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Santrauka

Siame baigiamajame magistro darbe apibréziamas diskretaus laiko rizikos modelis, generuoja-
mas atsitiktiniy dydziy X ir 6. Pateikiami pagrindiniai modelio apibréZimai ir sglyga, kad iSgyvenimo
tikimybé bty nenuliné. Apibréziamos papildomos funkcijos ir iSvedamos nelygybés, kuriy pagrindu
suformuluojama tam tikra nelygybiy sistema. Keliama hipotezé, jog Sios sistemos sprendiniai yra
realus ir i$ jy galima apskaiciuoti begalinio laiko iSgyvenimo tikimybés jvercius. Hipotezé patikrinama
praktiniais pavyzdziais, kuriy apskaic¢iavimui buvo naudojama programiné jranga Wolfram Mathema-

tica.

Raktiniai Zodziai: begalinio laiko iSgyvenimo tikimybé, diskretaus laiko rizikos modelis, grynojo

pelno sglyga, tikimybes generuojanti funkcija.



Summary

This master’s thesis defines a discrete time risk model, generated by random variables X and 6.
The main definitions of the model and the necessary condition for the survival probability to be non-
zero are presented. Additional functions are defined and inequalities are derived, and from them a
certain system of inequalities is formulated. A hypothesis is proposed that the solutions of this system
are real-valued and that they can be used to calculate estimates of the ultimate survival probability.
Then the hypothesis is verified by practical examples using Wolfram Mathematica software.

Keywords: discrete time risk model, ultimate time survival probability, net profit condition,

probability generating function.
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Jvadas

Finansy ir draudimo srityje iSgyvenimo tikimybés jvertinimas atlieka svarby vaidmenj. Tikslus
Sios tikimybeés jvertinimas leidZia draudikams ir rizikos analitikams tinkamai nustatyti kainodarg ir
efektyviai valdyti rizikg. Siekiant apskaiciuoti Sig tikimybe, kuriami ir taikomi jvairds rizikos mode-
liai. Vienas isS tokiy modeliy — E. Sparre Andersen modelis, kuris laikomas klasikinio rizikos modelio
apibendrinimu. Skirtingai nei klasikiniame rizikos modelyje, E. Sparre Andersen modelyje laikoma,
jog Zaly skaicius yra rizikos atstatymo procesas, nebdtinai Puasono, o Zaly tarplaikiai yra tarpusavyje
nepriklausomi ir vienodai pasiskirste atsitiktiniai dydZziai, nebatinai pasiskirste eksponentiskai. Nors
Sis modelis suteikia didesnj lankstumg, begalinio laiko iSgyvenimo tikimybés apskaiciavimas tampa
Zymiai sudeétingesnis, ypac tada, kai atsitiktinis dydis, aprasantis laiko tarpus tarp Zaly, turi begaline
atrama. Priesingai, kai Zaly tarplaikiai turi baigtine atramg, iSgyvenimo tikimybé gali buti apskaiciuota
naudojant rekursines formules.

Siame magistro darbe nagrinéjamas diskretaus laiko E. Sparre Andersen modelis, generuojamas
neneigiamy diskreciy atsitiktiniy dydziy X ir 6, kuriame Zaly tarplaikiy pasiskirstymas turi begaline

atrama. Pagrindinis Sio darbo tikslas — jvertinti begalinio laiko iSgyvenimo tikimybe Siame modelyje.



1. Diskretaus laiko E. Sparre Andersen modelis

Siame skyriuje pristatomas E. Sparre Andersen modelis bei pateikiami kiti reikalingi apibrézimai

remiantis [3].

1.1 Apibrézimas. Sakome, jog draudiko turtas U (t) kinta pagal diskretaus laiko rizikos modelj, jei bet
kuriam ¢t € Ny := NU {0}

N(t)
Ut):=u+ct— Y X; U(0):=
=1
Cia u € Ny Zymi pradinj draudiko turta, ¢ € N — premijy surinkimo greitj per laiko vienetg, o Zalos
X1, X5, ... yra neneigiamos nepriklausomos atsitiktinio dydZio X kopijos ir
N({t)=max{neN: 0, +60,+---+0, <t}
yra atstatymo procesas, generuojamas neneigiamy atsitiktiniy dydziy 61, 6, . .., kurie yra nepriklau-

somos f kopijos. Laikome, kad sekos X7, X», ... ir 0,0, ... yratarpusavyje nepriklausomos.

1.2 Apibrézimas. Tikimybe, jog su pradiniu turtu v € Ny draudikas nebankrutuos vadiname begalinio

laiko iSgyvenimo tikimybe ir jg apibréziame kaip

N(t)
o(u) =P u+ct—ZXi >0, Vi>0
i=1
n N(01+02+4-+0x)
=Plu+tc) 6i— Y Xi>0,Vn>1
i=1 i=1

U o) . u>0. 1
<n>l:1)z ¢ ) ! ( )
1.3 ApibréZimas. Salyga

cE) —EX >0 (2)

vadinsime grynojo pelno salyga. Ji reiskia, jog jvykstancios Zalos vidutiniSkai yra maZesnés nei gauna-

mos premijos.

Jeigu grynojo pelno salyga negalioja, tuomet ¢(u) = 0 visiems u > 0, iSskyrus kelis atvejus, kai
cE —EX =0irP(X —cf =0) =1, zr. [4].



2. Begalinio laiko iSgyvenimo tikimybé E. Sparre Andersen mode-
liui

[3] straipsnyje pateiktas metodas, leidZiantis tiksliai apskai¢iuoti begalinio laiko iSgyvenimo ti-
kimybe E. Sparre Andersen modelyje, kai Zaly tarplaikis 6 turi baigtine atrama, t. y. P( < m) = 1
kokiam nors m € N. Straipsnyje taip pat pateikta, kaip elgtis, kai 8 turi begaline atramg: galime
apibrézti nauja atsitiktinj dydj 6,,,, kurio pasiskirstymas yra

Tuomet taikomas tas pats skaiiavimo metodas, taciau gaunama isgyvenimo tikimybé yra apytikslé
ir jos tikslumas priklauso nuo pasirinkto m. Svarbu paminéti, kad didéjant m reikSmei, iSgyvenimo
tikimybé artéja prie tikrosios, bet kartu didéja ir skai¢iavimo sudétingumas, nes formulése ([3], 2.5
Teorema) pasirodo sumos, kuriose reikia sumuoti tam tikras sandaugas per visus galimus indeksy
rinkinius 1 < j; < --- < J < m — 1. Tai reiskia, jog skaiCiuojant tenka pereiti per visus tam
tikro dydZio poaibiusis 1, ..., m — 1, kuriy skai€ius sparciai auga didéjant m. Dél Sios priezasties §j
metodg verta naudoti, kai galima pasirinkti m pakankamai mazg; kitu atveju metodas praranda savo
efektyvuma ir tampa nepatogus skai¢iavimams.

Siame darbe siekiama rasti alternatyvy biida skai¢iuoti begalinio laiko i$gyvenimo tikimybe E.
Sparre Andersen modelyje, kai P(6 = k) > 0, k — oo.

Apibrézkime atsitiktinio dydzio Y := X — ¢f tikimybiy masés funkcijg f(k) := P(Y = k) ir
pasiskirstymo funkcijg F'(k) :=P(Y < k), k € Z.

Taip pat pazymékime

Gole) = 3 1) 20 = Dt 1) = o D &I
L(s) = Z(s) (1 ~G) -3 f(—j)s‘j) - 4(0) (Go<s> Y f(—j)s—j>
: :so<k> (kziém LRI ) s <
2.1 Teiginys. Jei s € R ir |s| < 1, tuomet galioja
F(=m = 1) = (1= 5)T() < (1= 5)L(5) < F(—m — 1) o



Jrodymas. Bet kokiam u € N, (1) galime perrasyti kaip

o(u) =P (sup zn:(XZ —cb;) < u) =P (Xl —cby < u, supz cb;) < u)

n=2

=P (Xl — 091 < u, sup Z(XZ — c@z) <u-— (Xl — 691)>

n=2 i—2
u—1 e )
= " PX — ey = k) =Y ek)f
k=—o00 k=1
u+m [oe]
=Y k) flu—k)+ > @k)f(u—Fk),meN,
k=1 k=u+m+1

(4)

Tuomet, pasinaudoje Lundberg nelygybe ([2], 5.2 Teorema) ir trivialiu jveréiu p(u) < 1, galime uZra-

Syti

visiems u € Ny, kai 7" > 0 tenkina lygybe
Ee” ) = My (r*)My(—1") = 1,

&ia M4 (t) = E e!? zymi atsitiktinio dydZio Z momentus generuojantia funkcija.

Pasinaudoje (5), i (4) galime gauti

o0

Flem—1) = 3 e flu—k) < plw) = 3 p(k)f(u—k) < F(-m—1)

k=u+m+1 k=1

Daugindami (6) i$ s%, s € R, |s| < 1, ir sumuodami pagal u nuo 0 iki co gauname

- w_ Fl=m=1)
gF(—m—l)s =—1 5

Be to,

u=0 \k=u+m+1 u=0 j=m+1 u=0 j=m+1

Kadangi r* > 0ir |s| < 1,tai [se™ | < 1ir

Z( Z e_r*kf(u_ >S _Z Z e " u+])f )S ZZ(se_r*)“ Z e_r*jf(

(5)

(6)

—J)-



Taigi,

m+1

S eI (=) = T(s).

j=

1
1—se "

e "R flu— k:)) st =

( oo
k=u+m+1

oo
u=0

Taip pat

Kadangi

tai

Vadinasi

Taigi,



Viska apjunge, gauname

F(—=m —1)

—1
<1 7
1—s =5 )

Padaugine (7) iS 1 — s, gauname (3).

