ve=+B+it+j+k)/V6.

The squares of all roots yield the initial MV. It should be noticed that in A3 4, the quaternion
imaginary units have remained in even algebra only. The source of this ‘strange’ difference
is related to the algebra where the square root problem is solved. In particular, here,
the roots are computed in Cl3 algebra rather than in Cly», i.e., algebra of quaternions.
However, the formulas for Cly (see resp. equation in Appendix B) give two roots only.

Example 5. The regular case of Cly  algebra.
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Using the same initial MV, B = e; — 2e»3, as in Example 1, one obtains the same values
for (bg,br) and (s, S). After substitution into (24), (25), and then into (5), the square roots
are found to be

Aip = £3(ca(—e1 +enn3) —cr(1+ ex3)),
Ass = 1 (—ci(er + e1s) +ca(—1+ex)),

where c; = vV—2++v5and ¢, = V2 + V5.

4. Square Roots in Cly3 Algebra

(39)

The similar approach to the root problem allows to write down explicit square root
formulas for Cly 3 algebra as well. Using the same notation (5) for A and B and equating
coefficients at same basis elements in A2 = B, now we obtain the following system of
equations. The formulas have the same structure and differ in signs of some constituent
terms only. Below, for easier reading and application, all formulas, including those for
mixed algebras, are written explicitly without introducing a large number of sign epsilons
e+ = £1. In fact, appearance of different signs in structurally similar expressions brings in
different conditions for real root existence in distinct algebras.

by :SZ+52+V2+V2, b1p3 :2(SS+V'V)/ (40)

by = 2(svy + SVy), by = —2(sV1 + Svy), (41)

by = 2(svy + SV3), biz = 2(sV2 + Sv2), (42)

by = 2(sv3 + SV3), bip = —2(sV3 + Sv3), (43)
where, now, v2 = —v% — v% — v% andv-V = —0v1V] — 0V, — 03 V3.

4.1. The Generic Case s> — S # 0
The solution of Equations (41)—(43) is

bys + b3S bys — b13S bss + b1pS
_ _ D25 b3S _ 285 T 0120 44
T o252y 2T T2y BT 25y (“44)
byss + 1S bi1zs — by S bips + b3S
= = = —F—F= - e——— 45
Vi= =gy V2= 5@y Vs= gy @

which is valid when s> — S? # 0, and corresponds to the generic case. After substitu-
tion of (44) and (45) into (40), one obtains two coupled nonlinear algebraic equations for
two unknowns s and S,

bs +4s2(—6S2 4 by) + 85Sbypz = ds* + (—25% + by)? + b2y,

) ) (46)
by =2(2(s" + S%) — bo) (4sS — b1z3),
where, again, the coordinate-free notation is introduced,
bs = (BB)o = Uf + Uf + b3 + b3 + b7, + b3 + b33 + by, )

~

by = (BBI)g = —2b3bip + 2bb13 — 2b1ba3 + 2bgb123.

Note change of signs as compared to the Cl3 case. The determinant D in Cly 3 is expressed
as a difference, D = bé — b%, which is always positive, D > 0.
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To reduce the degree of the above equations, the substitution
sS=t AP+ =T, (48)

is used that transforms the system (46) into a simpler one. To eliminate s and S, Mathematica
commands Eliminate[ ], GroebnerBasis| ] have been used. They allow to rewrite the initial
Equation (48) in a number of equivalent forms.

bs = (4T — bo)* + (4t — bip3)?, by = 2(4T — bp) (4t — b13). (49)

The solution of (49) when (bs £ /D) > 0 is

(fl,z i (b123 NARE VD), Tz =3(bo ﬁ\/m))’
if bg— /D >0, (50)
(t1p0 = tb1os, Tio= §(£Vbs+bp)), if bs—+/D =0andbs > 0.

The =+ signs in the above formulas are mutually related; thus, there are only two possibilities
that correspond to either plus or minus signs inside ¢; and T; formulas. The remaining
two solutions of (49), which were obtained from (50) after replacement —VD — +VD,
yield a complex-valued expression for T & /T2 — {2 (see Equation (51) below); therefore,
they were dismissed in advance.

Once the equations in (50) are computed, they can be substituted back into solutions
of (48),

(51,2,3,4 =+VTEVT?>—12, S1p34 = \/Hiiti ﬂ)if T>0,t#0, 51)
(51,2 = 53,4 = ++v2T, 51,2 =834 = 0) if T >0,t=0.

In the obtained equations, the same signs must be chosen in the same index positions in
51,234 and Sy 2 3 4 (four possibilities).

Thus, starting from pairs (t1, T;) and (¢, T») in Equation (50) and then going to (51),
and finally to Formulas (44), (45), and (5), one obtains explicit real solutions that completely
determine the square root of equation B = A? (with A = s + v + (S + V)I) of the generic
MV B of real Cly3 algebra in radicals. It appears that, at most, only four isolated real
solutions (because the condition T > 01in (51) selects only single sign from (50)) are possible
in this algebra too, since other choices of signs in (50) and (51) yield negative expressions
inside square roots.

