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Abstract

In this study, an extension of the general method [G. Gaigalas, Z. Rudzikas, C. Froese
Fischer, J. Phys. B, At. Mol. Phys. (1997). DOI: 10.1088 /0953-4075/30/17/006] is described
for finding algebraic expressions of the spin-angular parts of the reduced matrix elements
of any one- and two-particle operator for an arbitrary number of shells in an atomic
configuration. This extension is related, at first, to a change in the definition of tensor
structure, where a non-scalar space with respect to I and s for any two-particle operator
acts on four different shells. This leads to more efficient expressions for recoupling matrices
and amplitudes, which are presented in the paper. In addition, the paper presents new
expressions for some of the recoupling matrices, in which 6j- and 9j-coefficients are summed
up algebraically. All this leads to a significantly simpler and faster calculation of the spin-
angular parts of any non-scalar two-particle operator.

Keywords: complex atom; configuration interaction; energy level; LS-coupling; matrix
element; quasi-spin; Racah algebra; recoupling coefficients; reduced matrix element; completely
reduced matrix; second quantization; spin-angular integration; tensor operators; theoretical
methods

1. Introduction

This paper presents further development of the calculation methodology for the spin-
angular part of the reduced matrix element. The methodology presented in this paper and
in three previous papers [1-3] (hereinafter referred to as P1, P2, and P3) was developed
in parallel with the development of the ATsP [4-8] (for the ATSP theoretical background,
see [9,10]) and GRASP [11-13] (for the GRASP theoretical background, see [14]) computer
packages, with particular attention paid to the calculation of the spin-angular part of
reduced matrix elements. This part of the software was one of the weakest points in these
computer packages (see for example [15]), especially in ATSP. The part of this package
responsible for calculating the spin-angular parts was slow and, in some cases, e.g., when
using Breit-Pauli operator [10] calculations, led to incorrect results. It became clear that,
in order to successfully solve the problems mentioned above, it was necessary to review the
theory of the calculation of spin-angular coefficients itself. It was determined that the most
effective way to achieve the desired result was to create a new method for integrating spin-
angular variables, based on the combination [1] of the angular momentum theory [16] as
described in [17], the concept of irreducible tensorial sets [18-20], the generalized graphical
approach [21], the second quantization in coupled tensorial form [20], the quasi-spin
approach [22], and the use of reduced coefficients of fractional parentage [23,24].

Atoms 2026, 14, 21

https:/ /doi.org/10.3390/atoms14030021


https://crossmark.crossref.org/dialog?doi=10.3390/atoms14030021&domain=pdf&date_stamp=2026-03-09
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://www.mdpi.com/journal/atoms
https://www.mdpi.com
https://orcid.org/0000-0003-0039-1163
https://doi.org/10.3390/atoms14030021

Atoms 2026, 14, 21

2 0f27

Since the methodology was developed in parallel with the creation of the programs,
initial attention was focused primarily on calculating reduced matrix elements for one- and
two-particle scalar operators in the  and s spaces in the context of non-relativistic atomic
theory, or in the j space in the context of relativistic atomic theory. As a result, the first part
of the methodology was created and published in P2. The methodology was subsequently
developed for a non-scalar one-particle operator, and this extension was published in P3.
Moving on to more complex two-particle operators (non-scalar two-particle operators),
such as spin—other—orbit and spin—spin [10], further development of the methodology was
carried out, resulting in the most effective expressions for calculating the spin-angular
coefficients of these operators. It is precisely this development that is presented in this
article. This research in P1, P2, and P3 was conducted in close collaboration with Prof. Ian
Philip Grant (1930-2025), Prof. Charlotte Froese Fischer (1929-2024), and Prof. Zenonas
Rokus Rudzikas (1940-2011). This successful collaboration resulted in the creation of a
new methodology, published in P1, P2 and P3, which formed the basis of new versions of
ATsP [25] and GRASP [26,27] software packages. A detailed software library for calculating
spin-angular reduction matrix elements has been published in [28] for relativistic atomic
theory and is being prepared for publication in [29] for non-relativistic atomic theory.

The present paper is divided into an introduction, four sections, and a conclusion.
Section 2 provides tensorial expressions for any non-scalar two-particle operator in the
I and s spaces. Section 3 deals with reduced matrix elements of this non-scalar two-
particle operator between complex configurations. Section 4 presents more efficient
expressions for recoupling matrix elements. More efficient expressions for amplitude
o’ (n Ai,njAj, A n])L;, E) are listed in Section 5. The expressions presented in these sec-
tions are also sultable for calculating the spin-angular parts of reduced matrix elements of
any non-scalar two- or three-particle operator from relativistic atomic theory. Although they
are not relevant for physical operators, they can be most appropriate for effective operators
which appear, for example, in the perturbation theory [30]. The efficiency evaluation of the
methodology presented in the current paper is provided in Section 6.

2. Tensorial Expressions for Any Non-Scalar Two-Particle Operators in /
and s Spaces

In order to be able to find the expressions for the reduced matrix elements of the
operators studied, we have to express these operators in terms of the irreducible tensors
or their irreducible tensorial products. In this section we will present all the necessary
tensorial expressions for any two-particle operator G.

First, we express the operator in second-quantization form as in P1:

G= Y Clulminnll) = Zaa;,a/(zjlgIl,J) (1)
n;l;, 1’1]'1 '] 4 ']
ﬂirlir, n]'rl]'r

where, as is customary, the creation operators 4;4; appear to the left of the annihilation
operators a; a* before defining the shells upon which the second-quantization operators
are acting. It should be noted that in P1-P3 as well as in the current paper, the symbol
of the complex conjugate is used to denote the electron annihilation operator rather than
the creation operator. Such a definition was introduced by Dirac [31] and was followed
by [20,22,32]. It is compatible with the definition used in tensorial algebra, as well as in
Racah algebra for atomic theory.

After defining the shells explicitly in (1), the second-quantization operators are trans-
formed using their commutation relations so that all operators with the same nA (A = I, 5)
are beside one another. For example, in the case where the electron creation operator a;

https:/ /doi.org/10.3390/atoms14030021


https://doi.org/10.3390/atoms14030021

Atoms 2026, 14, 21 3o0f27

(where i = n;l;sm;ms;) acts upon the same shell v, the electron creation operator a; acts
upon the same shell §, the electron annihilation operator a acts upon the shell «, and
electron annihilation operator a’, j acts upon the same shell 8, we have

G(7dup)
1 t(lasa) T(lp 5p) (Iysy) (5 s5)
— 7 Sy 555
) Z Z amlmm:,‘ am,ﬁmsﬁ am],ymbv amlémsb (n'y)\'yml ms,, ”§A6m15m55 g(
my, Ms, mlﬂl msw
mlﬁ msﬁ My Ms

K1 %0 k, 07 03 k) N Aty M, nﬁ)\ﬁmlﬁmsﬁ). )

Here we imply that a tensorial structure indexed by (x1 x3 k, 07 03 k) at g has rank x; for
electron 1, rank x; for electron 2, a resulting rank k in the / space, and corresponding ranks
o1 07 k in the s space.

Now, applying the graphical approach of angular momentum theory [21], we can get
an expression, namely

G(7dap)
= __ Z Z lm+lﬁ+K]+0’]+K2+V2+K12+¢T]2+k7p [K12,(712]1/2 (nv)\'y HsAs H g(K1 Ko k, o1 0 k) H oAy ”/5)\/5>
K12(712 P
12) Iy kol Is 1 1 s op s
X Z[KI/KS] / { l')’ I<1X K ]f K
KK g K2 Ky K1 K 5 012 K o1
(K; Ks) (k k)
X [[[ﬁ(lu ) w ﬁ(lﬁ s)} (k12 012) ally )} : « alls S)‘| ©)
p=r
where [a,b] = (2a+1)(2b+1), (nvx\y nsAs H gtk ek o1 oak) H Mg Ay nﬁ)\ﬁ) is the two-

electron reduced matrix element of operator G and (= ) is defined as in P1:
= (1)) @

Expression (3) contains summations over intermediate ranks x5, 012, Kj, and K; in tensorial
products. The final ranks set (k k) projections are p, —pin the I and s spaces, respectively.

To calculate the spin-angular part of a two-particle operator’s reduced matrix element
with an arbitrary number of open shells, it is necessary to consider all possible distributions
of shells on which the creation and annihilation operators act. The distributions are listed in
Table 1 from P2. We note that for distributions 2-5 and 1942, the shells’ sequence numbers
«, B, v, 6 (in bra and ket functions of a reduced matrix element) satisfy « < g < ¢ < J,
whereas for distributions 6-18, no conditions are imposed on «, 3, v, J.

