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The dependence of terahertz (THz) radiation generation in air by femtosecond laser pulses on 
frequency and the relative phase between two-color pump waves was analyzed experimentally and 
numerically. It was found that although the laser-induced plasma microcurrents remains the main 
mechanism of THz radiation generation within the whole spectral range, the four-wave mixing 
modifies the generation process. This modification makes maximal generation efficiency dependent 
not only on the relative phase between the pump waves but also on the frequency of the emitted 
radiation. This should be taken into account during the optimization of the generation process in 
specific spectral ranges.

The advent of powerful femtosecond lasers has enabled the extensive study of various nonlinear optical processes 
occurring in ambient air over the past few decades. These include air ionization1,2, third harmonic generation3,4, 
four- and six-wave mixing5–8, supercontinuum generation9–11, spatial and temporal transformations, and 
filamentation of propagating laser pulses12–14, among others. Though these phenomena have applications in 
atmospheric analysis, spectroscopy, and laser pulse compression7,9,15–17, the most widely investigated process 
remains the generation of terahertz radiation by femtosecond bichromatic laser pulses when the fundamental 
(FH) and second harmonic (SH) beams are focused in air or other gases18–21. This method allows for the 
generation of extremely broadband THz pulses (up to 200 THz22) with a high electric field (over 100 MV/
cm23), making it widely used for various applications, including spectroscopy24,25, remote sensing, and material 
characterization26–29. However, despite its simplicity from an experimental point of view, the theoretical 
interpretation of terahertz (THz) radiation generation from laser-created gas plasma has been debated since its 
discovery. Thus, the first report on THz radiation generation interpreted it as a result of four-wave rectification30, 
but an alternative model of plasma-induced microcurrents was soon proposed31. It is worth noting that initially, 
both models predicted similar parameters for the generated THz radiation, such as pulse energy dependence 
on pump power, spectral width, polarization, etc. The main difference was the relative phase value θ between 
the bichromatic pump components when the THz generation yield was predicted to be maximal (optimal 
phase difference θ0). Specifically, the four-wave rectification model found the θ0 to be 0, whereas the plasma 
microcurrent model predicted θ0 to be π/218,31–34. However, since it is impossible to directly measure θ within 
the interaction area, many papers have been published in favor of one model or another (see for example35–39 
and references therein). Nevertheless, the theory of plasma microcurrents gradually became the primary basis 
for the theoretical and numerical interpretation of experimental results (see references40–42). On the other hand, 
a few papers have been published that suggest the joint action of Kerr nonlinearities and plasma microcurrents 
in THz radiation generation43–45. It was predicted that the spectral ranges of THz emission caused by these two 
phenomena would differ, which could be used to distinguish between the two processes. However, the spectra 
caused by these phenomena overlap to a great extent. Moreover, it was shown that Kerr-based THz emission 
is usually much weaker than plasma microcurrent-based THz emission within the whole spectral range of 
generated radiation44, which makes it practically impossible to identify which phenomenon is responsible for 
generating a specific THz frequency based solely on the spectra of the generated THz emission. Therefore, this 
paper reports a proof-of-principle experiment demonstrating that the phase dependence of THz emission is 
also a function of the frequency of the generated radiation. This finding indicates an interplay between Kerr 
nonlinearity and plasma-based effects on the THz radiation generation process that should be considered when 
developing relevant theoretical models.
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Results
Experimental results
As expected, the power of the generated THz radiation depended strongly on the pump power and the position 
of the nonlinear beta barium borate (BBO) crystal (i.e., its distance from the plasma spot), which was directly 
related to the relative phase difference θ between the FH and SH waves31,46. Thus, when the crystal was moved 
along the pump beam, the THz power oscillated with a period of approximately 2.5 cm (Fig. 1a). However, 
note that the phase of the oscillations clearly depended on the pump power. This could be the result of varying 
plasma influence on the relative delay between the FH and SH pulses at the point of THz radiation generation47. 
Additionally, in contrast to most similar experiments using electro-optical sampling (EOS)31,33,48,49, the THz 
signal never decreased to zero for any laser power or crystal coordinate. Furthermore, the modulation depth 
(MD), defined as the ratio of the one half of the peak-to-peak change to the mean value, was quite low (30-
35%). This result can be explained by the fact that EOS is an inherently bandwidth-limited technique50. In our 
experiment, we used a broadband THz detector that is sensitive in the range of 0.1–300 THz, thus covering 
the entire spectrum of generated THz radiation (Fig. 2b). More specifically, to explain this result, we assumed 
that the dependence of THz power on θ was a function of frequency. Therefore, we repeated the measurements 
using spectrally narrowed THz emission. To select specific spectral ranges, we placed wavelength-selective 
materials (WSMs), including Teflon, germanium (Ge), sapphire, and a commercially available long-pass THz 
filter (LPF23.4-35, Tydex Company), in front of the detector or spectrometer (Fig. 6) during the measurements. 
The spectra of THz radiation transmitted through the WSMs are shown in Fig. 2.