4.2. The Special Case s> — S*> =0
There are three subcases: (1)s =S5 #£0,(2)s = —-S #0,and 3)s =S = 0.

4.2.1. The Subcases = S # 0

Here, the system of Equations (41)—(43) has a special solution,

by by b3

=5V, ==V, v3=oo-Vs, (52)

if and only if the MV B coefficients satisfy by = —bps, by = b3, b3 = —b1p. In (52), v;

is expressed in terms of V;. Appearance of s in the denominators implies that the case
s = S = 0 must be investigated separately. After substituting the solution (52) into (40)
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and taking into account the mentioned conditions (b; = —bs3, bo = by3,b3 = —by2) one gets
two equations,

b? + b3 + b3
B 1+ 2—|— 3 b]V1+b2V2+b3V3_b0+252+2(V-V):O,
452 s (53)
- blVl + bZSVZ + b3V3 _ b123 + 252 — Z(V . V) =0,

that should be kept mutually compatible. To this end, we subtract and add the above
equations to get

%%%—mu3—ﬂv-vn—sgmw+mﬂ@+mwg+b%+@+b§_0

4:52 ! (54)
452(b0 + b1p3 — 452) + b% + b% + b% —0

452

Then, making use of expanded form of bs = (BB)o = b3 + 2(b? + b3 + b3) + b3,,, where the
conditions by = —by3, by = bi3, b3 = —b1p have been taken into account, one can express
the sum b? + b2 + b2 from the second equation in (54), b2 + b2 + b2 = 1(bs — b3 — b3,5),
and substitute the latter into the first of the equations. The result is the quadratic equations
for Vi’s. After solving, for example, with respect to V;, one can express Vj in terms of, now,
arbitrary free parameters V, and V3,

v :g (\bel + (—852 (bo — bz + 4(V22 + V32)>+ (55)

16S(b2V2 + b3V3) + b(z) + Zb% + b%zg, - bS)l/z)/

that warrants compatibility of the system (53). Thus, further analysis may be restricted to
the simplest single equation: the second equation in (54) that after introduction of shortcut
bs can be cast to form

bs = —8bgs? — 8b1p38” + b3 + blys + 325, (56)

The solution of (56) with respect to s can be expressed in radicals,

si0 ==+ ;ﬁ\/\/ﬂ?s — (bo — b123)% + bo + b1, (57)

where all expressions inside square roots are assumed to be positive.  The
expressions (57), (55), and (52) after substitution into (5) yield the final answer for this
special case under conditions for MV B coefficients: by = —by3, by = by3, b3 = —byp that
in an abridged version reduce to bs — (by — b123)?> = b;. In conclusion, the solution set
contains two free parameters, V, and V3, and therefore represents continuum of roots on a
two-dimensional manifold in the parameter space.

4.2.2. The Subcases = —S # 0

Performing exactly the same analysis as in Section 4.2.1, one obtains the conditions
for the existence of a solution: by = byz, by = —by3, and by = by, or in short, —bg + (by +
bio3)* = by. Similarly, expressing v; in terms of V;, one gets

b b
v =1+ 1, UzZé

b
=24V (58)
2s

Va,
+ Vs 03 25
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If V; is expressed in terms of V; and V3,
2
Vi :?{(—ﬁbli (—85%(bo + bioz +4(V5 + V5)) 59)
—165(baVa + b3V3) + b + 263 + b2y — b )1/2),
we find two real solutions for s,
s120 =% 2%\/\/255 — (bo + b123)% 4 bo — b123, (60)

After substitution into (5), the above expressions again yield the final MV, provided the
conditions by = by3, by = —bq3, b3 = by are satisfied.
4.2.3. The Subcase s = S =0

The analysis of this special subcase is very similar to thatin Cl3 g. Equations (41)—(43) satisfy
the compatibility condition if vector (by, by, b3) and bivector (byp, by3, ba3) coefficients are
equated to zero. Then, Equation (40) assumes the following form

bo=v>+ V2, by =2(v-V) (61)

from which follows that four parameters remain unspecified. For example, if Equation (61)
is solved with respect to pair (v1, V1), one gets

=L = o 1 bios +2(0a Vs + U3V3)’ where
V2 a V2
€1 = (i\/(bo +v5+0i+VZ+ V32)2 — (bigz +2(vaVa 4 v3V3))2 (62)

1
2 2 2 2\ 2

The pairs (vy, V2) and (v3, V3) may be interpreted as free parameters that generate a contin-
uum of roots in a four parameter space. The geometric interpretation of Equation (61) is
similar to those in (20) for Cls .

4.3. Examples for Cly 3

Example 6. The regular case.

