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Abstract

Contact mechanics models are often inaccurate, due to (i) unknown contact radius, (ii) me-
chanical models not parameterizing it, (iii) in some models it is neither assumed meaning-
fully nor determined, and (iv) uncertain probe radius arising from manufacturer-specified
nominal values and manufacturing tolerances. In this paper, an FEA model was used
to quantify the evolution of the contact radius during indentation for two probe geome-
tries: a pyramidal indenter (TRIANG2 nominal apex radius 2 nm) and a flat-ended punch
(FLAT4000; nominal punch radius 4000 nm) on poly (vinyl chloride) (PVC), for which
Young’s modulus (Eref) was obtained by a standard mechanical tensile method. The effec-
tive contact radius, Re f f , determined from FEA, was subsequently used in a Hertz-based
force–indentation parametrization. Uncertainty in the probe apex radius due to man-
ufacturer tolerances was addressed by SEM measurement of the conical tip, enabling
assessment of its impact on the modulus estimated from AFM indentation. Based on these
results, we propose a practical, geometry-aware analysis methodology that is transferable
across probe geometries. The effective contact radius, Re f f , is first established using a
well-characterized reference material and subsequently applied to a mechanical model
to extract Young’s modulus. In this approach, the Hertz-based parametrization is used
as a consistent mathematical framework, while the effective contact radius accounts for
probe-dependent contact evolution.

Keywords: atomic force microscope (AFM); Hertz contact model; Young’s modulus;
contact radius; finite element analysis (FEA); polymer; scanning electron microscope (SEM);
contact mechanics

1. Introduction
Mechanical properties are typically expressed as Young’s modulus, obtained by fitting

a contact mechanics model to force–indentation curves, measured by an atomic force
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microscope (AFM) [1,2]. As the indentation increases, the contact radius between the
AFM probe and the specimen grows [3–5]. Contact radius is inferred from the nominal
tip geometry and the measured indentation depth [6]. The contact radius tends to be
overestimated, leading to a systematic underestimation of the modulus [6]. This issue
is rarely discussed, yet it has direct consequences for the comparability of mechanical
data: different laboratories can obtain substantially different Young’s moduli for identical
materials. Probe geometry is sometimes not known because of wear [7,8] and inaccuracies in
the fabrication process. Scanning electron microscopy images of same-geometry cantilevers
showed differences in tip radius of up to 30 times [7]. Also, manufacturers cannot ensure
the exact geometry of the tip, which results to misleading mechanical properties. Therefore,
evaluation of tip size by scanning electron microscope (SEM) is necessary to get reliable
results [9]. While SEM can provide valuable information on probe geometry, it is not always
practical or sufficient for routine AFM indentation experiments. Consequently, contact
mechanics models are used to interpret force–indentation curves for Young’s modulus
extraction, and it should account for uncertainty in the effective probe–sample contact
geometry; however, in practice these models are not sufficiently equipped to do so, and
this manuscript demonstrates this.

The Hertz contact model for spherical probes and Sneddon’s analytical extensions
for pyramidal and flat probes are among the most widely implemented approaches in
commercial AFM instruments [10]. Hertz’s model can also be used for conical or pyramidal
tips where contact is dominated by apex rounding rather than the ideal cone geometry [11].
It assumes linear elasticity, frictionless contact, infinite sample thickness, and an idealized
contact geometry [12,13].

Sneddon’s contact model is widely used for sharp probes; however, the formulation
requires a single effective cone half-angle, whereas pyramidal probes are typically specified
by multiple angles (for example face, edge, and side angles). Reducing these to one angle
is not straightforward, and small differences in the chosen interpretation strongly affect
the extracted modulus, making the fit sensitive to geometry handling rather than to the
specimen response. In addition, Sneddon assumes a perfectly sharp indenter. The probe
apex radius is not included, so the equations remain unchanged even if the real radius
varies within manufacturer tolerances (in our case from 2 nm nominal up to 12 nm),
despite clear changes in the force–indentation response and the extracted modulus. For
polymers, this means that the analysis follows a model assumed contact geometry rather
than verifying the true contact evolution during indentation, which is addressed in the
present manuscript.

Some other analytical contact mechanics frameworks have been developed. For
example, Briscoe et al. [14] discuss analytical solutions for several indenter geometries,
including the cylinder, sphere, cone, Vickers pyramid, and Berkovich pyramid. Of these,
only the spherical Hertz formulation contains an explicit tip radius R. Consequently, for
conical and pyramidal models the governing equations do not change when the real apex
radius varies, even though the force–indentation response does. As a result, changes in R
cannot be captured, which compromises reliable Young’s modulus estimation.

Rico et al. [14] investigated living cells using pyramidal and spherical tips and reported
that pyramidal indenters yielded Young’s modulus values about two times higher than
those obtained with spherical indenters. This probe dependence indicates that a practical
method is still needed to determine an effective Young’s modulus that remains consistent
across different probe geometries.