Thus, while the initially generated THz radiation had a spectral width of over 50 THz (Fig. 1b), the spectral 
ranges selected after transmission through the WSMs were significantly narrower (from a few to a few tens of 
THz, depending on the material and spectral range). Table 1 summarizes the specific thicknesses of the WSMs 
and the corresponding spectral characteristics of the transmitted THz radiation.

Figure 3 shows the typical power dependence of THz radiation transmitted through WSMs on the 
BBO crystal coordinate. As with the full THz power (Fig. 1a), the power of spectrally narrowed radiation 
oscillated with the same period of about 2.5 cm. However, the phase of these oscillations depended clearly 
on the wavelength-selecting materials used, i.e., on the frequency of the tested radiation. Thus, compared to 
the dependence obtained for the full spectrum of generated radiation, inserting the Ge wafer or Tydex filter 
shifts the corresponding curves to the left by approximately 1.7 and 3.3 mm, respectively (Fig. 3a). These shifts 
correspond to shorter optical beam paths in air between the nonlinear crystal and plasma, and consequently, 
to a smaller phase difference θ between the FH and SH waves within the generation region, see Discussion 
Section for the relation between the optical path and phase shift. Qualitative analysis of the data revealed a 
clear dependence: θ increases with the frequency of the generated radiation. Thus, the curve obtained using the 
sapphire wafer, which transmits radiation with frequencies over 50 THz, shifted the most to the right (green 
curve in Fig. 3b). Meanwhile, the radiation with lower central frequencies (20 and 11 THz, selected by the Ge 
and Teflon filters, respectively) demonstrated corresponding phase decreases (blue and magenta curves in Fig. 
3b, respectively). Furthermore, compared to the full THz power, the modulation depth of the radiation filtered 
by Teflon significantly increased (from 30-35% to over 80%; compare Fig. 1a with the magenta curve in Fig. 3b), 
though the total registered power of the radiation decreased significantly. However, this increase in modulation 
depth was observed only in the case of Teflon and can tentatively be explained by the fact that it transmitted 
radiation with the narrowest spectral width (a few THz, Fig. 2a).

Note that inserting the WSMs into the THz beam path after the plasma spot cannot affect the generation 
conditions, i.e., the dependence of the THz yield on θ for any wavelength of emission. However, we observed a 
similar increase in θ with laser power. This increase is apparently caused by an increase in plasma density and 
volume, which affects the phases of both pump waves47. However, the introduction of WSMs into the THz beam 
path results in frequency and phase modulation, but in a linear propagation conditions (which was the case in 

Figure 1.  (a) THz power as a function of the BBO crystal coordinate for laser pulse energies of 0.1, 0.12, and 
0.16 mJ. Positive coordinate values correspond to a longer optical beam path between the nonlinear crystal and 
the plasma (the FH pulse comes first). (b) A typical spectrum of THz radiation generated in air plasma.
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Figure 3.  THz beam power dependence on the BBO crystal coordinate: (a) measured directly (red line) and 
transmitted through Ge and Tydex filters (blue and black curves, respectively) for laser pulse energies of 0.16 
mJ. (b) Transmitted through Ge, sapphire, and Teflon (blue, green, and magenta lines, respectively) for laser 
pulse energies of 0.3 mJ.

 

Material (thickness) Teflon (1 mm) Tydex filter Ge (2 mm) Sapphire (2 mm)

Frequency (width) 11 (3.5) THz 13 (8.5) THz 20 (11) THz 75 (40) THz

Table 1.  Used WSMs and their thicknesses with corresponding approximate central frequencies and spectral 
widths of transmitted THz radiation.