Let = be an array of intermediate coupling parameters in tensorial form, including
K12, 012, K}, 01, and possibly others. Then the tensorial expressions for all these distributions
can be grouped into four classes, where in each class, the two-particle operator G, acting on
specific shells (see Equation (3)), has one of the following four forms:

1. All the second-quantization operators act upon the same shell (distribution 1) and

P~ —_ kk =

)~ ¥ Y omrz) Al mAE); 5)
K12, 012 b
K12, 01

2. The second-quantization operators act upon the two different shells (distributions
2-10) and
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~ ;o kk

G(II) ~ Y. Y O(naAy, ngAg, E) [B("lz 912) (1 A, ) x C (452 %) (n,;/\,;,a)}( _); (6)
K12,012 P pep
K12, 012

3. The second-quantization operators act upon three shells (distributions 11-18) and

~ . (k k)

G ~ )}, ) O(nada,npp, nyhy, E) HDU“ 9) x pUs S)}(K“ 72l gk Vlz)(n,y/\v,E)} ; @)
k12,012 ¥ p—=p
Ki2, 012

4. The second quantization operators act upon four shells (distributions 19—42) and

~ (k12 o%2) (k)
V)~ Y Y O(nahe, ngAg, myAy, n5As, E) HDW 9) x D(lﬁs)}("“ 7)o, s)} ) D(zds)] @
12,012 P p—r
K12, 01p

In (5)—(8), as already is defined in P2, ©(nA, &),..., 0 (nAs, ngAg, nyAy, nsAs, E) are
proportional to the radial part of the operator G, and AKK (nA,2),.., E€¥)(nA,E) de-
note tensorial products of irreducible tensors. Parameter E implies the array of coupling
parameters that connect © to the tensorial part. The explicit tensorial expressions for
(5)—(7) are presented in P2. Meanwhile, in the case of G (IV) (see (8)), the expression of
(C] (n,x)\a, ngApg, NyAy, nsAs, E) differs from that presented in P2 because the tensorial struc-
ture of this case is different. New @ expressions for the tensorial structure defined in
expression (8) are presented in Section 5.

Having classified the operators, we will now consider reduced matrix elements of
these operators for arbitrary configurations.

3. Reduced Matrix Elements for Any Non-Scalar Two-Particle Operator in
I and s Spaces between Complex Configurations

The most complicated physical operator in atomic theory is the non-scalar two-particle
operator in LS-coupling. Generally, the two-particle operator has the tensorial structure
G (k1 m ki, 01 2 ks) ki ywhich has rank k1 for electron 1, rank «x; for electron 2, and a resulting
rank k; in the | space, the corresponding ranks 07 07 ks in the s space, and total rank
k¢. The full “physical interaction” operator is expressed as a proper linear combination
of such tensorial operators with k; = ks = k. For any full ‘physical interaction” operator
(scalar two-particle operator) the total rank is k; = 0. So this type of operator has tensorial
structure G (<1 %2 ki, 0102k) 0 = G (5 %2k, 01 72 k) According to the approach in P2, the general
expression of reduced matrix elements for any non-scalar two-particle operator between
functions with u open shells can be written as follows:
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<'7:XLSH G (k1 k2 k, 01 02 k) H,mL/S/>
= LS| Gk o1 oak) (1 il nyly,npl; L's'
e n; 1/”] ]rnz’ z’/n]’ 7' ’)/,B
n,li, n]vl,-
Tlirlir, nj/lj/
= 2 Z Z(—l)A@/ (nl-)\i, I’l]')\]', I’li/)ti/,nj//\j/,E)
nili, nil; 12,012
ni/li/, 71]-/1]-/ Kiz,lT{Z
xT(ni)»l-, A, naAa, Ay, A7, AR E, F)R(/\l-, A, Ai,,Aj,,Ab’“,Akef,r>, 9)

where T refers to the array of coupling parameters connecting the recoupling matrix R to

the reduced matrix element T’, and E refers to the whole array of parameters that connect

the amplitude @’ to the reduced matrix element T. The expression (9) allows us to use

all the advantages of the second-quantization formalism in coupled tensorial form [20],

the quasi-spin approach [22], and the use of reduced matrix elements in three spaces (I, s,

and quasi-spin g) [23]. It also allows us to use the ket and bra vectors represented by the

quasi-spin momentum of the equivalent shell, as described in P2.

L e

To calculate the spin-angular part of a reduced matrix element (9), one has to obtain:

Recoupling matrix R (Ai, Aj, Ag, /\;., Abra pket F).

Reduced matrix elements T (ni/\l-, niA;, niA! n;A;, Abra pAket = F).

171

Phase factor A.
Amplitude ©’ (nl-/\i, niA;, niAl, n;A;, E)
Some important points to note are the following:

Gaigalas et al. in P2 and P3 proposed a methodology where the analytical expressions
for recoupling matrices

R ()\i/ Aj, /\;, )\}, Abra pket F) are obtained for the most general case. In this method-
ology the reduced matrix elements of two-particle operators are attributed to four
different groups. The operators acting upon only one shell belong to the first group
(distribution 1 from Table 1 of P2), the ones acting upon two belong to the sec-
ond (distributions 2-10 from Table 1 of P2), those acting upon three belong to the
third (distributions 11-18 from Table 1 of P2), and those acting upon four belong
to the fourth group (distributions 1942 from Table 1 of P2). Each group has a dif-
ferent recoupling matrix with different analytical expressions that are expressed
through the 6j- and 9j- coefficients. New, more efficient recoupling matrix expressions
R ()\i, Aj, AL )\;, Abra pket F) for some of the distributions 19-42 presented in Table 1
from P2 are given in Section 4. They simplify and speed up the calculation of reduced
matrix elements for any two-particle non-scalar operator.

We would also like to draw your attention to the following corrections relating to P2:

(a) It is preferable to use coefficient C; as defined in (32) of P3 rather than in (16)
of P2.

(b)  Itis preferable to use the expression for the recoupling matrix in the case of
two interacting shells given by Formula (34) in P3 rather than (19) in P2.

(¢)  All other expressions from P2 of the recoupling matrices and definitions of the
C1—Cq; coefficients are used.

(d) In expressions (14), (19), (22), (24), (26), (27), and (33) of P2 in the definition of
coefficient C; (15), variable k must be replaced with the variable that is the first
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argument of the adjacent coefficient C,. For example, in expression (19) of P2,
coefficient Cy is accompanied by coefficient C»(K13,a + 1,b — 1), which means
that in definition (15) of C;, variable k must be replaced by variable Kj».

(e) The C; coefficient notation C;(x12,3, ¢ — 1) must be replaced by the notation
Ca(x12,b+1,¢ — 1) in Formula (27) of P2.

The tensorial part of a non-scalar two-particle operator is expressed in terms of
(products of) operators of the type A% (nA,2), B&K (nA, &), CkK) (nA,E), DU,
E®K) (A, Z). Their explicit expressions are (10)—(14)

al?, (10)
(g2) o Sa1)] 1)

[t sl V] (11)

(K Iz ) (KZ ‘72)
alf ) [ el 1)

(12 02)
l:[ais‘liql)‘) « aggq;\)} (1 Ul)x aSZq;\)] , (13)

X (k k)

Huggq?) o a%?)}(h %), [a,(ﬁq;\) " ggqf)]( 202)] ’ 1)

We denote their reduced matrix elements by T (ni)u, njAj, ng)\;, n;. A;, Abra pket = F) )
The parameter I represents the whole array of parameters connecting the recoupling

matrix R (/\l-, A, Al )\;-, Abra pket F) to the reduced matrix element

T(niAi, niAj, niAl, n;/\}, APra, Aket B T'). Tt is worth noting that each of the tensorial
quantities (10)—(14) act upon one and the same shell. Therefore, all the advantages of
tensorial algebra and quasi-spin formalism may be efficiently exploited in the process
of their calculation. The reduced matrix elements denoted by

T(ni)\i, niA;, niAl, n;)t;., Abra Aket = T') for all distributions are the same as discussed
in P2, so we will not discuss them in detail in this paper.

The multiplier A is the same as discussed in P2, so we will not discuss it in detail in
this paper.

The amplitude ©’ (ni/\l-, nidi, npj, n;-/\;-, E) is proportional to the two-electron re-
duced matrix element (the effective interaction strength) of two-particle operator G

/ I/ I = K1 ko k, 0 0 k
Q) (Tli/\i,}’l]'A]',Tll-/\i,le//\j, __J) ~ (nl/\l n])\]Hg( 172 102 k) ’

WAL mA).  (15)

To obtain the expression of a specific physical operator analogous to expression (9),
the tensorial structure of the operator and the two-electron reduced matrix el-
ements (15) must be known. The explicit tensorial expressions for (5)—(7) are
presented in P2. Meanwhile, in the case of G(IV) (see (8)), the expression of
@(n“)\,x, ngAg, MyAy, nsAs, E) differs from that presented in P2 due to a different
tensorial structure (see Equation (8) and (8) from P2). New, more efficient expressions
for some of the distributions presented in Table 1 from P2 are given in Section 5. They
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simplify and speed up the calculation of reduced matrix elements for any two-particle

non-scalar operator.

We would also like to draw your attention to the following corrections relating to P2:

(a) The phase multiplier (—1)k7p+Ki2+‘7{2+l“+lﬁ must be replaced by the phase
multiplier (—1)k_p trztothtls i Formula (62) of P2.

