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Abstract

In this study, an extension of the general method [G. Gaigalas, Z. Rudzikas, C. Froese
Fischer, J. Phys. B, At. Mol. Phys. (1997). DOI: 10.1088/0953-4075/30/17/006] is described
for finding algebraic expressions of the spin-angular parts of the reduced matrix elements
of any one- and two-particle operator for an arbitrary number of shells in an atomic
configuration. This extension is related, at first, to a change in the definition of tensor
structure, where a non-scalar space with respect to l and s for any two-particle operator
acts on four different shells. This leads to more efficient expressions for recoupling matrices
and amplitudes, which are presented in the paper. In addition, the paper presents new
expressions for some of the recoupling matrices, in which 6j- and 9j-coefficients are summed
up algebraically. All this leads to a significantly simpler and faster calculation of the spin-
angular parts of any non-scalar two-particle operator.

Keywords: complex atom; configuration interaction; energy level; LS-coupling; matrix
element; quasi-spin; Racah algebra; recoupling coefficients; reduced matrix element; completely
reduced matrix; second quantization; spin-angular integration; tensor operators; theoretical
methods

1. Introduction
This paper presents further development of the calculation methodology for the spin-

angular part of the reduced matrix element. The methodology presented in this paper and
in three previous papers [1–3] (hereinafter referred to as P1, P2, and P3) was developed
in parallel with the development of the ATSP [4–8] (for the ATSP theoretical background,
see [9,10]) and GRASP [11–13] (for the GRASP theoretical background, see [14]) computer
packages, with particular attention paid to the calculation of the spin-angular part of
reduced matrix elements. This part of the software was one of the weakest points in these
computer packages (see for example [15]), especially in ATSP. The part of this package
responsible for calculating the spin-angular parts was slow and, in some cases, e.g., when
using Breit–Pauli operator [10] calculations, led to incorrect results. It became clear that,
in order to successfully solve the problems mentioned above, it was necessary to review the
theory of the calculation of spin-angular coefficients itself. It was determined that the most
effective way to achieve the desired result was to create a new method for integrating spin-
angular variables, based on the combination [1] of the angular momentum theory [16] as
described in [17], the concept of irreducible tensorial sets [18–20], the generalized graphical
approach [21], the second quantization in coupled tensorial form [20], the quasi-spin
approach [22], and the use of reduced coefficients of fractional parentage [23,24].
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Since the methodology was developed in parallel with the creation of the programs,
initial attention was focused primarily on calculating reduced matrix elements for one- and
two-particle scalar operators in the l and s spaces in the context of non-relativistic atomic
theory, or in the j space in the context of relativistic atomic theory. As a result, the first part
of the methodology was created and published in P2. The methodology was subsequently
developed for a non-scalar one-particle operator, and this extension was published in P3.
Moving on to more complex two-particle operators (non-scalar two-particle operators),
such as spin–other–orbit and spin–spin [10], further development of the methodology was
carried out, resulting in the most effective expressions for calculating the spin-angular
coefficients of these operators. It is precisely this development that is presented in this
article. This research in P1 , P2, and P3 was conducted in close collaboration with Prof. Ian
Philip Grant (1930–2025), Prof. Charlotte Froese Fischer (1929–2024), and Prof. Zenonas
Rokus Rudzikas (1940–2011). This successful collaboration resulted in the creation of a
new methodology, published in P1, P2 and P3, which formed the basis of new versions of
ATSP [25] and GRASP [26,27] software packages. A detailed software library for calculating
spin-angular reduction matrix elements has been published in [28] for relativistic atomic
theory and is being prepared for publication in [29] for non-relativistic atomic theory.

The present paper is divided into an introduction, four sections, and a conclusion.
Section 2 provides tensorial expressions for any non-scalar two-particle operator in the
l and s spaces. Section 3 deals with reduced matrix elements of this non-scalar two-
particle operator between complex configurations. Section 4 presents more efficient
expressions for recoupling matrix elements. More efficient expressions for amplitude
Θ′

(
niλi, njλj, ni′λ

′
i, n′

jλ
′
j, Ξ

)
are listed in Section 5. The expressions presented in these sec-

tions are also suitable for calculating the spin-angular parts of reduced matrix elements of
any non-scalar two- or three-particle operator from relativistic atomic theory. Although they
are not relevant for physical operators, they can be most appropriate for effective operators
which appear, for example, in the perturbation theory [30]. The efficiency evaluation of the
methodology presented in the current paper is provided in Section 6.

2. Tensorial Expressions for Any Non-Scalar Two-Particle Operators in l
and s Spaces

In order to be able to find the expressions for the reduced matrix elements of the
operators studied, we have to express these operators in terms of the irreducible tensors
or their irreducible tensorial products. In this section we will present all the necessary
tensorial expressions for any two-particle operator G.

First, we express the operator in second-quantization form as in P1:

G = ∑
ni li , nj lj

ni′ li′ , nj′ lj′

Ĝ(nilinjljn′
i l
′
i n

′
jl
′
j) =

1
2 ∑

i,j,i′ ,j′
aiaja†

j′ a
†
i′
(
i, j | g | i′, j′

)
(1)

where, as is customary, the creation operators aiaj appear to the left of the annihilation
operators a†

j′ a
†
i′ before defining the shells upon which the second-quantization operators

are acting. It should be noted that in P1–P3 as well as in the current paper, the symbol
of the complex conjugate is used to denote the electron annihilation operator rather than
the creation operator. Such a definition was introduced by Dirac [31] and was followed
by [20,22,32]. It is compatible with the definition used in tensorial algebra, as well as in
Racah algebra for atomic theory.

After defining the shells explicitly in (1), the second-quantization operators are trans-
formed using their commutation relations so that all operators with the same nλ (λ ≡ l, s)
are beside one another. For example, in the case where the electron creation operator ai
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(where i ≡ nilismli msi ) acts upon the same shell γ, the electron creation operator aj acts
upon the same shell δ, the electron annihilation operator a†

i′ acts upon the shell α, and
electron annihilation operator a†

j′ acts upon the same shell β, we have

Ĝ(γδαβ)

=
1
2 ∑

mlα msα

mlβ msβ

∑
mlγ msγ

mlδ msδ

a†(lα sα)
mlα msα

a
†(lβ sβ)
mlβ

msβ
a(lγ sγ)

mlγ msγ
a(lδ sδ)

mlδ
msδ

(
nγλγmlγ msγ nδλδmlδ msδ

∣∣∣ g(κ1 κ2 k, σ1 σ2 k)
∣∣∣ nαλαmlα msα nβλβmlβ

msβ

)
. (2)

Here we imply that a tensorial structure indexed by (κ1 κ2 k, σ1 σ2 k) at g has rank κ1 for
electron 1, rank κ2 for electron 2, a resulting rank k in the l space, and corresponding ranks
σ1 σ2 k in the s space.

Now, applying the graphical approach of angular momentum theory [21], we can get
an expression, namely

Ĝ(γδαβ)

= −1
2 ∑

κ12σ12

∑
p
(−1)lα+lβ+κ1+σ1+κ2+σ2+κ12+σ12+k−p [κ12, σ12]

1/2
(

nγλγ nδλδ

∥∥∥ g(κ1 κ2 k, σ1 σ2 k)
∥∥∥ nαλα nβλβ

)

× ∑
Kl Ks

[Kl , Ks]
1/2

{
lγ κ1 lα
lβ κ12 Kl

}{
lδ κ2 lβ

κ1 Kl k

}{
s σ1 s
s σ12 Ks

}{
s σ2 s

σ1 Ks k

}

×
[[[

ã(lα s) × ã(lβ s)
](κ12 σ12)× a(lγ s)

](Kl Ks)

× a(lδ s)

](k k)

p,−p

(3)

where [a, b] = (2a + 1)(2b + 1),
(

nγλγ nδλδ

∥∥∥ g(κ1 κ2 k, σ1 σ2 k)
∥∥∥ nαλα nβλβ

)
is the two-

electron reduced matrix element of operator Ĝ and ã(lα s) is defined as in P1:

ã(lα s)
mlα ms = (−1)lα+s−mlα−ms a†(lα s)

−mlα−ms
. (4)

Expression (3) contains summations over intermediate ranks κ12, σ12, Kl , and Ks in tensorial
products. The final ranks set (k k) projections are p, −pin the l and s spaces, respectively.

To calculate the spin-angular part of a two-particle operator’s reduced matrix element
with an arbitrary number of open shells, it is necessary to consider all possible distributions
of shells on which the creation and annihilation operators act. The distributions are listed in
Table 1 from P2. We note that for distributions 2–5 and 19–42, the shells’ sequence numbers
α, β, γ, δ (in bra and ket functions of a reduced matrix element) satisfy α < β < γ < δ,
whereas for distributions 6–18, no conditions are imposed on α, β, γ, δ.

Let Ξ be an array of intermediate coupling parameters in tensorial form, including
κ12, σ12, κ′12, σ′

12 and possibly others. Then the tensorial expressions for all these distributions
can be grouped into four classes, where in each class, the two-particle operator Ĝ, acting on
specific shells (see Equation (3)), has one of the following four forms:

1. All the second-quantization operators act upon the same shell (distribution 1) and

Ĝ(I) ∼ ∑
κ12, σ12

κ′12, σ′
12

∑
p

Θ(nλ, Ξ) A(k k)
p,−p(nλ, Ξ); (5)

2. The second-quantization operators act upon the two different shells (distributions
2–10) and
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Ĝ(I I) ∼ ∑
κ12, σ12

κ′12, σ′
12

∑
p

Θ
(
nαλα, nβλβ, Ξ

)[
B(κ12 σ12)(nαλα, Ξ)× C(κ′12 σ′

12)
(
nβλβ, Ξ

)](k k)

p,−p
; (6)

3. The second-quantization operators act upon three shells (distributions 11–18) and

Ĝ(I I I) ∼ ∑
κ12, σ12

κ′12, σ′
12

∑
p

Θ
(
nαλα, nβλβ, nγλγ, Ξ

)[[
D(lα s) × D(lβ s)

](κ12 σ12)× E(κ′12 σ′
12)(nγλγ, Ξ)

](k k)

p,−p
; (7)

4. The second quantization operators act upon four shells (distributions 19–42) and

Ĝ(IV) ∼ ∑
κ12, σ12

κ′12, σ′
12

∑
p

Θ
(
nαλα, nβλβ, nγλγ, nδλδ, Ξ

)[[[
D(lα s) × D(lβ s)

](κ12 σ12)× D(lγ s)
](κ′12 σ′

12)
× D(lδ s)

](k k)

p,−p

. (8)

In (5)–(8), as already is defined in P2, Θ(nλ, Ξ),...,Θ
(
nαλα, nβλβ, nγλγ, nδλδ, Ξ

)
are

proportional to the radial part of the operator Ĝ, and A(k k)(nλ, Ξ),...,E(k k′)(nλ, Ξ) de-
note tensorial products of irreducible tensors. Parameter Ξ implies the array of coupling
parameters that connect Θ to the tensorial part. The explicit tensorial expressions for
(5)–(7) are presented in P2. Meanwhile, in the case of Ĝ(IV) (see (8)), the expression of
Θ
(
nαλα, nβλβ, nγλγ, nδλδ, Ξ

)
differs from that presented in P2 because the tensorial struc-

ture of this case is different. New Θ expressions for the tensorial structure defined in
expression (8) are presented in Section 5.