Apibrézkime atsitiktinio dydZio M tikimybes generuojancia funkcija

Gum(s) = ZP(M = k)s",

o0 o0 u oo o0 oo k
E(s):ng(u)s“: (Zﬂ'k> 5”227@25“:2@ <18 >—1GM.
u=0 u=0 \k=0 k=0  u=k k=0 5 5
Pazymékime
H(s) :=1—Gy(s) — Z f(=5)s77,
=1
’ m . m—1 k—1 ' m .
B(s) := ¢(0) (GO(S) + f(—j)s‘J> = wlk) (Z f = k)8’ ="y f<—j>s—f> :
Jj=1 k=1 j=0 j=1
Jei a; yra lygties
Go(s)+ > f(=j)s7 =1 (8)
j=1
Saknis srityje |s| < 1, tuomet H(a;) = 0'ir
m—1 k—1 m
L(a;) = p(0) = Y (k) (Z F— kel —af )y f(—a)aﬂ)
k=1 j=0 j=1
m—1 m—1 k
= 7 <1 - P(k,@) -> <Z m) Pk, o),
k=1 k=1 \i=1
Cia
k—1 m
Pk, s):= f(j—k)s' ="y f(=j)s7, |s| <1
3=0 j=1
Taigi, su kiekviena lygties (8) Saknimi «; galime sudaryti lygtj
m—1
Z Cij Ty = L(Ozi)7 (9)
§=0
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kur

m—1
cio=1->Y P(k,a) (10)
k=1
ir
m—1
ci,j:—ZP(k’,ozi),jzl,...,m—l. (11)
k=j
Kadangi 7, ..., m,_1 yra m nezinomuyjy, norint juos nustatyti, reikia turéti m nepriklausomy lygciy.

Lygtis (8) turéty turéti bent m — 1 Sakny, skaiCiuojant su kartotinumais, srityje |s| < 1, todél i$ jy
galime gauti m — 1 (9) lygciy. Siekiant uzdaryti sistemg, natdralu svarstyti papildomg lygtj, gaunama
nagrinéjant funkcijos L(s) elgsena tadke s = 1. Siuo tikslu buvo svarstytos $ios ribos:
o limL'(s),
s—1

e lim((1—s)L(s)),

. lm(l — s)L(s).

Vis dél to, nei viena i$ Siy riby negali buti naudojama kaip papildoma lygtis koeficientams

70, - - -, Tm—1 NUstatyti. Visy pirma, skai¢iuodami L(s) iSvestine pagal s gauname
L'(s) = E(s)H'(s) + H(s)Z/(s) + B'(s), (12)
bet )
=y Gumls) | Gly(s)

=) =T T,

— 00, kais — 1,
todel lim L'(s) netinkamas.

s—

Norédami panaikinti neapibréztuma lygybéje (12), kai s — 1, nusprendéme L(s) visy pirma
padauginti i$ 1 — s ir tik tada skai¢iuoti iSvestine bei ribg, bet

I(s) :==(1—=s)L(s) = Gm(s)H(s) + (1 — s)B(s), ir

l'(s) = G(s)H(s) + Gm(s)H'(s) = B(s) + (1 — s) B'(s).

Kadangi kai s — 1, (1 — s) — 0ir, galiojant grynojo pelno salygai (2), G'\((s) = EM ir Gu(s) — 1,
turime, jog
I'(s) > EMH(1)+ H'(1) — B(1), kai s — 1.

Taciau H(1) > 0, o EM yra neZinomas ir priklauso nuo 7, k € Ny, todél ir Iim1 I'(s) priklauso nuo
s—
visy 1, k € Ny, o ne tik nuo pirmyjy 7o, ..., Tp_1.
Tam, kad iSvengtume nario GG’ ;, svarstéme [(s) riba, kai s — 1, neskai¢iuojant iSvestinés. Gau-

name, jog

l(s) =Gm(s)H(s)+ (1 —s)B(s) — H(1),kais — 1,

11



taciau

H(l)=1-

F(R) = f(=k)
k=0 k=1
nepriklauso nuo 7, k € Ny. Taigi, §j variantg taip pat teko atmesti.
Apibendrinant, nepavyko rasti tokios L(s) iSraiskos, kuri bty baigtiné ir priklausyty tik nuo
o, - .., Tm—1, ta€iau atliekant praktinius skaiCiavimus pastebéta, jog lygtis (8) turi m Sakny srityje

|s| < 1, i$ kuriy viena artéja prie vieneto didéjant m. Tai leidZia sukonstruoti sistemg

[(on)
[(ar2)
: = (WoﬂTl, ey Tm—2, 7Tm—1) M xms
Z(Odmfl)
I(am)
cia
(]_ — 011)0170 (1 — Oé2>0270 e (1 — am—l)cm—l,o (1 — Ozm)Cmp
(]_ — 041)0171 (1 — OZQ)CQJ . (1 — am—l)cm—l,l (]_ — Oém>Cm’1
M := : : : : (13)
(1 - 061)01,m72 (1 - 041)02,me . (1 - Oémfl)Cmeme (1 - am)cm,mfZ
(1 - al)cl,m—l (1 - O-/2)02,771—1 cee (1 - am—l)cm—l,m—l (1 - am)cm,m—l
yra kompleksiniy skaiCiy matricairc; ;,t =1, ...,m, j =0, ..., m — 1 yra apibrézti lygybémis (10)
ir (11).

2.2 Lema. Tegul oy, ..., o, € C, oy # 0, yra lygties (8) Saknys srityje |s| < 1. Tuomet matricos M
(13) determinantas yra

m

] = o ) TS T (e (14
=1 i 1<i<j<m
Jrodymas. Matricg M (13) galime uzrasyti kaip
1— oy 0 o 0 1,0 €20 ---  Cmpo
M= O 1 — Qo . O 01.71 02.71 . 077.1,1 . (15)
6 () . 1 —. O, Clm.m—l 027,;1_1 . Cm,;n—l
Pazymékime sistemg (15) kaip M = DC', tuomet
| M| = |D]|C]. (16)

Kadangi D yra diagonaliné matrica, jos determinantas yra lygus jos pagrindinés jstrizainés elementy

12



sandaugai, t. y.

m

Dl =]]1- o (17)

i=1

Jsistate koeficienty ¢;;,7 = 1,...,m, j =0, ...,m — 1, reikSmes i$ lygybiy (10) ir (11) j C' ir skai-

¢iuodami determinantg, gauname

m—1 m—1 m—1
1- P(k,ap) 1-— P(k,ag) ... 1— P(k, o)
k=1 k=1 k=1
m—1 m—1 m—1
|C’ = | — P(k‘7CY1) - P(k,&g) — P(k‘,am)
k=1 k=1 k=1
—P(m—1,0q) —Pm—1,00) ... —P(m—1a,)

Atliekame eilutines operacijas: i$ antrosios eilutés atimame trecigjg, is treciosios — ketvirtgjg ir t. t.

iki tol, kol i$ m — 1-osios eilutés atimame m-3jq ir gauname

m—1 m—1 m—1
1= P(kya) 1= Plkon) ... 1= P(kay)
k=1 k=1 k=1
—P(1, 1) —P(1, ) —P(1, )
€] = . . .
—P(m—=2,0q) —P(m—200) ... —P(m—2,ay)
—P(m—1,0q) —P(m—1,00) ... —P(m—1a,)

Toliau i$ pirmosios eilutés atimame visas likusias eilutes ir i-3jj stulpelj padauginame is ozlm_l £ 0,

i =1, ..., m. Kadangi tai padidina C' determinantg [[[~, «/" ', tai
- -1
1= (ITo)
i=1
! ay! am-1
—a" ' P(1, ) —ay 1 P(1, ) am 1 P(1, ay)
X : : : - (18)

—a"'P(m —2,a1) —ad " P(m — 2, a) —a™ ' P(m — 2, a,)
—a"'P(m—1,a;) —ad"'P(m—1,a) —am™ 1 P(m -1, a,,)

13



Pastebékime, jog

k—1
Sm_lp(/f, S) _ Zf(j S]+m 1 Zf m+l~c —j—1
j=0
m+k—1 m-+k—1
= Zf(t—m k)s th—m k)s
t=m
m—1 —k—1
==Y flt—m—k)s Z fl—m)s™*F 1 |s| < 1.
t=k =0
Jsistate gautg s 1 P(k, s) i$raidka j (18), kai s = o;, it = 1, ..., m, gauname
m -1
Cl= (H a?*)
=1
! ay! am~!
m—2 m—2 m—2
> fl—m)al f(l a f—m)ay,
1=0 1=0 1=0
X (19)
1
f(l l+m 3 Zf I —m l+m—3 Zf(l l+m—3
1=0 1=0
f=m)ai"™? f(=m)ag? fl=m)a=
Paskutinj determinanta (19) pazymékime | A| ir galime jj uZradyti kaip
0 0 0 1 1 1 1 1
f(=m) f(=(m—1) f(=2) O | v M1 Qi
Al = : : : (20)
f(=(m—=1)) 0]|af"™? ay? am-i ap?
fem) o offar eyt L anTh ot

Pazymékime sistema (20) kaip |A| =

lygus

VI=

IT (o

1<i<j<m

- ai)a

|K||V|. Pastebékime, kad | V| yra Vandermondo determinantas,

(21)

Zr., pvz., [5]. Be to, iSskleisdami K determinantg pagal pirmajg eilute gauname

K| = (=

)m+1

(=)™ (f(=m))™ . (22)

14



Galiausiai, sujunge (16), (17), (19), (20), (21) ir (22), gauname (14).
O

2.3 18vada. Matrica M (13) yra Vandermondo tipo ir is 2.2 lemos seka, kad | M| # 0, jei oy, ..., vy, #
0 yra lygties (8) Saknys srityje |s| < 1 su kartotinumu 1 ir f(—m) > 0. Vadinasi, galiojant Sioms

sglygoms, matrica M yra neissigimusi.

