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Abstract

We derive an asymptotic expansion for the tail function of the product of n(n € N) inde-
pendent identically distributed Weibull random variables. The coefficients of the expansion
are obtained using a recursive formula arising from the Laplace method. The resulting
expansion provides explicit higher-order correction terms that significantly improve the
accuracy of tail approximations for large arguments. These results are useful for both theo-
retical analysis and practical applications involving extreme-value behavior of products of
random variables. The main result of the paper shows that multiplying Weibull distribu-
tions yields so-called Weibull-type distributions. It also shows that under multiplication,
the shape parameter of the Weibull distribution decreases. This implies that the product
of Weibull distributions becomes more heavily tailed. The asymptotic formula for the tail
function of the product of Weibull distributions involves rather complicated coefficients.
To compute these coefficients, we provide MATLAB (version 9.13.0, R2022b) code. The
application of the main result is illustrated with two particular examples.

Keywords: product of random variables; Weibull distribution; approximation; asymptotic
expansion; Laplace method; tail distribution function
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1. Introduction

Products of independent random variables arise in a wide variety of areas, such
as wireless communication (see, e.g., [1-5]), financial portfolio analysis with randomly
weighted risks (see, e.g., [6-10]), reliability theory (see, e.g., [11-14]), and other application
areas. The classical approach to analyzing such products is based on the Mellin transform.
Springer’s monograph [15] and Galambos and Simonelli’s monograph [16] established
the Mellin transform as a standard tool for deriving exact product distributions, and a
substantial portion of the literature on product distributions continues to rely on this
method. For Weibull random variables, the derivation of the product distribution can
be found in the work of Lomnicki [17]. Nevertheless, the Mellin transform often leads
to representations involving complicated special functions, most notably the Meijer-G
function. This motivates the study of alternative approaches that focus on the asymptotic
behavior of products of random variables.

Let ¢ be a random variable (r.v.) defined on a probability space (Q), F, P).

o Arv. ¢ : Q) — Ris said to have the Weibull distribution with parameters & > 0and p > 0,
denoted Weibull(w, B), if its distribution is given by the following density function:

fe(x) = apx* e P, x > 0.
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Thus the distribution function (d.f.) Fz(x) = P(¢ < x) of suchar.v. {is
F(x)=1-e P, x>0 1)

In the particular case & = 1, the Weibull d.f. becomes the d.f. of the exponential
distribution:
Fe(x) =1~— e P¥ x>0

The Weibull distribution is widely used in survival analysis due to its flexibility in
modeling a range of hazard function shapes. Its shape parameter « allows the hazard rate

fe(x)
1-— Fg(x)

to increase, decrease, or remain constant over time. This makes the Weibull model suit-

he(x) = = afx !

able for analyzing both medical survival data and reliability or failure-time data. The
distribution handles censored observations well, which are common in survival studies.

In addition to survival and failure analysis [18,19], the Weibull distribution is also
considered in life insurance as a model of the lifetime distribution, in risk analysis as a
model of the claim size distribution [20,21], in economics and financial mathematics as a
model of asset returns distribution or income distribution [22-24], in the coal industry for
the description of statistical regularities of particle sizes [25,26], in the queueing theory
for the description of waiting or service time [27,28], in radio engineering meteorology,
hydrology, and other fields; see, e.g., [18,19,29-31].

If the parameter & € (0,1), then Weibull’s distribution Fz(x) = (1 — e’ﬁx“)]l[oroo) (x)
belongs to the heavy tails distribution class H, because

/ ‘5"ng( X) =00

[0,00)

for all § > 0. When « > 1, Weibull’s distribution is light-tailed (equivalently, belongs to the
class H¢), because

¥ dFz(x) < oo 2)
[0,00)
for all 6 > 0. In the intermediate case « = 1, Weibull’s distribution becomes exponential,
which is also light-tailed because (2) holds for all § € (0, B).

For any independentr.v.s ¢ : () — Rand 77 : (O — R, the d.f. of {7 is expressed as the
product-convolution of d.f.s Fz and Fy, i.e.,

P(Zy < x) = Fr @ Fy(x) = / (1 —F@'(g —O))dl—"ﬂ(y)

( ©0,0)

+ / Fé‘ dF’? y) + (F;(0) — F;(0—))Tjg,00 ().

In most cases, we consider the situation where one variable, say 7, is non-negative and
nondegenerate at zero, i.e., F; (0-) =0, Fy (0) < 1. In this case,

RoR@= [ F(])4F) +F0) g
(0,00)
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and

Feh= [ F(})dmm >0
(0,00)

In this paper, we investigate the product of n independent identically distributed (i.i.d.)
Weibull r.v.s. The derived asymptotic Formula (6) for the tail of the product distribution
implies, among other results, that the product of independent Weibull random variables
exhibits heavier tails than the initial distribution. This phenomenon occurs because the
shape parameter of the Weibull distribution decreases under multiplication: after n inde-
pendent products, an initial shape parameter « is reduced to a/n. For example, if the initial
value of the parameter is « = 10 (light-tailed case), then the product of eleven independent
Weibull-distributed variables yields a distribution I'ly; with the following leading tail term:

(2ﬂﬁ)5e—10ﬁx10/11x50/11'
V11

Hence, the resulting distribution Ily; is already heavy-tailed since

/ edITyy (x) =1+ 5/65XH11(x)dx =00
[0,00) 0

for all 6 > 0. The product of identically distributed Weibull random variables does not
itself follow a Weibull distribution; nevertheless, its tail behavior retains a closely related
structure in some sense. A similar weighting of the tails of distributions when multiplying
them is also observed in [32-36].