(b) In the formulas from P2, the summation over the variables K; and K; must be
moved from (58) and (59) to (56) and from (62) and (63) to (60).

4. Recoupling Matrices

In this section we present the expressions for the recoupling matrices
R ()\i, Aj, Al A, AP, ARt r) .

These matrices may be treated in the orbital [ and spin s spaces separately:

Jr s

R (A, Ay AL AG A AR T ) = R (1 0y 1, 5, AP AT R (55,55, A%, AR TS, (16)

where Al = (Li, L; Lj, L;) e and Al = (51‘/ S;,Si, S;) bm. Therefore, for simplicity we
only present the expressions in I space. The recoupling matrices in s space are easily
obtained from analogous expressions in ! space by making corresponding substitutions
h, by —> s; Ly — S1, Lo — S2;..; Lio — S12,, L1i2s.-1 — S123.0-1; L — S,
L' — §'. Also, the analytical expressions for recoupling matrices presented in this section
are valid in the case of jj-coupling by making corresponding substitutions Iy, I,...,.l, — j1,
J2resjus L1 —> J1, Ly = Jo;e; Lo — Ji2es Lig.u—1 — J13ou-1; L — J, L' — J'.

As we have mentioned earlier, there are four classes as defined by Equations (5)—(8).
The explicit expressions of the recoupling matrices for (5)—(7) are presented in P2 and P3.
Meanwhile, the expression of the recoupling matrix for (8) differs from the expression
given in P2 due to a different tensorial structure (see Equation (8) and (8) from P2). New
expressions with explanations of how they were obtained and comparisons with old
expressions from P2 are presented below.

4.1. Analytical Expression for the Recoupling Matrix in the Case of Four Interacting Shells

In P2, the following primary (output) tensorial structure of a two-particle operator
was used (see Equation (7) form P1):

(x ) (x12 1) k)
“a(/\") X a(’\f)} " Ulzx [ﬁ()‘i’) X ﬁ<)\f'>] 1 . (17)

Depending on the number of interacting shells the operator acts on, it is reorganized,
as we have already mentioned, so that all second-quantization operators acting on the
same shell are grouped together. Then the tensorial structure splits into separate members
(10)—-(14), each of which acts only on a specific separate shell. In the case where all second-
quantization operators act on separate shells (the case of four interacting shells 7, j, i’, ),
the initial tensorial structure (17) is changed as follows:

HD(A”) o D(Ab)}(mz Ulz)x [D(AC) % D(A")} (x1n U{z)] ) (18)

where notation DY) denotes the operator of creation or annihilation acting on shell A.
In addition, the relationship a<b<c<d applies to the expression (18). This means that
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operator D(*) acts on shell a, which is in the configuration farthest to the right of shells
b, ¢, and d, etc. Thus, when calculating the reduced matrix element of a two-particle
non-scalar operator between configuration state functions (CSFs) with any number of
open shells u, it is necessary to find the recoupling matrix for the tensorial structure
(18). Its analytical expression is published in P2. It was obtained primarily by using the
Jucys and Bandzaitis’ [17] graphical method, representing it graphically, and then, using
the rules of this graphical method, the recoupling matrix was simplified by cutting the
diagram over two or three angular momentum lines (similar rules to those used in the
Jucys, Levinson, and Vanagas [16] method). This allows us to obtain a series of simpler
graphical diagrams, which are usually expressed in terms of 3nj-coefficients. As mentioned
above, the expression for this recoupling matrix is published in P2 (see Equation (27) from
P2).

As an illustration, Figure 1 graphically represents, using the Jucys and Bandzaitis’ [17]

]/ 17 j/
where the primary tensorial structure of a two-particle non-scalar operator is defined as

angular momentum graphical method, such a recoupling matrix R (l,-, L1l A;’m, A;‘Et, Fl) ,
(18) and is acting on four different shells i, j, i’, j/, where i<j<i’<j’, and where shell i is the

rightmost open shell of the configuration and is i > 3, shell j is the rightmost of i’ and §/,
etc. (see Figure 8 from [33]).

Bi L, . Bilyy ;. BjLy,. . BiLyy s BJ"L12-~J"-- B,

VIII

LI

’

K L1 )

5(Liz, L) X,
Figure 1. Diagram representing the recoupling matrix R <li, [ i l; , l;, Alb”‘, Af“’t , Fl> from P2 when a
two-particle non-scalar operator acts upon four shells.

As shown in Figure 1, the bra CSF function shell coupled scheme is represented by
the part of the diagram whose nodes are marked Kj, ..., K;, ..., Kj, ..., Ky, ..., Kj/, ..., Ky.
The coupled scheme of the ket CSF functions is illustrated in the diagram, where the nodes
are labeled By, ..., B;, ..., Bj, .., By, ..., Bj/, ..., By. We also see that, for example for the bra
CSF function, the value of the orbital angular momentum of the first shell is represented in
the diagram by the symbol Ly, the value of the orbital angular momentum of the second
shell is represented by L,, and their total angular momentum is denoted as L1,. The sign
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+ at the vertex B; shows that the coupling is done from L; to L, (counterclockwise in the
diagram); meanwhile, the sign — at the vertex K7 shows that the coupling is done from Lq
to Lp (clockwise in the diagram). All other shells in the diagram are described in the same
way in both the bra and ket CSF functions. Meanwhile, the tensorial structure (18) rank
connection scheme is represented by vertices marked I, II, I11,1V,V, VI, VII and VIII.
As we can see, maintaining generality in the diagram, the rank of the first operator D)
from (18) is denoted by k3, i.e., I, = kj, the rank of the second operator D) is denoted
by kp, i.e., I = kz, the rank of the third operator D) is denoted by k3, ie., I = k3,
and the rank of the fourth operator D) is denoted by kg, i.e., l; = kg. Ranks kq and k»
are combined into the substitute rank x1, (the same notation in both expression (18) and
Figure 1), and ranks k3 and k4 are combined into the substitute rank 1, (the same notation
in both expression (18) and Figure 1). Finally, the ranks %1, and ], are combined into the
final rank k. The analytical expression for the recoupling matrix shown in Figure 1 is given
by Formula (27) in P2 (actually, the part of the Formula (27) that describes the case a > 3).
In order to obtain this expression, as mentioned above, it is necessary to use the Jucys and
Bandzaitis’ [17] methodology, performing certain actions within its framework:

1.  We begin analyzing and reorganizing the diagram from the first nodes on the left,
B; and Kj. As we can see, these two nodes are connected by two lines of angular
momentum, L1 and L;. Therefore, they can be separated from the rest of the diagram
by cutting two momentum lines Ly, and Lj,, as shown by the vertical dotted line
in Figure 1. This separation of nodes By and K7, when cutting through two lines of
momentum, leads to a triangular delta 6(L1,, L],) and simplification of the remaining
diagram. Overall, cutting out this part of the diagram along two angular momentum
lines is possible in various graphical methods and is well described, e.g., in [16,17,34-36].
This delta function appears as the first delta function in expression (27) of P2 in the
case when a > 3.

2. In general, when analyzing the rest of the diagram, starting from the left side of the

diagram, there may be more cases where both B and K nodes can be separated (one
part of the bra CSF function and the other part of the ket CSF function) by cutting
only two lines of angular momentum lines. We do this until it is no longer possible
to distinguish between the two nodes of the bra and ket functions in the diagram by
cutting them with only two lines. Then we arrive at a point on the diagram where
these two nodes can be separated by cutting only three lines. In the diagram shown
in Figure 1, this location is represented by nodes B; and K;, and the last cut over two
lines was made over the Ly, _; 1 and Liz..,i—l lines.
Any separation of two nodes from the diagram by cutting through two lines leads to a
delta function. These delta functions will appear in the analytical expression as many
times as we separate the two nodes from the bra and ket functions by cutting only
two lines. All delta functions appearing in this section are presented in expression
(27) from P2 as "...6(L12. 4-1,L}, ,_1)” because in our case i = a.

3.  Now we examine the remaining part of the diagram, which includes points B;,
I, and K;. Using the rule of cutting the angular momentum diagram along three
lines [16,17,34-38], we can separate these points from the main diagram by cutting
along three angular momentum lines Lq,_;, k1, and Liz...i' This gives us the A;
diagram in Figure 2. This diagram corresponds with the coefficient C; defined in
expression (15) in P2, and its analytical expression is
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Aj A3

Figure 2. The angular momentum diagrams that come from the simplification of the recoupling

matrix shown in Figure 1 and describe the coefficients C; and Cs defined in P2 and C; defined in P3.

CZ (k/ kmin/ kmax) =

/ k Ly La
Al—c1—<—1)‘P[La,T}“2{] I; IT‘ } (19)

where a4 > 3 and the phase factoris ¢ = |+ T+ L} + k.

This C; coefficient is in expression (27) when a > 3 from P2, but it also appears in
other cases, including for one, two, and three interacting shells. In all these cases,
the values of ¢, ], T, and T’ can be found in Table 2 of P2.