In our previous research, experiments with the same material but different-geometry
tips showed different results [6]. We determined the contact radius and Young’s mod-
ulus using AFM with two different probes: a sphere with a 20 nm radius (SPHERE20,
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Nanotools (Munchen, Germany) and a sphere with a 2 µm radius (SPHERE2000, sQube
(Sofia, Bulgaria). The dependence of the contact radius on indentation was compared to
the Hertz model. The results from FEA fit corrected contact radius values, which were
smaller by 15.46% (SPHERE20) and 57.9% (SPHERE2000) than those calculated by the
Hertz model. These geometry-dependent and misleading results raise questions about the
limitations of the Hertz model. We consider the contact radius, an important parameter
that is not defined directly in the Hertz framework, to be the key variable within the bundle
of Hertzian assumptions, and therefore worth systematic investigation.

The aim of this work is to analyze how the effective contact radius evolves with
indentation and how this evolution influences Young’s modulus values extracted from
AFM force–indentation data. Two probe geometries are investigated, a flat-ended punch
cantilever (FLAT4000, plateau radius 4 µm) and a sharp pyramidal tip (TRIANG2, nom-
inal declared apex radius 2 nm). For TRIANG2, SEM measurements were performed to
determine the real apex radius. Using FEA, we quantify how the force–indentation re-
sponse changes when the pyramidal apex radius varies within the manufacturer-specified
tolerance. We determined and compared Young’s modulus values—Enom, ESEM, Eeff and
the ISO 527-2:1993 [15] tensile reference Eref—together with the associated contact radius
assumptions nominal Rnom, SEM-detected RSEM, and effective contact radius Reff.

We offered an updated Hertz-based formulation in which the Reff is treated as an
explicit variable rather than a fixed tip radius Rnom. This formulation was used in our
suggested practical step-by-step workflow. Importantly, this Hertz-based formulation is
broadly applicable across different cantilever tip geometries, including not only spherical
probes but also sharp and flat-ended tips.

2. Rationale for the Study
Analytical indentation models are typically applied by assuming nominal probe

geometry and fitting the resulting contact relation to force–indentation data to estimate
Young’s modulus. However, not all models allow the relevant geometric parameters to
be specified, which is a major limitation. Mechanical contact models assume that (i) the
probe geometry is known with sufficient accuracy, which is not always the case, and (ii) the
evolving contact is represented by the chosen analytical mathematical solution, which is
not sufficient. We therefore define two systematic approaches corresponding to the two
cantilevers (Table 1) used in this study: TRIANG2 (three-sided pyramid, nominal apex
radius 2 nm) and FLAT4000 (flat-ended, nominal plateau radius 4000 nm). The FLAT4000
and TRIANG2 probes were intentionally selected as two limiting, non-idealized contact
geometries to probe the limits of common contact mechanics assumptions and to test the
role of the effective contact radius: for the same material, the two probes yield different
Young’s moduli.

Table 1. Characteristics of cantilevers.

TRIANG2: SCANASYST-FLUID+. Geometry: Triangular.
Dimensions: T = 600 nm, L = 70 µm, W = 10 µm, f0 = 150 kHz.

Spring constant: Nom: 0.7 N/m; Min: 0.35 N/m; Max: 1.4 N/m. Measured: 0.582 N/m.
Tip radius: Nom: 2 nm; Max: 12 nm. Bruker (Billerica, MA, USA).

FLAT4000: SD-PL-FM-10. Geometry: Rectangular.
Dimensions: T = 3 ±1 um, L = 225 ± 10 µm, W = 28 ± 7.5 µm, f0 = 75 kHz.

Spring constant: 2.8 N/m. Measured: 1.47 N/m.
Tip radius: Plateau diameter 8–12 µm, tip height 10–15 µm. Nanosensors

(Neuchâtel, Switzerland).
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2.1. Contact Analysis for the Pyramidal (TRIANG2) Probe

TRIANG2 was analyzed using the Hertz-based framework as a widely implemented
base, augmented by a contact radius correction. In this approach, the effective contact
radius is treated as a tunable parameter and adjusted such that the modulus estimated from
AFM indentation using the Hertz-based model is consistent with an independent reference
modulus. This retains the operational advantages of the Hertz-based workflow over the
Sneddon model while explicitly addressing the missing determination of the contact.

Real pyramidal tips are not perfectly sharp and exhibit finite apex rounding. A
probe may be specified with a nominal apex radius of only a few nanometers, while the
same datasheet allows substantially larger maximum radius values. SEM measurements
(Figure 1A) revealed that the actual apex radius exceeded even the declared upper bound,
and FEA shows that such deviations can strongly alter the force–indentation response
and, consequently, the modulus estimate. Such rounding dominates the initial indentation
regime, alters the contact mechanics, and thereby influences the measured force–indentation
response, which is crucial for Young’s modulus determination. In contrast, the ideal
Sneddon cone provides no mechanism to incorporate an apex (rounding) radius for conical
or pyramidal tips, even though this radius measurably influences the force–indentation
response (Figure 1B). Consequently, only the half-angle is specified, leading to systematic
misestimation of Young’s modulus.