The remainder of the paper is organized as follows. In Section 2, we discuss known
results related to the problem under consideration. In Section 3, we state the main results
of the paper. Section 4 is devoted to a collection of auxiliary statements. A detailed proof
of the main theorem of the paper is given in Section 5. Sections 6 and 7 are intended to
show how to apply the resulting asymptotic formula to particular cases. In Section 8, we
provide a brief review of the main result and discuss its significance. Lastly, we present the
MATLAB code for computations of our recursive formula.

2. Known Results

Arendarczyk and Debicki derived an asymptotic formula for the product of two
distributions with Weibull-type tails. Namely, in [33] [Lemma 2.1], the following statement
is presented.

Proposition 1. Let {1 and ¢y be two independent r.v.s, such that
P(Z; > x) o cixViexp { — Bix“i}, i=1,2,
for some positive a1, ay, B1, B2, ¢1,c2 and real «y1,yo. Then
~ vy — o
P(182 > x) ~ cx exp { — px*},

where
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L) = a1 + 20172 + 20071
ay +ap’ 2(aq + ap) !
o ® an aq
ﬁ W X1\ ag+ay X2\ aj+ay
B=B B, - +\ ’
&2 &1
B 1o /27.[ ”‘2 271 +2'yz a1 299+271

_\/m—l—or( w1f1) 12 (apfy) Hate)

In [37] [Theorem 1], i.i.d. random variables ¢1, Gy, . . ., §» with standard exponential
distribution P(&; > x) = e™*, x > 0, are considered. It is derived that

n (n—1)/2
]P’<H§i > x> = (zn)\/ﬁx(’1 V2 exp { —nx'/")gu(x), n €N,

for some functions g, (x), such that

lim g,(x) = 1.

X—r00

In [38] [Equality (9)], it is observed that by multiplying n i.i.d. Weibull-type distribu-
tions ¢1, &y, - . ., & with tails

P(&1 > x) x:;oocaﬂ exp{—Bx*},a >0,>0,c>0,7v€R,

we obtain that

P(iﬁ@‘”) x:w7<2nﬁ>% Grat =10 20 exp { — npx/™}. ©)

In the case of the “free” Weibull distribution (1), equality (3) implies that foralln € N,
g (271.’[3 ) aln-1) w/n
P(HCZ > x) ol Tx T exp{ — npx } (4)

In [36], the asymptotic formula with the remainder term is derived for the product of
gamma distributions. By using the Laplace method, the following statement is derived.

Proposition 2. Let ¢1,8o, ..., Cn be i.id. r.v.s such that for each k,
_ ‘th ]o x—1_,—PBy ﬁail x—1_,—PBx
P(g > x) = (@) yle Pdy ~ () x* e P,
X

where o > 0, B > 0 are parameters, and the symbol I' denotes the classical gamma function, i.e.,

e}

= / u*~le7¥dy.

0
Then

( )( /Zﬁnzx 1)+(n—1)/2 w1

on—

fé&éz,---,én(x) N T (a) X2 exp{ n[gxl/n}
+

<1 ﬁ1l/—ns +o( 3/(2,1)))’

where S = 0,
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f D ‘)“,n>2, )

and the constant in the symbol O depends on «, B, n, but does not depend on x.

We continue our investigation of the tails of products of i.i.d. r.v.s. Using the Laplace
method, we derive an asymptotic expansion for the tail distribution, including a “free”
Weibull r.v. as a generator. It is obvious that the main asymptotic Formula (6) is a direct
generalization of the asymptotic relation (4).

3. Main Results

We state the main theorem in terms of the Laplace method constants c. ... Explicit
representation of these constants is omitted at this stage, as the asymptotic Formula (6)
involves recursively defined coefficients D. .. For practical purposes, explicit expressions
of the resulting tail asymptotics are given in the subsequent corollaries, where the cases
N =2and N = 4 are derived.

Theorem 1. Let {1,8p, ... beiid. rv.s. such that for each | € N, ¢ is distributed according to
Weibull(x, B) law. Then for the product 1T, := TT;_; &;, we have

[N/2]

fnn(x) — we*nﬁxtﬂn x,xnzn (1 n 2 ,B — n Dzk +O( —u 2+1)>’ ©)

NG

where N € Ng = {0,1,2,...}, Do, = 1 forn €N, Dyj; =0forje {1,...,[N/2]}, and

T(k—j+3) k)2

NG oo forke{1,...,[N/2]}, )

k
Dan := Y Daju-1
—

and the constants with three indices c.,.,. are found using a special algorithm. The indices in the
constants c.,.,. label, respectively, the summation order, the index of the approximated integral, and
the number of random variables in the product.