Having classified the operators, we will now consider reduced matrix elements of
these operators for arbitrary configurations.

3. Reduced Matrix Elements for Any Non-Scalar Two-Particle Operator in
l and s Spaces between Complex Configurations

The most complicated physical operator in atomic theory is the non-scalar two-particle
operator in LS-coupling. Generally, the two-particle operator has the tensorial structure
G (κ1 κ2 kl , σ1 σ2 ks) kt , which has rank κ1 for electron 1, rank κ2 for electron 2, and a resulting
rank kl in the l space, the corresponding ranks σ1 σ2 ks in the s space, and total rank
kt. The full ‘physical interaction’ operator is expressed as a proper linear combination
of such tensorial operators with kl = ks = k. For any full ‘physical interaction’ operator
(scalar two-particle operator) the total rank is kt = 0. So this type of operator has tensorial
structure G (κ1 κ2 kl , σ1 σ2 ks) 0 ≡ G (κ1 κ2 k, σ1 σ2 k). According to the approach in P2, the general
expression of reduced matrix elements for any non-scalar two-particle operator between
functions with u open shells can be written as follows:
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〈
γαLS

∥∥∥ Ĝ (κ1 κ2 k, σ1 σ2 k)
∥∥∥γβL′S′

〉
= ∑

ni li , nj lj

ni′ li′ , nj′ lj′

〈
γαLS

∥∥∥ Ĝ(κ1 κ2 k, σ1 σ2 k)
(

nili, njlj, ni′ li′ , nj′ lj′
) ∥∥∥γβL′S′

〉

= ∑
ni li , nj lj

ni′ li′ , nj′ lj′

∑
κ12, σ12

κ′12, σ′
12

∑(−1)∆Θ′
(

niλi, njλj, ni′λi′ , nj′λj′ , Ξ
)

×T
(

niλi, njλj, ni′λi′ , nj′λj′ , Λbra, Λket, Ξ, Γ
)

R
(

λi, λj, λi′ , λj′ , Λbra, Λket, Γ
)

, (9)

where Γ refers to the array of coupling parameters connecting the recoupling matrix R to
the reduced matrix element T′, and Ξ refers to the whole array of parameters that connect
the amplitude Θ′ to the reduced matrix element T. The expression (9) allows us to use
all the advantages of the second-quantization formalism in coupled tensorial form [20],
the quasi-spin approach [22], and the use of reduced matrix elements in three spaces (l, s,
and quasi-spin q) [23]. It also allows us to use the ket and bra vectors represented by the
quasi-spin momentum of the equivalent shell, as described in P2.

To calculate the spin-angular part of a reduced matrix element (9), one has to obtain:

1. Recoupling matrix R
(

λi, λj, λ′
i, λ′

j, Λbra, Λket, Γ
)

.

2. Reduced matrix elements T
(

niλi, njλj, n′
iλ

′
i, n′

jλ
′
j, Λbra, Λket, Ξ, Γ

)
.

3. Phase factor ∆.

4. Amplitude Θ′
(

niλi, njλj, n′
iλ

′
i, n′

jλ
′
j, Ξ

)
.

Some important points to note are the following:

1. Gaigalas et al. in P2 and P3 proposed a methodology where the analytical expressions
for recoupling matrices
R
(

λi, λj, λ′
i, λ′

j, Λbra, Λket, Γ
)

are obtained for the most general case. In this method-
ology the reduced matrix elements of two-particle operators are attributed to four
different groups. The operators acting upon only one shell belong to the first group
(distribution 1 from Table 1 of P2), the ones acting upon two belong to the sec-
ond (distributions 2–10 from Table 1 of P2), those acting upon three belong to the
third (distributions 11–18 from Table 1 of P2), and those acting upon four belong
to the fourth group (distributions 19–42 from Table 1 of P2). Each group has a dif-
ferent recoupling matrix with different analytical expressions that are expressed
through the 6j- and 9j- coefficients. New, more efficient recoupling matrix expressions
R
(

λi, λj, λ′
i, λ′

j, Λbra, Λket, Γ
)

for some of the distributions 19–42 presented in Table 1
from P2 are given in Section 4. They simplify and speed up the calculation of reduced
matrix elements for any two-particle non-scalar operator.
We would also like to draw your attention to the following corrections relating to P2:

(a) It is preferable to use coefficient C2 as defined in (32) of P3 rather than in (16)
of P2.

(b) It is preferable to use the expression for the recoupling matrix in the case of
two interacting shells given by Formula (34) in P3 rather than (19) in P2.

(c) All other expressions from P2 of the recoupling matrices and definitions of the
C1–C11 coefficients are used.

(d) In expressions (14), (19), (22), (24), (26), (27), and (33) of P2 in the definition of
coefficient C1 (15), variable k must be replaced with the variable that is the first
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argument of the adjacent coefficient C2. For example, in expression (19) of P2,
coefficient C1 is accompanied by coefficient C2(K12, a + 1, b − 1), which means
that in definition (15) of C1, variable k must be replaced by variable K12.

(e) The C2 coefficient notation C2(κ12, 3, c − 1) must be replaced by the notation
C2(κ12, b + 1, c − 1) in Formula (27) of P2.

2. The tensorial part of a non-scalar two-particle operator is expressed in terms of
(products of) operators of the type A(k k)(nλ, Ξ), B(k k)(nλ, Ξ), C(k k)(nλ, Ξ), D(l s),
E(k k)(nλ, Ξ). Their explicit expressions are (10)–(14)

a(q λ)
mq , (10)

[
a(q λ)

mq1 × a(q λ)
mq2

](κ1 σ1)
, (11)

[
a(q λ)

mq1 ×
[

a(q λ)
mq2 × a(q λ)

mq3

](κ1 σ1)
](κ2 σ2)

, (12)

[[
a(q λ)

mq1 × a(q λ)
mq2

](κ1 σ1)× a(q λ)
mq3

](κ2 σ2)

, (13)

[[
a(q λ)

mq1 × a(q λ)
mq2

](κ1 σ1)×
[

a(q λ)
mq3 × a(q λ)

mq4

](κ2 σ2)
](k k)

, (14)

We denote their reduced matrix elements by T
(

niλi, njλj, n′
iλ

′
i, n′

jλ
′
j, Λbra, Λket, Ξ, Γ

)
.

The parameter Γ represents the whole array of parameters connecting the recoupling
matrix R

(
λi, λj, λ′

i, λ′
j, Λbra, Λket, Γ

)
to the reduced matrix element

T
(

niλi, njλj, n′
iλ

′
i, n′

jλ
′
j, Λbra, Λket, Ξ, Γ

)
. It is worth noting that each of the tensorial

quantities (10)–(14) act upon one and the same shell. Therefore, all the advantages of
tensorial algebra and quasi-spin formalism may be efficiently exploited in the process
of their calculation. The reduced matrix elements denoted by
T
(

niλi, njλj, n′
iλ

′
i, n′

jλ
′
j, Λbra, Λket, Ξ, Γ

)
for all distributions are the same as discussed

in P2, so we will not discuss them in detail in this paper.
3. The multiplier ∆ is the same as discussed in P2, so we will not discuss it in detail in

this paper.
4. The amplitude Θ′

(
niλi, njλj, ni′λ

′
i, n′

jλ
′
j, Ξ

)
is proportional to the two-electron re-

duced matrix element (the effective interaction strength) of two-particle operator Ĝ

Θ′
(

niλi, njλj, n′
iλ

′
i, nj′λ

′
j, Ξ

)
∼

(
niλi njλj

∥∥∥ g (κ1 κ2 k, σ1 σ2 k)
∥∥∥n′

iλ
′
i n′

jλ
′
j

)
. (15)

To obtain the expression of a specific physical operator analogous to expression (9),
the tensorial structure of the operator and the two-electron reduced matrix el-
ements (15) must be known. The explicit tensorial expressions for (5)–(7) are
presented in P2. Meanwhile, in the case of Ĝ(IV) (see (8)), the expression of
Θ
(
nαλα, nβλβ, nγλγ, nδλδ, Ξ

)
differs from that presented in P2 due to a different

tensorial structure (see Equation (8) and (8) from P2). New, more efficient expressions
for some of the distributions presented in Table 1 from P2 are given in Section 5. They
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simplify and speed up the calculation of reduced matrix elements for any two-particle
non-scalar operator.
We would also like to draw your attention to the following corrections relating to P2:

(a) The phase multiplier (−1)k−p+κ′12+σ′
12+lα+lβ must be replaced by the phase

multiplier (−1)k−p+κ12+σ12+lα+lβ in Formula (62) of P2.
(b) In the formulas from P2, the summation over the variables Kl and Ks must be

moved from (58) and (59) to (56) and from (62) and (63) to (60).

4. Recoupling Matrices
In this section we present the expressions for the recoupling matrices

R
(

λi, λj, λ′
i, λ′

j, Λbra, Λket, Γ
)

.

These matrices may be treated in the orbital l and spin s spaces separately:

R
(

λi, λj, λ′
i, λ′

j, Λbra, Λket, Γ
)
= R

(
li, lj, l′i , l′j, Λbra

l , Λket
l , Γl

)
R
(

s, s, s, s, Λbra
s , Λket

s , Γs

)
, (16)

where Λbra
l ≡

(
Li, Lj, L′

i, L′
j

)bra
and Λbra

s ≡
(

Si, Sj, S′
i , S′

j

)bra
. Therefore, for simplicity we

only present the expressions in l space. The recoupling matrices in s space are easily
obtained from analogous expressions in l space by making corresponding substitutions
l1, l2,...,lu −→ s; L1 −→ S1, L2 −→ S2;...; L12 −→ S12,..., L123..u−1 −→ S123...u−1; L −→ S,
L′ −→ S′. Also, the analytical expressions for recoupling matrices presented in this section
are valid in the case of jj-coupling by making corresponding substitutions l1, l2,...,lu −→ j1,
j2,...,ju; L1 −→ J1, L2 −→ J2;...; L12 −→ J12,..., L123..u−1 −→ J123...u−1; L −→ J, L′ −→ J′.