(A)  (B) 

Figure 1. (A). Scanning electron microscopy view of TRIANG2 cantilever tip. (B). Force–indentation
curves simulated with FEA and compared with Sneddon model. Profile width is measured between
points Pa 1 and Pa 1R.

Importantly, the objective here is not to quantify manufacturer tolerances or to correct
nominal probe specifications. Instead, we focus on model-driven error mechanisms in
commonly used contact analysis. For this aim we used FEA to quantify how the effective
contact evolves relative to the contact inferred by the Hertz-based and Sneddon work-
flows. This focus motivates retaining a Hertz-based framework in our experiment as the
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baseline—even for conical cantilevers—because it provides a tractable route to contact
radius determination, whereas the Sneddon formulation was not pursued for the same
reason. Given its widespread implementation in commercial AFM software (NanoScope
Analysis 1.50), we further enhance the Hertz-based approach by introducing a contact
radius correction.

2.2. Contact Analysis for the Flat (FLAT4000) Probe

For the nominally flat probe, the indentation depths analyzed in this study were lim-
ited to δ ≤ 2 nm, which is several orders of magnitude smaller than the lateral dimensions
of the probe plateau (8–12 µm). Under these ultra-shallow conditions, the macroscopic
flat geometry does not govern the contact; instead, contact is controlled by local curvature
arising from edge rounding, surface asperities, and/or slight probe tilt. Because the exact
local contact geometry is not known a priori and evolves with indentation, no ideal analyti-
cal solution (spherical or flat-punch) can be strictly applied. Therefore, the Hertz-based
contact model was retained as an effective evaluation framework for the force–indentation
response, with the radius parameter interpreted as an effective-contact parameter rather
than a geometric descriptor.

For the FLAT4000 probe, the nominal geometry is a flat punch; however, the contact
surface is not perfectly planar. Due to fabrication tolerances and edge rounding, the probe
exhibits finite curvature at the perimeter of the flat region; in addition, the effective contact
can be affected by cantilever bending (shifting the probe position), imperfect flatness of the
specimen and probe, and specimen surface roughness.

At small indentation depths, the contact is non-ideal and initiates within the curved
edge region rather than across an ideal flat surface, as evidenced in our results. In this shal-
low indentation regime (δ ≤ 2 nm), the Hertz model is used as an effective parametrization
of the force–indentation response, without implying ideal spherical contact. Neverthe-
less, as indentation increases, the real contact radius deviates strongly from Hertzian
assumptions, introducing an increasing systematic bias in the contact radius.

For flat-ended probes, the Sneddon flat-punch solution is the conventional analytical
starting point. This model assumes (i) a perfectly planar punch face and (ii) a constant con-
tact radius that does not change with indentation. Both assumptions are difficult to satisfy
experimentally. AFM indentation is not perfectly constrained under a purely vertical load-
ing condition: the cantilever bends during loading, and the probe is commonly mounted
with a finite tilt, which introduces non-ideal loading kinematics as indentation proceeds.

To mitigate edge sensitivity, we use a flat-ended geometry with a deliberately large
perimeter curvature (large bending radius). Nevertheless, FEA shows that even under
such conditions, effective contact does not remain constant and linear with indentation
for the specimen. Instead, the contact evolves, and enforcing a constant-radius flat-punch
solution produces systematic bias in the modulus. This motivates a revised flat-ended
contact description that reflects indentation-dependent contact evolution rather than an
ideal, constant-contact assumption.

This work aims to identify and reduce probe-dependent systematic errors in AFM-
based modulus estimation that arise from contact misestimation. The key contributions are
as follows:

• A probe-specific separation of sharp (TRIANG2) and flat-ended (FLAT4000) contact
analysis to avoid conflating distinct error mechanisms.

• A sensitivity demonstration showing that Sneddon-based modulus estimates for
TRIANG2 can vary substantially within realistic manufacturer-declared ranges of
cantilever tip radius.
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• An FEA assessment showing that the flat-punch constant-contact assumption is insuf-
ficient for FLAT4000 due to indentation-dependent nonlinear contact evolution and
non-ideal kinematics of AFM cantilever–probe system.

By applying the same Hertz-based framework to both probes under identical spec-
imens, any deviations in the extracted Young’s modulus arise primarily from geometry-
dependent errors in the assumed contact radius. This strategy enables a systematic evalua-
tion of the limitations of classical contact models.

3. Materials and Methods
3.1. Detection of Elastic Modulus by the Standard Method

The computer-controlled tension-compression test system Mecmesin MultiTest 2.5-I
(Mecmesin Limited, Slinfold, UK), with a load sensor measurement error of 0.1%, was used
for stress and strain measurements. The testing machine was controlled using the Emperor
Force software v1.18-408 (Mecmesin Ltd., Slinfold, UK).