Remark 1. The coefficients D.,. and c.,.. appearing in the asymptotic expansion (6) are determined
via the procedures outlined in Algorithm 1. Procedure I computes the base coefficients c. using
Wojdylo’s formula. Procedure 1l computes Taylor coefficients for integrals in (20) and uses procedure
I'toobtain c.,.,.. Finally, Procedure I applies the recursive Formula (7) to obtain the final coefficients
{Dok n} for any product length n. Note that loop indices and intermediate symbols, such as s, {, ,
are dummy variables used locally within the corresponding loops.

The detailed MATLAB code for calculating the coefficients c.... and D.,. is pre-
sented in Appendix A. Using Theorem 1 for small values of N, we obtain the following
explicit formulas.

Corollary 1. For N = 2, the asymptotic expansion in Theorem 1 reduces to

i

n—1
_— 2 a/n pas i
Fry, (x) = (b - e P (1 +B x*ZDz,n + O(x* 2Z>>,

where n € N, and
1 11
Dyu = 24<12—”— n> 8)

Corollary 2. For N = 4, the tail function of product I1,,, n € N, reduces to
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n—1
2

— 2 a/n o n— 4 20 Sa
Fi () = LT goope <1 Dy, p R, o<x22)>,

where D, ,, is defined in (8), and

" 1 3888 2089
Zlcz_n+112>' ©)

1 "o
Dy,=—|n*-24 262 — 12 -~ 132
i = Tis <n n+ 326 Okzzlk 3 ok:1

Algorithm 1 Computation of coefficients Dy ,.

Require: N, n

Ensure: Coefficients { Dy, }
1: K+ [N/2|+1 > row count of coefficient { Dy ,, } table
2: Initialize Dy, < 1

: Procedure I: Coefficient computation by Wojdylo’s formula
: fors =0to N do

Obtain Taylor coefficients {a;}$_, {b;i};_,

Compute Bell coefficients C,, ; using recursion (18)
Obtain scaled coefficients c; from (17)

Compute coefficients c; using (16)

: end for

10: Procedure II: Integral coefficients from (20)

11: for all triples (2k,2j, 1) do

122 Construct Taylor coefficients {aé’;) 1, {bgz)}
13: Define ¢y 2, < c2x via Procedure I

14: end for

15: Procedure III: Final coefficient recursion

16: for / = 2ton do

O P NG

17: Compute normalization constant c( g ¢
18: forr =1toK—1do

19: Compute Dj, ¢ using recursion (7)
20: end for

21: end for

22: return { Dy, }

Remark 2. In the Formula (9), we give an exact expression for the coefficient Dy, for a fixed
number of product terms n. This expression is obtained by solving the recursive Equation (21) below.
The given expression includes two harmonic sums

If n is large enough, then instead of the exact expression, we can use approximations obtained from
the classical Euler—Maclaurin summation formula. According to such a formula
= Boy 1 1

1
H,Sl):logn—i-')f—i-%— ~logn+ v+
m

H? — it LU PN
" 6 n o mZ::1 21 Y T u T a2 T e
where 7y is the Euler—Masheroni constant and By,,, m € N, are the Bernoulli numbers.

The statements of Corollaries 1 and 2 follow directly from the main Theorem 1, and
the derivation of the expressions (8) and (9) is discussed in Section 6.
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4. Auxiliary Lemmas

To prove the main theorem, we first present some auxiliary lemmas. We begin with
Watson’s lemma; for proofs and detailed discussions, see, e.g., [39], [40] [Chapter I], [41]
[Theorem 3.1 on page 71], and [42] [Chapter 2].

Lemma 1. Let ¢(t) = t*g(t), where g € C*[0,4] for some & > 0, g(0) # 0, and A > —1. In
addition, suppose |(t)| < Ke® for all t > 0 with constants K and b independent of t. Then

o

/ p(t)e *dt

0

< 0

for sufficiently large x, and for all N € Ny,

_ _ OO T(A +k+1) B
/go(t)e Mt = /t/\g(t)e Mt = kz_o ppuEsss O(x (/\+N+2))
0 0 =

as x — oo, where the bounding constant in the symbol O does not depend on x.

We next recall the Laplace method. The result may be obtained by applying Watson’s
Lemma 1 to a real integral of a special form. A complete proof is given by Wong [40] (see
Theorem 1 in Chapter II). Historically, this formulation of the Laplace method traces back
to the work of Erdélyi [43]. Further developments and related analysis can be found in the
classical works [44-47].

Lemma 2. Let h and g be two real functions defined on an interval [a, b), where b can be finite or
infinite, satisfying the following properties:
(i) Forall N € N,asz | a,

h(z) = h(ﬂ) + i ak(z — a)k+i4 + 0((2 _ a)N—&-y),
k=0
g(z) = i be(z — )14 o((z - a)N“rl/*l),
k=0
N
W(z) =Y (k+mwap(z —a) 1 +o((z— )N,
k=0

where ag # 0, by # 0, u > 0,and v > 0.
(i) h(z) > h(a)forallz € (a,b), and

inf h(z)—h >0 116> 0.
ze[ﬁa,m( (z) — h(a)) fora

(iii) h' and g are continuous in a neighborhood of a.

