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Abstract

Forj=1,...,r let &, be a system of generalized prime numbers, N, the corresponding
system of generalized integers, and { 2; (s), s = o + it, the Beurling zeta-function. In the pa-
per, we consider simultaneous approximation of a collection of analytic functions by shifts
(o, (51 +1T),..., L, (sy +iT)). For this, we require that the summatory functions satisfy
the bounds ///y}. (x) — ajx <<(@]. x% with aj > Oand 0 < Gj <1,j=1,...,r. Moreover,
we suppose that the mean square of P2, (s) is bounded for o € ((7(@]., 1) with some T,
depending on &; and 0;. Then the main result of the paper asserts that there exists a closed
non-empty set .%o, of analytic functions such that its functions (fi(s1),..., fr(s))
are approximated simultaneously by the above shifts of Beurling zeta-functions. It is
proved that the set of approximating shifts has a positive lower density (or density with
at most countably many exceptions of approximation accuracy). This shows a good joint
approximation of Beurling zeta-functions.

Keywords: approximation of analytic functions; Beurling zeta-function; generalized
integers; generalized primes; weak convergence of probability measures

MSC: 11M41

1. Introduction

Approximation of analytic functions is an old, important problem of function the-
ory and has deep theoretical and practical applications. Many efforts were devoted to
approximation by rational functions and polynomials; for results and references, see [1].
A significant result in the field has been obtained by S.N. Mergelyan [2,3]. He obtained
a final result on the approximation of analytic functions by polynomials. The Mergelyan
theorem says that every function continuous on a compact set K C C with connected
complement and analytic in the interior of K can be approximated with desired accuracy
by a polynomial. Examples show that the hypotheses on the set K cannot be reduced.

In 1975, new analytic objects for the approximation of analytic functions were found.
It turned out that good approximation properties belong to so-called zeta-functions widely
cultivated in analytic number theory. Roughly speaking, zeta-functions are functions of
complex variables s = ¢ + it, in some half-plane o > oy defined by a Dirichlet series
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with coefficients a,, € Chaving a certain arithmetical sense. Here {A,,} C Risan increasing
sequence to +co. The name “zeta-functions” comes back to the Riemann zeta-function {(s),
which, for ¢ > 1, is given by the series

{(s) = i_ms/

and has the meromorphic continuation to the whole complex plane. Namely, the function
{(s) was the first example of a zeta-function for which the universality in terms of approxi-
mation of analytic functions has been described. More precisely, S.M. Voronin fifty years
ago proved [4], see also [5-8], that, for any non-vanishing analytic function f(s) in the disc
|s| <r,re(0,1/4), and continuous in |s| < r, and every & > 0, there exists a real number
T = T(e) such that

max
[s|<r

<&

g(s—ki—kir) —f(s)

Voronin called the latter property of {(s) universality, because the shifts {(s + iT) approxi-
mate an entire class of analytic functions.

Now, the Voronin universality theorem has a more general form. Let 7 = {s € C :
o € (1/2,1)}. Denote by ¢ the class of compact sets of & with connected complements,
and by H%(K), with K € J#/, the class of continuous functions on K that are analytic inside
of K. Moreover, let measA stand for the Lebesgue measure of a measurable set A € R, and

() = pmeas{Te 0,1]:...},

where in place of dots, a condition satisfied by T is to be written. Then the following
statement is known.

Proposition 1. Suppose that K € # and f(s) € H(K). Then, for every e > 0,

11rn1nf%T (sup|§(s—|—zr) fls)| < e) > 0.
seK

Moreover, the limit

hm Ur (sup|§(s+zr) fls)| < s)

—® seK

exists and is positive for all ¢ > 0, possibly except for at most countably many values of €.

The first part of the proposition can be found in [9-11], while the second has been
obtained in [12,13].

There exists a Linnik-Ibragimov conjecture that all functions defined in some half-
plane by a Dirichlet series that admit analytic continuation to the left of this half-plane and
satisfy certain growth hypotheses are universal in the above sense; see [10]. On the other
hand, there are Dirichlet series that obviously are not universal. For example, if

o 2l forl € Ng = NU{0},
T ) o0 otherwise,

then

o0 001
m
N

m=1
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is not a universal function [10]. Therefore, it is important to find new universal functions in
order to use them in resulting applications.

In [14], the universality of Beurling zeta-functions has begun to be studied. These
zeta-functions were introduced in [15]; we recall their definition. Arbitrary infinity system

2 =A{pn},

is called generalized prime numbers. The system & generates generalized integers
p(fl"'pf’, pi€ P, a;€Ng, j=1,...,r,reN.