 

Figure 2.  Spectra of THz radiation generated in the air plasma and transmitted through (a) the 1 mm-thick 
Teflon wafer, (b) the long-pass filter (Tydex, LPF23.4-35), (c) the 2 mm-thick Ge and (d) the 2 mm-thick 
Sapphire wafer. Scaling factors represent the ratio of specific spectral intensity with that obtained without any 
wavelength selecting materials (Fig. 1b).
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our experiment) these effects did not influence the measured phase dependencies (for example, shown in Fig. 
3, etc.).

Numerical results
The results of the numerical modeling essentially confirmed the primary experimental findings. Thus, Fig. 
4a shows that the power of the generated THz radiation oscillates as the relative phase between the FH and 
SH waves varies. Furthermore, this figure demonstrates that the phase of these oscillations is a function of a 
frequency. To further understand this phenomenon, we analyzed in more detail how the output optimal phase 
difference θ0 depends on frequency and propagation distance (coordinate z). Note however, that phase θ is 
defined as the input parameter (see Eq. 4). We evaluated the optimal phase difference θ0 from the corresponding 
θ-dependencies at different propagation lengths (z values). The results are presented in Figs. 4b and 5a. As one 
can see, at the onset of the plasma generation stage (z/f = 0.89), the optimal phase difference θ0 is almost 
frequency independent. On the other hand, at the output (z/f > 1) θ0 is frequency-dependent, as it was 
observed in the experiment. With the change of the propagation distance, the optimal phase varies by different 
law for different frequency components (Fig. 5a). The most prominent phase change is obtained just before the 
vicinity of the lens focus where the plasma density reaches its maximum (Fig. 5b). Note that the plasma density 
is dependent on the input phase values, see blue and red lines for θ = 0 and θ = π/2, respectively, in Fig. 5b. 
This observation can be explained by different sum field shapes of the bichromatic pump pulses. In addition, we 
performed the numerical simulation without the Kerr term. The phase jump of around π/2 which is obtained 
at the vicinity of the focus in both cases (Fig. 5a, all terms included and Fig. 5c, Kerr term excluded) can be 
explained by the transition to the intense plasma generation mechanism. At the output, the value θ0 is different 
for these two cases, therefore we conclude that the nonlinear Kerr effect influences the optimal phase difference.

Discussion
The numerical simulation results confirm the experimental findings. Both in the experiment (Fig. 3a,b) and 
theory (Fig. 4a) we observe the oscillations in THz output signal initiated by the change of the input phase 
difference of fundamental and second harmonics waves. Note, that in the experiment, by shifting the nonlinear 
crystal by distance z1, the relative phase changes by the amount of |∆k|z1, where ∆k = 2k10 − k20 and k10, k20 
are the wavenumbers of FH (index 1) and SH (index 2) waves, respectively. The curves in Fig. 4a are π-periodic. 
This period corresponds to distance z1 = π/|∆k| = 2.6 cm which is in good qualitative agreement with the 
experimental measurements (about 2.5 cm). As it was noted, the output optimal phase for THz generation is 
frequency dependent. For instance, the estimated numerical phase shift between 20 THz and 10 THz is 0.05π, 
while the experimental shifts for Ge wafer and Tydex filter were 1.7 mm and 3.3 mm, respectively, and their 
difference 1.6 mm corresponds to 0.06π. In the numerical simulations, the optimal phase θ0 monotonically 
increases in the range from 4 THz to 30 THz, and in the remaining range from 30 THz to 60 THz it decreases 
(Fig. 4b). In the experiment, only the increase of θ was observed since the spectrum width of Sapphire WSM was 
large and the lower frequencies play the major role for the output THz power. Note that the direct measurements 
of the THz spectra at different relative phases would be more intuitive and should give the same result. However, 
due to the comparably large fluctuations of the spectral intensity obtained using the interferometric method, we 
were not able to record directly the reliable phase dependencies as a function of THz radiation frequency.