If the integral
b
/g(z)ef"h(z) dz

converges absolutely for all sufficiently large x, then for each N € Ny,

b N
/g(z)eth(z) dz = eth(a) <Z I..(k :; V)Ckxf(kﬂ/)/y + O(X(N+U+1)/ﬂ)> , (10)
k=0

a
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where the coefficients cy can be expressed in terms of ay and by. A detailed algorithm for finding the
coefficients cy, is described in Lemma 4.

Although the previous lemma establishes a general Laplace expansion, the analysis of
products of i.i.d Weibull r.v.s leads to integrals of the form

7

o

2141 1
/ n”’ —x(u+mu— /”’)du
0

where ! € Ngand m € N.

It is important to note that when applying the Laplace method to the integral of
this type, all odd-order coefficients in the resulting expansion vanish. We formalize this
observation for the considered integrals in the following lemma.

Lemma 3. Foralll € Ny, m € N,and N € Ny,

7 21+1— m _ —1/m N/2 k
/ = x(umu =) g 5 —x(m1) 2 r k+ dopx (+1/z)+o< (N+2)/2) )
0

where constant in symbol O does not depend on x, and {dp, k = 0,1, ...} is a sequence of coefficients
possibly dependent on | and m.

Remark 3. The lemma, in fact, states that the considered integral is expressed in the degrees

x—1/2 -3/2 ,-5/2 .-7/2

;X ;X ;X

Meanwhile, the degrees

do not participate in the asymptotic expression of the integral.
Proof. Let us write

214+1-m
u 2m e

oo 1
/ Zl+1 m x(u+mu—1/nz)du _ / n _x(u+mu—1/n1)du
0 0

= Ti(x) + To(x).

First, consider the second integral

[e9)

/ 21+1 m ¥ u+mu—]/m)du
1

To apply Watson’s lemma, we make the variable change
1(u) = u+mu~V" — (14 m) =t (11)

Since the function ¢y increases on the interval [1, o], there exists an inverse function ¢, L
Therefore, from (11), we have

u:q)fl(t), t>0,
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and
Iz(x) _ efx(erl) /efxlftfl/zg1 (t)dt
0
Wlth 21+1
_ el /
at)=12(7'1) ™ (g7'®)
Since the function -
u—i—m—(l—km)—logu, u>1,
eventually increases in u, we get that for t > 0,
|gol_1(t)| < Kpelot and lg1(t)] < Kqel!t (12)
with some positive Ko, Ky, Lo, L1 independent of ¢.
If1 <u <2, then
1m+1 & 1 =
== -1 —1)y — .
pi() = 5 e L o T )
Due to Lagrange’s inversion formula,
[ee]
o () =14+ Y am t/? =1+ ¥ (V1) (13)

k=1

where t € [0, 4] for some positive J, and {a,,,, r € N} is a sequence of positive coefficients
such that

A [ 2m . 2m+1 . _ (m+2)(2m+1) 2
MmN w1 T 3m+1) M 36 m(m+1)3

Therefore, for t € [0, 6], we can write

a() = 12 (1e¥ (VD) T (2D’
=20 +‘P(\/¥))th(x/¥),
where
y(vi) = rimmr(\/?) S rimm,t(r—l)/? (14)

For the integral Z; (x), we get that

2!+21n—m eix((iv) 77111)71/7" ) dU,

0
Ti(x) = [ (o)
-1

After the change of variables

¢2(—v) = —v—mo V" — (14m) =t,

https://doi.org/10.3390 /math14040736
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we get that
i (x) _ efx(erl) / efxttfl/Zgz(t)dtl
0
where .
— 2n17m — !
20 =12(e7' () " (e7'1),
and ¢, ' (t) is the inverse function for ¢,(—0), i.e.,
(o) =@y (1), 0= =g (1).
Similarly to the function g1, for the function g,, we can obtain that
182(b) < Kpe™,t >0, (15)

with some K, > 0 and L, > 0 independent of t. According to the Lagrange inversion
formula,

_ 2m 2m+1 (m+2)2m+1) 2

1 _ 1/2 3/2
H=1—,/ t t— t
¢ () m+1 +3(m+1) 36 m(m+1)3 T

=14+¥(-V1),

where t € [0, ], and the function ¥ is defined in (13). In addition, for ¢ € [0, §], we have
1Y) ! /2 1/2 3/2
((Pz (t)) = (‘I’(—\/E)) = _T(aml — 20yt 7 4 Bay3t — daat’’ c + - )
—1/2
= =5 ¥(=vH)
with function ¢ defined in (14).
Consequently,
1 e
2t =5 (1+¥(=vD) ™ p(-vi)

for t € [0, 7].

By adding 7; (x) and Z,(x), we obtain that

o]

Z(x) = e 0D [e 1200, (1) 4 (1))t
0

Due to inequalities (12) and (15), the function § = g1 + g» satisfies the estimate
8(1)] < Kze™',t >0,

with some K3 > 0 and L3 > 0 independent of ¢.
If t € [0,4], then

1 214+1—m 1 214+1—m

g =5 (1+¥WD) T p(VH+35(1+¥=VD) T p(=vh).