In general, when analyzing the rest of the main diagram, starting from the left side,
there may be more cases where cutting along three lines of L1, 4, k1, and L1z,
can separate the nodes By,... and Kj,... belonging to the bra and ket, functions where
i < m > jand the node I belong to rank kq. Each such cutting of lines produces
diagram A2 (see Figure 2). This is done until points B]-, II,111,and K]- are reached.
Using Jucys and Bandzaitis” graphical technique [17], we obtain the algebraic expres-
sion of diagram A;.

. ) ’ k L. . L .
Ay = (_1)k+L1+L12A.,z—1+L12,..i [L12.._i—1rL/12“_i]1/2 12...i—1 12/...1 1 ' (20)
Li L Ly

Since, in the most general case, we will have the product of these A, diagrams,
therefore, the coefficient C, in expression (32) of P3 is expressed through these A,
diagrams as follows:

kmax
KiLitLio + 1 4L . 1/2
H (_1) +Li+Li -1+l ; [le...iflrLllz...i]
i:kmin
fOI' kmjn S kmax
y k L, ;7 Lo ) 1)
Li L. Ly
0 for kmin > kmax

where kpin and kmax in our case are kpin = i + 1 and kmax = j — 1. This coefficient
also appears in the expression in P2 (27) as Ca(k1,a+1,b —1),sincei =aand j = b.
This type of coefficients also appears in other cases of recoupling matrices, including
with one, two, and three interacting shells (see P2).
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Now we cut nodes Bj, I1, I11, and K; along three lines L1y _j, #12 and Liz...j/ thus
obtaining diagram Aj:

s Ji ki
A3 = C4(k1/k2/ k,P = 1) = []1/ ]2/ ]é/ k] Ié kZ IZ . (22)
5k s

As we can see, this diagram is expressed by coefficient C4, which was defined in
Formula (21) in P2. This coefficient is also found in expression (27) for the recoupling
matrix in the case of four interacting shells in P2. It also appears in other recoupling
matrices including with two, and three interacting shells. In all these cases, the values
of J1, J{, J2, J5, J3 and J} are presented in Table 4 of P2.

Now, if possible, we cut out two nodes, one from the bra and one from the ket
functions, across the three L1y, %12, and Liz.,.m lines. We do this until we can
separate the aforementioned type of nodes from the main diagram by cutting only
three lines. Based on the diagram in Figure 1, we have j < m < i’. In this way, we
again obtain the product of A, diagrams, which corresponds to the coefficient Cy,
denoted as Cp(k12,b 4+ 1,¢ — 1) in expression (27) of P2, because j = b and i’ = c.
If such cutting is impossible, we skip point 6 and proceed to point 7.

Now, the remaining part of our recoupling matrix diagram in Figure 1, on the left, is
the most complex. We cut it, as shown in the figure by the vertical dotted line, through
the lines Ly, j, k, and Liz...j” separating the nodes By, IV, Ky, By, VI, VII, and K»
from the rest of the diagram. This part is the most difficult, requiring more efforts
to obtain its analytical expression. It is presented in P2 with the newly introduced
coefficient C;. As we can see, this coefficient is expressed through various sums of
other coefficients, which makes the calculation of this recouping matrix more complex
and time-consuming. We will not discuss in detail the further transformations of this
part of the recoupling matrix that lead to the expression (28) given in P2, because in
this paper, the spin-angular methodology will allow us to avoid this part of the
recoupling matrix, and how this is done will be discussed in a further Section 4.2.
Now, if possible, we cut two nodes, one from the bra and one from the ket functions,
across the three L1, k, and L}, ,, lines. We do this until we reach the nodes B,
and K,. Based on the diagram in Figure 1, we have j/ < m < u. In this way, we
again obtain the product of the A, diagrams, which corresponds to the coefficient Cy,
denoted as Cp(k,d + 1, u — 1) in expression (27) of P2, because j' = d. If such cutting
is impossible, we skip point 8 and proceed to point 9.

After completing all of the above actions, we are left with the A, diagram, which
expresses the coefficient C3 with the value given in Formula (17) from P2:

k4+Li+Lyy» i q+L . / 1/2 k L/12 i—1 Lyp.i1
Ar = Cr = (—1 TR0t [y oy, . -l , (23
2 3 ( ) [ 12..i—1 12...1] { Li L12...i Li?....i ( )

where, in our case (for a > 3), we need to change the definition from diagram A; to
the definition of coefficient C3 in the following way: L; — j, L1 ; = T, L}, ; = T/,
Lip i1 — J,and L/12...i—1 — J'. This type of coefficient also appears in other cases of
recoupling matrices, including with one, two, and three interacting shells (see P2).
In all these cases, the values of the parameters of this coefficient are given in Table 3
from P2.

So now we have the final analytical expression for the recoupling matrix presented in

Figure 1, which was published in P2 (see case a > 3 in Equation (27)).
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4.2. New Analytical Expression for the Recoupling Matrix in the Case of Four Interacting Shells

In this subsection, we present the extension of the spin-angular integration method-
ology from P2. This is done in the following way: (i) the order of grouping of the second
quantization operators remains exactly the same as published in P2, (ii) the tensorial
structure is different from the one proposed in P2 and is as follows (differs from (18)):

I (k k)
(K12 ‘712) (/\d)‘| . (24)

[[Dw) « D] *12 12 DW] %D

The same as for (18), notation D) denotes the operator of creation or annihilation acting
on shell A. In addition, the relationship a<b<c<d applies to expression (24). This means that
operator D*«) acts on shell a, which is farthest to the right in the configuration of shells b, c,
and d, etc. Thus, when calculating the reduced matrix element of a two-particle non-scalar
operator between CSF with any number of open shells , it is also necessary to find the
recoupling matrix for the tensorial structure (24).

As an illustration, Figure 3 graphically represents, using the Jucys and Bandzaitis” [17]
angular momentum graphical method, such a recoupling matrix R (li, lj,1 l’ ,1 ]’., Af’m, A;‘Et, Fl) ,
where the primary tensorial structure of a two-particle non-scalar operator is defined as
(24) and is acting on four different shells 7, j, i’, j/, where i<j<i’<j’, and where shell i is the
rightmost open shell of the configuration and is i > 3, shell j is the rightmost of i’ and
j', etc. As we can see from (24) and Figure 3, the operators are coupled into a tensorial
structure sequentially, so the recoupling matrix differs slightly from the previous one from
Figure 1. Comparing the previous recoupling matrix (see Figure 1) with the new one (see
Figure 3), we see that the part of the diagrams up to points B/, IV, and K}» is the same. This
means that the parts of the analytical formulas of these recoupling matrices that are to the
left of points B, IV, and K/ coincide with each other and are described by diagrams Aj,
Ay, and As. The difference between these recoupling matrices is that in the new diagram,
ranks %1, and k3 are coupled into rank Kiz, and the latter and rank k4 are coupled into the
final rank k. Meanwhile, in the previous recoupling matrix, ranks k3 and k4 are coupled
into rank «1,, and rank k7, and rank x1, are coupled into the final rank k. At first glance,
the difference does not seem significant, but in fact it is fundamental. This allows us to
replace the complex part of the recoupling diagram in Figure 1, which is described by
coefficient C; and whose expression is complicated, with a new part of the diagram which
is eventually broken down (by cutting the diagrams only through three angular momentum
lines, as shown by the vertical dotted lines in Figure 3) into the combination of A, and A3
diagrams from Figure 2 we already know, whose algebraic expressions are significantly
simpler. The remaining parts of the diagrams in Figures 1 and 3, i.e., the parts from points
Kj and Ky to the right up to the end of the diagrams, are left the same with the same
algebraic expressions. This means that the order of operators defined in (24) leads to a
significantly simpler expression of the recoupling matrix, which in the most general case,
when the operators of second-quantization act upon four shells a, b, ¢, and d (distributions
19-42 in Table 1 from P2), has the following form:
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Ly Ly

K1 Liz .
(Lo, Lip) X,

Figure 3. Diagram representing the new form (suggested in the current paper) of recoupling matrix

R <li, 1,1, l;, A;’m, A;“’t, Fl> when a two-particle non-scalar operator acts upon four shells.