Transparent thermoplastic sheets of two different polymers were used: rigid poly
(vinyl chloride) (PVC) and glycol-modified poly (ethylene terephthalate) (PETG). All sheets
were obtained from Heliopolis (Vilnius, Lithuania). The PVC samples were of clear (non-
plasticized) rigid grade, with high mechanical strength and chemical resistance. All sheets
were used without additional coatings and were stored at ambient laboratory conditions
(≈23 ◦C, relative humidity ≈ 50%) for at least 24 h before testing to allow equilibrium with
ambient moisture. The samples were cut as shown in Figure 2.

(A)  (B) 

Figure 2. Specimen geometry and stress–strain response used for the determination of the elastic
modulus Eref. (A) Geometry and dimensions of the tensile test specimen. (B) Stress–strain curve with
indication of the elastic region used to determine the elastic modulus E.

Elastic modulus was calculated from the slope of stress–strain dependencies by ISO
527-2:1993 (Figure 2), and was fitted using the following equation [16]:

σ = Eref · εn (1)

where Eref is the approximated modulus of elasticity, ε is the relative deformation, and n is
the coefficient indicating the curve type (n = 1 corresponds to a linear curve consistent with
Hooke’s Law, i.e., the conditional elastic limit for polymers). The specimens’ results were
approximated specifically within this region.
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3.2. Detection of Elastic Modulus by Atomic Force Microscopy

We used the BioScope II AFM and an optical microscope developed by Veeco Instru-
ments Ltd. (Santa Barbara, CA, USA) to measure force–deflection curves. Spring constant
calibration of the AFM cantilevers was performed using the thermal-noise (“Thermal
Tune”) method with the Bruker BioScope II/NanoScope V system under ambient (air)
conditions [17]. Force curves (n = 25 per sample) were recorded in ramp mode using a
ramp size of 700 nm and a ramp frequency of 1 Hz.

Young’s modulus was calculated using Equation (2). We used two different cantilevers
(Table 1) to evaluate the same material, PVC.

The Young’s modulus was calculated using the Hertz model as an effective fitting
framework [18]:

F =
4
3

E
(1 − υ2)

√
Rδ3/2 (2)

where F is force, E is Young’s modulus, ν is Poisson’s ratio (0.32 for polymers), R is the
radius of the tip, and δ is the indentation.

For non-spherical probes, the radius parameter in the Hertz-based equation is treated
as an effective-contact parameter rather than as a physical probe radius. Throughout this
work, Hertzian-based fitting is used as an effective parametrization of the force–indentation
response rather than as a strict representation of ideal spherical contact.

For the corrected Hertz model, Reff determined from FEA was used instead of R.
Contact radius for TRIANG2 (Bruker (Billerica, MA, USA)) was calculated using the

following equation [19]:
a =

√
δ·R (3)

Sneddon’s cone model was used for additional determination of Young’s modulus:

F =
2E

π(1 − υ2)
tan α δ2 (4)

where α is the cone half-angle.
For a rigid flat cylindrical punch of radius a indenting an elastic half-space:

F =
2E

(1 − υ2)
δa (5)

For the nominally flat probe, the effective contact radius is smaller than the nomi-
nal flat-punch radius and evolves in nonlinear way with indentation depth; it does not
represent a fully engaged flat-punch contact.

3.3. Modeling and Simulation

COMSOL Multiphysics 5.5 (Comsol AB, Stockholm, Sweden) was used to build
finite element models of indentation by the FLAT4000 (Nanosensors (Neuchâtel, Switzer-
land)) and TRIANG2 probes. The validation process was performed on a single polymer
(PVC) with an independently measured Young’s modulus by directly comparing the force–
indentation curves from FEA and AFM experiments. Using a well-characterized reference
material allowed us to isolate errors arising from model-inferred contact evolution without
introducing additional material-dependent uncertainties; extension to other materials is
therefore not required to test the central hypothesis of this work. A stationary axisymmetric
setup was used (Figure 3). Both indenters were treated as rigid silicon-nitride bodies, and in-
dentation was applied through a prescribed displacement in the z-direction. The PVC sheet
was presented as a hyperelastic material with a Young’s modulus of 1.15 GPa and a Poisson
ratio of 0.32. In order to show nonlinear effects in polymers, the St. Venant–Kirchhoff
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model was utilized [20]. Tip–sample interaction was implemented using a frictionless
Augmented Lagrangian contact formulation, and the bottom surface was constrained so
that vertical movement was fixed. Under the contact node, we use quasistatic stabilization
with a stiffness multiplier of 1. To make the indenter’s contact domain smoother, we add a
half-ellipse with a z-semiaxis of 200 nm to the tip of the FLAT4000 and a semicircle with a
radius of 2 nm to the tip of the TRIANG2. (Figure 3A,B). The substrate thickness was 2 mm,
with lateral dimensions large enough to avoid boundary effects.

Figure 3. FEA model. Domain of the model zoomed around the indenter: (A). FLAT4000,
(B). TRIANG2. Mesh distribution: (C). FLAT4000, (D). TRIANG2. Dashed line is symmetry line.