As we have mentioned earlier, there are four classes as defined by Equations (5)–(8).
The explicit expressions of the recoupling matrices for (5)–(7) are presented in P2 and P3.
Meanwhile, the expression of the recoupling matrix for (8) differs from the expression
given in P2 due to a different tensorial structure (see Equation (8) and (8) from P2). New
expressions with explanations of how they were obtained and comparisons with old
expressions from P2 are presented below.

4.1. Analytical Expression for the Recoupling Matrix in the Case of Four Interacting Shells

In P2, the following primary (output) tensorial structure of a two-particle operator
was used (see Equation (7) form P1):

[[
a(λi) × a(λj)

](κ12 σ12)×
[

ã(λi′) × ã
(

λj′
)](κ′12 σ′

12)
](k k)

. (17)

Depending on the number of interacting shells the operator acts on, it is reorganized,
as we have already mentioned, so that all second-quantization operators acting on the
same shell are grouped together. Then the tensorial structure splits into separate members
(10)–(14), each of which acts only on a specific separate shell. In the case where all second-
quantization operators act on separate shells (the case of four interacting shells i, j, i′, j′),
the initial tensorial structure (17) is changed as follows:

[[
D(λa) × D(λb)

](κ12 σ12)×
[

D(λc) × D(λd)
](κ′12 σ′

12)
](k k)

, (18)

where notation D(λ) denotes the operator of creation or annihilation acting on shell λ.
In addition, the relationship a<b<c<d applies to the expression (18). This means that
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operator D(λa) acts on shell a, which is in the configuration farthest to the right of shells
b, c, and d, etc. Thus, when calculating the reduced matrix element of a two-particle
non-scalar operator between configuration state functions (CSFs) with any number of
open shells u, it is necessary to find the recoupling matrix for the tensorial structure
(18). Its analytical expression is published in P2. It was obtained primarily by using the
Jucys and Bandzaitis’ [17] graphical method, representing it graphically, and then, using
the rules of this graphical method, the recoupling matrix was simplified by cutting the
diagram over two or three angular momentum lines (similar rules to those used in the
Jucys, Levinson, and Vanagas [16] method). This allows us to obtain a series of simpler
graphical diagrams, which are usually expressed in terms of 3nj-coefficients. As mentioned
above, the expression for this recoupling matrix is published in P2 (see Equation (27) from
P2).

As an illustration, Figure 1 graphically represents, using the Jucys and Bandzaitis’ [17]
angular momentum graphical method, such a recoupling matrix R

(
li, lj, l′i , l′j, Λbra

l , Λket
l , Γl

)
,

where the primary tensorial structure of a two-particle non-scalar operator is defined as
(18) and is acting on four different shells i, j, i′, j′, where i<j<i’<j′, and where shell i is the
rightmost open shell of the configuration and is i ≥ 3, shell j is the rightmost of i′ and j′,
etc. (see Figure 8 from [33]).
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+

Bj′ L12...j′
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−
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+
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−
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−
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+
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L′
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−

Kj
L′

12...j

L′
12...i′−1
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−
k2

I I I

−

+

Bi L12...i

L12...j−1

Li

I

+
k1

L′
i

−

Ki
L′

12...i

L′
12...j−1

�A1 or A2

+

B1 L12

L12...i−1

L1 L2

−

K1 L′
12

L′
12...i−1

�δ(L12, L′
12)

Figure 1. Diagram representing the recoupling matrix R
(

li, lj, l′i , l′j , Λbra
l , Λket

l , Γl

)
from P2 when a

two-particle non-scalar operator acts upon four shells.

As shown in Figure 1, the bra CSF function shell coupled scheme is represented by
the part of the diagram whose nodes are marked K1, ..., Ki, ..., Kj, ..., Ki′ , ..., Kj′ , ..., Ku.
The coupled scheme of the ket CSF functions is illustrated in the diagram, where the nodes
are labeled B1, ..., Bi, ..., Bj, ..., Bi′ , ..., Bj′ , ..., Bu. We also see that, for example for the bra
CSF function, the value of the orbital angular momentum of the first shell is represented in
the diagram by the symbol L1, the value of the orbital angular momentum of the second
shell is represented by L2, and their total angular momentum is denoted as L12. The sign
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+ at the vertex B1 shows that the coupling is done from L1 to L2 (counterclockwise in the
diagram); meanwhile, the sign − at the vertex K1 shows that the coupling is done from L1

to L2 (clockwise in the diagram). All other shells in the diagram are described in the same
way in both the bra and ket CSF functions. Meanwhile, the tensorial structure (18) rank
connection scheme is represented by vertices marked I, I I, I I I, IV , V , V I, V II and V III.
As we can see, maintaining generality in the diagram, the rank of the first operator D(λa)

from (18) is denoted by k1, i.e., la ≡ k1, the rank of the second operator D(λb) is denoted
by k2, i.e., lb ≡ k2, the rank of the third operator D(λc) is denoted by k3, i.e., lc ≡ k3,
and the rank of the fourth operator D(λd) is denoted by k4, i.e., ld ≡ k4. Ranks k1 and k2

are combined into the substitute rank κ12 (the same notation in both expression (18) and
Figure 1), and ranks k3 and k4 are combined into the substitute rank κ′

12 (the same notation
in both expression (18) and Figure 1). Finally, the ranks κ12 and κ′

12 are combined into the
final rank k. The analytical expression for the recoupling matrix shown in Figure 1 is given
by Formula (27) in P2 (actually, the part of the Formula (27) that describes the case a ≥ 3).
In order to obtain this expression, as mentioned above, it is necessary to use the Jucys and
Bandzaitis’ [17] methodology, performing certain actions within its framework:

1. We begin analyzing and reorganizing the diagram from the first nodes on the left,
B1 and K1. As we can see, these two nodes are connected by two lines of angular
momentum, L1 and L2. Therefore, they can be separated from the rest of the diagram
by cutting two momentum lines L12 and L′

12, as shown by the vertical dotted line
in Figure 1. This separation of nodes B1 and K1, when cutting through two lines of
momentum, leads to a triangular delta δ

(
L12, L′

12
)

and simplification of the remaining
diagram. Overall, cutting out this part of the diagram along two angular momentum
lines is possible in various graphical methods and is well described, e.g., in [16,17,34–36].
This delta function appears as the first delta function in expression (27) of P2 in the
case when a ≥ 3.

2. In general, when analyzing the rest of the diagram, starting from the left side of the
diagram, there may be more cases where both B and K nodes can be separated (one
part of the bra CSF function and the other part of the ket CSF function) by cutting
only two lines of angular momentum lines. We do this until it is no longer possible
to distinguish between the two nodes of the bra and ket functions in the diagram by
cutting them with only two lines. Then we arrive at a point on the diagram where
these two nodes can be separated by cutting only three lines. In the diagram shown
in Figure 1, this location is represented by nodes Bi and Ki, and the last cut over two
lines was made over the L12...i−1 and L′

12...i−1 lines.
Any separation of two nodes from the diagram by cutting through two lines leads to a
delta function. These delta functions will appear in the analytical expression as many
times as we separate the two nodes from the bra and ket functions by cutting only
two lines. All delta functions appearing in this section are presented in expression
(27) from P2 as "... δ

(
L12...a−1, L′

12...a−1
)
” because in our case i ≡ a.

3. Now we examine the remaining part of the diagram, which includes points Bi,
I, and Ki. Using the rule of cutting the angular momentum diagram along three
lines [16,17,34–38], we can separate these points from the main diagram by cutting
along three angular momentum lines L12...i, k1, and L′

12...i. This gives us the A1

diagram in Figure 2. This diagram corresponds with the coefficient C1 defined in
expression (15) in P2, and its analytical expression is
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+

J

La
T

+ −k

−

L′
a

T ′

A1

+

Li
L12...iL12...i−1

+
k −

−

L′
12...iL′

12...i−1

A2

+

J2
J3J1

+
k1 − k2 − −k

−

J′1 J′3J′2

A3

Figure 2. The angular momentum diagrams that come from the simplification of the recoupling
matrix shown in Figure 1 and describe the coefficients C1 and C3 defined in P2 and C2 defined in P3.

A1 = C1 = (−1)φ[La, T′]1/2
{

k L′
a La

J T T′

}
, (19)

where a ≥ 3 and the phase factor is φ = J + T + L′
a + k.

This C1 coefficient is in expression (27) when a ≥ 3 from P2, but it also appears in
other cases, including for one, two, and three interacting shells. In all these cases,
the values of φ, J, T, and T′ can be found in Table 2 of P2.

4. In general, when analyzing the rest of the main diagram, starting from the left side,
there may be more cases where cutting along three lines of L12...m, k1, and L12...m

can separate the nodes Bm... and Km... belonging to the bra and ket, functions where
i < m > j and the node I belong to rank k1. Each such cutting of lines produces
diagram A2 (see Figure 2). This is done until points Bj, I I, I I I, and Kj are reached.
Using Jucys and Bandzaitis’ graphical technique [17], we obtain the algebraic expres-
sion of diagram A2.

A2 = (−1)k+Li+L12...i−1+L′
12...i

[
L12...i−1, L′

12...i
]1/2

{
k L′

12...i−1 L12...i−1

Li L12...i L′
12...i

}
. (20)

Since, in the most general case, we will have the product of these A2 diagrams,
therefore, the coefficient C2 in expression (32) of P3 is expressed through these A2

diagrams as follows:

C2(k, kmin, kmax) =



kmax

∏
i=kmin

(−1)k+Li+L12...i−1+L′
12...i

[
L12...i−1, L′

12...i
]1/2

×

 k L′
12...i−1 L12...i−1

Li L12...i L′
12...i


for kmin ≤ kmax

0 for kmin > kmax

, (21)

where kmin and kmax in our case are kmin = i + 1 and kmax = j − 1. This coefficient
also appears in the expression in P2 (27) as C2(k1, a + 1, b − 1), since i ≡ a and j ≡ b.
This type of coefficients also appears in other cases of recoupling matrices, including
with one, two, and three interacting shells (see P2).
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5. Now we cut nodes Bj, I I, I I I, and Kj along three lines L12...j, κ12 and L′
12...j, thus

obtaining diagram A3:

A3 = C4(k1, k2, k, P = 1) =
[

J1, J2, J′3, k
]1/2


J′1 k1 J1

J′2 k2 J2

J′3 k J3

. (22)

As we can see, this diagram is expressed by coefficient C4, which was defined in
Formula (21) in P2. This coefficient is also found in expression (27) for the recoupling
matrix in the case of four interacting shells in P2. It also appears in other recoupling
matrices including with two, and three interacting shells. In all these cases, the values
of J1, J′1, J2, J′2, J3 and J′3 are presented in Table 4 of P2.