R(la, La Iy, Ly, Ie, Le, g, La k1, ko, k12, k3, kg, 14, )

= [La, Ly, Le, L) /% 8(L1, LY) oo 6(La1, Loq) 6(Lav1, Lhy) - 6(Ly_1, L 1)

% 6(Lps1, Lysq) o 0(Leet, Lo 1) 6(Lesa, Lpy) o 8(La—1, L 1) 8(Lass, Lysq) - 6(Lu, L)
Ca(kq, ko, x12,1) Co(K12,b+1,c—1)

XC4(K12,k3,k4,2) C2(k4,C—|—1,d—1) fora=1b=2
X Cy (k4, Kllz, k,3) Cz(k,d +1,u— 1) Cs;

Cy1 Co(ky,a+1,b—1) Cy(ky, ko, 12, 1)
X Ca(x12,b+1,¢ — 1) Cy(K12, k3, ky,2)
X Ca(kg,c+1,d—1) Cy (k4, Kiz,k,B)
x Co(k,d +1,u—1) Cs;

fora <3
(25)

6(L12, Lip) - 0(L12.a-1,L1p 4-1)
x Cp Co(ky,a+1,b—1) Cy(ky, k, x12,1)
x Co(k12,b+1,c — 1) Cy(k12, k3, kq,2) fora >3,
X Co(kg,c+1,d — 1) Cy(ka, x5, k,3)
x Ca(k,d+1,u —1) Cs;

When comparing expressions (27) from P2 with (25), we see that the first expression
transits to the second expression when we replace the multiplier C7(c, d) with multipliers
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Ca(x12,k3,k4,2), Co(kg,c+1,d — 1), and Cy(ky, K5, k,3), whose algebraic expressions are
simpler and which have already been defined in P2.

Coefficients Cy, C3, and C4 in (25) are defined the same as in P2 and coefficient C, is
defined the same as in P3, but the values of parameters ¢, ], T and T for coefficient C; are
given in Table 1, the values of parameters ¢, j, J, J', T and T’ for coefficient C3 are given in
Table 2, and the values of parameters J1, J{, J2, J4, J3, and J} for coefficient C4 must be taken
from Table 3 of the current paper. Also, in this case, in the definition of the coefficient C;
given in expression (15) in P2, the variable k should be replaced by the variable k;.

Table 1. Parameters for the coefficient C; in the case of four interacting shells.

a @ J T T
1 L1 + 2L/1 — Ly, — L/lz —+ kl Lz/ L12 L/12
2 Li+Lip+ L/z + kq Lq L1 L/12
a>2 Lip.gc1+Lio.a+Li+ki Lizaa L1s.a L, ,

Table 2. Parameters for the coefficient C3 in the case of four interacting shells.

? j J J T T’
k+ Ly+ L12...u—1 + L Ly LlZ...u—l Lllz,__u_l L L

Table 3. Parameters for the coefficient Cy in the case of four interacting shells.

P a b | 1A J2 J5 I I3

1 1 2 L L Ly Ly L1 L1
1 71 #2 Lipa Ly,q L Ly b L1
2 inall cases Lq_._1 Lll,,,c—l Lc L¢ Li.c Lll...c
3 inallcases Ly 41 L} ; 4, L4 L, Ly g4 L} ,

We would like to point out that the main advantage of expression (25) over (27) from
P2 is that in expression (25), there are no intermediate sums over parameters I, I, and x
(see Equations (28), (31), and (32) from P2) related to these summations over 6j-coefficients
(see Equations (28)—(32) from P2). This leads to a significantly simpler and faster search

]I ll
spin-angular part of a two-particle non-scalar operator.

for the recoupling matrix R <li, 1,101 ]f, A;’m, A]l‘d, T,) , which is crucial for calculating the

5. The Amplitude ©’ (”i)\i, ni\j, nyAl, n;-/\;., E)

In this section, we will present new expressions for amplitudes ©’ (”i)\i/ niAj, ny AL, n;./\;., E)
that are more efficient than those presented in P2. All of them directly flow from the new
operator tensorial structure (8) proposed in the current paper. Since the tensorial form of
the remaining operators used in P2 and the current paper is the same (see (5)—(7)), only such
distributions will be considered where all second quantization operators act on different
shells and distributions faax, afax, BBBa, and BBapf, for which the research managed to
obtain simpler algebraic expressions, by using the symmetry properties of the 6;-coefficients
and 9j- coefficients, as well as the expression (31.30) by Jucys and Bandzaitis [17] or the
expression (9) in Subsection 12.2.2 by Varshalovich, Moskalev and Khersonskii [36]. Since
this paper does not examine all distributions, and only part of them, and to make it easier
to link the expressions used in the current paper to those presented in P2, the numbering of
different cases will be maintained as in P2.
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5.1. Two Interacting Shells

5. Distributions Baaw, afax (cases 7, 8 from Table 4):

! o (Kl KS)
G(T) = Z Z @l (Tli/\l‘, le/\]‘, n;)\;, n;‘)\;‘, \E) [a(lﬁ S) X |:a(ltt S) X |:ﬁ(luc S) X ﬁ(lyx S)i| (KlZ 0]2):| ‘| ] (26)
xpopy KiKs p—p
K207
When G(T) = G(Baaw), then
O (midi, miAj, miA, WAL, E) = © (naka, i, E)
- [K12,012]4/ [K10, 075, K1, K
— (_1)k_p+K12+‘712+l“+lﬁ' [ 212 12 S] (nﬁ)\ﬁna/\a g(Kl x2 k 01 02 k) ’ na/\ocnlx)\a>
la lu Ky s s 0],
lg Iy x s s O
X K1 Ko k oy 0p k { KF ; Iéz }{ 0_, k K12 }, (27)
lﬁ l,x K12 S s 012 12 ! 12 s
and when G(T) = G(apaa), then
© (midiy midj, miAL WA, E ) = O (naha, nphp, E)
/ / [KIZr 0'12] K] IOJ /KHK
- (_1)k*P+K12+‘712+K12+”12 [ 212 2 s} (Vla)\a?’lﬁ/\ﬁH g(Kl K2k o1 02 k) Hnlx)\a”a)\rx>
[ P s s 0],
lg Iy x s s O
K1 K k (% %) k { K? Ij 1212 }{ o k Klsz } (28)
l,x l,B K12 S S 012 12 12
Expressions (26)—-(28) can be simplified by using the symmetry properties of the 6;-
coefficients and 9j-coefficients, as well as the expression (31.30) by Jucys and Bandzaitis [17]
or the expression (9) in Subsection 12.2.2 by Varshalovich, Moskalev and Khersonskii [36]:
g2 I3 L
ky k I I 1
Z[X] X 2 K3 L L I _ (_1)2m v J2 J3 1 2 B (29)
X m n 11 X kz k3 13 k3 m J2 m kz
to obtain the form
A (x5 1) < K07 0
G(T) = E E e (”i)\z‘/ niAj, niAs, n;-/\;-,E) alls) % [a(l“ 5) x [d(l”‘ 5) x gl S)} } , (30)
k1501, KiKs p.—p

when G(T) = G(Baaa), then
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Table 4. Scheme of the expressions for reduced matrix elements of any non-scalar two-particle

operator. The numbers in the table (the first column) correspond to the cases (distributions) discussed
in Table 1 of P2.

No. G G(T) « B 0% ) 6 or ©’ R A
1. Equation (44) [2] 5) (14) - - - Equation (45) [2] Equation (14) [2] Equation (41) [2]
Equation @7)[2] () (14 - - - EE‘}]‘;”‘;;‘;‘;\ ((i%)) [[22]] Equation (14) [2] Equation (41) [2]
2. Equation (50) [2] (6) (11 @an - - Equation (51) [2] Equation (19) [2] Equation (41) [2]
3. Equation (50) [2] (6) (11 @y - - Equation (51) [2] Equation (19) [2] Equation (41) [2]
4. Equation (54) [2] (6) (11 @an - - Equation (55) [2] Equation (19) [2] Equation (41) [2]
5. Equation (54) [2] 6) (11 a1y - - Equation (55) [2] Equation (19) [2] Equation (41) [2]
6. Equation (52) [2] 6) (11 (@an - - Equation (53) [2] Equation (19) [2] Equation (41) [2]
7. (30) (6) (12) (o) - - (31) Equation (19) [2] Equation (42) [2]
8. (30) 6) (12) (@o) - - (32) Equation (19) [2] Equation (42) [2]
9. (36) 6) (10) (@@3) - - (37) Equation (19) [2] Equation (42) [2]
10. (36) (6) (10) (@13) - - (38) Equation (19) [2] Equation (42) [2]
11. Equation (50) [2] (7) (10) (@oy (@1 - Equation (51) [2] Equation (24) [2] Equation (42) [2]
12. Equation (50) [2] (7) (1o (o) @iy - Equation (51) [2] Equation (24) [2] Equation (42) [2]
13. Equation (54) [2] 7) (10) (@oy (@1 - Equation (55) [2] Equation (24) [2] Equation (42) [2]
14. Equation (54) [2] 7) (10) (@o)y @@€1 - Equation (55) [2] Equation (24) [2] Equation (42) [2]
15. Equation (52) [2] (7) (10) (10) (11) Equation (53) [2] Equation (24) [2] Equation (42) [2]
16. Equation (52) [2] (7) (10) (@oy @1 - Equation (53) [2] Equation (24) [2] Equation (42) [2]
17. Equation (52) [2] 7) (10) (@o)y (@a1) - Equation (53) [2] Equation (24) [2] Equation (42) [2]
18. Equation (52) [2] 7) (10) (@o)y @@€1 - Equation (53) [2] Equation (24) [2] Equation (42) [2]
19. (39) (8) (10) (10) (10) (10) (40) (25) Equation (43) [2]
20. (39) (8) (10) (10) (10) (10) 41) (25) Equation (43) [2]
21. (39) 8) (10) (10) (10) (10) (42) (25) Equation (43) [2]
22. (39) 8) (10) (10) (10) (10) (43) (25) Equation (43) [2]
23. (44) (8) (10) (10) (10) (10) (45) (25) Equation (43) [2]
24, (44) (8) (10) (10) (10) (10) (46) (25) Equation (43) [2]
25. (44) 8) (10) (10) (10) (10) 47) (25) Equation (43) [2]
26. (44) 8) (10) (10) (10) (10) (48) (25) Equation (43) [2]
27. (49) (8) (10) (10) (10) (10) (50) (25) Equation (43) [2]
28. (51) (8) (10) (10) (10) (10) (52) (25) Equation (43) [2]
29. (54) (8) (10) (10) (10) (10) (55) (25) Equation (43) [2]
30. (51) 8) (10) (10) (10) (10) (53) (25) Equation (43) [2]
31. (56) (8) (10) (10) (10) (10) (57) (25) Equation (43) [2]
32. (58) (8) (10) (10) (10) (10) (59) (25) Equation (43) [2]
33. (60) (8) (10) (10) (10) (10) (62) (25) Equation (43) [2]
34. (60) 8) (10) (10) (10) (10) (61) (25) Equation (43) [2]
35. (63) (8) (10) (10) (10) (10) (64) (25) Equation (43) [2]
36. (65) (8) (10) (10) (10) (10) (66) (25) Equation (43) [2]
37. (67) (8) (10) (10) (10) (10) (68) (25) Equation (43) [2]
38. (67) (8) (10) (10) (10) (10) (69) (25) Equation (43) [2]
39. (70) 8) (10) (10) (10) (10) (71) (25) Equation (43) [2]
40. (72) (8) (10) (10) (10) (10) (73) (25) Equation (43) [2]
41. (74) (8) (10) (10) (10) (10) (75) (25) Equation (43) [2]
42, (74) (8) (10) (10) (10) (10) (76) (25) Equation (43) [2]
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O (miA;, midi, WAL, WA, B) = O (ngAy, ngAg, B
Jo i BB