The geometry of each probe was represented according to its real shape: a flat-ended
punch for FLAT4000 and a sharp pyramidal apex for TRIANG2. The tips were meshed with
triangular elements. The PVC domain used quadrilateral elements beneath the indenter
and triangular elements elsewhere. A refined mesh was applied in the contact region to
improve numerical accuracy. The whole domain was meshed with triangles. Additionally,
the PVC domain under the indenter was meshed with quads and refined by applying
a node distribution of 200 × 200 for additional precision. In the contact region between
the indenter and the PVC of FLAT4000, the element size of a quad was 26 nm, while the
minimum size of a triangle was 10 nm. For TRIANG2, the element size of a quad was
0.075 nm, while the minimum size of a triangle was 0.18 nm. (Figure 3C,D).

The simulations yielded the contact radius, deformation field, and force–indentation
curves for both geometries. These numerical results were compared with analytical contact
models appropriate for flat and conical tips, and with AFM indentation data obtained
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using the same FLAT4000 and TRIANG2 probes. Matching tip geometry and inden-
tation depths ensured consistent comparison between the simulated and experimental
force–indentation behavior.

4. Results
4.1. Determination of Young’s Modulus by TRIANG2

Finite element analysis (FEA) and AFM indentation measurements were compared in
Figure 4. The experimentally measured force–indentation curves closely matched those ob-
tained from the FEA simulations, validating the model framework. This agreement allows
us to interrogate the contact mechanics that are not directly accessible in the mathematical
contact models.

Figure 4. (A). Force–indentation FEA model comparison with experimental data, with RSEM = 17.3
nm. (B). Contact radius–indentation nonlinear dependencies obtained from FEA, compared with the
ones obtained using nominal geometry Rnom and contact parameter Reff.

Because the TRIANG2 probe is specified by the manufacturer as having a nominal
radius Rnom of approximately 2 nm, but with a substantially larger permissible upper bound
(up to 12 nm), we first performed scanning electron microscopy (SEM) to determine the
actual probe geometry prior to interpreting force–indentation data (Table 2). It revealed a tip
radius of RSEM = 17.3 nm, exceeding the manufacturer’s stated maximum. This discrepancy
is critical because the assumed indenter geometry directly influences the force–indentation
response and consequently the modulus.

Table 2. Fitting parameters for TRIANG2 probe.

Fitting
Parameter Eref/Rref Enom/Rnom ESEM/RSEM Eeff/Reff ECone/RCone

E/R 1.15 GPa/- 2.7 GPa/2 nm 0.9 GPa/17.3 nm 1.15 GPa/12 nm 2.5 GPa/-

We then created an FEA model of TRIANG2 indentation on PVC, where the in-
denter radius was used as a fitting parameter. Iterative simulations demonstrated that
RSEM = 17.3 nm reproduces the experimental force–indentation curve with the best agree-
ment (Figure 4A). This provides an internal validation: (i) the SEM-determined radius is
compatible with the mechanical response and (ii) the FEA framework can be used to extract
quantities that cannot be measured directly in the experiment.

To clarify the origin of the probe-dependent deviations [6] in the modulus estimated
from AFM indentation using the Hertz-based model, we analyzed contact evolution in
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terms of the effective contact radius inferred from FEA (Figure 4B). In the Hertz-based
framework, the contact radius is not directly determined by the model; it is inferred from
an idealized geometry and an ideal specimen deformation around the indenter, which
implicitly assumes a self-similar contact growth. In contrast, FEA provides an evolving
contact radius. The comparison between the Hertz-based contact radius estimation and the
FEA-derived contact radius is shown in Figure 5.

Figure 5. Visualization of contact radius: Hertz-based estimation vs. FEA.

SEM-based estimation of the apex radius (RSEM = 17.3 nm) was used to confirm that
the fitting window (δmax ≈ 1.1 nm) lies in the apex-dominated regime (δmax/R ≪ 1), where
the Hertz-based spherical approximation is applicable. Even when the correct tip radius
from the SEM measurement is used, the Hertz model does not consistently reproduce the
FEA contact evolution; depending on the probe–sample indentation depth, the Hertz-based
contact formulation overestimates the effective contact radius. These results confirm that
the contact description, not only the nominal tip radius, can dominate the modulus error.
Consequently, Re f f should be interpreted as an effective-contact parameter rather than the
physical apex radius.

We next quantify how tip geometry uncertainty and contact inference propagate into
modulus estimation. For PVC, we evaluated three Hertz-based analyses: (i) Enom, using the
nominal manufacturer-declared value Rnom = 2 nm (representing the common case where
the true geometry is unknown); (ii) ESEM, using the SEM measured radius RSEM = 17.3 nm;
and (iii) Eeff, using contact parameter Reff. Only the contact-radius-aware evolution yields
a Hertz model consistent with the PVC reference value (Eref = 1.15 GPa) (Figure 6). This
demonstrates that supplying a nominal or even measured apex radius alone does not
guarantee accurate modulus estimation by Hertz if the contact radius is evaluated using an
idealized Hertz contact evolution.