Denote their system by .#5. Notice that the numbers in the systems &7 and .4 are not
necessarily different.
For the investigation of the distribution of generalized primes

p(x)= Y 1, x>1,
p<
pe?

A. Beurling introduced the zeta-function { »(s), defined, for ¢ > 04, by the series

or by the product

For a precise definition of { »(s), the summatory function of generalized integers

Q%/p/'u(x): 2 1
m<x
meNg

can be applied. Recall thata <. b, a € C, b > 0, indicates that there exists a constant
¢ = c(e) > 0 such that |a| < cb.

There are several works that connect estimates for 774 (x) and .# 4 (x); see [16] for
references. Among the results for .# 5 (x), the bound

Mp(x)—ax <2, a>0,0<0<1, (1)

is popular. It is known [16] that, under (1), the Dirichlet series defining { 5 (s) is absolutely
convergent in the half-plane ¢ > 1, and

o= L m=TI(1- 1)

meNg pe?

Furthermore, the function { »(s) can be continued analytically to the half-plane o > 6,
except for a simple pole at the point s = 1 with Ress_1{ »(s) = a.

In [14], under (1), a theorem on the approximation of analytic functions by shifts
{»(s+iT1), T € R, has been obtained. Define

T
1
My(@,T) = 1 [le(e+iPdt, T>0,
0
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and denote by 7 the infimum of such ¢ such that M4 (0, T) <, 1. Set 05 = max(6,0),
and 25 = {s € C: 0 € (05,1)}. Denote by #(Z4) the space of analytic functions on
2 » endowed with the topology of uniform convergence on compact sets. The main result
of [14] is the following theorem.

Theorem 1. Suppose that the estimate (1) holds. Then there is a closed non-empty set F 5 C
H (D ) such that, for all compact sets K C D5, f(s) € Fpande > 0,

li%ninf%T <sup|59(s +it) — f(s)] < s) > 0.
— 00

seK

Moreover, the limit

lim % (supm@(s +i1) - f(5)] < )

seK

exists and is positive for all ¢ > 0, possibly except for at most countably many values of €.

In the universality theory of zeta-functions, the joint universality occupies a signifi-
cant place. In this case, a collection of analytic functions is simultaneously approximated
by a collection of shifts of zeta-functions. A characterizing example of joint universality
is that of Dirichlet L-functions. We recall that every arithmetic function yx is a Dirich-
let character modulo g € N if x is periodic with period g, completely multiplicative
(x(mymy) = x(mq)x(my) for all my, my € N), x(m) = 0 for (m,q) > 1 ((m, q) is the largest
common divisor of m and gq), and x(m) # 0 for (m,q) = 1. A Dirichlet L-function L(s, x)
with character x is defined by the series

o X(m)
ms '

L(s,x) = oc>1,

m=1

and has a meromorphic continuation to the whole complex plane.
The character y modulo g is called generated by a character () modulo 7 | g if

() = { x(m) iqtm,

0 otherwise.

The character y is primitive if it is not generated by a character modulo 7 | 4. The characters
x and X are called non-equivalent if they are not generated by the same primitive character.
The joint universality for Dirichlet L-functions is the following statement.

Proposition 2 (see [17,18]). Suppose that x1, ..., xr are pairwise non-equivalent Dirichlet char-
acters. Forj=1,...,r,let K; € X and f;(s) € HO(Kj). Then, for every € > 0,

liminf % | sup sup|L(s +it, x;) — fi(s)] <& | > 0.
T—oo 1<j<r sek;

Moreover, the limit
lim % | sup sup|L(s +it, x;) — fi(s)| <e
T 1<j<r sek;

exists and is positive for all ¢ > 0, possibly except for at most countably many values of e.
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The latter proposition shows that, in the case of joint universality, the approximating
functions must be in a certain sense independent.

We observe that Dirichlet L-functions are well-studied, comparatively simple, and
similar to each other. In the case of Beurling zeta-functions, we have another picture: every
function depends on its system of generalized primes and can have absolutely different
properties. Therefore, investigation of the simultaneous behavior of Beurling zeta-functions
is a deep and important problem of pure and applied mathematics.