x, 0!, K, K
[12 ;z I S] (n/;/\ﬁ”a/\“ g(

" lo o K X k1 k s s oy o ok e
I, K 1 lﬂ K, I s Ks o s K s

and when G(T) = G(aBaa), then

= (-1 )k—p+Kﬁz+0{2+1a+lﬁ+2K1 +2Ks

K1 K2 k, [%W%) k) ’

na/\ana/\a)

O (n;A;, niA, WA, n' AL E) = @(ngAy, ngAg, &
JY BB

RS TAAS KA I

(10, 070, Ki, K]

2

" Lo 1o ), K1 Ky k s s 0, o 0 k . (32)
l,x Kl K1 lﬁ K[ l,x S Ks (%] S KS S

6. Distributions BB« and BBap (cases 9 and 10 from Table 4):

k—p+x1+K0+2K],+01+02 4207, +10+15+2K;+2K, k, k
:(_1) ptKr1+K2 1201102 12 Tlatlp 1 s na)\ﬂlﬁ/\ﬁ g(xlxz oy 03 k)

n,x)tan,x)\,x)

~ (KI Ks) (k k)

Gn= Y Yo (ﬂi)\i, niAj, miAl, n; ;,E) H[u(lﬁ $) x allp 5)} (2 012))( alls S)} x gl S)] ) (33)
K1, 012 KiKs p=p
K12, 012

When G(T) = G(BBB«):

O (i, miAj, miA, WAL, E) = © (maka, . E)

ivir 'y

/ /
— (_1)k*P+K12+012+la+lﬁ [Klzf 012] [K12,0'12,K1, KS] (”ﬂ/\ﬁ”ﬁ)‘ﬁ H g(m Ky k, o1 07 k) "nﬁAﬂnaA“>

2
1/3 l”‘ Kiz 5 5 0'1,2 ! /
x< k1 ko k o ok { b l]f 122 }{ ° IS{ (;12 }, (34)
I I X s s o K12 I 012 s
B g Ki2 12

and when G(T) = G(BBap):

© (midiy midj, WAL WA, E) = O (naha, npAg, E)

_ (71>k7p+K£2+U{2+K12+¢712 [Kiz/ U{z] [KlZI 012, Kl, KS] (nlg)\ﬁnﬁ/\ﬁH g(Kl K k, o7 02 k) Hna)\anﬁ/\ﬁ)

2
Lo g K1y s s oy
l l / /
x{ k1 Kk o ok {“5’22}{52‘22}.(35)
I ] X s s o K12 1 012 s
B g ¥12 12

As above, using (29), the expressions (33)—(35) can be rewritten as follows:
(KI KS)

(kk)
é(T) _ Z o (”iAi/ 7’1]')\]', WAl Tl{/\;, E) [ |:[a(lﬁ S) X g(lﬁ S)} (x12 Ulz)x ﬁ(lﬁ s)] > ﬁ(l”‘ s)‘| , (36)

itir 't
K1207
12012 p—p
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when G(T) = G(BBB«), then
© (midiy midj, WAL AT, E ) = O (nada, npAg, E)

P2 BB (nppmpg 517200 [ngrgs)

% l,B la K12 K1 Ko k S S 012 [% %) k ) (37)
1,3 Kl K1 la Kl lﬁ S KS (%] S Ks S

and when G(T) = G(BBap), then

— (_ 1)k*}7+K12+0’12+l,x +lﬁ +2K;+2Ks

i’vis

© (midiy midj, miAL WA, E ) = O (naha, nphp, E)

_ k—p-iy K+ 261+ 01 +02+ 201+l H+2K 12K, V [K12, 012, Ki, K] k, k
(—1)kpHmtret 2Kz totot20; 512K 5 (”ﬁ/\ﬁnﬁ)‘ﬁHg(lez 0y 03 )’na/\zxnﬁ)\ﬁ)
% l/g l/g K12 Ky Kq k S S 012 oy 01 k (38)
1/3 Kl Ko l,x Kl l/3 S KS (%) S Ks S '

5.2. Four Interacting Shells
1. Distributions aBvyJ, Bayd, aBdy, and Pady (cases 19, 20, 21, and 22 from Table 4):

~ (Kl Ks) (k k)
cn=Y Yo (1’11‘/\1‘, niAj, miAL, A, :) H[a“a $) % alls S)] 2l s, S>] x lls S>] (39)
k12012 K;K; p—p
When G(T) = G(aB9):
o' (nl-)\i, niAj, AL AL, :) = O (itaMa, pAg, 1y Ay, 1i5A 5, E)
_ k—p+xri+0o1p+ly+1s+1 [Klzl 012, Kl/ KS] (k1 k2 k, 01 02 k)
=(-1) 3 (n,x)\,xnﬁ)x,gH g Hnyx\yn(g)\(;)
% 1‘5 la K12 K1 Ko k S S 012 [% %) k ) (40)
l’y Kl K1 1(5 Kl l,B S KS (%] S Ks S
G(T) = G(Bayd):
o' (ni)\i, niAj, WAL i, :) = O (1ada, npAg, HyAy, sAs, E)
,012,Kj, K
_ (71)k*p+la+lﬁ,+17+l§+1 [K]Z 0’;2 1 S] (nﬁ/\ﬁnlx)\a H g(Kl Ky k, 01 09 k) Hn’)//\’yn(sA5)
o la Ip K12 K1 kp k s s o2 o ok (1)
lfY Kl K1 1(5 Kl l,x S KS (%] S Ks S ’

G(T) = G(aBsvy):
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o (ni)\i, njA;, niAl, n; ;», E) = O(naAa, ngAg, nyAy, nsAs, E)

_ (_1)k—p+K1 #2401 +00 L+ lg 1y s+ [K12, 012, Kp, Ks]
N 2

% Iy 1‘5 K12 Ky K1 k s S 012 0oy 01 k ) (42)
L, K % Is K Iy s Ks o s K; s

and when G(T) = G(Buady):

(”a/\anﬁ}\ﬁH g(K1 Ko k, 09 02 k) anSAfan)W)

04 (ni)\i,nj)\j,nf)\f,n} ;,E) = O(naAa, ngAg, nyAy, n5As,E)

_ ) K12, 0712, K7, K
— (_1)k pAK1+Ko K10 +0 04010+ + 15+ [ 12 ;2 1 S] (n‘B)\‘BntXAO(H g(iq Ky k, oq 09 k) Hn§/\5n7)\’y)

% lﬁ l,x K12 Ko Kq k S S 012 oy 01 k . (43)
lry Kl K2 15 Kl l/g s Ks o s Ks s
2. Distributions yda B, yéBa, 6yaB, and dvBa (cases 23, 24, 25, and 26 from Table 4):