6. Now, if possible, we cut out two nodes, one from the bra and one from the ket
functions, across the three L12...m, κ12, and L′

12...m lines. We do this until we can
separate the aforementioned type of nodes from the main diagram by cutting only
three lines. Based on the diagram in Figure 1, we have j < m < i′. In this way, we
again obtain the product of A2 diagrams, which corresponds to the coefficient C2,
denoted as C2(κ12, b + 1, c − 1) in expression (27) of P2, because j ≡ b and i′ ≡ c.
If such cutting is impossible, we skip point 6 and proceed to point 7.

7. Now, the remaining part of our recoupling matrix diagram in Figure 1, on the left, is
the most complex. We cut it, as shown in the figure by the vertical dotted line, through
the lines L12...j′ , k, and L′

12...j′ , separating the nodes Bi′ , IV , Ki′ , Bj′ , V I, V II, and Kj′

from the rest of the diagram. This part is the most difficult, requiring more efforts
to obtain its analytical expression. It is presented in P2 with the newly introduced
coefficient C7. As we can see, this coefficient is expressed through various sums of
other coefficients, which makes the calculation of this recouping matrix more complex
and time-consuming. We will not discuss in detail the further transformations of this
part of the recoupling matrix that lead to the expression (28) given in P2, because in
this paper, the spin-angular methodology will allow us to avoid this part of the
recoupling matrix, and how this is done will be discussed in a further Section 4.2.

8. Now, if possible, we cut two nodes, one from the bra and one from the ket functions,
across the three L12...m, k, and L′

12...m lines. We do this until we reach the nodes Bu

and Ku. Based on the diagram in Figure 1, we have j′ < m < u. In this way, we
again obtain the product of the A2 diagrams, which corresponds to the coefficient C2,
denoted as C2(k, d + 1, u − 1) in expression (27) of P2, because j′ ≡ d. If such cutting
is impossible, we skip point 8 and proceed to point 9.

9. After completing all of the above actions, we are left with the A2 diagram, which
expresses the coefficient C3 with the value given in Formula (17) from P2:

A2 = C3 = (−1)k+Li+L12...i−1+L′
12...i

[
L12...i−1, L′

12...i
]1/2

{
k L′

12...i−1 L12...i−1

Li L12...i L′
12...i

}
, (23)

where, in our case (for a ≥ 3), we need to change the definition from diagram A2 to
the definition of coefficient C3 in the following way: Li → j, L12...i → T, L′

12...i → T′,
L12...i−1 → J, and L′

12...i−1 → J′. This type of coefficient also appears in other cases of
recoupling matrices, including with one, two, and three interacting shells (see P2).
In all these cases, the values of the parameters of this coefficient are given in Table 3
from P2.

So now we have the final analytical expression for the recoupling matrix presented in
Figure 1, which was published in P2 (see case a ≥ 3 in Equation (27)).
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4.2. New Analytical Expression for the Recoupling Matrix in the Case of Four Interacting Shells

In this subsection, we present the extension of the spin-angular integration method-
ology from P2. This is done in the following way: (i) the order of grouping of the second
quantization operators remains exactly the same as published in P2, (ii) the tensorial
structure is different from the one proposed in P2 and is as follows (differs from (18)):

[[[
D(λa) × D(λb)

](κ12 σ12)× D(λc)

](κ′12 σ′
12)
× D(λd)

](k k)

. (24)

The same as for (18), notation D(λ) denotes the operator of creation or annihilation acting
on shell λ. In addition, the relationship a<b<c<d applies to expression (24). This means that
operator D(λa) acts on shell a, which is farthest to the right in the configuration of shells b, c,
and d, etc. Thus, when calculating the reduced matrix element of a two-particle non-scalar
operator between CSF with any number of open shells u, it is also necessary to find the
recoupling matrix for the tensorial structure (24).

As an illustration, Figure 3 graphically represents, using the Jucys and Bandzaitis’ [17]
angular momentum graphical method, such a recoupling matrix R

(
li, lj, l′i , l′j, Λbra

l , Λket
l , Γl

)
,

where the primary tensorial structure of a two-particle non-scalar operator is defined as
(24) and is acting on four different shells i, j, i′, j′, where i<j<i’<j′, and where shell i is the
rightmost open shell of the configuration and is i ≥ 3, shell j is the rightmost of i′ and
j′, etc. As we can see from (24) and Figure 3, the operators are coupled into a tensorial
structure sequentially, so the recoupling matrix differs slightly from the previous one from
Figure 1. Comparing the previous recoupling matrix (see Figure 1) with the new one (see
Figure 3), we see that the part of the diagrams up to points Bi′ , IV , and Ki′ is the same. This
means that the parts of the analytical formulas of these recoupling matrices that are to the
left of points Bi′ , IV , and Ki′ coincide with each other and are described by diagrams A1,
A2, and A3. The difference between these recoupling matrices is that in the new diagram,
ranks κ12 and k3 are coupled into rank κ′

12, and the latter and rank k4 are coupled into the
final rank k. Meanwhile, in the previous recoupling matrix, ranks k3 and k4 are coupled
into rank κ′

12, and rank κ′
12 and rank κ12 are coupled into the final rank k. At first glance,

the difference does not seem significant, but in fact it is fundamental. This allows us to
replace the complex part of the recoupling diagram in Figure 1, which is described by
coefficient C7 and whose expression is complicated, with a new part of the diagram which
is eventually broken down (by cutting the diagrams only through three angular momentum
lines, as shown by the vertical dotted lines in Figure 3) into the combination of A2 and A3

diagrams from Figure 2 we already know, whose algebraic expressions are significantly
simpler. The remaining parts of the diagrams in Figures 1 and 3, i.e., the parts from points
Kj and Kj′ to the right up to the end of the diagrams, are left the same with the same
algebraic expressions. This means that the order of operators defined in (24) leads to a
significantly simpler expression of the recoupling matrix, which in the most general case,
when the operators of second-quantization act upon four shells a, b, c, and d (distributions
19–42 in Table 1 from P2), has the following form:
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+
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−
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−
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−
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+
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−
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L′
12...i′−1

�A3

−
k2

I I I

κ12
−
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+
k1

L′
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−
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L′
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+
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−
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Figure 3. Diagram representing the new form (suggested in the current paper) of recoupling matrix

R
(

li, lj, l′i , l′j , Λbra
l , Λket

l , Γl

)
when a two-particle non-scalar operator acts upon four shells.

R
(
la, La, lb, Lb, lc, Lc, ld, Ld, k1, k2, κ12, k3, k4, κ′12, k

)
= [La, Lb, Lc, Ld]

−1/2 δ
(

L1, L′
1
)

... δ
(

La−1, L′
a−1

)
δ
(

La+1, L′
a+1

)
... δ

(
Lb−1, L′

b−1
)

× δ
(

Lb+1, L′
b+1

)
... δ

(
Lc−1, L′

c−1
)

δ
(

Lc+1, L′
c+1

)
... δ

(
Ld−1, L′

d−1
)

δ
(

Ld+1, L′
d+1

)
... δ

(
Lu, L′

u
)

×



C4(k1, k2, κ12, 1) C2(κ12, b + 1, c − 1)

× C4(κ12, k3, k4, 2) C2(k4, c + 1, d − 1)

× C4
(
k4, κ′12, k, 3

)
C2(k, d + 1, u − 1) C3;

for a = 1, b = 2

C1 C2(k1, a + 1, b − 1) C4(k1, k2, κ12, 1)

× C2(κ12, b + 1, c − 1) C4(κ12, k3, k4, 2)

× C2(k4, c + 1, d − 1) C4
(
k4, κ′12, k, 3

)
× C2(k, d + 1, u − 1) C3;

for a < 3

δ
(

L12, L′
12
)

... δ
(

L12...a−1, L′
12...a−1

)
× C1 C2(k1, a + 1, b − 1) C4(k1, k2, κ12, 1)

× C2(κ12, b + 1, c − 1) C4(κ12, k3, k4, 2)

× C2(k4, c + 1, d − 1) C4
(
k4, κ′12, k, 3

)
× C2(k, d + 1, u − 1) C3;

for a ≥ 3,

. (25)

When comparing expressions (27) from P2 with (25), we see that the first expression
transits to the second expression when we replace the multiplier C7(c, d) with multipliers
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C4(κ12, k3, k4, 2), C2(k4, c + 1, d − 1), and C4
(
k4, κ′12, k, 3

)
, whose algebraic expressions are

simpler and which have already been defined in P2.
Coefficients C1, C3, and C4 in (25) are defined the same as in P2 and coefficient C2 is

defined the same as in P3, but the values of parameters φ, J, T and T′ for coefficient C1 are
given in Table 1, the values of parameters φ, j, J, J′, T and T′ for coefficient C3 are given in
Table 2, and the values of parameters J1, J′1, J2, J′2, J3, and J′3 for coefficient C4 must be taken
from Table 3 of the current paper. Also, in this case, in the definition of the coefficient C1

given in expression (15) in P2, the variable k should be replaced by the variable k1.

Table 1. Parameters for the coefficient C1 in the case of four interacting shells.

a φ J T T ′

1 L1 + 2L′
1 − L2 − L′

12 + k1 L2, L12 L′
12

2 L1 + L12 + L′
2 + k1 L1 L12 L′

12
a > 2 L12...a−1 + L12...a + L′

a + k1 L12...a−1 L12...a L′
12...a

Table 2. Parameters for the coefficient C3 in the case of four interacting shells.

φ j J J′ T T ′

k + Lu + L12...u−1 + L′ Lu L12...u−1 L′
12...u−1 L L′

Table 3. Parameters for the coefficient C4 in the case of four interacting shells.

P a b J1 J′1 J2 J′2 J3 J′3
1 1 2 L1 L′

1 L2 L′
2 L12 L12

1 ̸= 1 ̸= 2 L1...b−1 L′
1...b−1 Lb L′

b L1...b L′
1...b

2 in all cases L1...c−1 L′
1...c−1 Lc L′

c L1...c L′
1...c

3 in all cases L1...d−1 L′
1...d−1 Ld L′

d L1...d L′
1...d

We would like to point out that the main advantage of expression (25) over (27) from
P2 is that in expression (25), there are no intermediate sums over parameters I1, I2, and x
(see Equations (28), (31), and (32) from P2) related to these summations over 6j-coefficients
(see Equations (28)–(32) from P2). This leads to a significantly simpler and faster search
for the recoupling matrix R

(
li, lj, l′i , l′j, Λbra

l , Λket
l , Γl

)
, which is crucial for calculating the

spin-angular part of a two-particle non-scalar operator.