For completeness, the same PVC dataset was also fitted with Sneddon’s conical model
(Figure 6). Sneddon returned a markedly higher modulus (2.5 GPa; +217% relative to the
reference), consistent with its strong sensitivity to geometric idealizations and lack of any
parameter to incorporate the measured apex radius (SEM: 17.4 nm vs. 2 nm nominal). We
nevertheless evaluated Sneddon because it is commonly provided as a standard analysis
option in commercial AFM software. FEA further shows that realistic variations in tip radius
produce large shifts in the force–indentation response (grafikas2355), which Sneddon cannot
accommodate. In the context of the present work, this comparison motivates retaining
the Hertz-based experimental framework as the baseline model, given its widespread
implementation, while improving it through contact radius correction.
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Figure 6. Experimental force vs. indentation curves and fitted models. (A). Hertz and Sneddon’s
cone models fitted to TRIANG2 experimental data. (B). Reference Young’s modulus compared with
that obtained from fitting.

When the real probe geometry is unknown, and the contact radius is inferred from
an idealized model, different laboratories obtain substantially different moduli for similar
measurements [21,22]. Our results indicate two principal contributions to this variability:
(i) insufficiently constrained probe geometry (as demonstrated by the SEM-measured ra-
dius exceeding the declared maximum) and (ii) the fact that the Hertz or other mathematical
contact models are not able to determine the in situ contact radius.

Finally, we tested the transferability of the contact radius correction by applying the
FEA-derived effective-contact approach to PETG (Figure 7). Using the same TRIANG2
probe, the Hertz-based evaluation using the effective (corrected) contact radius yields a
modulus that agrees with the PETG reference (0.83 GPa) (Figure 7B). This indicates that
once a probe-specific effective-contact correction is established, differences in extracted
modulus primarily reflect material properties rather than probe-dependent geometric
artifacts. In subsequent work, we will extend the same workflow to a geometrically
distinct and extreme indenter, FLAT4000, to assess generality across probe classes and
to formulate a practical pre-measurement protocol that improves obtaining comparable,
absolute mechanical-property values from AFM force spectroscopy.

Figure 7. Force–indentation dependencies and fitted Hertz model with TRIANG2 probe. (A). PVC.
(B). PETG.
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4.2. Determination of Young’s Modulus by FLAT4000

Unlike TRIANG2, where nanometric fabrication tolerances can produce large devia-
tions from nominal geometry, the FLAT4000 indenter is manufactured on a micrometric
scale with more controllable dimensions. Therefore, we did not perform SEM morphology
for FLAT4000 and instead treated the nominal flat radius (4 µm) as fixed using the previ-
ously validated FEA framework to verify geometric consistency. FEA simulations using a
4 µm flat punch reproduced the experimental force–indentation curves for PVC, supporting
that the assumed indenter geometry is compatible with the measured response (Figure 8A).
FEA simulations show that the contact radius is nonlinear dependent on indentation, while
Sneddon’s flat-punch model assumes that the contact radius is constant along the whole
indentation range (Figure 8B). FEA shows the evolving contact radius between specimen
and probe during the indentation in Figure 9.

Figure 8. (A). Force–indentation curve fitted with FEA model. (B). Contact radius dependence
on indentation.

Figure 9. Visualization of contact radius: Hertz assumption vs. FEA.

The ideal Sneddon flat-punch model assumes a constant contact radius and perfectly
planar contact. FEA show that for the nominally flat probe, the effective contact radius
evolves with indentation due to edge curvature and non-ideal loading conditions; therefore,
an uncorrected constant-radius Sneddon flat-punch model fit yields biased modulus values.

For the FLAT4000 probe, the force–indentation response appears nonlinear, especially
in the beginning of the indentation (Figure 8A). The real probe–sample contact does
not instantaneously engage the full nominal punch radius but develops in a nonlinear
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manner as indentation increases (Figure 8B). These results show that the Sneddon flat-
punch assumption is not appropriate here: (i) it predicts an unrealistically constant contact
behavior that is not observed in AFM measurements (Figure 9); (ii) this mismatch leads to
a severe overestimation of the contact radius; and (iii) the inflated contact area produces a
correspondingly large underestimation of Young’s modulus (Figure 10). Evolving contact
introduces intrinsic nonlinearity into the force–indentation response; therefore, even if a
segment appears approximately linear over a limited range, a flat-punch fit remains invalid.

 

Figure 10. (A). Force dependencies on indentation with FLAT4000 probe. (B). Young’s modulus
determined by fitting to experimental data.