As in Example 1, let the initial MV be B = e; — 2ej3, the coefficients of which are
by =1, bip = —2. The shortcuts b; and bg in (47) have the values b; = 4 and bg = 5. The
formulas in (50) give (T, t1) = (3, 3) and (Tp, t) = (—%, —1). Since Ty is positive, the pair
(Ty, t1) is used in the following. Then, from the system (51), we find four values of (s;, S;)
and then from (44), (45), the coefficients v; and V;,

= %d3, Sl =01 = —%d2, U = V3 =0 ’
T, Sy=v1=1dy, Uy = U3 = Vz V3 =0

1
:_jdzl S3Z_E, U]

%dg,, 02203—V2 V3—0

7

S S S S

)
%’ (63)
)-

[V5)
= W N =
|

= 1d,, 54=ﬁ, vy =13d;, wv=v3=V,=V3=0
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where d; = V2 —/3,dy = V24 V3, and d3 = V2 — V6. Finally, in the same way as in

Example 1, we find four different square roots,

A = %(dl + dreq —diexs + d2e123)f
Ay = 5 (3d3 — daey — jdsexs — dyerns).
e
Az = J(dy + dre; — drey + ;23 ), o
e
Ay = %( —dy + %d3e1 +dyexs — ﬁ)’

dy
Noting that d3 = —2d; and d, 1 — 4,, the roots may be rewritten in the standard form

Aip = £3(d1 + dre; — diexs + drerns),

: (65)
Ay = 15 (do+ dieg — drers + dieqns).
Example 7. The cases = S # 0.

The square root of B = —ej3 + ejp + 4eqp3. The shortcuts in (b, bg) have values
by = 2 and bs = 18, and afterwards, the expression (50) gives (T, t1) = (%, %), where
¢4 = (2++/5). The negative T solution has been omitted. All this gives
(s1,51) = (—@, —@) and (sp,S2) = (@, @) The coefficients satisfy the relations
by = —Dbo3, by = by3, b3 = —byy; therefore, a special solution consisting of four MVs exists:

1
A = *5(61 + 923)\/*4‘/22 +4(c1 —V3)Va+c3 —epVs+ (e3 —e2)V
1

+e3(c1 — V3) — 562(9123 +1),

1
A, = 5(61 + 623)\/—4‘/22 +4(c1 — V3)Vz+c3—epVz+ (e13 —e2) V2

1
+e3(c; —V3) — 562(8123 +1), (66)

1
As = E(—(el + 823)\/_4V22 —4V3(Vs +c1) + 5~ 2enVs

+ 2(e13 — ez)Vz — 2e3(V3 + C1) + C2(€123 + 1))/

1
A= 5((er+ e23)\/—4V22 —4V3(Vs +c1) + 03 — 2e2V3

+ 2(e13 — ez)Vz — 2e3(V3 + C1) + Cz(elzg + 1))/

where ¢c; = V V5=2,¢0 = V542, c3 = —V/5+6. Assuming concrete values of
parameters V, and V3, one can check that the root formulas give real MVs.

It should be noted, however, that symbolical expressions do not guarantee that we
will always be able to find real parameters V, and V3, what would ensure real square roots.
For example, if instead of the above MV B = —ej3 + ey + 4ejp3, we tried to find the square
root of MV B = —e3 + ey in Cly 3 (the MV was used earlier in the Example 2), we would

find s; = % and s, = —%. The first value then yields vy = —V; = %\/—4V22 —(1+2V3)2,

vy = —Vp, v3 = —1 — V3, and the second one yields V; = —v; = %\/741/22 —(1—-2V3)?,

vy = —V,, and v3 = 1 — V3. Taking the square of symbolical expressions, one can easily
check that, formally, we indeed obtain the MV B = —e3 + ey. It is obvious, however,
that in both cases (s; = % and s; = —%), the expression under square root can be made

non-negative (i.e., only zero in this case) for a single choice of parameters. In particular,
in the case s; = %, the requirement —4V22 —(14+2V3)2 >0 yields V, = 0,V3 = —1/2.
Alternatively, in the case s, = —%, from equation —4V22 —(1—-2V3) > 0 follows V, =
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0, V3 = 1/2. Both cases yield an isolated root j:% (1 — e3 + eqp + e1p3). Therefore, in this
algebra, there exists only the isolated real square root of B = —e3 + eq5.

5. Square Roots in Cl,1 Algebra
5.1. The Generic Case s> — S # 0

The system of nonlinear equations is

bp =52+ 82+ v2 V2 b1z =2(sS+v-V), (67)
by = 2(svy + SWy), bas = 2(sVq + Svq), (68)
by = 2(svy + SVa), b1z = —2(sVa + Svy), (69)
by = 2(svs + SV3), b1, = —2(sV3 + Svs), (70)

where, now, v = v% + v% — v% and v-V = 0;V] + v,Vo — v3V3. When s2 — §2 # 0, the
solutions of systems (68)—(70) are

bys — by3S bps + b13S bss + b1»S
T -5y 27 a2 -2y BT o2 -2y 1)
byzs — b1 S biss + b,S bips + b3S
Vi="F—7, V)= ——"F5—5, Vs=——5—0r. 72
1= 2o 2= =9 T ) B
Insertion of v; and V; into (67) gives two coupled equations for unknowns s, S
bs -+ 452(—6S2 4 by) + 85Sbypz = 4s* + (—25% + by)? + b2y, -
by = 2(2(52 + 52) — bo)(4sS — b123),
where bg and by are functions of coefficients in B,
bs = (BB)o = b§ — b — b3 + b3 + b3, — b3 — b33 + biys, (74)

~

by = <BBI>0 = —2b3byy + 2byb13 — 2b1bo3 + 2bgby23.