5. The Amplitude Θ′
(

niλi, njλj, ni′λ
′
i, n′

jλ
′
j, Ξ

)
In this section, we will present new expressions for amplitudes Θ′

(
niλi, njλj, ni′λ

′
i, n′jλ

′
j, Ξ

)
that are more efficient than those presented in P2. All of them directly flow from the new
operator tensorial structure (8) proposed in the current paper. Since the tensorial form of
the remaining operators used in P2 and the current paper is the same (see (5)–(7)), only such
distributions will be considered where all second quantization operators act on different
shells and distributions βααα, αβαα, βββα, and ββαβ, for which the research managed to
obtain simpler algebraic expressions, by using the symmetry properties of the 6j-coefficients
and 9j- coefficients, as well as the expression (31.30) by Jucys and Bandzaitis [17] or the
expression (9) in Subsection 12.2.2 by Varshalovich, Moskalev and Khersonskii [36]. Since
this paper does not examine all distributions, and only part of them, and to make it easier
to link the expressions used in the current paper to those presented in P2, the numbering of
different cases will be maintained as in P2.
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5.1. Two Interacting Shells

5. Distributions βααα, αβαα (cases 7, 8 from Table 4):

Ĝ(T) = ∑
κ12σ12

κ′12σ′
12

∑
Kl Ks

Θ′
(

niλi, njλj, n′
iλ

′
i, n′

jλ
′
j, Ξ

)[
a(lβ s) ×

[
a(lα s) ×

[
ã(lα s) × ã(lα s)

](κ′12 σ′
12)

](Kl Ks)
](k k)

p,−p

. (26)

When Ĝ(T) = Ĝ(βααα), then

Θ′
(

niλi, njλj, n′
iλ

′
i, n′

jλ
′
j, Ξ

)
≡ Θ

(
nαλα, nβλβ, Ξ

)
= (−1)k−p+κ′12+σ′

12+lα+lβ
[κ12, σ12]

√[
κ′12, σ′

12, Kl , Ks
]

2

(
nβλβnαλα

∥∥∥ g(κ1 κ2 k, σ1 σ2 k)
∥∥∥nαλαnαλα

)

×


lα lα κ′12
κ1 κ2 k
lβ lα κ12




s s σ′
12

σ1 σ2 k
s s σ12


{

lβ lα κ12

κ′12 k Kl

}{
s s σ12

σ′
12 k Ks

}
, (27)

and when Ĝ(T) = Ĝ(αβαα), then

Θ′
(

niλi, njλj, n′
iλ

′
i, n′

jλ
′
j, Ξ

)
≡ Θ

(
nαλα, nβλβ, Ξ

)
= (−1)k−p+κ′12+σ′

12+κ12+σ12
[κ12, σ12]

√[
κ′12, σ′

12, Kl , Ks
]

2

(
nαλαnβλβ

∥∥∥ g(κ1 κ2 k, σ1 σ2 k)
∥∥∥nαλαnαλα

)


lα lα κ′12
κ1 κ2 k
lα lβ κ12




s s σ′
12

σ1 σ2 k
s s σ12


{

lβ lα κ12

κ′12 k Kl

}{
s s σ12

σ′
12 k Ks

}
. (28)

Expressions (26)–(28) can be simplified by using the symmetry properties of the 6j-
coefficients and 9j-coefficients, as well as the expression (31.30) by Jucys and Bandzaitis [17]
or the expression (9) in Subsection 12.2.2 by Varshalovich, Moskalev and Khersonskii [36]:

∑
x
[x]

{
x k2 k3

m j1 l1

}
j1 j2 j3
l1 l2 l3
x k2 k3

 = (−1)2m

{
j1 j2 j3
l3 k3 m

}{
l1 l2 l3
j2 m k2

}
(29)

to obtain the form

Ĝ(T) = ∑
κ′12σ′

12

∑
Kl Ks

Θ′
(

niλi, njλj, n′
iλ

′
i, n′

jλ
′
j, Ξ

)[
a(lβ s) ×

[
a(lα s) ×

[
ã(lα s) × ã(lα s)

](κ′12 σ′
12)

](Kl Ks)
](k k)

p,−p

, (30)

when Ĝ(T) = Ĝ(βααα), then
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Table 4. Scheme of the expressions for reduced matrix elements of any non-scalar two-particle
operator. The numbers in the table (the first column) correspond to the cases (distributions) discussed
in Table 1 of P2.

No. Ĝ Ĝ(T) α β γ δ Θ̃ or Θ′ R ∆

1. Equation (44) [2] (5) (14) – – – Equation (45) [2] Equation (14) [2] Equation (41) [2]

Equation (47) [2] (5) (14) – – – Equation (48) [2], Equation (14) [2] Equation (41) [2]Equation (49) [2]

2. Equation (50) [2] (6) (11) (11) – – Equation (51) [2] Equation (19) [2] Equation (41) [2]
3. Equation (50) [2] (6) (11) (11) – – Equation (51) [2] Equation (19) [2] Equation (41) [2]
4. Equation (54) [2] (6) (11) (11) – – Equation (55) [2] Equation (19) [2] Equation (41) [2]
5. Equation (54) [2] (6) (11) (11) – – Equation (55) [2] Equation (19) [2] Equation (41) [2]

6. Equation (52) [2] (6) (11) (11) – – Equation (53) [2] Equation (19) [2] Equation (41) [2]

7. (30) (6) (12) (10) – – (31) Equation (19) [2] Equation (42) [2]
8. (30) (6) (12) (10) – – (32) Equation (19) [2] Equation (42) [2]
9. (36) (6) (10) (13) – – (37) Equation (19) [2] Equation (42) [2]

10. (36) (6) (10) (13) – – (38) Equation (19) [2] Equation (42) [2]

11. Equation (50) [2] (7) (10) (10) (11) – Equation (51) [2] Equation (24) [2] Equation (42) [2]
12. Equation (50) [2] (7) (10) (10) (11) – Equation (51) [2] Equation (24) [2] Equation (42) [2]
13. Equation (54) [2] (7) (10) (10) (11) – Equation (55) [2] Equation (24) [2] Equation (42) [2]
14. Equation (54) [2] (7) (10) (10) (11) – Equation (55) [2] Equation (24) [2] Equation (42) [2]

15. Equation (52) [2] (7) (10) (10) (11) – Equation (53) [2] Equation (24) [2] Equation (42) [2]
16. Equation (52) [2] (7) (10) (10) (11) – Equation (53) [2] Equation (24) [2] Equation (42) [2]

17. Equation (52) [2] (7) (10) (10) (11) – Equation (53) [2] Equation (24) [2] Equation (42) [2]
18. Equation (52) [2] (7) (10) (10) (11) – Equation (53) [2] Equation (24) [2] Equation (42) [2]

19. (39) (8) (10) (10) (10) (10) (40) (25) Equation (43) [2]
20. (39) (8) (10) (10) (10) (10) (41) (25) Equation (43) [2]
21. (39) (8) (10) (10) (10) (10) (42) (25) Equation (43) [2]
22. (39) (8) (10) (10) (10) (10) (43) (25) Equation (43) [2]

23. (44) (8) (10) (10) (10) (10) (45) (25) Equation (43) [2]
24. (44) (8) (10) (10) (10) (10) (46) (25) Equation (43) [2]
25. (44) (8) (10) (10) (10) (10) (47) (25) Equation (43) [2]
26. (44) (8) (10) (10) (10) (10) (48) (25) Equation (43) [2]

27. (49) (8) (10) (10) (10) (10) (50) (25) Equation (43) [2]
28. (51) (8) (10) (10) (10) (10) (52) (25) Equation (43) [2]
29. (54) (8) (10) (10) (10) (10) (55) (25) Equation (43) [2]
30. (51) (8) (10) (10) (10) (10) (53) (25) Equation (43) [2]

31. (56) (8) (10) (10) (10) (10) (57) (25) Equation (43) [2]
32. (58) (8) (10) (10) (10) (10) (59) (25) Equation (43) [2]
33. (60) (8) (10) (10) (10) (10) (62) (25) Equation (43) [2]
34. (60) (8) (10) (10) (10) (10) (61) (25) Equation (43) [2]

35. (63) (8) (10) (10) (10) (10) (64) (25) Equation (43) [2]
36. (65) (8) (10) (10) (10) (10) (66) (25) Equation (43) [2]
37. (67) (8) (10) (10) (10) (10) (68) (25) Equation (43) [2]
38. (67) (8) (10) (10) (10) (10) (69) (25) Equation (43) [2]

39. (70) (8) (10) (10) (10) (10) (71) (25) Equation (43) [2]
40. (72) (8) (10) (10) (10) (10) (73) (25) Equation (43) [2]
41. (74) (8) (10) (10) (10) (10) (75) (25) Equation (43) [2]
42. (74) (8) (10) (10) (10) (10) (76) (25) Equation (43) [2]
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Θ′
(

niλi, njλj, n′
iλ

′
i, n′

jλ
′
j, Ξ

)
≡ Θ

(
nαλα, nβλβ, Ξ

)
= (−1)k−p+κ′12+σ′

12+lα+lβ+2Kl+2Ks

√[
κ′12, σ′

12, Kl , Ks
]

2

(
nβλβnαλα

∥∥∥ g(κ1 κ2 k, σ1 σ2 k)
∥∥∥nαλαnαλα

)
×
{

lα lα κ′12
lα Kl κ2

}{
κ2 κ1 k
lβ Kl lα

}{
s s σ′

12
s Ks σ2

}{
σ2 σ1 k
s Ks s

}
, (31)

and when Ĝ(T) = Ĝ(αβαα), then

Θ′
(

niλi, njλj, n′
iλ

′
i, n′

jλ
′
j, Ξ

)
≡ Θ

(
nαλα, nβλβ, Ξ

)
= (−1)k−p+κ1+κ2+2κ′12+σ1+σ2+2σ′

12+lα+lβ+2Kl+2Ks

√[
κ′12, σ′

12, Kl , Ks
]

2

(
nαλαnβλβ

∥∥∥ g(κ1 κ2 k, σ1 σ2 k)
∥∥∥nαλαnαλα

)
×
{

lα lα κ′12
lα Kl κ1

}{
κ1 κ2 k
lβ Kl lα

}{
s s σ′

12
s Ks σ1

}{
σ1 σ2 k
s Ks s

}
. (32)