2.4 Hipotezé. Jeigu o, ..., ., € C yra nekartotinés lygties (8) Saknys srityje |s| < 1, tuomet jsi-
statant s = «; j funkcijg () ir taikant realaus argumento s atveju gautas nelygybes (3), galima gauti

tiesiniy nelygybiy sistemg koeficientams (g, ..., Tpm_1)
F(=m 1M M" — M2 <ol < F(-m—1)M 117, (23)

kai vektoriy nelygybés suprantamos kaip jy atitinkamy komponenciy nelygybés, cia z :=

(1 — 1T (), ..., (1 — ap)T (). Keliama hipotezé, jog $i sistema turi realius sprendinius
(o, -, Tm—1), i kuriy naudojantis anksciau apibréztu sarysiu my = 0, 1, = (k) —@(k—1),k € N,
galima apskaiciuoti i$gyvenimo tikimybiy p(u), u =0, ..., m — 1, jveréius.

Sios hipotezés pagrjstumas toliau vertinamas atliekant praktinius skaiciavimus.

2.5 Pavyzdys. Tegul

1
PX =k) =5 k=0,....T,
ir s
1@@9:1@:5; Ck=0,1,...

t. y. c0 yra pasiskirstes pagal Puasono skirstinj su parametru A = 5. Visy pirma patikriname grynojo

pelno salyga (2)
Ecd —EX =5—-35=15>0.

Atsitiktiniy dydZiy X ir ¢ momentus generuojancios funkcijos yra

tad, iSsprende lygtj

15



turi 10 nekartotiniy Sakny srityje |s| < 1. Tuomet, apskaitiave matricos M (13) elementus ir pasinau-
doje nelygybémis (23), gauname ¢(u), u =0, ..., 9, jverdius:

0.447592 < ©(0) < 0.447719,
0.545445 < ¢(1) < 0.545558,
0.639233 < ¢(2) < 0.639334,
0.723951 < ¢(3) < 0.724043,
0.795350 < ©(4) < 0.795431,
0.851278 < (5) < 0.851349,
0.892435 < ¢(6) < 0.892495,
0.921773 < ¢(7) < 0.921823,
0.942818 < (8) < 0.942859,
0.958220 < ©(9) < 0.958253.

2.6 Pavyzdys. Tegul X ir ¢ yra geometriskai pasiskirste atsitiktiniai dydziai su parametrais px = 0.4
ir p.g = 0.3, tuomet Ecf — EX = 5/6 > 0. Remiantis [1] lygybémis (8) ir (9), dviejy nepriklausomy

geometriniy atsitiktiniy dydziy skirtumo pasiskirstymas yra

pxPes(1 — px )k

P(X —cd=k)= L kaik >0
PX + Pco — PzPet
ir N
c 1-— c B .
POX — o = ) = DxPeoll =Peo) © iy
Dz +pc9 — PaPco
IS lygties
Ee" X = Y P(X —ch=k)eF =1
k=—00

randame Lundberg koeficientg r* = 0.154151, o iSsprende lygtj

6 [ < o
— J o Je—i | —
% (jZOo.Gs +j210'75 ) 1

gauname m nekartotiniy Sakny srityje [s| < 1, m = 5, ..., 30. Kiekvienam m gautas $aknis jsistate
j (13) bei pasinaudoje nelygybémis (23), gauname tikimybiy o(u), u© = 0,1, ..., m — 1, jverdius.
Grafike 1 pavaizduota, kaip kinta virSutinis ir apatinis i$gyvenimo tikimybés ¢ (u) su pradiniu kapitalu
u = 0,1, 2,3 jvertis, kai m keiciasi nuo 5 iki 30.
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: > u=0
0.2||||I||||I||||I||||I||||I||||I||||Im

0 5 10 15 20 25 30 35

1 pav. Virsutiniai (mélyni) ir apatiniai (raudoni) iSgyvenimo tikimybés p(u) jverciai, kai m kinta nuo
5 ki 30.

2.7 Pavyzdys. Tegul X pasiskirstymas yra toks pats, kaip 2.5 pavyzdyje, o cf pasiskirstes pagal nei-
giama binominj skirstinj. Jo parametrus pasirenkame taip, kad Ecf = r(1 — p)/p = 5. Fiksuokime
r =10, tuomet (1 — p)/p = 0.5 = p = 2/3. Taigi, cf ~ NB(10,2/3) ir

2/3  \'"
Mypt) = —— , t<In3.
o(?) <1—1/3et> "

Sudare lygtji Mx (r*)M(—r*) = 1 ir ja iSsprende, randame Lundberg koeficientg r* ~ 0.26186.

Pasirenkame m = 10. ISsprende lygtj
7 10
DI+ f(=i)s =1 (24)
j=1

J=0

gauname 10 skirtingy Sakny vienetinio skritulio viduje, jos pavaizduotos 2 grafike.
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2 pav. Lygties (24) saknys vienetinio skritulio viduje

Toliau kaip ir anks¢iau apskai¢iuojame p(u), u =0, ..., 9, jvercius:
0.412719 < ¢(0) < 0.413552,
0.501048 < (1) < 0.501827,
0.587316 < (2) < 0.588048,
0.667914 < ¢(3) < 0.668602,
0.739439 < ¢(4) < 0.740080,
0.799381 < ¢(5) < 0.799967,
0.846820 < ¢(6) < 0.847345,
0.882763 < (7) < 0.883222,
0.909675 < ¢(8) < 0.910071,
0.930261 < ¢(9) < 0.930597.

Pastebékime, kad nors [Ecf sutampa su c6 vidurkiu 2.5 pavyzdyje, gauti iSgyvenimo tikimybiy jverciai
yra Siek tiek mazesni. Tai yra natiralu, nes neigiamo binominio skirstinio uodega yra sunkesné uz
Puasono, o didesné dideliy Zaly tikimybé didina bankroto rizikg ilguoju laikotarpiu.

Toliau pasirinktam m vir3utinj igyvenimo tikimybés jvertj Zymésime 5, (u), 0 apatinj — @, (u).
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2.8 Pavyzdys. Tegul

P(X =k) = (2) 0.6"0.4%% k=0,1,2,3,

0.7
k)=———"— k=1,2,...
)= im0 e

t. y. X yra pasiskirstes pagal binominj skirstinj su parametrais n = 3 ir px = 0.6, o cf pasiskirstes

P(ct =

pagal logaritminj skirstinj su parametru p.y = 0.7. Patikriname grynojo pelno salyga (2)

—0.7

Ecf —EX = —
b 0.31n0.3

—1.8~0.138028 > 0

ir randame Lundberg koeficientg r* ~ 0.0898689 is lygties

(0.4+0.6e")In(1—0.7e™)

M (r") Meg (=17) = In0.3

=1.

Apskaiciuosime iSgyvenimo tikimybés apatinj ir virSutinj jvercius, kai m = 15,20,25,30 ir u =
0, ..., 10. Visais nagrinéjamais atvejais lygtis (8) turi m nekartotiniy Sakny srityje |s| < 1. Toli-

mesnius skaicCiavimus atliekame kaip ir ankstesniuose pavyzdziuose, o gauti rezultatai pateikiami 1 ir

2 lentelése.
1 lentelé. Virsutiniy iSgyvenimo tikimybiy jverciy reikSmeés ir jy skirtumai

u P15(u) Pao(u) Bos(u) P0(u) P15 — P20 Pao — Pas Pas5 — P30

0 | 0.058126 | 0.057868 | 0.057846 | 0.057844 | 0.000257 | 2.197x107° | 1.945x107°
1 | 0.108476 | 0.108037 | 0.108000 | 0.107997 | 0.000439 | 3.749x107° | 3.319x107°
2 | 0.179762 | 0.179072 | 0.179013 | 0.179008 | 0.000690 | 5.891x107° | 5.217x107°
3 | 0.252031 | 0.251108 | 0.251030 | 0.251023 | 0.000923 | 7.884x 107" | 6.982x 10~°
4 | 0.316230 | 0.315127 | 0.315033 | 0.315025 | 0.001103 | 9.428x107° | 8.349x10~°
5 | 0.375357 | 0.374109 | 0.374003 | 0.373993 | 0.001248 | 1.066x107* | 9.444x10~¢
6 | 0.429258 | 0.427900 | 0.427784 | 0.427773 | 0.001359 | 1.161x107*| 1.029x 1075
7 | 0.478538 | 0.477096 | 0.476973 | 0.476962 | 0.001441 | 1.232x107* | 1.091x107°
8 | 0.523554 | 0.522055 | 0.521927 | 0.521915 | 0.001499 | 1.282x107* | 1.136x107°
9 | 0.564687 | 0.563150 | 0.563018 | 0.563007 | 0.001537 | 1.315x107* | 1.164x107°
10 | 0.602268 | 0.600711 | 0.600578 | 0.600566 | 0.001557 | 1.332x107* | 1.180x 10~°
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2 lentelé. Apatiniy isgyvenimo tikimybiy jverciy reiksmés ir jy skirtumai