Consequently, for t € [0, ], the function g has the representation

g(t) = Z detk/
k=0

https://doi.org/10.3390 /math14040736
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where {dy, k € Ny} is a sequence of real numbers such that dy = a,,; > 0. By Watson’s
Lemma 1, the asymptotic formula of Lemma 3 holds. [

Remark 4. From the proof above, we can see that the statement analogous to Lemma 3 is also valid
in a more general case. It is only necessary that the function in the exponent becomes symmetric with
respect to the minimum point after a suitable transformation, and the function near the exponent
becomes even after a change of variables. It is quite difficult to strictly describe the initial conditions
for this to happen, so we only consider integrals of the form we need. A similar situation occurs for
complex integrals; the only important thing is that the minimum point of the function under the
exponent is attained in the integration interval; see, e.g., formulation of Theorem 7.1 on page 127

of [41].

After establishing that all odd-order coefficients in our expansion vanish, it remains to
determine the remaining even-order coefficients in the asymptotic Formula (10). Wong [40]
provided explicit forms of the first three coefficients:

. bo . (bl B (V+1)a1b0) 1
0 lmg/u’ ! H pu2ag a(()wrl)/y’
(b (+2)abh 2 (v +2)bo !
¢ = (;4 _ W + ((v+ p+2)a; — 2]4{10{12) zyga% a(()u+2)/y'

These coefficients are sufficient for lower-order approximations. However, in our case, we
require higher-order terms of expansion. For this purpose, we employ the recursive method
developed by Wojdylo [48]. This approach introduces scaled coefficients and a recursive
formula involving partial Bell polynomials.

Lemma 4. Let ai and by, k € {0,1,. ..}, denote the coefficients from the expansions of functions h
and g in Lemma 2. Then the coefficients cy in Lemma 2 are given by

o = akeocf, ke{0,1,...}, (16)
where 1 b
0 *
N = —, co=—7-, C0:1,
a" pag'

and the scaled coefficients ci, k € {1,2,...}, admit the representation

i vtk
C; = Z Bk*i Z ( -]4 ) Ci,]'(Al, .. '/Ai—j+1) (17)
i=0 j=0\ ]
Here b
Ac=2%, B ="% ke{o01,..},
ag bo

and C; ; are the partial Bell polynomials, i.e., polynomials such that Cog =1, Cpo = 0 forn > 1,
and which satisfy the recursive relation
n—1
Cok(x1, - Xpki1) = Y, Xn-mCop1 (X1, -, Xpy—ki2) (18)
m=k—1

for1 <k<n.
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Wojdylo [49] provided a Mathematica code for computation of the constants ¢ in
Lemma 2. We adopt this implementation in our case. For completeness, the main steps of
the algorithm and its implementation details are presented in Appendix A.

5. Proof of Main Theorem

To prove Theorem 1, we use induction on .

5.1. Casen = 2

Suppose that n = 2 and x is sufficiently large. As usual with the Laplace method, we
want to extract the large parameter in the exponential. Therefore, applying the variable
change y = u'/%\/x, we get

Feyg,(x) = /F<x)f(y)dy = aﬁ/y“‘le‘ﬁ““y)”y“)dy
0 y 0
= ‘thx/Z/efﬁx“/Z(qul/u) du. (19)

0

Via Lemmas 2 and 3, we obtain

Fe,g, (x) = 2px/2e 72"

[N/2] 1
X ( ) F(k+2)C2k,0,2‘3(k+1/2)xrx(k+l/2)/2+o(x:x(N+2)/4)>

k=0

_ \/%ﬁl/Zxa/élefZﬂx“/z

N (k i 2) C2k,0,2 ko —ok/2 (N+1)/4
< [1+ — k2 L O(x"
k:Zl \/E €0,0,2 ﬁ ( )

_ \/Eﬁl/Zxoc/éle—Zﬁx“/z

[N/2]
% <1+ Z ﬁ—kx—ak/zpzm+O(x—a(N+1)/4)>,
k=1

where cgop = % In the case n = 2, the constants cy o involve a single integral, and the
second index is fixed accordingly.

5.2. Key Step of Induction

Suppose that the asymptotic Formula (6) is true for n = m > 2. We note that through-
out this section, the constant in the symbol O() depends on «, B, m, and N. Obviously,

M ( O/F () (y)dy w
B g o)

<1+ %2 B (x>ak/m2)2k,m+o<(;)aw>> dy.

(=)
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Using the change of variable y = u!/*x!/("+1) similarly as in (19), we derive the following
representation:

1-

o0 IN/2]
FH +1( ) s /u —m o — B/ (m+ ) p () (1 + Z 'B—kuk/mx—vck/(m+1)D2km
¥ k=1
0

(N+1)
+o( 430 r1) uNz#»du

[e9)
=L, / ' e A I gy
0
IN/2) T eiim g/
i 2 B ko —ak/ (m+1) ’D2k,m/uTe7ﬁx h(u) 44, (20)

0

[ee]
ey / e B () g
0

IN/2] Nt
=Le|To+ Y, p*x “k/(m+1)D2kaZk+O< ’"“>IN+1> ,
k=1

where, for simplicity of notation, we introduce

(27.[)(m71)/2
S

We apply the Laplace method to each integral 7 individually. The key idea is to reduce
the number of remaining terms: the first integral contributes N/2 terms, the second
N /2 —1terms, and so on. This reduction enables a systematic contraction in the asymptotic
expansion. For j =0,...,N/2,, via Lemmas 2 and 3, we get