6. Distributions βββα and ββαβ (cases 9 and 10 from Table 4):

Ĝ(T) = ∑
κ12, σ12

κ′12, σ′
12

∑
Kl Ks

Θ′
(

niλi, njλj, n′
iλ

′
i, n′

jλ
′
j, Ξ

)[[[
a(lβ s) × a(lβ s)

](κ12 σ12)× ã(lβ s)
](Kl Ks)

× ã(lα s)

](k k)

p,−p

. (33)

When Ĝ(T) = Ĝ(βββα):

Θ′
(

niλi, njλj, n′
iλ

′
i, n′

jλ
′
j, Ξ

)
≡ Θ

(
nαλα, nβλβ, Ξ

)
= (−1)k−p+κ12+σ12+lα+lβ

[
κ′12, σ′

12
]√

[κ12, σ12, Kl , Ks]

2

(
nβλβnβλβ

∥∥∥ g(κ1 κ2 k, σ1 σ2 k)
∥∥∥nβλβnαλα

)

×


lβ lα κ′12
κ1 κ2 k
lβ lβ κ12




s s σ′
12

σ1 σ2 k
s s σ12


{

lα lβ κ′12
κ12 k Kl

}{
s s σ′

12
σ12 k Ks

}
, (34)

and when Ĝ(T) = Ĝ(ββαβ):

Θ′
(

niλi, njλj, n′
iλ

′
i, n′

jλ
′
j, Ξ

)
≡ Θ

(
nαλα, nβλβ, Ξ

)
= (−1)k−p+κ′12+σ′

12+κ12+σ12

[
κ′12, σ′

12
]√

[κ12, σ12, Kl , Ks]

2

(
nβλβnβλβ

∥∥∥ g(κ1 κ2 k, σ1 σ2 k)
∥∥∥nαλαnβλβ

)

×


lα lβ κ′12
κ1 κ2 k
lβ lβ κ12




s s σ′
12

σ1 σ2 k
s s σ12


{

lα lβ κ′12
κ12 k Kl

}{
s s σ′

12
σ12 k Ks

}
. (35)

As above, using (29), the expressions (33)–(35) can be rewritten as follows:

Ĝ(T) = ∑
κ12σ12

Θ′
(

niλi, njλj, n′
iλ

′
i, n′

jλ
′
j, Ξ

)[[[
a(lβ s) × a(lβ s)

](κ12 σ12)× ã(lβ s)
](Kl Ks)

× ã(lα s)

](k k)

p,−p

, (36)
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when Ĝ(T) = Ĝ(βββα), then

Θ′
(

niλi, njλj, n′
iλ

′
i, n′

jλ
′
j, Ξ

)
≡ Θ

(
nαλα, nβλβ, Ξ

)
= (−1)k−p+κ12+σ12+lα+lβ+2Kl+2Ks

√
[κ12, σ12, Kl , Ks]

2

(
nβλβnβλβ

∥∥∥ g(κ1 κ2 k, σ1 σ2 k)
∥∥∥nβλβnαλα

)
×
{

lβ lα κ12

lβ Kl κ1

}{
κ1 κ2 k
lα Kl lβ

}{
s s σ12

s Ks σ1

}{
σ1 σ2 k
s Ks s

}
, (37)

and when Ĝ(T) = Ĝ(ββαβ), then

Θ′
(

niλi, njλj, n′
iλ

′
i, n′

jλ
′
j, Ξ

)
≡ Θ

(
nαλα, nβλβ, Ξ

)
= (−1)k−p+κ1+κ2+2κ12+σ1+σ2+2σ12+lα+lβ+2Kl+2Ks

√
[κ12, σ12, Kl , Ks]

2

(
nβλβnβλβ

∥∥∥ g(κ1 κ2 k, σ1 σ2 k)
∥∥∥nαλαnβλβ

)
×
{

lβ lβ κ12

lβ Kl κ2

}{
κ2 κ1 k
lα Kl lβ

}{
s s σ12

s Ks σ2

}{
σ2 σ1 k
s Ks s

}
. (38)

5.2. Four Interacting Shells

1. Distributions αβγδ, βαγδ, αβδγ, and βαδγ (cases 19, 20, 21, and 22 from Table 4):

Ĝ(T) = ∑
κ12σ12

∑
Kl Ks

Θ′
(

niλi, njλj, n′
iλ

′
i, n′

jλ
′
j, Ξ

)[[[
a(lα s) × a(lβ s)

](κ12 σ12)× ã(lγ s)
](Kl Ks)

× ã(lδ s)

](k k)

p,−p

. (39)

When Ĝ(T) = Ĝ(αβγδ):

Θ′
(

niλi, njλj, n′
iλ

′
i, n′

jλ
′
j, Ξ

)
≡ Θ

(
nαλα, nβλβ, nγλγ, nδλδ, Ξ

)
= (−1)k−p+κ12+σ12+lγ+lδ+1

√
[κ12, σ12, Kl , Ks]

2

(
nαλαnβλβ

∥∥∥ g(κ1 κ2 k, σ1 σ2 k)
∥∥∥nγλγnδλδ

)
×
{

lβ lα κ12

lγ Kl κ1

}{
κ1 κ2 k
lδ Kl lβ

}{
s s σ12

s Ks σ1

}{
σ1 σ2 k
s Ks s

}
, (40)

Ĝ(T) = Ĝ(βαγδ):

Θ′
(

niλi, njλj, n′
iλ

′
i, n′

jλ
′
j, Ξ

)
≡ Θ

(
nαλα, nβλβ, nγλγ, nδλδ, Ξ

)
= (−1)k−p+lα+lβ+lγ+lδ+1

√
[κ12, σ12, Kl , Ks]

2

(
nβλβnαλα

∥∥∥ g(κ1 κ2 k, σ1 σ2 k)
∥∥∥nγλγnδλδ

)
×
{

lα lβ κ12

lγ Kl κ1

}{
κ1 κ2 k
lδ Kl lα

}{
s s σ12

s Ks σ1

}{
σ1 σ2 k
s Ks s

}
, (41)

Ĝ(T) = Ĝ(αβδγ):
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Θ′
(

niλi, njλj, n′
iλ

′
i, n′

jλ
′
j, Ξ

)
≡ Θ

(
nαλα, nβλβ, nγλγ, nδλδ, Ξ

)
= (−1)k−p+κ1+κ2+σ1+σ2+lα+lβ+lγ+lδ+1

√
[κ12, σ12, Kl , Ks]

2

(
nαλαnβλβ

∥∥∥ g(κ1 κ2 k, σ1 σ2 k)
∥∥∥nδλδnγλγ

)
×
{

lα lβ κ12

lγ Kl κ2

}{
κ2 κ1 k
lδ Kl lα

}{
s s σ12

s Ks σ2

}{
σ2 σ1 k
s Ks s

}
, (42)

and when Ĝ(T) = Ĝ(βαδγ):

Θ′
(

niλi, njλj, n′
iλ

′
i, n′

jλ
′
j, Ξ

)
≡ Θ

(
nαλα, nβλβ, nγλγ, nδλδ, Ξ

)
= (−1)k−p+κ1+κ2+κ12+σ1+σ2+σ12+lγ+lδ+1

√
[κ12, σ12, Kl , Ks]

2

(
nβλβnαλα

∥∥∥ g(κ1 κ2 k, σ1 σ2 k)
∥∥∥nδλδnγλγ

)
×
{

lβ lα κ12

lγ Kl κ2

}{
κ2 κ1 k
lδ Kl lβ

}{
s s σ12

s Ks σ2

}{
σ2 σ1 k
s Ks s

}
. (43)

2. Distributions γδαβ, γδβα, δγαβ, and δγβα (cases 23, 24, 25, and 26 from Table 4):

Ĝ(T) = ∑
κ12σ12

∑
Kl Ks

Θ′
(

niλi, njλj, n′
iλ

′
i, n′

jλ
′
j, Ξ

)[[[
ã(lα s) × ã(lβ s)

](κ12 σ12)× a(lγ s)
](Kl Ks)

× a(lδ s)

](k k)

p,−p

. (44)

When Ĝ(T) = Ĝ(γδαβ):

Θ′
(

niλi, njλj, n′
iλ

′
i, n′

jλ
′
j, Ξ

)
≡ Θ

(
nαλα, nβλβ, nγλγ, nδλδ, Ξ

)
= (−1)k−p+κ1+κ2+κ12+σ1+σ2+σ12+lα+lβ+1

√
[κ12, σ12, Kl , Ks]

2

(
nγλγnδλδ

∥∥∥ g(κ1 κ2 k, σ1 σ2 k)
∥∥∥nαλαnβλβ

)
×
{

lβ lα κ12

lγ Kl κ1

}{
κ1 κ2 k
lδ Kl lβ

}{
s s σ12

s Ks σ1

}{
σ1 σ2 k
s Ks s

}
, (45)

Ĝ(T) = Ĝ(γδβα):

Θ′
(

niλi, njλj, n′
iλ

′
i, n′

jλ
′
j, Ξ

)
≡ Θ

(
nαλα, nβλβ, nγλγ, nδλδ, Ξ

)
= (−1)k−p+κ1+κ2+σ1+σ2+1

√
[κ12, σ12, Kl , Ks]

2

(
nγλγnδλδ

∥∥∥ g(κ1 κ2 k, σ1 σ2 k)
∥∥∥nβλβnαλα

)
×
{

lα lβ κ12

lγ Kl κ1

}{
κ1 κ2 k
lδ Kl lα

}{
s s σ12

s Ks σ1

}{
σ1 σ2 k
s Ks s

}
, (46)

Ĝ(T) = Ĝ(δγαβ):

Θ′
(

niλi, njλj, n′
iλ

′
i, n′

jλ
′
j, Ξ

)
≡ Θ

(
nαλα, nβλβ, nγλγ, nδλδ, Ξ

)
= (−1)k−p+1

√
[κ12, σ12, Kl , Ks]

2

(
nδλδnγλγ

∥∥∥ g(κ1 κ2 k, σ1 σ2 k)
∥∥∥nαλαnβλβ

)
×
{

lα lβ κ12

lγ Kl κ2

}{
κ2 κ1 k
lδ Kl lα

}{
s s σ12

s Ks σ2

}{
σ2 σ1 k
s Ks s

}
, (47)
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and when Ĝ(T) = Ĝ(δγβα):

Θ′
(

niλi, njλj, n′
iλ

′
i, n′

jλ
′
j, Ξ

)
≡ Θ

(
nαλα, nβλβ, nγλγ, nδλδ, Ξ

)
= (−1)k−p+κ12+σ12+lα+lβ+1

√
[κ12, σ12, Kl , Ks]