£15(U)

$20 (u)

$25 (u)

$30 (u)

P20 — P15

P25 — P20

Y30 — P25

0.057839
0.107987
0.178993
0.251002
0.315000
0.373966
0.427744
0.476931
0.521883

Vo] (o] ~ e))] (%] ~ w N = o <

0.562973

[EEN
o

0.600532

0.057844
0.107996
0.179006
0.251020
0.315022
0.373990
0.427770
0.476959
0.521911
0.563003
0.600562

0.057844
0.107996
0.179008
0.251022
0.315023
0.373992
0.427772
0.476961
0.521914
0.563005
0.600564

0.057844
0.107996
0.179008
0.251022
0.315024
0.373992
0.427772
0.476961
0.521914
0.563006
0.600565

4.940x 1076
8.427x 1076
1.324x107°
1.772x107°
2.118x 1077
2.395x107°
2.608 x107°
2.766 x107°
2.878 x107°
2.950x107°
2.989x107°

4.217x 1077
7.196 %1077
1.131x 106
1.513x 1076
1.810x 1076
2.047x 1076
2.229 x 1076
2.365x 1076
2.462x 1076
2.524 x 1076
2.557x 1076

3.731x 1078
6.367x 1078
1.001x1077
1.339x 1077
1.601x 107
1.811x1077
1.972x 1077
2.092x 1077
2.177x 1077
2.232x 1077
2.262x 1077

IS pateikty lenteliy bei 1 grafiko 2.6 pavyzdyje galime pastebéti, jog skirtumai tarp iSgyvenimo

tikimybiy reikSmiy mazéja, kai m didéja. Tai reiskia, kad nuo tam tikros m reikSmés jos didinimas

iSgyvenimo tikimybés jvercio atzvilgiu buty nereikSmingas.

Palyginkime Siuo metodu gautg isgyvenimo tikimybés virSutinj jvertj 4, («) su iSgyvenimo tiki-

mybe, apskaitiuota pagal [3] straipsnyje aprasoma metoda, kaiu = 0, ..., 10irm = 30. Sia tikimybe

Zymésime p30(u). 3 lenteléje pateikiami gauti rezultatai.

3 lentelé. ISgyvenimo tikimybés P (u) ir pso(u)

u P30(u) P30(u) Ps0(u) — p30(u)
0 | 0.05784433158 | 0.05784400686 | 3.24722 x 1077
1 | 0.10799663442 | 0.10799608027 | 5.54149 x 10~
2 | 0.17900818553 | 0.17900731464 | 8.70888 x 1077
3 | 0.25102256559 | 0.25102140004 | 1.16555 x 1076
4 | 0.31502450316 | 0.31502310940 | 1.39376 x 107
5 | 0.37399311234 | 0.37399153581 | 1.57653 x 10~¢
6 | 0.42777346721 | 0.42777175022 | 1.71699 x 1076
7 | 0.47696220703 | 0.47696038529 | 1.82174 x 1076
8 | 0.52191531765 | 0.52191342163 | 1.89602 x 10~°
9 | 0.56300676529 | 0.56300482213 | 1.94315 x 1076
10 | 0.60056591325 | 0.60056394229 | 1.97096 x 106

I3 [3] Zinome, jog w.,(u) < p(u)iris (23) p(u) < B,,(u). Tai patvirtina pateiktos isgyvenimo
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tikimybiy reikimés 3 lenteléje, i$ kuriy matosi, jog ¢, (1) < ©,,(u). Sinelygybé taip pat galiojo atlikus
analogiskus skaiCiavimus su 2.5 ir 2.7 pavyzdZiuose aprasytais skirstiniais, kai m = 10.
Apibendrinant, visi nagrinéti praktiniai pavyzdziai rodo, kad didéjant parametro m reikSmei,
iSgyvenimo tikimybés jverciai tampa tikslesni, o tai leidzia §j metoda laikyti stabiliu praktiniu jran-
kiu, tinkamu taikyti jvairiems atsitiktiniy dydziy skirstiniams skai¢iuojant begalinio laiko iSgyvenimo
tikimybiy jvercius. Nors visuose nagrinétuose pavyzdZiuose gauti (m, ..., m,_1) sprendiniai buvo
kompleksiniai, taciau jy menamosios dalys buvo itin mazos (didZiausia sieké 2.99337 x 107!2), to-
dél sprendiniai skaitiniu poZiuriu gali bati laikomi realiais. Taigi, nagrinéty skaitiniy atvejy pagrindu

hipotezé buvo patikrinta ir nepriestarauja gautiems rezultatams.
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Rezultatai ir isvados

Siame magistro baigiamajame darbe buvo nagrinétas diskretaus laiko E. Sparre Andersen rizikos
modelis. Apibréztos papildomos funkcijos ir suformuluotos nelygybés, kuriy pagrindu buvo sukurta
tam tikra nelygybiy sistema. ISkelta hipotezé, jog Sios sistemos sprendiniai yra realieji ir iS jy galima
apskaiciuoti begalinio laiko iSgyvenimo tikimybés apatinj ir virSutinj jvercius. Hipotezé buvo patikrinta
skaitiniais pavyzdZiais, naudojant skirtingus atsitiktiniy dydziy skirstinius, ir visais nagrinétais atvejais
pasitvirtino. Gauti rezultatai parodé, jog didéjant parametrui m, apatinis iSgyvenimo tikimybés jver-
tis didéja, o virSutinis — mazéja. Taip pat abiem atvejais pastebéta, jog skirtumas tarp iSgyvenimo
tikimybés reikSmiy didéjant m mazéja. Gauti jverciai taip pat buvo palyginti su [3] straipsnyje apra-
Sytu metodu apskaiCiuotomis iSgyvenimo tikimybémis ir parodyta, kad skirtumas tarp jy nezymus.
Skai¢iavimams buvo naudojama Wolfram Mathematica programiné jranga.

Ateityje buty galima tobulinti Siame darbe pasitlytg begalinio laiko iSgyvenimo tikimybés jverti-
nimo metodg ar siekti formalaus iskeltos hipotezés jrodymo. Taip pat bty galima nagrinéti skirtuma
tarp virSutinio ir apatinio iSgyvenimo tikimybés jverciy ir rasti tokig m reikSme, su kuria Sis skirtumas

bty minimalus.
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Priedai

Skaiciavimai atlikti naudojant Wolfram Mathematica [6] programine jrangg. Praktiniy pa-

vyzdziy kodai pateikiami Zemiau.

2.5 pavyzdzio kodas:

m = 10;

fX[k_] := Piecewise[{{1/8, k == 0}, {1/8, k == 1}, {1/8, k == 2},
{1/8, k == 3}, {1/8, k == 4}, {1/8, k == 5}, {1/8, k == 6},
{1/8, k == 7}}, 0];

fT[k_Integer] := PDF[PoissonDistribution[5], k];

f[k_Integer] := Sum[fX[k + j] £T[jl, {j, O, Infinity}];

FZ[u_] := Sum[f([k], {k, -Infinity, u}];

Fm = FZ[-m - 1] // N

(* randamas Lundberg koeficientas *)

MX[t_] := 1/8 Sum[Exp[t k 1, {k, 0, 7}];
MT[t_] := Exp[5 (Explt] - 1)1;

eqlundberg = MX[r]#MT[-r] == 1;

rStar = r /. FindRoot[eqLundberg, {r, 0.4}]

(* apibreziamos reikalingos funkcijos *)

GO[s_] := Sum[f[j]l s~j, {j, 0, 7}]1;

H[s_] :=1 - GO[s] - Sum[f[-j] s~(-j), {j, 1, m}];

Plk_, s_] := Sum[f[j - k] s7j, {j, 0, k¥ - 1}] - s”k Sum[f[-j] s~ (-j), {j, 1, m}];
philk_] := Sum[pilil, {i, 0, k}];

T[s_] := Sum[Exp[-rStar jl f[-jl, {j, m + 1, Infinity}]/(1 - s Exp[-rStarl);
tls ] := (1 - 8) T[sl;

Lls_] := phi[0] - Sum[philk] P[k, s], {k, 1, m - 1}];

1[s_] := (1 - s) L[s];

(* randamos reikalingos saknys *)
alphalist = Select[s /. NSolve[H[s] == 0, s], Abs[#] < 1 &];
Length[alphalist]

(* sprendziama nelygybiu sistema ir randami tikimybiu iverciai x*)

vSs = l@alphalist;

pis = Arrayl[pi, m, 0];

M = Table[Coefficient[vSs[[row]], pis[[colll], {row, 1, m}, {col, 1, m}];
Cvec = Join[Table[t[alphaList[[j11], {j, 1, m}]];

unitVec = ConstantArray[1, m];

Minv = Inverse[M];
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pilower = Fm*(Minv.unitVec) - (Minv.Cvec);

piUpper = Fm*Minv.unitVec;

philower = SetPrecision[Accumulate[Re[piLower]], 6]
phiUpper = SetPrecision[Accumulate[Re[piUpperl], 6]

epsIm = Max[Max[Abs[Im[piLower]]], Max[Abs[Im[piUpper]]]]