Ly= BN/ 2x0/2  and h(u) = u + mu V™,

[N/2]-j
_ a/(m+1) 1 _ _
Ty = 2e Blm+D)x < kzo r(k+ 2)C2k,2j,m+lﬁ (k+1/2) y—a(k+1/2)/ (m+1)

+O( —a(N=2j+2) /2(m+1))>

B 1/2,—a/2(m+1) g~ p(m+1)x af (m41)
2(m +1)

\/E €0,0,m+1

N/2 .
y (1 N -iT k+ > Cok,2j,m+1 ﬁ_kx_“k/(m+1)
+O( a(N— 2]+l)/2(m+l))>/

since ¢2j0,m+1 = % for every j. For instance,
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\/7ﬁ—1/2 —zx/Z m+1) —B(m+1)x &/ (m+1)
m +1

w14 I\gJ (k+ >C2k0m+1 —k fock/(m+1)+o( fa(N+1)/2('ﬂ+1)>

\/E €0,0,m+1

ﬁ 1/2 —a/2( m+]) —B(m+1)x a/(m+1)
m+1)

[N/2]-1
< |1+ ZJ: F(k+ )CZk2m+1 —ky ak/(erl)_i_O(xﬂx(Nfl)/Z(rrﬁl))
k=1 \/E €0,0,m+1

\/75 1/2,—a/2(m+1) g—B(m-+1)x%/ (1)
m +1
(o)

We approximate the remaining term integral Zxr;1 analogously to Z:

7

7

Tm _ _ _ a/(m+1)
Tuir =9 /2 —a/2(m+1) o p(m+1)x
N+1 TCESILA ¢

< (1+0frerm),

Substituting all expanded integrals, we obtain

/2 m
Fin,. (x) = (2n/3)m1 o (mH1)pa/ (D) gt
m m+

[N/2] ak e
T+ Z BT Do yyaq +O(x 20T ) ).

6. The Initial Coefficients in the Asymptotic Expansion

We compute the coefficients D,, and D,, in the expansion of Theorem 1 and
Corollaries 1 and 2. Higher-order coefficients can be obtained by similar calculations using
the code provided in Appendix A. First, using the recursive Formula (7), we expand D, ,:

3 r l)
T(3) 20 (2 Co2n _ 120
2,11 =5 + Dy
V7T €0,0,n V7T oo €0,0,n
1/cp0 20,2 1 & ook
_o(C0m 202 0,
2\ co,0.n €0,0,2

+ D

Dy = Do

2 = ook

The required coefficients c.,... can be calculated by using the pseudocode from Algorithm 1
or the code from Appendix A. We get

2212 (—k2 +k+11) . 21/2
772 7 Y00k = 1/2°
k k
24 (k—1)*( ) 2(¢)

Simplifying and substituting this back into the sum yields expression (8):

2,0k =

—k(k—=1)+11 _ (1—n)(n—11)
k(k—1) 24n '

which is valid for n > 2. Notice that the quantity D, , is equal to the sum in (5).
Similarly, we proceed with D, ,,. The main recursive Formula (7) yields
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1
T'(3) coom Dy, F(f) C0,4,n

21T oo 1T coom

C22,n C0,4,n
=1 ZDZ,n—l + Dy .
C0,0,n €0,0,n €0,0,n

r(2
Dyn = Do,n—17(2) “0n 4 p

V7T Coom

- 3 C4[0,n 1

Once more, the required coefficients c. ... are obtained using the pseudocode from Algorithm 1
or code from Appendix A:

n—1 212 p(n 4 70n® — 16512 — 4101 + 769)
€00 = o C40n = " 13/2
172 —1)8
8 (n ) (n — 1>

C04n 21/2 7’12(—1’12+Tl+107)
— = ]-/ C2,2,1’l = 7/2"
€0,0,n n

24 (n—1)* <n 1)

After substitution and partial fraction decomposition, we obtain the following recursive
formula:

2n® — 29n* — 6813 4 278312 — 5546n + 769

Dy = Dy
an 115212 (n — 1)2 + Dy
1 4008 3888 769 2089
1152(” Sttt (n_1)2>+ 41, (21)

which implies the desired Formula (9) because Dy; = 0.

7. Numerical Examples

In this section, we test the performance of the asymptotic approximations given in
Section 3. The results are compared to Monte Carlo simulations of size n = 10%. A large
number of Monte Carlo simulations takes a lot of time, but it is necessary to obtain the most
accurate values of the tails of the product of distributions. Since the probabilities of the
products of distributions are quite small, reducing the number of Monte Carlo simulations
leads to calculation errors that become too large compared to the true probabilities of the
products of distributions.