2

(
nδλδnγλγ

∥∥∥ g(κ1 κ2 k, σ1 σ2 k)
∥∥∥nβλβnαλα

)
×
{

lβ lα κ12

lγ Kl κ2

}{
κ2 κ1 k
lδ Kl lβ

}{
s s σ12

s Ks σ2

}{
σ2 σ1 k
s Ks s

}
. (48)

3. Distribution αγβδ (cases 27 from Table 4):

Ĝ(T) = ∑
Kl Ks

Θ′
(

niλi, njλj, n′
iλ

′
i, n′

jλ
′
j, Ξ

)[[[
a(lα s) × ã(lβ s)

](κ1 σ1)× a(lγ s)
](Kl Ks)

× ã(lδ s)

](k k)

p,−p

. (49)

When Ĝ(T) = Ĝ(αγβδ):

Θ′
(

niλi, njλj, n′
iλ

′
i, n′

jλ
′
j, Ξ

)
≡ Θ

(
nαλα, nβλβ, nγλγ, nδλδ, Ξ

)
= (−1)k−p+κ1+σ1+lγ+lδ+1 1

2

√
[Kl , Ks]

[κ1, σ1]

(
nαλαnγλγ

∥∥∥ g(κ1 κ2 k, σ1 σ2 k)
∥∥∥nβλβnδλδ

)

×
{

κ1 κ2 k
lδ Kl lγ

}{
σ1 σ2 k
s Ks s

}
. (50)

4. Distributions αγδβ and γαβδ (cases 28 and 30 from Table 4):

Ĝ(T) = ∑
κ12σ12

∑
Kl Ks

Θ′
(

niλi, njλj, n′
iλ

′
i, n′

jλ
′
j, Ξ

)[[[
a(lα s) × ã(lβ s)

](κ12 σ12)× a(lγ s)
](Kl Ks)

× ã(lδ s)

](k k)

p,−p

. (51)

When Ĝ(T) = Ĝ(αγδβ):

Θ′
(

niλi, njλj, n′
iλ

′
i, n′

jλ
′
j, Ξ

)
≡ Θ

(
nαλα, nβλβ, nγλγ, nδλδ, Ξ

)
= (−1)k−p+κ1+σ1+lα+lδ+1

√
[κ12, σ12, Kl , Ks]

2

(
nαλαnγλγ

∥∥∥ g(κ1 κ2 k, σ1 σ2 k)
∥∥∥nδλδnβλβ

)
×
{

lα lβ κ12

lγ Kl κ2

}{
κ2 κ1 k
lδ Kl lα

}{
s s σ12

s Ks σ2

}{
σ2 σ1 k
s Ks s

}
. (52)

When Ĝ(T) = Ĝ(γαβδ):

Θ′
(

niλi, njλj, n′
iλ

′
i, n′

jλ
′
j, Ξ

)
≡ Θ

(
nαλα, nβλβ, nγλγ, nδλδ, Ξ

)
= (−1)k−p+κ1+σ1+lα+lδ+1

√
[κ12, σ12, Kl , Ks]

2

(
nγλγnαλα

∥∥∥ g(κ1 κ2 k, σ1 σ2 k)
∥∥∥nβλβnδλδ

)
×
{

lα lβ κ12

lγ Kl κ1

}{
κ1 κ2 k
lδ Kl lα

}{
s s σ12

s Ks σ1

}{
σ1 σ2 k
s Ks s

}
. (53)

5. Distribution γαδβ (d) (case 29 from Table 4):
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Ĝ(T) = ∑
Kl Ks

Θ′
(

niλi, njλj, n′
iλ

′
i, n′

jλ
′
j, Ξ

)[[[
a(lα s) × ã(lβ s)

](κ2 σ2)× a(lγ s)
](Kl Ks)

× ã(lδ s)

](k k)

p,−p

. (54)

When Ĝ(T) = Ĝ(γαδβ):

Θ′
(

niλi, njλj, n′
iλ

′
i, n′

jλ
′
j, Ξ

)
≡ Θ

(
nαλα, nβλβ, nγλγ, nδλδ, Ξ

)
= (−1)k−p+κ1+σ1+lγ+lδ+1 1

2

√
[Kl , Ks]

[κ2, σ2]

(
nγλγnαλα

∥∥∥ g(κ1 κ2 k, σ1 σ2 k)
∥∥∥nδλδnβλβ

)

×
{

κ2 κ1 k
lδ Kl lγ

}{
σ2 σ1 k
s Ks s

}
. (55)

6. Distribution βδαγ (case 31 from Table 4):

Ĝ(T) = ∑
Kl Ks

Θ′
(

niλi, njλj, n′
iλ

′
i, n′

jλ
′
j, Ξ

)[[[
ã(lα s) × a(lβ s)

](κ1 σ1)× ã(lγ s)
](Kl Ks)

× a(lδ s)

](k k)

p,−p

. (56)

When Ĝ(T) = Ĝ(βδαγ):

Θ′
(

niλi, njλj, n′
iλ

′
i, n′

jλ
′
j, Ξ

)
≡ Θ

(
nαλα, nβλβ, nγλγ, nδλδ, Ξ

)
= (−1)k−p+κ2+σ2+lα+lβ+1 1

2

√
[Kl , Ks]

[κ1, σ1]

(
nβλβnδλδ

∥∥∥ g(κ1 κ2 k, σ1 σ2 k)
∥∥∥nαλαnγλγ

)

×
{

κ1 κ2 k
lδ Kl lγ

}{
σ1 σ2 k
s Ks s

}
. (57)

7. Distribution δβγα (case 32 from Table 4):

Ĝ(T) = ∑
Kl Ks

Θ′
(

niλi, njλj, n′
iλ

′
i, n′

jλ
′
j, Ξ

)[[[
ã(lα s) × a(lβ s)

](κ2 σ2)× ã(lγ s)
](Kl Ks)

× a(lδ s)

](k k)

p,−p

. (58)

When Ĝ(T) = Ĝ(δβγα):

Θ′
(

niλi, njλj, n′
iλ

′
i, n′

jλ
′
j, Ξ

)
≡ Θ

(
nαλα, nβλβ, nγλγ, nδλδ, Ξ

)
= (−1)k−p+κ2+σ2+lα+lβ+1 1

2

√
[Kl , Ks]

[κ2, σ2]

(
nδλδnβλβ

∥∥∥ g(κ1 κ2 k, σ1 σ2 k)
∥∥∥nγλγnαλα

)

×
{

κ2 κ1 k
lδ Kl lγ

}{
σ2 σ1 k
s Ks s

}
. (59)

8. Distributions δβαγ and βδγα (cases 33 and 34 from Table 4):

Ĝ(T) = ∑
κ12σ12

∑
Kl Ks

Θ′
(

niλi, njλj, n′
iλ

′
i, n′

jλ
′
j, Ξ

)[[[
ã(lα s) × a(lβ s)

](κ12 σ12)× ã(lγ s)
](Kl Ks)

× a(lδ s)

](k k)

p,−p

. (60)
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When Ĝ(T) = Ĝ(δβαγ):

Θ′
(

niλi, njλj, n′
iλ

′
i, n′

jλ
′
j, Ξ

)
≡ Θ

(
nαλα, nβλβ, nγλγ, nδλδ, Ξ

)
= (−1)k−p+κ2+σ2+lβ+lγ+1

√
[κ12, σ12, Kl , Ks]

2

(
nδλδnβλβ

∥∥∥ g(κ1 κ2 k, σ1 σ2 k)
∥∥∥nαλαnγλγ

)
×
{

lα lβ κ12

lγ Kl κ2

}{
κ2 κ1 k
lδ Kl lα

}{
s s σ12

s Ks σ2

}{
σ2 σ1 k
s Ks s

}
. (61)

When Ĝ(T) = Ĝ(βδγα):

Θ′
(

niλi, njλj, n′
iλ

′
i, n′

jλ
′
j, Ξ

)
≡ Θ

(
nαλα, nβλβ, nγλγ, nδλδ, Ξ

)
= (−1)k−p+κ2+σ2+lβ+lγ+1

√
[κ12, σ12, Kl , Ks]

2

(
nβλβnδλδ

∥∥∥ g(κ1 κ2 k, σ1 σ2 k)
∥∥∥nγλγnαλα

)
×
{

lα lβ κ12

lγ Kl κ1

}{
κ1 κ2 k
lδ Kl lα

}{
s s σ12

s Ks σ1

}{
σ1 σ2 k
s Ks s

}
. (62)

9. Distribution αδβγ (case 35 from Table 4):

Ĝ(T) = ∑
Kl Ks

Θ′
(

niλi, njλj, n′
iλ

′
i, n′

jλ
′
j, Ξ

)[[[
a(lα s) × ã(lβ s)

](κ1 σ1)× ã(lγ s)
](Kl Ks)

× a(lδ s)

](k k)

p,−p

. (63)

When Ĝ(T) = Ĝ(αδβγ):

Θ′
(

niλi, njλj, n′
iλ

′
i, n′

jλ
′
j, Ξ

)
≡ Θ

(
nαλα, nβλβ, nγλγ, nδλδ, Ξ

)
= (−1)k−p+κ1+σ1−κ2−σ2+1 1

2

√
[Kl , Ks]

[κ1, σ1]

(
nαλαnδλδ

∥∥∥ g(κ1 κ2 k, σ1 σ2 k)
∥∥∥nβλβnγλγ

)

×
{

κ1 κ2 k
lδ Kl lγ

}{
σ1 σ2 k
s Ks s

}
. (64)

10. Distribution δαγβ (case 36 from Table 4):

Ĝ(T) = ∑
Kl Ks

Θ′
(

niλi, njλj, n′
iλ

′
i, n′

jλ
′
j, Ξ

)[[[
a(lα s) × ã(lβ s)

](κ2 σ2)× ã(lγ s)
](Kl Ks)

× a(lδ s)

](k k)

p,−p

. (65)

When Ĝ(T) = Ĝ(δαγβ):

Θ′
(

niλi, njλj, n′
iλ

′
i, n′

jλ
′
j, Ξ

)
≡ Θ

(
nαλα, nβλβ, nγλγ, nδλδ, Ξ

)
= (−1)k−p+1 1

2

√
[Kl , Ks]

[κ2, σ2]

(
nδλδnαλα

∥∥∥ g(κ1 κ2 k, σ1 σ2 k)
∥∥∥nγλγnβλβ

)

×
{

κ2 κ1 k
lδ Kl lγ

}{
σ2 σ1 k
s Ks s

}
. (66)

11. Distributions αδγβ and δαβγ (cases 37 and 38 from Table 4):
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Ĝ(T) = ∑
κ12σ12