(* skaiciuojamos tikimybes pagal [2] straipsni *)

philx_, f_, m_, D_, vid_, phi_] := If[x == 0, (-1)"(m + 1)
*Product[1/(D[[j]1] - 1), {j, 1, m - 1}]*vid,
If[x == 1, ((1/£[[1]11)*Product[DL[jI11/(DL[;1] - 1), {j, 1, m - 1}])*vid,
If[x == 2, -phil[[2]1]1*(£[[1]1] + £[[2]11)/£f[[1]1] + (Product[1/(D[[il] - 1),
{i, 1, m - 1}]*(Product[D[[i]], {i, 1, m - 1}] - Sum[Product[Subsets[D,
{m - 2310041100513, {j, 1, m - 23], {i, 1, m - 1}1))/£[[1]1]*vid,
If[x >= 2, -(Sum[phi[[i]]*Sum[£[[1], {j, 1, x - i + 2}], {i, 2, x}])/
f[[1]] + (Product[1/(D[[i]l] - 1), {i, 1, m - 1}]*(Product([D[[i]],
{i, 1, m - 1}] + (Sum[(-1)"(k + 1)* Sum[Product[Subsets[D, {m - k}
10041100537, {j, 1, m - k}1, {i, 1, Binomiallm - 1, m - k1}], {k, 2,
Min[x, m - 1]}] + Iflx >m - 1, Sum[(-1)"(k + 1), {k, m, x}], 0])))
/£[[111*vid, 0111];

A1l = Flatten[{Table[SetPrecision[N[PDF[PoissonDistribution[5], i]], 22],
{i, 0, m - 1}], SetPrecision[N[SurvivalFunction[PoissonDistribution[5],
m - 111, 22]1}]1;

f1 = Table[Sum[A1[[m + i - j + 1]11*£X[i], {i, 0, j}1, {j, O, m}];

vid = N[Sum[(i - 1)*A1[[i]], {i, 1, m + 1}], 15] - 3.5;

GX[s_] := Expand[Sum[s~i*1/8, {i, 0, 7}1];

G[s_] := Expand[Sum[s~(i - 1)*A1[[i]], {i, 1, m + 1}]];

GXY[s_] := GX[s]*G[1/s];

S[s_] := NSolvelGXY[s] == 1, s];

D10 = Select[s /. SetPrecision[S[s], 22], Abs[#] < 0.99 &]

phil0 = Range[10];

Do[philO[[i + 1]] =
SetPrecision[N[Re[phi[i, f1, 10, D10, vid, phi10]]], 221, {i, 0, 9}1;

phil0

A11True[Thread[phil0 <= phiUpper], True(Q]

2.6 pavyzdzio kodas:

pX = 0.4;

pTheta = 0.3;

D1 = pX + pTheta - pX*pTheta;

flk_] := Piecewise[{{pX pTheta/D1 (1 - pX)~k, k >= 0},
{pX pTheta/D1 (1 - pTheta)” (-k), k <= -1}}];

FZ[u_] := Sum[f([k], {k, -Infinity, u}];

25



(*randamas Lundberg koeficientas*)
eqlundberg = Sum[f[k] Expl[r k], {k, -Infinity, Infinity}] == 1;
rStar = r /. FindRoot[eqLundberg, {r, 0.1}]

(* apibreziamos reikalingos funkcijos *)

GO[s_]1 := Sum[f[j] s~j, {j, 0, Infinityl}];

Hls_] :=1 - GO[s] - Sum[£f[-j] s™(-j), {j, 1, m}];

Plk_, s_] := Sum[f[j - k] s~j, {j, 0, k¥ - 1}] - s”k Sum[f[-j] s~ (-j), {j, 1, m}];
philk_] := Sum[pilil, {i, 0, k}];

T[s_] := Sum[Exp[-rStar j] f[-jl, {j, m + 1, Infinity}]/(1 - s Exp[-rStar]);
tls_] := (1 - 8) Tlsl;

L[s_] := phi[0] - Sum[phil[k] P[k, s], {k, 1, m - 1}];

1[s ] := (1 - s) L[s];

(* skaiciuojami tikimybiu iverciai, kai m kinta nuo 5 iki 30 *)
computePhi[m_] := Module[{Fm, alphalist, vSs, pis, M, Cvec, unitVec, Minv,

pilower, piUpper, epsIm, philower, phiUpper},

Fm = FZ[-m - 1];

alphalist = Select[s /. NSolve[H[s] == 0, s], Abs[#] < 1 &];
lealphalist;

vSs

pis = Array[pi, m, 0];

M = Table[Coefficient[vSs[[rowl], pis[[colll], {row, 1, m}, {col, 1, m}];
Cvec = Table[t[alphaList[[j1]], {j, 1, m}];

unitVec = ConstantArray[1, m];

Minv = Inverse[M];

pilower = Fm*(Minv.unitVec) - (Minv.Cvec);

piUpper = Fm*(Minv.unitVec);

epsIm = Max[Max[Abs[Im[piLower]]], Max[Abs[Im[piUpper]]]];

philower = Accumulate[Re[piLower]];

phiUpper = Accumulate[Re[piUpper]];
<|"phiUpper" -> phiUpper[[1 ;; 4]], "phiLower" -> phiLower[[1 ;; 4]],
"epsIm" -> epsIm|>]

allResults = Table[computePhi[m], {m, 5, 30}];

Max[allResults[[A1l, "epsIm"]1]

phiOupper = allResults[[All, "phiUpper", 1]]
philupper = allResults[[All, "phiUpper", 2]]
phi2upper = allResults[[All, "phiUpper", 3]]

phi3upper = allResults[[All, "phiUpper", 41]]



phiOlower = allResults[[All, "phiLower", 1]]
phillower = allResults[[All, "phiLower", 2]]
phi2lower = allResults[[All, "phiLower", 3]]
phi3lower = allResults[[All, "phiLower", 4]]

(x grafikas *)

g = ListLinePlot[{Transpose[{Range[5, 5 + Length[phiOlower] - 1], phiOlower}],
Transpose[{Range[5, 5 + Length[phiOupper] - 1], phiOupper}],
Transpose[{Range[5, 5 + Length[phillower] - 1], phillower}],
Transpose[{Range[5, 5 + Length[philupper] - 1], philupper}],
Transpose[{Range[5, 5 + Length[phi2lower] - 1], phi2lower}],

Transpose [{Range[5, 5 + Length[phi2upper] - 1], phi2upper}],

Transpose [{Range[5, 5 + Length[phi3lower] - 1], phi3lower}],

Transpose [{Range[5, 5 + Length[phi3upper] - 1], phi3upper}]},
PlotRange -> {{0, 35}, {0.2, 0.61}}, PlotStyle ->
{Directive[RGBColor[172/255, 28/255, 28/255], AbsoluteThickness[2]],
Directive [RGBColor[31/255, 78/255, 120/255], AbsoluteThickness[2]],
Directive [RGBColor [200/255, 60/255, 60/255], AbsoluteThickness[2]],
Directive [RGBColor[47/255, 117/255, 181/255], AbsoluteThickness[2]],
Directive [RGBColor [225/255, 120/255, 120/255], AbsoluteThickness[2]],
Directive [RGBColor[91/255, 155/255, 213/255], AbsoluteThickness[2]],
Directive [RGBColor[245/255, 180/255, 180/255], AbsoluteThickness[2]],
Directive [RGBColor[155/255, 194/255, 230/255], AbsoluteThickness[2]]},
AspectRatio -> 1, AxesLabel -> {"m", "@(u)"}, TicksStyle ->
Directive[Black, 20], LabelStyle -> Directive[Black, 16], ImageSize -> 480,
Epilog -> {Text[Style["u = 0", 16, Black], {33, 0.252}],

Text[Style["u = 1", 16, Black], {33, 0.359}],

Text [Style["u = 2", 16, Black], {33, 0.451}],

Text [Style["u = 3", 16, Black], {33, 0.529}]1}]

2.7 pavyzdzio kodas:

m = 10;

fX[k_] := Piecewise[{{1/8, k == 0}, {1/8, k == 1}, {1/8, k == 2}, {1/8, k == 3},
{1/8, k == 4}, {1/8, k == 5}, {1/8, k == 6}, {1/8, k == 7}}, 0];

fT[k_Integer] := PDF[NegativeBinomialDistribution[10, 2/3], k];

f[k_Integer] := Sum[fX[k + j] fT[jl, {j, O, Infinityl}];

FZ[u_]l := Sum([f[k], {k, -Infinity, u}];

Fm = FZ[-m - 1] // N

(* randamas Lundberg koeficientas *)

MX [t_] 1/8 Sum[Exp[t k 1, {k, 0, 7}];
MT[t_] (2/3/(1 - (1 - 2/3) Explt]))~10;
eqlLundberg = MX[r]*MT[-r] == 1;
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rStar = r /. FindRoot[eqLundberg, {r, 0.4}]

(* apibreziamos reikalingos funkcijos *)

GO[s_] := Sum[f[j]l s~j, {j, 0, 7}]1;

H(s_] :=1 - GO[s] - Sum[f[-j] s~ (-j), {j, 1, m}];

Plk_, s_] := Sum[f[j - k] s~j, {j, 0, k - 1}] - s°k Sum[f[-j] s~(-j), {j, 1, m}];
philk_] := Sum[pilil, {i, 0, k}];

T[s_] := Sum[Exp[-rStar j] f[-jl, {j, m + 1, Infinity}]/(1 - s Exp[-rStar]);
tls_ ] := (1 - s) Tlsl;