A (KI Ks) (k k)
GT)y=Y Y o (nl-/\l-, njAj, mAz, miAs, E) Hd(la s) x alls S)} (k12 Ulz)x s s)] o als9) _ (44)
k12012 K; K p—p

When G(T) = G(véap):

O (midiy midj, mAL WA, E ) = © (nada, nphp, Ay, noks, E)

- K12, 012, Kj, K
_ (_1)k p+K1+K2+K12+(71+172+1712+la+l‘5+1 [ 12/ ;2/ 1 S] (n’yAynéAéH g(Kl ko k, 01 03 k) ’ nuc/\an‘BA‘B)

% lﬁ l,x K12 K1 Ko k S S (%] [% %) k ) (45)
l’y Kl K1 15 Kl 113 s Ks o s Ks s

© (midiy midj, mAL WA, B ) = © (nada, nphp, gy, noks, E)

2

% la ZIS K12 K1 Ko k S S 012 (% %) k ) (46)
lry Kl K1 15 Kl la s K (%] s Ks s

G(T) = G(6yap):

K;, K
— (_1)k*p+K1+K2+01+172+1 [K]Z/ 012, K, S] (”7)\7”5/\5“ g(Kl K2 k, 01 0 k) Hnﬁ/\‘Bnlx)\tX>

o' (nl-)\l-, njA;, mAL A w) = O (aa, npAg, HyAy, sAs, E)

(A Taag K Lo

K12,0712, K;, K.
(K12 ;2 1, K] ﬂa/\anﬁ)\,g)

% la llg, K12 Ko Kq k S S (%1 oy 01 k ) (47)
lzy Kl K2 l(g Kl l‘x s K (%) s Ks s
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and when G(T) = G(6ypa):

e (nl-/\l-, n]/\],nl)t;,n A;,:) = O (naAa, ngAg, nyAy, 515, E)

_ ,012,K;, K
— (_1>k ptxiat+onnt+lat+lg+1 [Klz U;Z 1 S] (”5/\5”7)\7" g(Kl ko k, oy 03 k) H”ﬁ)\ﬁ”ﬂcAN)

% llg la K12 Ko K1 k S S 012 oy 01 k ' (48)
l«r Kl Ko 15 Kl Z,B s K (%) s Ks s
3. Distribution ayJ (cases 27 from Table 4):
G(T) = Z o’ ("i/\i, n]/\],nl)\:,n )\;, :) H[u(lm s) x (s S)} (x1 ‘71)x ally S)} w gl S)] . (49)
K;Ks
When G(T) = G(aypB9):

o (”i)\ir njA;, niAl ) /\;, :) = O(naAa, npAg, nyAy, n5As,8)

_ 11 [|K;, K
— (_1)]( p+K1+(71+l7+lb+17 [ 1 ] ( a/\vcn’)/)\’)/Hg(Kl K k, 01 0> k) “nﬁAﬁn§/\5)

2\ [xy,01]
K1 K2k o o0 k
. 50
X{l(gKlly}{s Kss} 0)
4. Distributions ayéf and yaB6 (cases 28 and 30 from Table 4):
(KI Ks) (k k)
=) 2o (”i/\i, njAj, mAz, miAL, :) H[a("’f s) x alls 5)} (2 Ulz)x allr S)] x il S)] (51)

k12012 K;Ks p—p

When G(T) = G(aydp):

[ 24

© (miki, iAj, N, WAL B ) = O (Hada, mpAp, o, 150, E)

ke pry + -+l +1+1 V (K12, 012, K, Ks] k, k
— (71) p+xr1+07 5 > S (nlx)\ocn’}’)\')/Hg(Kl Ky kK, 01 02 )Hn5A5nﬁ/\ﬁ)

o la lp K12 K k1 k S s op2 oo o0k . (52)
l’y Kl Ko 1(5 Kl la S Ks (%) S Ks S
When G(T) = G(yapd):

o' (ni)\i, njA; mAL A ”) = O (noda, ngAg, oAy, ngAs, E)

itvir Ihjo =

_ X ,012, K, K
— (_1)k ptr1+or+Hatls+1 [K12 (7;2 1, Ks] (”v/\vna/\aHg(Kl 2 k, 07 0 k) H”ﬁ/\ﬁ”é)‘&)

% Iy lﬁ K12 K1 Ko k s S 012 (% %) k . (53)
lry Kl K1 15 Kl Iy s Kg (5] s Kg s

5. Distribution yadB (d) (case 29 from Table 4):
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(k k)
@(T)—Z@’(ni/\i,nj/\]',ng)tg,n})\},E)H[a(’“s)xﬁ(lﬁs)}(ﬂﬂxa(lvs)} xﬁ(lffs)] .
KK

When G(T) = G(yadp):

o' (ni)\i, nidj, nAL i), :) = O (1aka, npAg, HyAy, 5As, E)

— (_1)k*p+x1+m+lv+l(s+11 [Ki, Ks] ( Ay HgA

(11 k2 k, 01 02 k)
2 [Kz, 0'2} «|| & “néAénﬁA’B)

% Ky K1 k 0p 07 k
l,; Kl 17 s Ks s '

6. Distribution Bday (case 31 from Table 4):

R . (K; Ks) (k k)
G(T)=Y @ (1’11‘/\1‘/ niAj, WAL AL, :) H[ﬁ(l“ $) % allp S)}( R ﬂ x alle S>]

i7vir 1Y
KiKs p=p

When G(T) = G(Bday):

e (ni/\i, njAj, miAj, n;- ;», E) = O(naAa, ngAg, nyAy, nsAs, E)

:(_1)kfp+t<z+az+la+lﬁ+1} [Ki, K]

w1 k3 k, 0p 07 k) ‘
2\ [x1,01]

(n/g)\/gng)\{;H g( na)\an'y)\'y)

WA K2 k o o0 k
15 Kl lry S Ks s '

7. Distribution By« (case 32 from Table 4):

(k k)

(KI Ks)
G(T) = Z o (ni/\i, le/\j, n;/\;, n;-)t;-, E) [ |:[ﬁ(lue s) X g(lﬁ S)} (*2 Uz)x g(lv 5):| X a(lé 5)]
K/Ks

When G(T) = G(6Bya):

© (mids, miAj, miA], WA, B) = O (nada, npAp, iy Ay, HsAs, E)

iAi A, =

ket LKy K] (k1 2 k, 01 03 K)
(=1) 2\ [x2, 02] (né/\‘snﬁAﬁHg Hn'y/\Wn“/\“)

2. k o o1 k

8. Distributions 6 fay and Bdya (cases 33 and 34 from Table 4):

. (K K:) (kb
6= ¥ X0 (nhims n;A;,a)H[aamxaws)}("“"”’x ) xaw]

e 24
K12012 K;Ks p—p

(54)

(55)

(56)

(57)

(58)

(59)

(60)
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When G(T) = G(5Ba):

O (midiy midj, mAL WAY,E) = © (naha, npAg, ny Ay, nshs, E)

— (_1)k*P+K2+UZ+lﬁ+I’Y+1 [K12/U;2/ Kl/ KS] (n(s)\énﬁ/\ﬁH g(

% la 115 K12 Ko Kq k S S 012 oy 01 k . (61)
lzy Kl K2 15 Kl la s K (%) s Ks s

When G(T) = G(Boy«):

K1 ko k, 07 09 k) ‘

n,X)Lany)ty)

o' (ni)\l-, nidj, mAL i), :) = O (aka, npAg, HyAy, 5As, E)

K;, K
— (_1)k*P+K2+Uz+l}g+[fy+1 [K12/ 0;2/ 1r S] (11/3/\/3115)\5“ g(Kl % k, 01 0 k) Hn'yAr)/naAlx)

% lzx lﬁ K12 K1 Ko k S S 012 [% %) k . (62)
lzy Kl K1 15 Kl l,x S Ks (%] S Ks S
9. Distribution a7y (case 35 from Table 4):

(K Ks) (k k)
] (63)

G(T) = ¥ © (s mihy, ni, ni ), ) H[aw el )] ™ M|
K;Ks

When G(T) = G(adp):

o (Tli/\i, njA;, niAl, n})t}, E) = O(naAa, npAg, nyAy, n5A5,8)

= (—1)"—P+K1+01—Kz—rfz+11 K, Ks] (Tla/\od’l&/\JH glarka ok Hnﬂ/\ﬂnﬂw)

21\ [y, 01]
LS k oo o k . (64)
15 Kl 17 S Ks S
10. Distribution dayp (case 36 from Table 4):

G(T) = ¥ © (s mihy, niAl nl ), ) H[aw 9 s ale )] ™ aw} x alle?) (65)

7
K;K;
When G(T) = G(dap):

o' (nl-/\i, nidj, AL Wi, :) = O (ada, npAg, gy, 15As, E)

_ (_1)k*p+11 [Ki, K]

(
2 [Kz, 0'2] 8

(715/\,571“ /\a

K1 Ko k, (% %) k) H

717)\771[;)\’3)