Because Equations (73) and (47) have the same shape (the concrete equations for bg and by,
of course, are different) we can make use of (48) with the purpose of lowering the order of
the system. However, there arises an important difference: the determinant, D = b% — b%,
in Cly; is not always positive. It may happen that for some B, the MV determinant may
become negative, D < 0. In such a case, the solution set becomes empty. The other
particularity is that in the solution (50), instead of single sign (— VD), we have to take into
account both signs, i.e., ++/D, what doubles the number of possible solutions in the case
D >0,

1 1 1 +b
(f1,2,3,4 =3 (17123 + 7 bs £ \5), Tip34 = 3 (ﬁ\/m + b0)>,
if bs++vD >0, (75)

(t1,2 = %b123, Tip= }I(i\/E‘F bo)), if bg+ VD = 0and bs > 0.
Here, again, the sign of t; must be taken in all possible combinations, and the sign of T must
follow the same upper-lower sign position as in t;. The condition bs & v/D = 0 implies

that b; = 0. Since we already have four sign combinations in the solution for s, S (as in
(51)), we end up with 16 different square roots of MV in a generic case of Cl, ;.
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5.2. The Special Case s> — S* =0

The analysis again closely follows the Cly 3 case, except that now, different signs appear
in expressions.

5.2.1. The Subcases = S # 0

Now, the coefficients satisfy the conditions b; = b3, by = —b13, b3 = —byp, which
allows to eliminate the singularity at s = S. As a result, the system of Equations (68)—(70)
has a special solution,
by ba bs

== — U =——-V, v3=——
2 1, 2 2, 3 23

76
75 Vs, (76)

01

which coincides with the same solution for Cly3 (see Equation (52)). Thus, after similar
calculations, one finds that Equation (55) becomes

V2
V1 :§ (\/§b1 + (852 (bo - Z’J123 + 4(—V22 + V?)Z)) + 16S(b2V2 — b3V3) (77)

— b + 263 — by + bs) /7).

The coefficients s; and s are similar to (57), except that now, we have to take into account
all sign combinations in inner square root,

s10 =%+ 2\1@\/i\/2b5 — (bo — b123)* + bo + b3 (78)
The above listed formulas solve the square root problem in the case s = S # 0.

5.2.2. The Subcases = —S # 0

The only formulas which differ from Clj 3 algebra are connected with the coefficient

compatibility condition by = —bp3, by = by3, by = bjy. Now, the coefficients must be
replaced by
V2 2 2 2
V1 —g(_\@bli (85 <b0+b123+4(—V2 +V3)) (79)
— 165(by Vo — b3V3) — b + 2b7 — bip; + bS)l/z)'
s10 =+ 2\1/2\/i\/2bs — (bo + b123)? + by — b1os - (80)

The remaining formulas which are needed for final answer exactly match the formulas in
the corresponding subcase of Cly3 algebra.

5.2.3. The Subcases = S =0

The only distinct formulas from Cly 3 are listed below:

! v — 4 1 +2(=02Va +03V3)

V2’ 1 V2 '

= (:I:\/(bo — U% + U% — sz + V32)2 — (b1 +2(—0a Vo + 03V3))2 (81)

v ==+ where

1
+b0—v%+v§—V22+V32)2.

This ends the investigation of the square root formulas for all real 3D CAs.
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5.3. Examples for Cl, ,

Example 8. The regular case.

First, we shall show that MV B = e; — 2ep3 has no real square roots. Indeed, we
have bs = —5, by = 4and D = b — b? = (3)?. As a result, the expression under square
root in (75), namely bs + v/'D = —5 + 3, is always negative and therefore, there are no
real-valued solutions.

Next, we shall calculate the roots of B = 2 + e + e13. The values of by and bg are 0 and
2, respectively. The determinant of the MV is positive, D = 4 > 0. The Equation (75)
give four real values for pairs: (Ty,t1) = (3(2—v2),0), (To,t2) = (3(2+V2),0),
(Ts, t3) = (3, — 5 \[) and (Ty, ts) = (1, 7) After insertion into (51), 16 pairs of scalars
(si, S;) are found:

(51=0,51 = *%)r (2=0,5=-%), (55=—5%,55=0),
(4= %,5.=0), (55:0,55:—%), (s6 = 0,56 = &),

(sy = C12,57 =0), (sz= %,Sg =0), (s9=—%,S9=7%),
(s10=%,S0=-%), (su=-%,S1= \éq ), (512 = 3,512 T )
(s13=-%S3=-%) (u=%5Su=3), (s5=-%515= )
(s16 = /516 = ﬁcl),

where c; = V2 +v2and ¢, = V2 — /2. After substitution of (si, S ) into Equation (71)
and then into Equation (5), we obtain 16 roots A; ; = £1/2 + e; + e13:

Aip = £1(crer — crens — V2cre1n3),

Asy = i%( - cflez + cflezg, + creqn3),

Ase = £1(V2cr + cre1 +crem3),

Ayg = i%(cl + cl_lel +cers),

Ag10 = izlﬁ (V2c — caey — c1ep — caeqs + c1ea3 + V2c1e123), (82)
A2 = izlﬁ (V2c1 + c1eq — crep + crens + crens — 2¢7 terns),

At314 = :tz\l—f (\f2c1 + c1e1 + coey + cre1s — caes + 27 Terns),

Ats16 = 2\/( V2¢y + coey — crex + creqs + crexs + \[018123)

In the end, it is worth noting that the necessary (but not sufficient) condition for a
square root of MV B to exist in real Clifford algebras Cl,,; requires the positivity of the
multivector determinant det(B) [19,20]. Indeed, if the MV A exists and AA = B, then
the determinant of both sides gives det(A) det(A) = det(B), where we have used the
multiplicative property of the determinant [21]. Since the determinant of A in real CAs is a
real quantity, the condition can be satisfied if and only if det(B) > 0. This is in agreement
with explicit formulas for n < 3.

6. Conclusions

First, we have shown analytically that the square root of general MVinn = p 44 <3
Clifford algebras (CAs) can be expressed in radicals and have provided a detailed analysis
and formulas to accomplish the task. For a general MV, the computation algorithm is
rather complicated, where many conditions are controlled by plus/minus signs. Our first
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paper [12] was limited to the roots of individual grades, where it is possible to write down
explicit formulas in a coordinate-free form.

Second, the paper shows that MV roots may be isolated (up to 16 roots in case of Cl 1)
and/or continuous, or conversely, there may be no roots at all. Thus, the MV algebras may
also accommodate number-free parameters that bring in a continuum of roots on respective
parameter hypersurface.

Third, the described algorithm was implemented in the Mathematica system [14] and
applied in checking up algorithms with purely numerical root search. For this purpose,
the Mathematica universal root search algorithm was realized and used in the system
function FindInstance[ ] to check whether there are cases when the isolated root algorithm
fails. No such cases were found. The only complication we encountered in the algorithm
programming was that Mathematica symbolic zero detection algorithm PossibleZeroQl 1,
in the more complicated cases, often switched over to numerical procedure to detect that
the involved symbolic expression with nested radicals indeed represents zero. This is quite
understandable, since it is well-known that a two-expression equivalence problem is, in
general, undecidable.

Fourth, we found that for algebras Cl3 g and Cl; », the square root solution in general
is a union of the following sets: (1) when s? # S?, the set consists of (up to) four different
isolated roots; (2) when s> = S? #£ 0, the set consists of two isolated roots; and (3) when
s? = 52 = 0, there appears a continuum of roots that belong to four-or-smaller-dimensional
parameter manifolds. Similar sets with minor modifications exist for remaining algebras
Cly1 and Cly 3 as well.

The proposed method is a step forward in solving general quadratic equations in CAs
(examples are given in [12]), and may find new applications in the control and systems
theory [22], partly because presented solutions uncover totally new properties of square
roots of MVs; for example, the root multiplicity and appearance of free parameters in
the roots. Due to intricacies of square root algorithms, it is recommended to perform all
calculations with prepared-in-advance numerical /symbolic subroutines.
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Appendix A. Square Roots in Cl; ¢ and Cly; Algebras

In Cl; 9 and Cly;, the square root of general MV B = by + bje; has the solution
A = /B = s + v e, where the real coefficients s and v, are

b o 1 bo—+vVD if by—vD>0 and D >0,

25’ +L\/by+ VD if by+VD>0 and D >0,
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where

b% — b%, for Cll,(),
b3+ b3, for Cly;.

When s = 0 (i.e., when by + /D = 0) and b; = 0, the square roots are

:i:\/%, if b1=0, fOI‘Clll(),
:E\/—b, if b1:0, fOI'ClOJ.

A=

Note that the Cly; algebra is isomorphic to the algebra of complex numbers, so we know in
advance that any MV in this algebra has two roots. The MV determinant for this algebra
is positive definite D = b3 + b? > 0 and represents the square of module of a complex
number. We shall always assume that expressions under square roots are non-negative. For
example, in this case, the square root can only exist when D > 0, and either (by — VD )>0
or (bg + /D) > 0. If these conditions cannot be satisfied, then square roots are absent.

Appendix B. Square Roots in Cl,, Cly,1, and Cly, Algebras

Square root A of general MV B = by + bie; + byey + bzeqp in all three algebras is
A = s+ v1e1 + vpey + Seqp. The coefficients (s, S) are

_ 1 _ _ 1 b3 ; _
(s—iﬁ\/bo \/D,S—iﬁ . D), if bp—+vD>0and D >0,
_ 1 _ 1 b3 .
(s—j:—\/i\/bo+\/1),8—j:—ﬁ TS D), if bp++vD>0andD >0,

where the determinant of MV B is [19,20],

b(z) — b% - b% + bZ, for Clz[o,
D= {b5—b2+b3—b3, forCly,
b3+ b2+ b2+ b2, for Clyp.