It is worth to mention that the alternative explanation of our results is possible in the case if the frequency of 
generated THz emission was a function of coordinate along the optical axis. Then to compensate for the plasma-
induced phase shifts, the second harmonic crystal should have to be moved away from the plasma, while its 
final position was frequency dependent. Though at the moment to the best of our knowledge we are not aware 

Figure 4.  Numerical calculations. (a) Dependence of the output THz spectral intensity on frequency and the 
relative phase θ between the FH and SH waves, integrated within the entire spectrum of generated emissions 
and within 4 THz ranges centered at 4, 25 and 50 THz. (b) Dependence of the optimal phase difference 
between the FH and SH waves on frequency at z/f = 0.89 (blue line) and after the plasma spot (red line).
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of any simultaneously coordinate and frequency dependent THz emissions, this alternative model can not be 
rulled out completely, because many plasma and light intensity dependent phenomena, specifically not analyzed 
in our model, such as plasma defocusing or Kerr self-focusing, etc., are frequency and intensity dependent and, 
as the light intensity and plasma density varies along the optical axis, could lead to generation of radiations with 
the frequencies dependent on the coordinate. In conclusion, we have demonstrated both experimentally and 
numerically, that during terahertz radiation generation in air by focused two-color femtosecond laser pulses 
the optimal phase between the two pump waves is a function of frequency of generated THz radiation. This 
phenomenon is believed to result from the interplay of two nonlinear sources of terahertz emission: the four-wave 
mixing and the laser-induced plasma photocurrents. Although the former was estimated to be much weaker than 
the latter, FWM can still modify the phase relations between the interacting waves during propagation via self- 
and cross-phase modulation, self-steepening, and other nonlinear processes51. Therefore, apart from estimating 
the relative contributions of various nonlinear phenomena to THz radiation generation, our findings could help 
test or validate theoretical models of ultrafast ionization, as well as nonlinear propagation and filamentation of 
femtosecond laser pulses in gaseous media. Our research results should also be considered when implementing 
broadband or tunable gas-based THz radiation sources, since the relative phase between the pump waves must 
be optimized for each specific THz radiation spectral range.

Methods
Experimental methods
Figure 6 shows the experimental setup used for THz radiation generation and characterization. A Ti:Sapphire 
femtosecond laser (λ = 790 nm, τ  (at full width half maximum (FWHM)) = 35–40 fs, 1 kHz repetition rate) 
was used as the pump source. First, the fundamental laser beam (FH) passed through a nonlinear BBO crystal 
(100 µm thick), which generated a second harmonic (SH) at a wavelength of approximately 395 nm. Next, two 
elements were introduced to enhance the efficiency of terahertz radiation generation: a double-wavelength wave 
plate to align the polarizations of the FH and SH waves, and a group velocity delay compensator to coarsely 
adjust the delay (relative phase θ) between these waves. Fine-tuning of the phase was achieved by moving the 
BBO crystal along the optical axis. The optimal orientations of the wave plate and compensator were determined 
experimentally by rotating them and observing the THz signal. With the help of a flat dichroic dielectric mirror, 
the bichromatic laser beam was then redirected toward a spherical concave mirror with a focal length of 100 
mm, which focused the beam into a tiny spot. This produced a plasma spot where THz radiation was generated. 
A THz filter (a 0.5–1 mm thick silicon wafer) was placed behind the plasma filament to remove visible and near-
infrared pump radiation from the THz beam. A parabolic mirror with an effective focal length (EFL) of 152.4 
mm was used to collimate the THz beam since, under the given experimental conditions, the THz radiation 
is emitted in the form of a hollow cone with an apex angle of a few degrees46,52–54. The two other parabolic 
mirrors (EFLs 381 and 101.6 mm) formed a telescope that reduced the diameter of the THz beam. The beam was 

Figure 5.  Numerical calculations. (a) Dependence of optimal phase difference on propagation distance for 
integrated THz spectrum as well as three different frequencies: 4 THz, 25 THz and 50 THz. (b) Dependence of 
plasma density on propagation distance at input phase difference 0 and π/2. (c) Dependence of optimal phase 
difference on propagation distance for integrated THz spectrum as well as three different frequencies: 4 THz, 
25 THz and 50 THz when Kerr term was omitted in Eq. (1). In the simulations, focus length f = 1 cm.
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then directed into a homemade Michelson interferometer for spectral analysis by the flat, metal-coated mirror. 
THz radiation power could be directly measured with a calibrated, removable THz detector (TPR-A-65 THz, 
Spectrum Detector Inc.) placed in the THz beam’s path before the spectrometer. To increase the sensitivity and 
signal-to-noise ratio of the power and spectral measurements, the beam was modulated by a mechanical beam 
chopper (modulation rate: 5 Hz) synchronized with a computer-controlled lock-in amplifier. Note that to select 
specific spectral parts of the generated THz emission we used additional materials (e.g., fused silica, sapphire, 
Teflon) placed in front of the detector or interferometer ( not shown in Fig. 6).