L[s_] := phi[0] - Sum[philk] P[k, s], {k, 1, m - 1}];

1[s_ ] := (1 - s) L[s];

(* randamos reikalingos saknys *)

alphalist = Select[s /. NSolve[H[s] == 0, s], Abs[#] < 1 &];

Length[alphalist]

saknys = Transpose[{Re /@ alphalist, Im /@ alphalist}];

g = Show[ListPlot[saknys, PlotStyle -> {RGBColor[47/255, 117/255, 181/255]},
PlotRange -> {{-1.25, 1.25}, {-1.25, 1.25}}, Axes -> True, AspectRatio -> 1],
Graphics[{Circle[{0, 0}, 11}]1]

(* sprendziama nelygybiu sistema ir randami tikimybiu iverciai *)
vSs = l@alphalist;

pis = Arrayl[pi, m, 0];

M = Table[Coefficient[vSs[[rowl]], pis[[colll], {row, 1, m}, {col, 1, m}];
Cvec = Join[Table[t[alphaList[[j11], {j, 1, m}]];

unitVec = ConstantArray[1, m];

Minv = Inverse[M];

pilower = Fm *(Minv.unitVec) - (Minv.Cvec);

piUpper = Fm*Minv.unitVec;

philower = SetPrecision[Accumulate[Re[piLower]], 6]

phiUpper = SetPrecision[Accumulate[Re[piUpper]], 6]

epsIm = Max[Max[Abs[Im([piLower]]], Max[Abs[Im[piUpper]]]]

(* skaiciuojamos tikimybes pagal [2] straipsni *)

philx_, f_, m_, D_, vid_, phi_] := If[x == 0, (-1)"(m + 1)
xProduct [1/(D[[j1] - 1), {j, 1, m - 1}]=vid,
If[x 1, ((1/£[[1]1]1)*Product[D[[j1]1/(DL[;1] - 1), {j, 1, m - 1}])*vid,
If[x == 2, -phil[2]1]1*(£[[11] + £[[2]11)/£[[11] + (Product[1/(D[[il]l - 1),
{i, 1, m - 1}]*(Product[D[[i]], {i, 1, m - 1}] - Sum[Product[Subsets[D,
{m - 2310021300513, {5, 1, m - 23], {i, 1, m - 1}1))/£[[1]1]*vid,
If[x >= 2, -(Sum[phi[[i]l]l*Sum[£f[[j1], {j, 1, x - i + 2}], {i, 2, x}1)/
f[[1]1] + (Product[1/(D[[il] - 1), {i, 1, m - 1}]*(Product[D[[il],
{i, 1, m - 1}] + (Sum[(-1)"(kx + 1)* Sum[Product[Subsets[D, {m - k}



10041100532, {j, 1, m - k}1, {i, 1, Binomiallm - 1, m - k13}], {k, 2,
Min[x, m - 1]}] + Iflx >m - 1, Sum[(-1)"(k + 1), {k, m, x}], 0])))
/£[[111*vid, 0111];

A1 = Flatten[{Table[SetPrecision[N[PDF [NegativeBinomialDistribution[10, 2/3],
ill, 221, {i, 0, m - 1}], SetPrecision[N[SurvivalFunction
[NegativeBinomialDistribution[10, 2/3], m - 111, 22]}];

f1 = Table[Sum[A1[[m + i - j + 1]1]1*£X[i], {i, 0, j}1, {j, O, m}];

vid = N[Sum[(i - 1)*A1[[i]], {i, 1, m + 1}], 15] - 3.5;

GX[s_] := Expand[Sum[s~i*1/8, {i, 0, 7}11;

G[s_] := Expand[Sum[s~(i - 1)*A1[[i]], {i, 1, m + 1}]];

GXY[s_ ] := GX[s]*G[1/s];

S[s_] := NSolvelGXY[s] == 1, s];

D10 = Select[s /. SetPrecision[S[s], 22], Abs[#] < 0.99 &]

phil0 = Range[10];

Do[philO[[i + 1]] =
SetPrecision[N[Re[phi[i, f1, 10, D10, vid, phi10]]], 221, {i, 0, 9}1;

phil0

Al1True[Thread[phil0 <= phiUpper], TrueQl

2.8 pavyzdzio kodas:

n=23; pX =0.6; pT = 0.7;

fX[k_] PDF [BinomialDistribution[n, pX], kI;

fTIk_] PDF [LogSeriesDistribution[pT], kI;

f[k_Integer] := Sum[fX[k + j] £T[j], {j, Max[0, -k], n - k}];
FZ[u_] := Sum[f[k], {k, -Infinity, u}]

(* randamas Lundberg koeficientas *)

MX[t_] (1 - pX + pX Expl[t]) "n;

MT [t_] Log[1 - pT Expltll/Logll - pT];
eqlundberg = MX[r]#MT[-r] == 1;

rStar = r /. FindRoot[eqLundberg, {r, 0.3}]

(* apibreziamos reikalingos funkcijos *)

GO[s_] := Sum[f[j] s~j, {j, 0, 3}];

Hls_] := 1 - GO[s] - Sum[f[-j] s~(-j), {j, 1, m}];

Plk_, s_] := Sum[f[j - k] s~j, {j, 0, k¥ - 1}] - s”k Sum[f[-j] s~ (-j), {j, 1, m}];
philk_] := Sum[pilil, {i, 0, k}];

T[s_] := Sum[Exp[-rStar j] f[-jl, {j, m + 1, Infinity}]/(1 - s Exp[-rStar]);
tls_ ] := (1 - s) Tls];

L[s_] := phi[0] - Sum[philk] P[k, s], {k, 1, m - 1}];

10s_] := (1 - s) L[s];
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(*skaiciuojami tikimybiu iverciai,kai m = 15, 20, 25, 30%)

m = 15;

Fm = FZ[-m - 1] // N;

alphalist15 = Select[s /. NSolve[H[s] == 0, s], Abs[#] < 1 &];

vSs = l1l@alphalist1b;

pis = Arrayl[pi, m, 0];

M = Table[Coefficient[vSs[[rowl]], pis[[colll], {row, 1, m}, {col, 1, m}];
Cvec = Join[Table[t[alphaList15[[j11], {j, 1, m}]];

unitVec = ConstantArray[1, m];

Minv = Inverse[M];

pilower = Fm *(Minv.unitVec) - (Minv.Cvec);

piUpper = Fm*Minv.unitVec;

epsIml5 = Max[Max[Abs[Im[piLower]]], Max[Abs[Im[piUpper]]]]
philowerlbs = SetPrecision[Accumulate[Re[piLower]], 15]
phiUpperlbs = SetPrecision[Accumulate[Re[piUpper]], 15]

m = 20;

Fm = FZ[-m - 1] // N;

alphalist20 = Select[s /. NSolvel[H[s] == 0, s], Abs[#] < 1 &];
vSs = 1l@alphalist20;

pis = Array[pi, m, 0];

M = Table[Coefficient[vSs[[row]], pis[[col]l]l], {row, 1, m}, {col, 1, m}];
Cvec = Join[Table[t[alphaList20[[j11], {j, 1, m}]]1;
unitVec = ConstantArray[1, m];

Minv = Inverse[M];

pilower = Fm *(Minv.unitVec) - (Minv.Cvec);

piUpper = Fm*Minv.unitVec;

epsIm20 = Max[Max[Abs[Im[piLower]]], Max[Abs[Im[piUpper]]]]
philower20 = SetPrecision[Accumulate[Re[piLower]], 15]
phiUpper20 = SetPrecision[Accumulate[Re[piUpper]], 15]

m = 25;

Fm = FZ[-m - 1] // N;

alphal.ist25 = Select[s /. NSolve[H[s] == 0, s], Abs[#] < 1 &];
l@alphalist25;

pis = Array([pi, m, 0];

M = Table[Coefficient[vSs[[row]l], pis[[colll], {row, 1, m}, {col, 1, m}];
Cvec = Join[Table[t[alphalist25[[j11], {j, 1, m}]1];

unitVec = ConstantArray[1, m];

vSs

Minv = Inverse[M];

pilower = Fm *(Minv.unitVec) - (Minv.Cvec);

piUpper = Fm*Minv.unitVec;
Max [Max [Abs [Im[piLower]]], Max[Abs[Im[piUpper]]]]
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phiLower25 = SetPrecision[Accumulate[Re[piLower]], 15]
phiUpper25 = SetPrecision[Accumulate[Re[piUpper]], 15]

m = 30;

Fm = FZ[-m - 1] // N;

alphalList30 = Select[s /. NSolve[H[s] == 0, s], Abs[#] < 1 &];

vSs = 1@alphalList30;

pis = Arrayl[pi, m, 0];

M = Table[Coefficient[vSs[[row]], pis[[colll], {row, 1, m}, {col, 1, m}];
Cvec = Join[Table[t[alphaList30[[j11], {j, 1, m}]];

unitVec = ConstantArray[1, m];

Minv = Inverse[M];

pilower = Fm *(Minv.unitVec) - (Minv.Cvec);

piUpper = Fm*Minv.unitVec;

epsIm30 = Max[Max[Abs[Im[piLower]]], Max[Abs[Im[piUpper]]]]
philower30 = SetPrecision[Accumulate[Re[piLower]], 15]
phiUpper30 = SetPrecision[Accumulate[Re[piUpper]], 15]