The case s # 0. The coefficients v1, v, € A are then given by formulas

b b

Ulzgl 02—25~

The case s = 0. When by — VD = 0, or by — VD = Oand by = by = b3 = 0, the
coefficients vy, vy, and S are connected by the single equation +0? + v3 + by + S? = 0.
Therefore, one can search the solution with respect to any of coefficients v1,v,, or S, and
assume that the remaining two coefficients are the free parameters. For example, if we
solve with respect to S, then the square root for each algebra is

vi1e] + vgey = 4/ —bg + U% + 0%812/ for ClZ,O/ if by=by,=0b3=0,

:

A=< ve +vrer /by — ZJ% + v%elz, for C11,1, if by =bp,=0b3=0,

vier +vyey £/ —by — 02 —v3ern, forClyy, if by =by=0b;=0.

Since the coefficient S is real, the roots exist only when the expressions under square root
are positive. The algebra Cl,  is isomorphic to Cly ;.
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Example.
The square root of B = 6 + 2e; + 3e; — 4eq, in various 2D algebras:

+— 1 2 —4
ot VE) (6 + V39 + e; +3ey e1n) Clyy,
A= i%(l +2eq +3e; —4eqp) and + \/%(11 +2e; +3ey; —4derp) Clyy,
1 _
+ Ve (6 + \/@ + 2eq + 3ep 4e12) Clp .

Note that in Clj 1, there are four roots.

Appendix C. Summary for n = 3 Algebras

In this section, we provide a summary of results for the two most often used CAs,
Clzp and Clpz. The summary is primarily intended for implementation purposes. By
putting in some more efforts, they can also be formulated as theorems, constructive proof
of which is described in the corresponding sections of the article. The notations common

for both algebras:
B = bo + biey + bres + bzez + bipeps + bizers + bpzers + binsl, (A1)
A=s+v+(S+V)I, (A2)
bs = (BB)o, by = (BBei2s)o, (A3)

Appendix C.1. Computation Flow in Cl3 o

Cl3,y specific expressions:
VD = /b2 +1?,
bSD = —bg + V/D.

Computation-ready s and S expressions:

Fi:s=—4/—s252+sSsq, S = —(stS/4/—s252+sSsq);
F, :s = 4/—s252 +sSsq, S = (stS/\/—s252 4+ s5sq);

F3:s=0, S = —\/2V/s252;
Fy:5=0, S = V2V/s252; (A4)

F5:s = —V/2V/—82S2, S=0;
Fo:s =2V —s282, S=0;

Fris=0, S=0,

where sSsq = V/ $252% 4 stS?. Substitutions that are used for condition checks in (A5) and
for computation of final s, S values in Formula (A4):

Ty :stS = (VBSD/V2 + bip3) /4, $252 = ((v/2by)/V/bSD — 2b) /8,
Tp :stS = (—vVbSD/V2 + b1p3) /4, $252 = ((—V/2b;)/V/bSD — 2b) /8,
Ts :stS = bip3/4, 252 = (—+/bs — by) /4,

Ty :stS = b3 /4, s282 = (\/bs — by) /4.
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s,S

After T; quantities are determined, we start checking all conditions on the right-hand side
of the piecewise function:

Fi[r,,,
B|r,,,
Bslr,,,
Fy[T,,,
Fs|r,,,
Fe|T, ,,
Flr,,,
Blr,,,
Elr,,,
Fylr, ,,
Fslr,,,
Fe|r, ,,
F7,

bSD > 0 A (—s252 +Ssq)|r;, > 0 AstS|r, #0,

bSD > 0 A (—s252 +8Ssq)|r;, > 0 AstS|r, #0,

bSD > 0 As2S2|r,, > 0 AstS|r,, =0,

bSD > 0 As2S2|r,, > 0 AstS|r,, =0,

bSD > 0 A —8252|7;, > 0 AstS|,, =0,

bSD > 0 A —s282|1;, > 0 AstS|y,, =0,

bSD = 0 A (—s252 +85sq) |1y, > 0Abs > 0 AstS|r;, #0, (A5)
bSD = 0 A (—s252 +85sq) |1y, > 0 Abs > 0 AstS|r,, # 0,