∑
Kl Ks

Θ′
(

niλi, njλj, n′
iλ

′
i, n′

jλ
′
j, Ξ

)[[[
a(lα s) × ã(lβ s)

](κ12 σ12)× ã(lγ s)
](Kl Ks)

× a(lδ s)

](k k)

p,−p

. (67)

When Ĝ(T) = Ĝ(αδγβ):

Θ′
(

niλi, njλj, n′
iλ

′
i, n′

jλ
′
j, Ξ

)
≡ Θ

(
nαλα, nβλβ, nγλγ, nδλδ, Ξ

)
= (−1)k−p+κ2+κ12+σ2+σ12+lβ+lγ+1

√
[κ12, σ12, Kl , Ks]

2

(
nαλαnδλδ

∥∥∥ g(κ1 κ2 k, σ1 σ2 k)
∥∥∥nγλγnβλβ

)
×
{

lβ lα κ12

lγ Kl κ1

}{
κ1 κ2 k
lδ Kl lβ

}{
s s σ12

s Ks σ1

}{
σ1 σ2 k
s Ks s

}
. (68)

When Ĝ(T) = Ĝ(δαβγ):

Θ′
(

niλi, njλj, n′
iλ

′
i, n′

jλ
′
j, Ξ

)
≡ Θ

(
nαλα, nβλβ, nγλγ, nδλδ, Ξ

)
= (−1)k−p+κ2+κ12+σ2+σ12+lβ+lγ+1

√
[κ12, σ12, Kl , Ks]

2

(
nδλδnαλα

∥∥∥ g(κ1 κ2 k, σ1 σ2 k)
∥∥∥nβλβnγλγ

)
×
{

lβ lα κ12

lγ Kl κ2

}{
κ2 κ1 k
lδ Kl lβ

}{
s s σ12

s Ks σ2

}{
σ2 σ1 k
s Ks s

}
. (69)

12. Distribution βγαδ (case 39 from Table 4):

Ĝ(T) = ∑
Kl Ks

Θ′
(

niλi, njλj, n′
iλ

′
i, n′

jλ
′
j, Ξ

)[[[
ã(lα s) × a(lβ s)

](κ1 σ1)× a(lγ s)
](Kl Ks)

× ã(lδ s)

](k k)

p,−p

. (70)

When Ĝ(T) = Ĝ(βγαδ):

Θ′
(

niλi, njλj, n′
iλ

′
i, n′

jλ
′
j, Ξ

)
≡ Θ

(
nαλα, nβλβ, nγλγ, nδλδ, Ξ

)
= (−1)k−p+lα+lβ+lγ+lδ+1 1

2

√
[Kl , Ks]

[κ1, σ1]

(
nβλβnγλγ

∥∥∥ g(κ1 κ2 k, σ1 σ2 k)
∥∥∥nαλαnδλδ

)

×
{

κ1 κ2 k
lδ Kl lγ

}{
σ1 σ2 k
s Ks s

}
. (71)

13. Distribution γβδα (case 40 from Table 4):

Ĝ(T) = ∑
Kl Ks

Θ′
(

niλi, njλj, n′
iλ

′
i, n′

jλ
′
j, Ξ

)[[[
ã(lα s) × a(lβ s)

](κ2 σ2)× a(lγ s)
](Kl Ks)

× ã(lδ s)

](k k)

p,−p

. (72)

When Ĝ(T) = Ĝ(γβδα):
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Θ′
(

niλi, njλj, n′
iλ

′
i, n′

jλ
′
j, Ξ

)
≡ Θ

(
nαλα, nβλβ, nγλγ, nδλδ, Ξ

)
= (−1)k−p+lα+lβ+lγ+lδ+κ1+κ2+σ1+σ2+1 1

2

√
[Kl , Ks]

[κ2, σ2]

(
nγλγnβλβ

∥∥∥ g(κ1 κ2 k, σ1 σ2 k)
∥∥∥nδλδnαλα

)

×
{

κ2 κ1 k
lδ Kl lγ

}{
σ2 σ1 k
s Ks s

}
. (73)

14. Distributions βγδα and γβαδ (cases 41 and 42 from Table 4):

Ĝ(T) = ∑
κ12σ12

∑
Kl Ks

Θ′
(

niλi, njλj, n′
iλ

′
i, n′

jλ
′
j, Ξ

)[[[
ã(lα s) × a(lβ s)

](κ12 σ12)× a(lγ s)
](Kl Ks)

× ã(lδ s)

](k k)

p,−p

. (74)

When Ĝ(T) = Ĝ(βγδα):

Θ′
(

niλi, njλj, n′
iλ

′
i, n′

jλ
′
j, Ξ

)
≡ Θ

(
nαλα, nβλβ, nγλγ, nδλδ, Ξ

)
= (−1)k−p+κ1+κ12+σ1+σ12+lα+lδ+1

√
[κ12, σ12, Kl , Ks]

2

(
nβλβnγλγ

∥∥∥ g(κ1 κ2 k, σ1 σ2 k)
∥∥∥nδλδnαλα

)
×
{

lβ lα κ12

lγ Kl κ2

}{
κ2 κ1 k
lδ Kl lβ

}{
s s σ12

s Ks σ2

}{
σ2 σ1 k
s Ks s

}
. (75)

When Ĝ(T) = Ĝ(γβαδ):

Θ′
(

niλi, njλj, n′
iλ

′
i, n′

jλ
′
j, Ξ

)
≡ Θ

(
nαλα, nβλβ, nγλγ, nδλδ, Ξ

)
= (−1)k−p+κ1+κ12+σ1+σ12+lα+lδ+1

√
[κ12, σ12, Kl , Ks]

2

(
nγλγnβλβ

∥∥∥ g(κ1 κ2 k, σ1 σ2 k)
∥∥∥nαλαnδλδ

)
×
{

lβ lα κ12

lγ Kl κ1

}{
κ1 κ2 k
lδ Kl lβ

}{
s s σ12

s Ks σ1

}{
σ1 σ2 k
s Ks s

}
. (76)

6. Evaluation of Methodology Efficiency
The methodology presented in this paper is implemented in the ATSP2K [25] package,

i.e., in the programs BP_ANG, BP_ANG_MPI, BPCI, BPCI_D, and BPCI_MPI. To evaluate the
efficiency of the modifications presented in the current paper, we ran two tests on the com-
plex case, in which the configuration has four open shells, including d and f shells. The aim
was to assess the advantages of the current methodology over the methodology from P2,
demonstrating to what extent the program runs faster with the modifications included.

In the first case, the excited Cm I configuration 5 f 76d7s7p was considered. A CSF list,
required for the RCI method, was generated by performing single excitations from the
valence electrons 5 f , 6d, 7p, and 7s to either the valence shells or the excited shells 5g and
6 f . Only CSFs with term 3P were generated. In this case, 7,361 CSFs were obtained.

In the second case, the excited Cm I configuration 5 f 56d27p27s was considered. A CSF
list, required for the RCI method, was generated by performing single excitations from the
valence electrons 5 f , 6d, 7p, and 7s to either the valence shells or the excited shells 5g and
6 f . Only CSFs with term 3P were generated. In this case, 39,724 CSFs were obtained.

The program BP_ANG was used to determine the time characteristics. It calculated
all required integrals and spin-angular coefficients and wrote them to the corresponding
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files. The total program execution time was measured (including the calculation time for
all the above-mentioned functions) only for the calculation of spin-angular coefficients
for the spin–other–orbit and spin–spin operators when the operators acted only on four
different shells. It is precisely for this case that the methodology from P2 has been modified
to develop the methodology presented in the current paper.

A comparison of computation times is presented in Table 5. In the first test case,
the program BP_ANG from ATSP2K [25], based on the methodology from P2 and its
modifications introduced in the current paper, ran for 41 s and was 26.8 times faster than
the program BP_ANG from ATSP2K_P2 without the modifications. In the second case,
the program BP_ANG from ATSP2K ran for 11 min and 23 s and was 36.8 times faster than
the program BP_ANG from ATSP2K_P2. These test cases are rather hypothetical, but in
the case of spin-angular integration, they are particularly complex and demonstrate the
advantages of the modifications. It is evident that in the second test case, which is more
complex than the first, the speed-up has increased. From these tests, it is clear that in
real physical computations, when examining complex multivalence atoms and aiming for
high accuracy of their characteristics, the modifications proposed in the current paper are
important and, in some cases, critical.

Table 5. A speed-up of ATSP2K [25] as compared with unpublished ATSP2K_P2.

Test List Running Time Running Time Speed-Up
Case of CSF of ATSP2KATSP2KATSP2K [25] of ATSP2K_2PATSP2K_2PATSP2K_2P

(in mm:ss) (in mm:ss)

1 7361 00:41 18:21 26.8

2 39,724 11:23 405:34 35.6

In addition, it is important to note that earlier versions of the ATSP package [4,5,10,39]
did not allow the calculations we have examined here. The ATSP2K_P2 and ATSP2K
package programs, compared to earlier ATSP versions [4,5,10,39], not only significantly
speed up calculations but also expand their capabilities, allowing the inclusion of orbit–
orbit interactions and the calculation of configurations with any number of electrons in
the f shell. Due to the improved performance of the ATSP2K package, a whole series of
high-precision theoretical results have been obtained (see, for example, [40–42]).

7. Conclusions
The methodology developed in this paper as compared to P2 allows for a simpler anal-

ysis of the most complex two-particle operators, such as the spin–other–orbit and spin–spin,
and thus the programs written on its basis are faster. This was achieved by replacing the
tensorial structure of the two-particle operator acting on four different shells, defined in P2,
with a tensorial structure in which the second quantization operators are coupled sequen-
tially. This led to a difference between the recoupling matrix R

(
λi, λj, λ′

i, λ′
j, Λbra, Λket, Γ

)
and the analytical expressions of amplitudes Θ′

(
niλi, njλj, ni′λ

′
i, n′

jλ
′
j, Ξ

)
. In the expres-

sions of the recoupling matrix in the current paper, from two to four intermediate sums
(depending on the specific case) were eliminated. This simplified the expression it-
self and sped up calculations. Although the expressions of amplitudes were different,
they were equivalent in terms of complexity. Meanwhile, the calculation of quantities
T
(

niλi, njλj, n′
iλ

′
i, n′

jλ
′
j, Λbra, Λket, Ξ, Γ

)
and ∆ remained unchanged. This change in no way

diminished the advantages of the existing methodology from P2; rather, it made it even
more effective.
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The revised methodology is also applicable to jj-coupling, as it was in P2. Using it
for jj-coupling, the s space has to be substituted by the j space and the l space has to be
removed in the expressions.
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