(* sukuriamos lenteles *)
scilx_] := NumberForm[SetPrecision[N[x], 8], {Infinity, 3},
ExponentFunction -> (If[-3 <= # <= 3, Null, #] &)]

LenteleV = Grid[Prepend[Table[Join[{i, NumberForm[phiUpperi5[[i + 111, 6],
NumberForm [phiUpper20[[i + 1]], 6], NumberForm[phiUpper25[[i + 111, 6],
NumberForm [phiUpper30[[i + 111, 61}, {SetPrecision[phiUpper15[[i + 1]]
- phiUpper20[[i + 1]], 4], scilphiUpper20[[i + 1]] - phiUpper25[[i + 1111,
sci[phiUpper25[[i + 1]] - phiUpper30[[i + 1]11}], {i, 0, 10}], {"u",
"\!'\ (\*SubscriptBox [\ (p\), \(15\)I\) (w)",

"\!'\ (\*SubscriptBox [\ ((\), \(20\)I\) (w)",

"\'\ (\*SubscriptBox [\ (p\), \(25\)I\) (w",

"\'\ (\*SubscriptBox [\ (p\), \(30\)I\)(w",

"\'\ (\*SubscriptBox [\ (p\), \\(15\)]\) (u)-

NI\ (\*SubscriptBox [\ (p\), \(20\)I\) (w)",

"\'\ (\*SubscriptBox [\ (p\), \\(20\)1\) (u)-

\ I\ (\*SubscriptBox [\ (p\), \(25\)1\) (w)",

"\'\ (\*SubscriptBox [\ (p\), \\(25\)1\) (u)-

NI\ (\*SubscriptBox [\ (¢\), \(30\)I\) (uw)"}], Frame -> All]

LenteleA = Grid[Prepend[Table[Join[{i, NumberForm[phiLower15[[i + 1]], 6],
NumberForm[phiLower20[[i + 1]1], 6], NumberForm[philLower25[[i + 1]], 6],
NumberForm[phiLower30[[i + 111, 61}, {scil[phiLower20[[i + 1]]

- phiLower15[[i + 1]]1], scilphilower25[[i + 1]] - phiLower20[[i + 1117,
scil[phiLower30[[i + 1]] - phiLower25[[i + 1]11}], {i, 0, 103}],
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{"u", "\!'\(\*SubscriptBox[\(®\), \(15\)I\) ()",

"\'\ (\*SubscriptBox [\ (p\), \(20\)I\) (w",

"\'\ (\*SubscriptBox [\ (p\), \(25\)I\) (w",

"\ I\ (\*SubscriptBox [\ (©\), \(30\)I\) (w",
"\IN(\*SubscriptBox [\ (©\), \\(20\)]1\) (w)-

\ I\ (\*SubscriptBox [\ (¢\), \(15\)I\) (wW",

"\'\ (\*SubscriptBox [\ (p\), \\(25\)]1\) (u)-

\ I\ (\*SubscriptBox [\ (¢\), \(20\)I\) (W)",

"N\ (\*SubscriptBox [\ (¢\), \\(30\)I\) (u)-

\ I\ (\*SubscriptBox [\ (p\), \(256\)]\) (u)"}], Frame -> All]

(*skaiciuojamos tikimybes pagal[2] straipsnix)

A1 = Flatten[{Table[SetPrecision[N[PDF [LogSeriesDistribution[pT], il], 22],
{i, 0, m - 1}], SetPrecision[N[SurvivalFunction[LogSeriesDistribution[pT],
m - 111, 22]3}];

f1 = Table[Sum[A1[[m + i - j + 1]]*PDF[BinomialDistribution[n, pX], il,
{i, 0, j}1, {j, 0, m}];

vid = N[Sum[(i - 1)*A1[[i]], {i, 1, m + 1}], 15]

- Mean[BinomialDistribution[n, pX]];

GX[s_] := (1 - pX + pX*s)7n;

G[s_] := Expand[Sum[s~(i - 1)*A1[[i]1], {i, 1, m + 1}]];

GXY[s_] := GX[s]*G[1/s];

S[s_] := NSolvelGXY[s] == 1, s];

D30 = Select[s /. SetPrecision[SI[s], 221, Abs[#] < 1 &];
Length [D30]

SO = Subsets[D30, {m - 2}];
S1 = Subsets[D30, {m - 3}];
S2 = Subsets[D30, {m - 4}];
S3 = Subsets[D30, {m - 5}];
S4 = Subsets[D30, {m - 6}];
S5 = Subsets[D30, {m - 7}];
S6 = Subsets[D30, {m - 8}];
S7 = Subsets[D30, {m - 9}];
S8 = Subsets[D30, {m - 10}];

pl0] = (-1)"(m + 1) Product[1/(D30[[j1] - 1), {j, 1, m - 1}]*(N[Sum[(i - 1)
*A1[[i]], {i, 1, m + 1}], 10] - Mean[BinomialDistribution[n, pXl])

@[1] = Product[D30[[j11/(D30L[j1]1 - 1), {j, 1, m - 1}1/£1[[1]11*(N[Sum[(i - 1)
*A1[[i]], {i, 1, m + 1}], 10] - Mean[BinomialDistribution[n, pX]])

wl2] = —[11*(£1[[1]1] + £1[[2]11)/£1[[11] + (Product[1/(D30[[i]] - 1),
{i, 1, m - 1}1*(Product[D30[[i]], {i, 1, m - 1}] - Sum[Product[SO[[i]][[j1],
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{j, 1, m -2}, {i, 1, m - 1} /£1[[111*(N[Sum[(i - 1)*A1[[il], {i, 1, m + 1}],
10] - Mean[BinomialDistribution[n, pX]])

w[3] = (—p[11*(£1[[1]1] + £1[[2]1]1 + £1[[3]1]) - @[2]
*(£1[[11] + £1[[211))/£1[[11] + (Product[1/(D30[[il] - 1), {i, 1, m - 1}]x
(Product [D30[[i]], {i, 1, m - 1}] - Sum[Product[SO[[i]]1[[j1], {j, 1, m - 2}],
{i, 1, m - 1}] + Sum[Product([S1[[i]][[j]1]1, {j, 1, m - 3}],
{i, 1, Binomial[m - 1, m - 3]1}1))/£f1[[1]1]1*(N[Sum[(i - 1)=*A1[[i]],
{i, 1, m + 1}], 10] - Mean[BinomialDistribution[n, pX1])

w4l = (-p[11*(£10[1]1] + £1[[2]1] + £1[[3]1] + £1[[411) - p[2]I=x(£1[[11] + £1[[2]]
+ f1[[3]11) - @[3I*(£1[[1]1] + £1[[2]11))/£1[[1]1] + (Product[1/(D30[[il] - 1),
{i, 1, m - 1}1*(Product[D30[[i]], {i, 1, m - 1}] - Sum[Product[SO[[il][[jI1],
{j, 1, m -2}, {i, 1, m - 1}] + Sum[Product([S1[[i]JI[[j1]1, {j, 1, m - 33},
{i, 1, Binomial[m - 1, m - 3]}] - Sum[Product[S2[[i]]1[[j]1], {j, 1, m - 4}],
{i, 1, Binomial[m - 1, m - 4]}1))/£1[[1]1]*(N[Sum[(i - 1)*A1[[i]],
{i, 1, m + 1}], 10] - Mean[BinomialDistribution[n, pX]])

@8] = (-p[11*(£1[[1]1] + £1[[2]] + £1[[3]] + £1[[4]1] + £1[[5]1]1) - @[2]1*(£1[[1]]
+ £f1[[2]1] + £1[[3]1] + £1[[4]11) - @[3I*(£1[[11] + £1[[2]]1 + £1[[311)
- p[4Ix(£1[[11] + £1[[2]11))/£1[[1]1] + (Product([1/(D30[[i]] - 1),
{i, 1, m - 1}1*(Product[D30[[i]], {i, 1, m - 1}] - Sum[Product([SO[[i]][[j]1],
{j, 1, m -2}, {i, 1, m - 1}] + Sum[Product[S1[[i]]1[[;1], {j, 1, m - 3}],
{i, 1, Binomial[m - 1, m - 3]}] - Sum[Product[S2[[i]]1[[j]], {j, 1, m - 4}],

{i, 1, Binomiallm - 1, m - 4]}] + Sum[Product[S3[[il][[j]1], {j, 1, m - 5}]1,
1
1

1
1

{i, 1, Binomial[m - 1, m - 5]1}1))/£f1[[11]1*(N[Sum[(i - 1)=*A1[[il],
{i, 1, m + 1}], 10] - Mean[BinomialDistribution[n, pX]])
pl6] = (-p[11*(£1[[1]] + £1[[2]1] + £1[[3]1] + £1[[4]1] + £1[[5]]1 + £1[[611)
- p[2]1*(£1[[1]1] + £1[[2]1] + £1[[31]1 + £1[[4]1]1 + £1[[5]]1) - @[3]1*(f1[[1]]
+ £f1[[2]1]1 + £1[[3]1] + £1[[41]) - @[4I=(£1[[11]1 + £1[[2]]1 + £1[[311)
- @[BI*(£1[[11] + £1[[2]11))/£f1[[1]1] + (Product[1/(D30[[il] - 1),
{i, 1, m - 1}]*(Product[D30[[i]], {i, 1, m - 1}] - Sum[Product[SO[[i]][[j1],