% Ky Kq k oy 01 k ‘ (66)
15 Kl lry s Ks s

11. Distributions adyp and da By (cases 37 and 38 from Table 4):
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(k k)
GT) = ¥ YO (m iy, il w)H[aamxaws)}(“””)x aw] xaw] | (67)

7
k12012 K; K
When G(T) = G(advB):

o (ni/\i, niAj, AL, WAL, :) = O (naha, npAp, My Ay, 55, E)

_ K12,012, K, K
_ (1)k Rkttt (k12 ;2 1, K] (na/\an(s)\(ng(Kl K2 k, 0y o2 k) H”V\v”ﬁ/\ﬁ)

% lﬂ Iy K12 K1 K k s S 012 (%) k ‘ (68)
l»y Kl K1 1(5 Kl lﬁ S Ks (%1 S KS S

~

When G(T) = G(dapy):

o (ni/\i, niAj, AL WAL, :) = O (e, nphp, oAy, 1s) 5, E)

K;, K
— (_])k—P+K2+K12+02+012+lﬁ+17+1 [K12/ 0;2/ % 5] (né/\éna/\aH g("l Ky k, 0 03 k) H”ﬁ/\ﬁ"v)‘v)

% lﬂ Iy K12 Ky Kq k s S 012 oy 01 k ‘ (69)
lfy Kl K2 15 Kl Zﬁ s Ks o s Ks s

12. Distribution Byaé (case 39 from Table 4):

R (K K) (k k)
G(T) = Y © (midi,njj, Al miAL ) H[aw 9 scall )] Mgty aam] (70)
KiKs p—p
When G(T) = G(Byad):
o (ni/\i, niAj, AL WAL, :) = O (naha, php, oAy, 1sM s, E)
_ 1 /[K, K
_ (_1)k p+la+lﬁ+l'y+l(5+l i [[Ki Uls]] (”/S)‘/Sn’y)"YH g(Kl K2 k, 01 02 k) Hnﬂc/\uné)L(S)
% K1 K2 k (% %] k ' (71)
15 Kl 17 s Ksg s
13. Distribution yBda (case 40 from Table 4):
R (Kl Ks) (k k)
G(T) = ¥ © (i mihy, niA, nl ) ) H[aw 9 xcallp )] ™ e glt sq X a<las>] . @)
K[Kg p—p

When G(T) = G(von):
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o' (n A ik, AL, n]A;,:) = O (naAu, ngAg, oAy, nghs, E)

_ 1 /K, K
— (_1>k p+la+lﬁ+l7+l(5+1€1+K2+l71+172+17 [ 1 S} ( /\'y?lﬁ)\ﬁH g(Kl Ko k, [ N%) k) “néAﬁnaAa)

2 [KQ, 0'2]
% Ky Kq k oy 01 k . (73)
15 Kl ny s Ks s

14. Distributions Bydx and yfuad (cases 41 and 42 from Table 4):

(Kl Ks) (k k)
5 S)] (74)

=) Yo (n Ai, A, AL 1 A],u> H[g(la 5) x (s S)} (k12 Uu)x ol s):| o (s

k12012 KjKs p—p

When G(T) = G(Bydu):

o' (n Aimidj, WAL ! /\;,:) = O (nada, nphg, nyAy, ngAs, E)

i’tir

_ (_1)k—P+K1+K12+0'1+0'12+la+lé+1 [K12 0';2 1 S] (71,3/\[%”7/\7 H g(K1 Ky k, o 03 k) Hn(SA(SnaAlX)

% l‘B l,x K12 Ky K1 k S S 012 oy 07 k ' (75)
ny Kl K2 l,; Kl Z,B s Ks o s Ks s
When G(T) = G(yBud):
o' (n Ai,midj, niAL ] ],a) = O (nada, nphg, nyAy, ngAs, E)

7 IK IK
= (_1)k_P+K1+K12+171+t712+la+l§+1 (K12 U;z 1, Ks] (”Mv”ﬁ)\ﬁug

% lﬁ l,x K12 K1 Kp k S S (%1 [% %) k . (76)
l,y Kl K1 15 Kl 1’3 s Ks o s Ks s

6. Evaluation of Methodology Efficiency

(k1 k2 k, 07 02 k) ’

Tla/\lxn(g/\g)

The methodology presented in this paper is implemented in the ATSP2K [25] package,
i.e., in the programs BP_ANG, BP_ANG_MPI, BPCI, BPCI_D, and BPCI_MPI. To evaluate the
efficiency of the modifications presented in the current paper, we ran two tests on the com-
plex case, in which the configuration has four open shells, including d and f shells. The aim
was to assess the advantages of the current methodology over the methodology from P2,
demonstrating to what extent the program runs faster with the modifications included.

In the first case, the excited Cm I configuration 5f”6d7s7p was considered. A CSF list,
required for the RCI method, was generated by performing single excitations from the
valence electrons 5f, 6d, 7p, and 7s to either the valence shells or the excited shells 5¢ and
6f. Only CSFs with term 3P were generated. In this case, 7,361 CSFs were obtained.

In the second case, the excited Cm I configuration 5f°64%7p7s was considered. A CSF
list, required for the RCI method, was generated by performing single excitations from the
valence electrons 5f, 6d, 7p, and 7s to either the valence shells or the excited shells 5¢ and
6f. Only CSFs with term 3P were generated. In this case, 39,724 CSFs were obtained.

The program BP_ANG was used to determine the time characteristics. It calculated
all required integrals and spin-angular coefficients and wrote them to the corresponding
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files. The total program execution time was measured (including the calculation time for
all the above-mentioned functions) only for the calculation of spin-angular coefficients
for the spin—other-orbit and spin—spin operators when the operators acted only on four
different shells. It is precisely for this case that the methodology from P2 has been modified
to develop the methodology presented in the current paper.

A comparison of computation times is presented in Table 5. In the first test case,
the program BP_ANG from ATSP2K [25], based on the methodology from P2 and its
modifications introduced in the current paper, ran for 41 s and was 26.8 times faster than
the program BP_ANG from ATSP2K_P2 without the modifications. In the second case,
the program BP_ANG from ATSP2K ran for 11 min and 23 s and was 36.8 times faster than
the program BP_ANG from ATSP2K_P2. These test cases are rather hypothetical, but in
the case of spin-angular integration, they are particularly complex and demonstrate the
advantages of the modifications. It is evident that in the second test case, which is more
complex than the first, the speed-up has increased. From these tests, it is clear that in
real physical computations, when examining complex multivalence atoms and aiming for
high accuracy of their characteristics, the modifications proposed in the current paper are
important and, in some cases, critical.

Table 5. A speed-up of ATSP2K [25] as compared with unpublished ATSP2K_P2.

Test List Running Time Running Time Speed-Up
Case of CSF of ATSP2K [25] of ATSP2K_2P
(in mm:ss) (in mm:ss)
7361 00:41 18:21 26.8
2 39,724 11:23 405:34 35.6

In addition, it is important to note that earlier versions of the ATSP package [4,5,10,39]
did not allow the calculations we have examined here. The ATSP2K_P2 and ATSP2K
package programs, compared to earlier ATSP versions [4,5,10,39], not only significantly
speed up calculations but also expand their capabilities, allowing the inclusion of orbit—
orbit interactions and the calculation of configurations with any number of electrons in
the f shell. Due to the improved performance of the ATSP2K package, a whole series of
high-precision theoretical results have been obtained (see, for example, [40—-42]).

7. Conclusions

The methodology developed in this paper as compared to P2 allows for a simpler anal-
ysis of the most complex two-particle operators, such as the spin—other—orbit and spin—spin,
and thus the programs written on its basis are faster. This was achieved by replacing the
tensorial structure of the two-particle operator acting on four different shells, defined in P2,
with a tensorial structure in which the second quantization operators are coupled sequen-
tially. This led to a difference between the recoupling matrix R (/\l-, Ajs /\f, )\;,, Abra pket F)

and the analytical expressions of amplitudes @’ (nl-/\l-, njAj, nyp A, AL E) In the expres-
sions of the recoupling matrix in the current paper, from two to four intermediate sums
(depending on the specific case) were eliminated. This simplified the expression it-
self and sped up calculations. Although the expressions of amplitudes were different,
they were equivalent in terms of complexity. Meanwhile, the calculation of quantities
T(ni)\i, niA;, niAl, n;/\;, Abra pket = F) and A remained unchanged. This change in no way
diminished the advantages of the existing methodology from P2; rather, it made it even

more effective.
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The revised methodology is also applicable to jj-coupling, as it was in P2. Using it
for jj-coupling, the s space has to be substituted by the j space and the I space has to be
removed in the expressions.

Funding: This research received no external funding.

Data Availability Statement: The data that support the findings of this study are available from the
corresponding author, [G.G.], upon reasonable request.

Acknowledgments: I would like to thank the late Charlotte Froese Fischer, the late Ian Grant, and the
late Zenonas Rokus Rudzikas for their advice, support and inspiration in doing this work.

Conflicts of Interest: The author declares no conflicts of interest.

Abbreviations
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