Numerical methods
For the numerical analysis we have simulated the unidirectional pulse propagation equation (UPPE). Thus, for 
the the Fourier transform Ê (ω, k⊥, z) of the analytic signal E (t, r, z) we write

	
∂Ê

∂z
= iK′

zÊ + iP̂Kerr − iP̂pl − P̂loss.� (1)

The simulations were performed in the cylindrical coordinates (r,z) with azimuth symmetry, where r =
√

x2 + y2 
and (x, y, z) are the Cartesian coordinates. t is the retarded time in the fundamental wave (FW) co-moving frame, 
i =

√
−1. The real field is given by E(t, r, z) = Re (E (t, r, z)). The first rhs. term describes linear propagation 

– beam diffraction and pulse walk-off as well as dispersion. K′
z = Kz − ω/u0, where Kz =

√
k2(ω) − k2

⊥ is 
the longitudinal wavevector component, k(ω) = 2π

λ
n(λ) is the wavenumber, ω = 2πc

λ  is the angular frequency, 
λ is the wavelength and c is speed of light. n(λ) is the wavelength-dependent refractive index of air found 
from the Sellmeier equation55. u0 is the group velocity at FW frequency. P̂Kerr = 4

3n
n2ε0ωFT

(
E3(t, r, z)

)
 

describes the nonlinear interaction in the medium. FT(◦) is the Fourier transform operation. n2 is the nonlinear 
refractive index, ε0 is the vacuum permittivity. The two last rhs. terms are associated with the air plasma. The 
first one, P̂pl = e2

2mecε0n
1

ω+iνc
FT[ρE ], where e and me are the electron charge and mass, respectively. νc is the 

collision frequency and ρ is the plasma density. The last was calculated from the differential equation:

	
∂ρO,N

∂t
= (mO,N ρ0 − ρO,N )WO,N (t),� (2)

where ρ0 is the number density of air and WO,N  defines the ionization rate of either oxygen or nitrogen 
molecules – the main constituents of air. Fraction mO = 0.2 and mN = 0.8. The total density ρ = ρO + ρN . 
The ionization rate W(t) was calculated by the use of the Perelomov, Popov, and Terent’ev (PPT) model56 adopting 
Ref.57 charge numbers Z∗

O2 = 0.53 for dioxygen and Z∗
N2 = 0.9 for di-nitorgen. The nonlinear loss term is 

given by: In this case, the nonlinear losses are given by

	
P̂loss = FT

(
[WOUO(mOρ0 − ρO) + WN UN (mN ρ0 − ρN )] 1

Re(E )2ε0c

)
.� (3)

Figure 6.  Experimental setup used for THz radiation generation and characterization, when phase difference 
between the FH and SH waves was controlled by translating the nonlinear SH crystal.
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At the input, z = 0, the field is described by the sum of FW (index 1) and second harmonic (SH, index 2) waves:

	 E (t, r, z = 0) = E10(t, r) + E20(t, r) exp(iθ),� (4)

where θ is the phase difference. Each of the fields is given by

	

Ej0(t, r) = aj0

×IFTt

(
FTt

[
exp(−iωj0t) exp

(
−2 ln(2) t2

τ2

)]
exp

(
−i ωr2

2fc
− r2

r2
j0

))
. � (5)

where j = 1, 2. FTt(◦) and IFTt(◦) are the Fourier transform and inverse Fourier transform in time domain. 
ωj0 is the central angular frequency, τ  is the pulse duration at FWHM and rj0 is the beam radius at 1/e2 level. f 
is the focal length of the lens and aj0 is the input amplitude. The input parameters are presented in Table 2 while 
the simulation coefficients are given in Table 3.

Equation (1) was simulated by the use of the Fourier split-step method58. Due to the azimuth symmetry, fast 

Hankel transform was utilized59. The time window [−4τ, 4τ)/
√

2 ln(2) was divided into 2024 equal steps. The 
radial coordinate r ∈ (0, 2r0) had 300 steps. The longitudinal step was adopted at each propagation distance 
with respect to the maximum pump intensity as well as plasma density.

Data availability
The datasets used and/or analyzed in this study are accessible from the corresponding author upon reasonable 
request.
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