{j, 1, m -2}, {i, 1, m - 1}] + Sum[Product[S1[[i]JI1[[j1]1, {j, 1, m - 3},

{i, 1, Binomial[m - 1, m - 3]}] - Sum[Product[S2[[i]]1[[j]1], {j, 1, m - 4}],
{i, 1, Binomial[m - 1, m - 4]}] + Sum[Product[S3[[i]][[j]1], {j, 1, m - 53}],
{i, 1, Binomial[m - 1, m - 5]}] - Sum[Product[S4[[i]][[j]1], {j, 1, m - 63}],
{i, 1, Binomial[m - 1, m - 61}1))/f1[[1]1]*(N[Sum[(i - 1)*A1[[i]],

{i, 1, m + 1}], 10] - Mean[BinomialDistribution[n, pX]])

©l[7] = (-p[1]1*(£f10[11] + £f1[[2]1] + £1[[3]1] + £1[[4]1] + £1[[51]1 + f1[[6]]
+ f1[[711) - @[21*(£1[[1]1] + £1[[2]] + £1[[3]1]1 + £f1[[4]1] + £1[[5]1]1 + f1[[611)
- @[31*(£1[[11] + £f1[[2]]1 + £1[[31]1 + £f1[[4]1]1 + £f1[[511) - ¢l[4]
*(£1[[1]1] + £1[[2]] + £1[[3]1] + £1[[4]1]1) - @[6I*(£1[[1]1] + £1[[2]] + £1[[3]11)
- @[61*(£1[[11]1 + £1[[211))/£1[[11] + (Product[1/(D30[[il] - 1),
{i, 1, m - 1}1*(Product[D30[[i]], {i, 1, m - 1}] - Sum[Product[SO[[i]][[j1],
{j, 1, m -2}, {i, 1, m - 1}] + Sum[Product[S1[[i]]1[[j1], {j, 1, m - 33}],
{i, 1, Binomial[m - 1, m - 3]}] - Sum[Product[S2[[i11[[j1], {j, 1, m - 4}],

33



{i,
{i,
{i,
{i,
{i,

1,
1,
1,
1
1

b

Binomial [m
Binomial [m
Binomial [m

Binomial [m

, m+ 1}], 10]

B B B

m

4]1}] + Sum[Product[S3[[i]]1[[j11, {j, 1, m - 5}],
5]1}] - Sum[Product([S4[[i]]1[[j]], {j, 1, m - 6}],
6]}] + Sum[Product[S5[[i]1][[j]1]1, {j, 1, m - 7}]1,
7131))/£1[[1]11* (N [Sum[(i - 1)*A1[[i]],

- Mean[BinomialDistribution[n, pX]])

pl8] = (—p[1lx(£1[[1]] + £1[[2]] + £1[[3]] + £1[[4]] + £1[[5]] + f1[[6]] + £1[([7]]
+ f1[[8]11) - @l[2]I*x(£1[[1]1] + f1[[2]1] + £1[[3]1] + f1[[4]]
+ f1[0[7]11) - @[3I*(£1[[1]1] + £1[[2]1] + £1[[3]1] + f1[[4]]
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5]}]
611}]
713}]

- Sum[Product [S2[[i]]1[[j1], {j,
+ Sum[Product [S3[[i11[[j1], {j,
- Sum[Product[S4[[i]]1[[j1], {j,
Sum[Product [S5[[i]11[[j11, {j,
Sum[Product[S6[[i11[[j1]1, {j,

+
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8131))/£f1[[1]11*(N[Sum[(i - 1)*A1[[i]],

- Mean[BinomialDistribution[n, pX1]1)

w91 = (-p[11*(£1[[1]1] + £1[[2]1] + £1[[3]1] + £1[[4]1] + £1[[5]1] + f1[[6]1]

+ o+ o+ o+

+ £f1[[3]11) - @[81*(£1[[1]1] + £1[[211))/£1[[1]1] +
1, m - 1}]1*(Product[D30[[i]], {i, 1, m - 1}] - Sum[Product[SO[[i]][[j]1],
1}] + Sum[Product[S1[[i]]1[[j11, {j, 1, m - 3}],
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B B B B B B

311}]
4]}]
5]}]
6]1}]
71}]
811}]

- Sum[Product [S2[[i]]1[[j1], {j,
Sum[Product [S3[[i]11[[j1]1, {j,
Sum[Product[S4[[i]11[[j11, {j,
Sum[Product [S5[[i]11[[j11, {j,
Sum[Product[S6[[i11[[j1]1, {j,
+ Sum[Product [S7[[i11[[j1], {j,

+

+

f1008]] + £f1[[9]11) - pl2]*(£1[[1]1] + f1[[2]] + £1[[3]]
f1(lel]l + £1[[71] + £1[[811) - @[31*(£1[[1]] +
f1005]] + f1[[6]] + £f1[[7]]) - @[4]*(£1[[1]] +
f1008]] + £f1[[6]1]) - @[B]*(£1[[1]1] + £1[[2]] +
- @[6l*(£1[[1]1] + £1[[2]] + £1[[31] + £1[[4]11)

f1[2]]
f1[[2]]
f1[[3]]

+ f1[[4]] +
+ f1[[3]] +
+ f1[[3]] +
+ f1[[4]] +

- 431,
- 5}1,
- 6}1,
- 731,
- 8},

+ £1[[7]]
f1[[5]]
f1[[4]]
f1[[4]]
£100511)

[7I*(£1[[11] + £1[[2]]
(Product[1/(D30[[i]] - 1),

B B B B B B

9131))/£1[[1]11*(N[Sum[(i - 1)*A1[[i]],

- Mean[BinomialDistribution[n, pX]])

- 431,
- 5}1,
- 6}1,
- 731,
- 8},
- 931,

pl[10] = (-p[11*(£1[[1]1] + f1[[2]] + £1[[3]1] + £1[[4]] + £1[[5]] + f1[[6]] + £1[([7]]
- pl2]*(£1[[1]1] + £f1[[2]] + £1[[3]] + f1[[4]]
f100911) - @[3I=(£1[[1]1] + f1[[2]]
f10[7]1] + £1[[8]1) - pl[4]*(£1[[1]]
f1llel] + £1[[711) - @[Bl*(£f1[[1]]
f1[[6]1]1) - plel*(£1[[1]] + f1[[2]]

+ o+ o+ o+ o+

f1[le]l]
f1[[4]]
f1[[3]]
f1[[3]]

+

+

+

+

£1[0[7]]
f1[[5]]
f1[[4]]
f1[[4]]

f1[[8]]1 + £1[[9]]1 + f1[[1011)
f1[[5]1] +
f1[[3]1] +
f1[[2]1] +
f1[[2]1] +

+

+ o+ o+

f1[[8]]
f1[[e]]
f1[[5]1]
f1[[5]1]

+

+
+
+
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+ £1[[3]1] + £1[[4]1] + £1[[6]1]1) - @[7Ix(£1[[1]] + £1[[2]] + £1[[3]1] + £1[[4]1D])
- p[8I*(£1[[1]1] + £1[[2]] + £1[[3]1]1) - @[91*(£1[[11] + £1[[211))/£1[[1]]
+ (Product[1/(D30[[i]] - 1), {i, 1, m - 1}]1*(Product[D30[[i]], {i, 1, m - 1}]

- Sum[Product[SO[[i1][[j1], {j, 1, m - 2}], {i, 1, m - 13}]

+ Sum[Product[S1[[il]1[[j1], {j, 1, m - 3}]1, {i, 1, Binomial[m - 1, m - 3]1}]

- Sum[Product[S2[[i1]1[[j1], {j, 1, m - 4}], {i, 1, Binomial[m - 1, m - 4]}]

+ Sum[Product [S3[[111[[j1]1, {j, 1, m - 5}], {i, 1, Binomial[m - 1, m - 5]}]

- Sum[Product [S4[[i]1[[j1], {j, 1, m - 6}], {i, 1, Binomial[m - 1, m - 6]}]

+ Sum[Product [S5[[i11[[j1], {j, 1, m - 7}], {i, 1, Binomial[m - 1, m - 7]}]

- Sum[Product [S6[[i]1[[j1], {j, 1, m - 8}], {i, 1, Binomial[m - 1, m - 8]}]

+ Sum[Product [S7[[i11[[j1], {j, 1, m - 9}], {i, 1, Binomial[m - 1, m - 9]}]

- Sum[Product[S8[[i]]1[[j]], {j, 1, m - 10}], {i, 1, Binomiallm - 1, m - 10]1}]))
/E10[1]1]*(N[Sum[(i - 1)*A1[[i]], {i, 1, m + 1}], 10]

- Mean[BinomialDistribution[n, pX]])

phi30 = Table[SetPrecision[N[Re[p[il]], 15], {i, 0, 10}]

(* palyginimas *)

Lentele = Grid[Prepend[Table[Join[{i, NumberForm[phiUpper30[[i + 1]1], 11],
NumberForm[phi30[[i + 111, 111}, {scilphiUpper30[[i + 1]] - phi30[[i + 1]11}],
{i, 0, 1031, {"u", "\!\(\*SubscriptBox [\ (\*OverscriptBox[\(\), \(_\)I\),
A\ (BON)IN) ()", "\!\(\*SubscriptBox[\(p\), \(30\)I\) (wW",
"\!'\ (\*SubscriptBox [\ (\*0OverscriptBox [\ (\), \(_\)I1\), \\(30\)]\) (u)
-\!"\(\*SubscriptBox [\ (¢\), \(30\)]1\) (u)"}], Frame -> All]
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