bSD = 0 A s2S2|1,, > 0Abs > 0AstS|r,, =0,

bSD = 0 As252|7,, > 0 Abs > 0 AstS|r,, =0,

bSD = 0 A —s282|1,, > 0 Abs > 0 AstS|r,, =0,

bSD = 0 A —s282|1;, > 0Abs > 0 AstS|r,, =0,

by = by = by = byy = byz = bz = bs — b3 + b2y3 = by + 2bgb1o3 = 0

The notation ‘Tl,z means that we test substitutions T; and T, independently, i.e., first,
substitute T; values into (A5) conditions and if they are satisfied, select F; expression for
s, S and substitute T; values into the formula. Then, repeat the same procedure with T
values (a single entry represents two separate entries in the piecewise function (A5)). By
checking combinations of all 25 conditions encoded in (A5), we establish all valid values of
s, S coefficients. If s % 0 or S # 0 (cases F; — F), then using (10) and (11), we compute v
and V. When s = S = 0, we use (20) and solve any two coefficients, for example v; and V;.
The remaining four coefficients vy, v3, V>, V3 then become free (real) parameters, provided
that the solved coefficients v; and V; can acquire real values. The determination of whether
these real values exist is known to be a hard problem (especially for B with symbolic
coefficients). It can be solved by using the famous quantifier elimination algorithm, the
explanation of which is out of the scope of this article (our implementation uses Mathematica
command Resolve[ ] for the task).

Lastly, substitute s, S, v, V into (A2) to obtain A, which then represents all possible
square roots of B. In Cl3y algebra, we can have 0, 2, or 4 isolated roots and 4D continuum
of roots (in an exceptional case, continuum can turn into an isolated real root).

Appendix C.2. Computation Flow in Cly 3

Cly,3 specific notations:

VD= /12 - 1%,

bSD = bs — VD,
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Formulas for s and S are as follows:

F1 s — —\/s252 —s9sq, S — —(stS/ /5252 — s55q),

F2 :s = /s252 —sSsq, S = (stS/+/s252 — sSsq),

F3 :s = —/s2S2 +sSsq, S = —(stS//s252 + sSsq),

F4 :s= /252 +sSsq, S = (stS/+/s252 + sSsq),

F5 :s=0, S = —V2Vs292,

F6 :5=0, S = V2292,

F7 :s = —V/2V/s282, S =0,

F8 :s = /2Vs282, S=0,

F9 :s— _2\1/5\/b0+b123 —\f2bs — (b~ bim)? S =5,

F10:s — l\/b0+b123— V2bs — (b —biz)?  S=5, (A6)
xf

Fll:s—— f bo +bizs +/2bs — (b —bim)? S =5,

Fl?.:s:\/b + byoz + 1/2bg — (bg — byp3)? S=s,
22 0 + b123 \/5 (bo — b123)

1
F13:s:—\/b — bigz — /2bg — (bg +b123)2 S = —s,
375 \/ b0 = bizs = /265 — (b + o)

1
F14:s:\/b — bip3 — 1/2bg — (bg + b1p3)? S=—s,
M 0 — bizs — /2bs — (b + b1z3)

F15:5s = — by — byas + 1/2bs — (bo+ b S = —s,

2\[ 0 — bi23 \/ s — (bo + b123)?

F16:s—\/b —bioz +1/2bg — (b +b123)2 S = —s,
2v3 Voo~ bz \/ s — (bo + bi23)

F17 :s =0, S=0,

where s5sq = V 2522 — stS?. Substitutions that are used in condition checks (A7) and s, S
Formula (A6) are

Ty :stS = (VBSD/V2 + bip3) /4, s252 = ((v/2b;)/V/bSD + 2b) /8,
Ty :stS = (—vVbSD/V2 + b1p3) /4, $252 = ((—V/2b;)/V/bSD + 2b) /8,
Ty : stS = byps /4, 252 = (—+/bg +bg) /4,

Ty : stS = byps /4, 252 = (\/bs + by) /4.

Once the above quantities are computed, we start checking all conditions on the
right-hand side of the piecewise function:
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5,5 =

Fialr,,

B34
Fip

Tl,Z’

T3'4I
F3alTy,,
Fselt,,/

Fr8lTy,,

F5,6,781T;4/
F910,11,12/
Fo10,11,12,
F1314,15,16,
F13,14,15,16,
by,

bSD > 0 A (252 — sSsq)|r,, > 0 As282|1,, > 0 AstS|r,, # 0 As* —S2 #0,

bSD > 0 A (s252 + sSsq) |1, > 0 As2S2|1,, > 0 AstS|g,, #0As* —S* £0,

bSD = 0 A (252 — sSsq)|r,, > 0 As282|1,, > 0 AstS|r,, # 0As? — 52 £0,

bSD = 0 A (s252 + sSsq)|r,, > 0 As282|1,, > 0 AstS|r,, # 0As* — 52 £0,

bSD > 0 A (s252 — sSsq) |1, > 0 As252[1,, > 0 AstS|r,, = 0As* —S* #0,

bSD > 0 A (s2S2 +sSsq)|7,, > 0A252|7,, > O AstS|y,, = 0As?— S #0, (A7)
bSD = 0 Abs > 0 As2S2[r,, > 0 AstS|g,, = 0As? —S? #0,