Example 1. Consider the product I13 = {18283 of three independent random variables &1, Co,
C3, each following the Weibull distribution with parameters « = 1.5 and = 0.5. According to
Theorem 1, for N = 12, we obtain

Fiy(x) = = e 15x/2 4172 (1 +2x7 12Dy 5 4+ dx 1Dy 5 + 8332 Dg 5

V3

+16x 2Dg3 + 32x /2Dy 3 + 64x  Dy5 + O(x13/4)> ,

where
2 533 95705
Pas =5 Pas = ggq/ 63 = 7239488’
- 1532695 233444225 419317617635
8,3 =

3 7 1612431367 %% T 11609505792° 2% T T 10030613004288"

In Figure 1, we present the graphs of the tail function Fyy,(x) obtained by the Monte
Carlo simulation and the graphs of the asymptotic approximations of this tail function with
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two (N = 4), four (N = 8), and six (N = 12) remainder terms. As predicted, the results
indicate that approximations with six remainder terms provide the most accurate tail fit,
especially for large values of x. However, this higher-order expansion exhibits instability
for small x (around x < 2.5). The relative errors for asymptotic values of the function
Fr1,(x) are presented in Figure 2.

Full Domain View Zoomed Region (z € [3.9,4.0])

0.245

~~~~~
.,
~~~~~
~~~~~
sssss

0.235 =g

0.225

T T

Figure 1. Tail probability of product of three i.i.d. Weibull r.v.s with &« = 1.5, § = 0.5.

05 Relative Error: Full Domain Zoomed Error (z € [3.9,4.0])
‘ 0,07 T e e e
2k
: 0.06
1.5
0.05
§ ___________________
1 .04
0.03
0.5+
________ 0.02
- - TTEITT T e ‘
1. 2 3 4 5 3.9 3.92 3.94 3.96 3.98 4
- x

Figure 2. Relative errors for asymptotic values of function Fyy, (x).

Example 2. Consider I1y = ¢18283C4 corresponding to four i.i.d. Weibull random variables ¢;
with parameters « = 0.9 and B = 0.7. According to Theorem 1, for N = 11, we get

3/2
Fir, (x) = (1-472T) / o 282°/9027/80 (1 n $x79/4opzr4 n %3679/201)4,4

1000 _ 10000 100000 .
tag Dot g Poat qggpr < Poa O 20))'
where
o7 10147 272813 366867965 36705411835
24 — =

32" 744 T 55096” TO4 T 5308416" 0t T 61152952327 %% T 5283615080448

In Figure 3, we present the graphs of the tail function Fyy, (x) obtained by the Monte
Carlo simulations and the graphs of the asymptotic approximations of this tail function
without (N = 1), three (N = 6), and five (N = 11) remainder terms. It is easy to see that,
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as in the first example, the values of the asymptotic approximations of the function Fiy, (x)
with a larger number of remainder terms are closer to the “true” values of this function.
Note that, unlike the first example, the values of the asymptotic approximations are close
to the “true” values of the function Fiy, (x) for relatively small x, but for relatively large x
the asymptotic approximations in Example 2 are worse than in Example 1. Apparently, this
is influenced by the heaviness of the multiplied random variables. This effect can be easily
observed in the graphs of Figure 4.

Full Domain View Deep Tail Region (z € [10, 11])
0.7 " " 0.125
I TR A R O e N= [
\ e = 012} i
0.6l N=11 e
. R Monte Carlo B,
0.115 T
0.11}
0.105 -
0.1}
0.095 |
L
0.085 R 5
10 10.2 10.4 10.6 10.8 11
x x

Figure 3. Tail probability of product of four i.i.d. Weibull r.v.s with parameters « = 0.9, = 0.7.

Relative Error: Full Domain Tail Relative Error (z € [10,11])

0.2
o4 [ N =
3 ---N=6
\ N=11 0.18F
035} \
AY
\ 0.16
B N
N, b
0.3 \\\\\
N 0.14}
3 Dt
5 R e
0.25 \\ ________________ 0.12
0.2 s (o e ekl LT PP YRR MPROR
0.15 ~ ey 0.08
0.06
0.5 1 1.5 2 2.5 3 3.5 4 10 10.2 10.4 10.6 10.8 11
X x

Figure 4. Relative errors for asymptotic values of function Fry, (x).

8. Conclusions

In this paper, we examine the asymptotic behavior of the product of identically dis-
tributed Weibull random variables. We derived an explicit asymptotic expansion for the
tail of the product distribution and provided a recursive procedure for computing the
coefficients, which was numerically validated through Monte Carlo simulations. The study
illustrates how classical asymptotic techniques, such as the Laplace method, can be adapted
to solve problems involving products of random variables. Our results offer insight into
the influence of the Weibull shape parameter on the decay rate of the tail distribution.
Moreover, the proposed framework is flexible and can be extended to other families of light-
and heavy-tailed distributions. These findings have potential applications in reliability
theory, risk analysis, and related areas where products of random variables naturally arise.
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Although we specifically considered i.i.d. Weibull r.v.s, the approach is readily extensible to
generalized Weibull-type distributions.
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Appendix A. Code for Computation of Coefficients

The computation of the coefficients is divided into three different