We used the ideal Sneddon flat-punch model and benchmarked the results against
the PVC reference modulus (1.15 GPa) (Figure 10). The Sneddon flat-punch fit yielded a
substantially lower modulus (0.06 GPa), consistent with systematic contact radius over-
estimation with the constant-contact-radius assumption. To resolve this mismatch, we
extracted an effective (corrected) contact radius from FEA and used it for the Hertz-based
model. This approach is motivated by practical deviations from the ideal flat-punch as-
sumptions, including non-ideal indenter and specimen flatness and probe tilt induced
by cantilever bending, all of which cause the real contact to evolve during indentation
(Figure 10A). Moreover, Figure 10A shows that the ideal Sneddon flat punch predicts an
unrealistically linear force–indentation response that is inconsistent with the measured
behavior and yields extremely low Young’s modulus values (Figure 10B) when applied to
the small-indentation regime typical for AFM.

Accordingly, we retained Hertz-based as the baseline framework but replaced the
nominal probe radius R with an effective contact Reff derived from FEA (Equation (8)).
Using the extracted effective-contact parameter (Reff = 250 nm) in the modified Hertz-
based model restored agreement with the PVC reference modulus, and applying the same
correction to PETG likewise recovered the PETG modulus reference value (Figure 11A,B).

These results indicate that a contact radius modification of the Hertz-based framework
provides a more reliable route to absolute modulus estimation for flat-ended indenters than
the idealized Sneddon flat-punch model.

To solve contact radius misestimation problems for any kind of cantilever, we suggest
practical advice methodology. First, the force–indentation curve should be measured on
a material of known Young’s modulus. Then, fit the Hertz model to experimental data,
extracting Reff. The next step is to measure the material of interest and fit the Hertz model
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using Reff. This can help to determine a more accurate Young’s modulus if an FEA model is
not available.

Figure 11. Force–indentation dependencies and fitted Hertz model with FLAT4000 probe. (A). PVC.
(B). PETG.

5. Discussion
The results of this study demonstrate a systematic discrepancy between the mechan-

ical properties obtained from AFM indentation analyzed using the Hertz-based model
and those measured by the reference method. The primary source of Young’s modulus
misestimation is the overestimation of contact radius, which is not evaluated enough in the
Hertz model and is not included in Sneddon’s cone model. In the Hertz framework, the
contact radius is not measured directly but is calculated from indentation depth and probe
geometry, given by the manufacturers [23]. Although Sneddon’s flat-punch model includes
a contact radius parameter, it assumes a constant contact from the onset of indentation;
in AFM this assumption is generally invalid, leading to systematic underestimation of
Young’s modulus.

Therefore, the Hertz-based model was retained as a practical baseline to construct a
more reliable method for Young’s modulus estimation, with an updated contact radius
formulation. The direct Hertz-based model leads to significant errors when applied to
polymers and other soft materials [23–25]. When combined with the FEA-derived effective
contact radius, the Hertz-based force–indentation analysis yielded Young’s modulus values
consistent with independent references, effectively shifting the dominant sensitivity from
nominal probe geometry to a calibrated contact radius parameter.

The results demonstrate that the contact radius inferred from classical contact mechan-
ics relations deviates systematically from the contact radius obtained from approved FEA.
This mismatch indicates that the real effective contact radius does not evolve according to
the purely geometric assumption that it is determined only by tip geometry and indenta-
tion depth. Instead, the FEA reveals a distinctly nonlinear contact evolution that is highly
sensitive to practical experimental factors, including the specimen’s deformation behav-
ior, surface/probe flatness, probe geometry and manufacturing tolerances, and cantilever
mechanics during indentation (bending, lateral probe shift associated with deflection). A
mechanics-based interpretation is therefore essential, because purely theoretical approaches
become intrinsically probe sensitive—as reported in the literature and confirmed in this
manuscript. This sensitivity is problematic because it yields probe-dependent Young’s
modulus estimates rather than an absolute material property, which is unacceptable when
absolute values are required. Hertzian fitting is widely implemented in commercial AFM
analysis software due to its numerical robustness; however, for non-spherical probes, the
radius parameter in the Hertz-based equation should be interpreted as an effective-contact
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parameter rather than a physical probe radius. These findings extend our earlier study
using spherical probes of different radii (20 nm and 2 µm), in which the Hertz model
consistently overestimated the contact radius, with the deviation increasing for larger probe
radii [6]. In that work, the consequence was a systematic underestimation of Young’s
modulus for larger spherical indenters. In the present study, by employing extreme probe
geometries—a flat punch and a sharp indenter—we demonstrate that the same funda-
mental limitation persists as with spherical contacts: the effective contact radius is not
determined by the classical mechanical contact formulations itself and cannot be assumed
to follow a purely geometric function of tip shape (flat, spherical or triangle), radius or
half-angle and indentation depth. Instead, the real contact evolution is nonlinear and
influenced by practical mechanical factors (specimen deformation behavior, surface flat-
ness/roughness, probe tolerances, and cantilever bending and associated lateral probe
shift, friction: probe–specimen), which makes classical, purely theoretical implementations
probe-sensitive and can yield probe-dependent Young’s modulus estimates rather than
absolute values.