cond; A 2bs — (bg — b1o3)? > 0 A by + bioz — /2bs — (bg — b123)2 > 0,
condj A 2bs — (b — b1o3)? > 0 A b + b1z + /2bs — (bo — b123)? > 0,
condy A 2bs — (bg + bip3)? > 0 A by — bips — v/2bs — (bo + b123)% > 0,
condy A 2bs — (bg + b1o3)? > 0 A by — b1z + /2bs — (b + b123)2 > 0,

by = by = by = byy = b1z = byz = bg — b} — b3y = by — 2bgb1p3 = 0,

where cond; denotes triple logical conjunction ((by + baz = 0(A(by — bz = 0) A (b3 + by, = 0))
and cond; logical conjunction ((b; — byz = 0) A (b + b3 = 0) A (b3 —bip = 0)). The
Fik,..|1,, is the abridgment of lines F|r,, and Fy|r,,, etc. The notation |1, means two
independent lines with substitutions |1, and |r,. Therefore, for example, Fs7s|1;, is
equivalent to 4 x 2 = 8 piecewise function (represented as cases) entries. Note that in (A7),
the condition list includes the post-selection rule (52 — 52> # (0, which should be checked
after values s and S were (successfully) computed.

By checking combinations of all 49 entries present in (A7), we establish all valid values
of s, S coefficients. If s2 — S # 0 (first 7 entries in (A7), i.e., formulas F; — Fg), then use (45)
for vand V.

For s, S given by formulas Fg — Fj, use (52) and the solutions

I

Vi= (Zbl + \/5\/—175 + b% + 2b% + b%ZB + 16S(b2V2 + b3V3) — 852(b0 — b1z + 4(V22 + V32)))/(Ss),

Vi= (2b1 — \/i\/—bs + b% + Zb% -+ b%23 =+ 165(52‘/2 + b3V3) — 852(b0 — b123 —+ 4(V22 + V:,)z)))/(SS)

to find v, V (coefficients V, and V3 are free by our choice). The solution represents 2D
parameter manifold which consist of two pieces.
In a similar way, for s, S given by formulas Fi3 — Fig, use (58) and the solutions

Vi = (~2b — V2\/~bs + B+ 202 + By — 165(baVa + bVs) — 852(by + bias + (V2 + V2))) / (85),

Vi = (—2by + ﬁ\/—bs + b3 + 2b3 + b2, — 165(byVa + b3 V) — 852 (b + biog + 4(VZ + VE)))/ (8s)

The solution represents 2D parameter manifold which consist of two pieces, where parame-
ters V, and V3 are made free by our choice.

For Fy7, case s = S = 0, we again have 4D parameter solution manifold, which is
obtained by solving any two parameters from (61), for example, the solution (62).

Lastly, substitute s, S, v, V into (A2) to obtain A, which then represents all possible
square roots of B. In Cl 3 algebra, we can have 0, 2, or 4 isolated roots and 2D or 4D contin-
uum of roots and/or their mixture.
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Since Clifford algebra Cl; ; is rarely used (for this algebra, a piecewise function has
81 entries) and the algebra Cl; ; is isomorphic to Cl3 o, we refer a reader to our implementa-
tion [14], from which all summary formulas were extracted.

Appendix D. Determinant of Multivector

The characteristic polynomial of MV in arbitrary Clifford algebra Cl,; can be computed
using the recursive Faddeev—LeVerrier-Souriau algorithm [19], where each recursion step
produces one of the coefficients C;(A) of the polynomial xa(A) = Zﬁ:o Cla—r) (A) Ak, The
first recursion gives C(;)(A). Each subsequent step produces the coefficient Cy) (A) = % (Ao
and anew MV A1) = A(Ag) — C()(A)) according to the rules

(1) =A — C(l)(A) =
nm(A) =

@)
—
N
=
—~
>
N—
[NSESWE W
o~
b
=
N
=
N
(=)
<

A
Ay = A(Aq —C
(2) ( (1) (A8)

Ay = A(Au-1) — Ca-1)(A)) — C)(A) = (Ao

The last step of this procedure returns the determinant of MV with opposite sign:
—det(A) = Ay = Cg)(A) = A(A(d—l) = Cla—1) (A)). For low-dimensional n < 7 al-
gebras, an MV determinant can be computed using explicit involutions. In particular, for
n = 1,2, the determinant of MV can be computed [20] as det(A) = AA and for n = 3,4,
as det(A) = 1 (AAAA +2AAAA), where the overbar denotes a negation of all grades ex-
cept of the scalar, A := 2(A)y — A. The quantity v/D, which enters square root formulas,

can be identified as a square of the determinant norm |A| :(abs(det(A)))l/kz 0, with
k = 2["/21 1n 3D algebras n = 3, we have k = 2372 = 22 — 4, which is the degree of
characteristic polynomial det(A). Since, in the 3D case, the determinant is D = b2 =+ b3,

we have /D = |A|2. Tt generalizes well-known norms V'AA (or \/ AA) for blades. For
example, the determinant norm of MV of Clzg A = 1 + ey is |A| = /abs(det(A)) = V2,
which may be identified with a module of a complex number. This is a generalization of

VAA = /(T +en)d—ep) = V2.
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