procedures: The function c_coeff uses Wojdylo’s recursive formula,

the function c_ikm calculates the coefficients for the individual integrals,
and the function Coeff_D computes the final coefficients D,

returning the full matrix of these coefficients.

function c_coeff = c_coeff(a_raw, b_raw, mu, nu, MAX_S)

% C_COEFF Computes coefficients via partial Bell polynomials and scaling.
b

% This function performs symbolic computation of coefficients based on

% raw input vectors, using a recursive table for polynomial expansion.

% Ensure inputs are symbolic for precision
mu = sym(mu);

nu = sym(nu);

% Scaled coefficients: a -> A, b -> B
a0 = a_raw(1);
A_vec = sym(a_raw(2:end) / a0);

B_vec = b_raw / b_raw(1);

% Initial constant cO
cO = b_raw(1l) / (mu * a0~ (nu / mu));

% --- Partial Bell Polynomial Table (C_table) ---
C_table = sym(eye(MAX_S + 1));
for n = 1:MAX_S
for kk = 1:n
% Range of m for the recursive relation
m_range = (kk-1):(n-1);

% Update table using dot product of A values
and existing table entries
C_table(n+1, kk+1) = A_vec(n - m_range)
* C_table(m_range + 1, kk);
end
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end

% --- Coefficient Calculation (c_star and c_coeff) ---
c_coeff = sym(zeros(l, MAX_S + 1));

for s = 0:MAX_S

c_star = sym(0);

z_val -(nu + s) / mu;
for n = O0:s
inner_sum = sym(0);
for kk = 0:n

if kk ==

bin_val = sym(1);
else

bin_val = prod(z_val - (0:kk-1)) / factorial(kk);
end

inner_sum = inner_sum + bin_val * C_table(n+1, kk+1);
end
c_star = c_star + B_vec(s - n + 1) * inner_sum;
end

% Final rescaling and simplification
% Result is normalized by a0~ (s/mu)
c_coeff(s+1) = simplify(c_star * cO / (a0~ (s / mu)));

end
end
% C_IKM Computes the coefficients for the integral expansion.
h
% Inputs:
% ii - Order of the coefficent c_{i} in the integral expansion
% k - The index of approximated integral
% m - Number of random variables in the product

%

% Dependencies:

b

Requires function c_coeff(a, b, ...) to be in the path.

% Ensure m is symbolic to prevent precision loss

m = sym(m);

% Base Case

if ii == 0 && k ==
% Exact symbolic calculation for the base case
c=1/ (2 *sqrt(m / (2 * (m - 1))));
return

end

% --- Main Calculation ---
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% Preallocate symbolic arrays

num_elements = double(ii) + 1;

a_raw_1 sym(zeros (1, num_elements));

b_raw_1 = sym(zeros(l, num_elements));

% Compute raw coefficients a_i and b_i

for i = 1:num_elements
idx = 1 - 1; % Adjust 1-based loop to O-based logic
a_raw_1(i) = ail(idx, m);
b_raw_1(i) bil(idx, m, k);

end

% Compute convolution/combination using external function
c_vec = c_coeff(a_raw_1, b_raw_1, 2, 1, ii);

% Return the specific coefficient required

c = c_vec(ii + 1);
% --- Helper Functions ---

% The following formulas are obtained by expanding
% the approximated integrals by Taylor series

function val = ail(i, m)
% Calculates coefficient a_i for integral
% Logic: (m-1) * [falling factorial of n] / factorial(i_adj)

n=-1/ (- 1);

i_adj =1 + 2; % Offset index as per definition

% Vectorized product
% Computes product(n - j) for j = 0 to i_adj-1
term_product = prod(n - (0 : i_adj - 1));

val = (m - 1) * term_product / factorial(i_adj);

end

function val = bil(i, m, k)

% Calculates coefficient b_i for integral
mm=(2xk+2-m/(2x*x@m-1);

% Computes product(nn - j) for j = 0 to i-1

if i ==

term_product 1;

else

term_product = prod(nn - (0 : i - 1));
end
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end

val = term_product / factorial(i);

end

function D = Coeff_D(N, n)
% D_COEFF Computes the coefficient vector based on the theorem.

% Inputs:

b
b
b
b
b
b
b

N - Determines the row dimension (K) via floor(N/2) + 1
n - The number of columns (number of r.v.s)

Output:

D - Full table of coefficients D_{2k,n}

Dependencies:

Requires function c_ikm(i, k, n) to be in the path.

% Determine the number of rows
K = floor(N/2) + 1;

% Initialize symbolic table
D_table = sym(zeros(K, n));
D_table(1l, :) = 1;

% Precompute symbolic constants to speed up loop execution
sqrt_pi = sqrt(sym(pi));
half = sym(1)/2;

% Iterate through columns

for col = 2:n
% Calculate cOOn for the current column
cO0n = c_ikm(0, 0, col);

% Iterate through rows
for row = 2:K

summand = sym(0) ;

% Summation loop

for j = 0:(row-1)
% Extract previous D value
prev_D = D_table(j+1, col-1);

% Compute Gamma term
% Note: ’half’ ensures symbolic precision is maintained

gamma_val = gamma((row - 1 - j) + half);

% Compute c_ikm term
c_val = c_ikm(2*(row - 1 - j), 2%j, col);

summand = summand + prev_D * gamma_val * c_val;
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end

% Update table with simplified result
D_table(row, col) = simplify(summand / (sqrt_pi * cOOn));
end

end

% Return the final coefficients (excluding the first row)
D = D_table;
end
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