At the same time, our results show that a Hertz-based model to interpret force–
indentation characteristics can fit not only spherical but also flat-ended or sharp contacts
when the spherical tip radius parameter R is reinterpreted as an effective contact radius
Reff. This experimental computational parametrization based on FEA results indicates that
the apparent “spherical-only” applicability of Hertz arises primarily from how the contact
radius is defined and inferred. When the effective contact radius is defined appropriately
(e.g., guided by FEA), the Hertz-based formulation yields Young’s modulus estimates
consistent with absolute reference values across probe geometries, effectively challenging
the common assumption that Hertz fitting is restricted to spherical indenters. We therefore
view contact-radius-aware Hertz parametrization as a promising route for extending robust
AFM mechanical-property estimation to more complex materials and probe types, reducing
reliance on multiple alternative contact models that share a common weakness—insufficient
determination of the effective contact radius [11,14,26].

Variations in real tip geometry (shape and radius) and contact radius–indentation
dependencies can significantly influence the effective contact radius [9,27]. The present
study demonstrates substantially larger discrepancies when extreme probe geometries are
used. Compared to the predominantly moderate deviations reported in earlier polymer
studies, the results obtained here emphasize that contact radius misestimation can become
the dominant source of error for flat and sharp probes too. This comparison indicates
that the limitations of Hertzian analysis extend beyond spherical contacts and that probe
geometry must be treated as a critical parameter in AFM-based mechanical characterization
of polymers.

For conical and pyramidal probes, FEA has been used to demonstrate that small
uncertainties in cone angle or apex geometry can lead to substantial errors in the estimated
contact radius and, consequently, in the fitted Young’s modulus [28,29]. In such cases, FEA-
based contact radii are consistently smaller than those predicted by Hertz-type models,
explaining the frequently reported overestimation of modulus for sharp tips. Similar con-
clusions have been reported for polymer thin films, where FEA revealed that a significant
fraction of the measured indentation arises from deformation outside the nominal Hertzian
contact zone [3]. This effect becomes more pronounced with increasing indentation depth,
leading to depth-dependent modulus values when Hertz fitting is applied.

For flat-punch geometries, the benefit of FEA is even more pronounced. Unlike
spherical or conical tips, flat-ended probes require an explicit definition of the contact
radius, which is not provided by Hertz theory. Applying contact mechanics analysis to
flat-punch indentation systematically underestimates Young’s modulus in soft polymers [3].
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By directly resolving the contact boundary, FEA provides a physically consistent framework
for interpreting force–indentation data obtained with flat probes. For the nominally flat
probe, we suggest using the Hertz-based functional form as an effective fitting framework
that compensates contact area misestimation due to nonlinear evolving contact.

Beyond correcting absolute modulus values, FEA also provides insight into how
probe geometry influences the apparent mechanical response. FEA-based analysis reduces
geometry-induced variability from tens of percent to below 10% once the real contact radius
is considered [29–31]. This is consistent with the results of the present work, where FEA
explains both the underestimation of Young’s modulus for the flat punch and the overesti-
mation for the sharp probe by resolving the geometry-dependent nonlinear evolution of
the contact radius.

6. Conclusions
Inaccuracies in the assumed contact radius dominate the modulus estimation, causing

Young’s modulus to become probe-geometry-dependent rather than a true material prop-
erty. The extreme contrast between the FLAT4000 and TRIANG2 geometries highlights
that Young’s modulus estimates can become dominated by contact misestimation—either
because the model does not account for the effective contact radius at all, or because its
contact assumptions and “rules” are violated during indentation. Under these conditions,
the Hertz-based and other classical contact models can strongly bias the final modulus esti-
mate, yielding probe-dependent values rather than a true material property. Importantly,
this limitation is not restricted to dramatically different probe designs: even nano-scale
variations arising from manufacturing tolerances—often hidden when only nominal spec-
ifications are available and only revealed by SEM—can produce measurably different
force–indentation responses for pyramidal (sharp) tips. More critically, even when the true
apex radius is known, this parameter typically cannot be introduced explicitly into the most
widely used sharp-indenter models implemented in common commercial AFM software.
Instead, users are often limited to Sneddon-type formulations that rely on a highly sensitive
half-angle parameter, which itself is difficult to determine reliably (requiring multi-angle
characterization). Under these constraints, modulus estimation errors are effectively “built
in.” Although alternative models exist, they largely share the same fundamental weakness:
insufficient determination of the real effective contact.

This landscape of model choices and sensitivities motivated us to pursue a single,
simple formulation applicable across probe types. We therefore adopted a Hertz-based
framework, because it provides the most promising basis for generalization once the
effective contact radius is treated as an essential, explicitly addressed parameter for re-
liable Young’s modulus determination. Crucially, we aimed to establish—and here we
demonstrate—a practical workflow to minimize these contact-related errors, enabling abso-
lute Young’s modulus values (when required) to be obtained consistently across different
probes and multiple polymer materials. Correcting the contact radius, as demonstrated in
the results, significantly improves Young’s modulus estimation accuracy.

Future research will include the application of new methodology for unknown materi-
als, such as living cells, and finding a more universal method for the determination of the
contact radius.
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