The aim of this paper is a joint extension of Theorem 1. Thus, forj =1,...,r,¥ €N,
let & be a system of generalized primes, ./, the corresponding system of generalized
integers, and suppose that the estimate

//(@j(x) —ajx L, %, a;>0,0<0; <1, (2)

holds. We will consider the approximation of a collection of analytic functions by shifts
(G (s +1iT),..., L, (s +1iT)), where g@j(s) is given by

1 1\ .
Cy],(s): ) S:H(lpg) ,o>1,j=1,...,r,

mEJng m pe@]

and by analytic continuation for §; < ¢ < 1. Denote by 0; the infimum of ¢ satisfying
Mg, (0,T) <, 1. Let T, = max(6;,0;) and Dop; = {se C:0 € (0x,1)}, and introduce
the space 7 (2 @j) of analytic functions on 2 ;- Moreover, let

H(Dpys- 1 Dp,) = H (Do) X - X H(Dp,).
Now, we state the main result of the paper.

Theorem 2. Suppose that the estimates (2) are valid. Then there exists a closed non-empty
set g, 0, C H(Dp,, ..., Pp,) such that, for compact sets Ky C D,,..., Ky C D,
(fi(s1),---, fr(5r)) € Fp,, o, and every e > 0,

li%ninf%T< sup sup‘g%(s—i—ir) —f](s)‘ < €> > 0.

e 1<j<r sek;

Moreover, the limit

lim %T<sup suplgyj(s—f—ir) —f](s)‘ < s)

T—e0 1<j<r sek;
exists and is positive for all € > 0, possibly except for at most countably many values of e.

Mean square estimates for Beurling zeta-functions occupy an important place in the
statements of Theorems 1 and 2. Mean squares of { » (s) have been considered in [19,20].
Write the system of generalized integers .4 as a strictly increasing unbounded sequence
{n; : j € N} with multiplicity /; of n;. Then

=

Co(s) =

\:m"\

-
Il
—
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and (1) can be written in the form

Y hj—ax <20 3)

n]véx

In [20], it was obtained under estimate (3), that, for o > (1+6)/2,

T

.1

hmf/ U+lt| dt = Z 20
0

T—o00

The latter series is convergent for o > (1 + 6)/2 [20], thus,

1 .
7 [lepe+inPdt <o
0

in that half-plane. In [19], the same result has been obtained under an additional require-
ment that with every § > 0
Nigp —nj>> exp{—nf}.

For the proof of Theorem 2, we will apply a limit theorem on weakly convergent prob-
ability measures in the space " (Z,,...,75,). We recall that the principles of weak
convergence theory have been given by A.N. Kolmogorov [21], P. Erdés and M. Kac [22],
J.L. Doob [23], and M. Donsker [24] and were developed by Yu.V. Prokhorov [25], A.V. Sko-
rokhod [26], and V.S. Varadarajan [27]. The modern theory of weak convergence of proba-
bility measures is fixed in the monograph [28].

We will introduce a certain 57" (2 P Dp, )-valued random element and will show
that a probability measure defined by means of ({4, (s +iT),...,{%,(s +iT)) converges
weakly to the distribution of that random element. For this, classical elements of weak
convergence of probability measures will be applied.

2. Case of r-Dimensional Torus
Denote by #(2") the Borel o-field of the space 2". For brevity, let

Ly (1m5) = (Lo (s1), - D (50)).

We will derive Theorem 2 from the weak convergence of the probability measure

Pr.(A) = (5] , (s14it,...,8+1iT) € A), B(A (Do, 1 D2,)),

as T — oco. We recall that Py ¢ converges weakly to a certain probability measure Pg
(P1. c T:> Pg) if, for every real continuous bounded function / on 7" (2 P D, ), N
2 [—o0 2

: 14 _ ' 14
Jim / ndPj, = | / ndpL. )
A DD ,) A Doy esD )

Also, there are several equivalents of weak convergence in terms of some classes of
sets [28]. It is difficult to prove equality (4) directly. Therefore, we will divide the proof into
parts and use some transforms and other classical methods of weak convergence theory.

https://doi.org/10.3390 /math14050844
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In this section, we start with the weak convergence of probability measures on a
certain group. Let A be the unit circle on the complex plane, i.e., A = {s € C: |s| = 1}. For
j=1,...,r, by the Cartesian product, define the set

T =[] A

pe%’]

(T; consists of all functions t; = (ti(p) : [tj(p)| = 1,p € &})). With the operation of
pointwise multiplication and product topology, the torus T; is a compact topological
group. Put

T=Ty x---xT,.

Then again, by the Tikhonov theorem [29], T is a compact topological group. From this, it
follows that, on (T, #(T)), the probability Haar measure py can be defined, and we have
the probability space (T, Z(T), ug).

For A € #(T), define

PL(A) = %(((p—ff pe 3@1),..., (p_iT pe 32,)) c A).
Lemma 1. On (T, %(T)), there exists a probability measure P} such that PT = pr.
/ —00

Proof. Since the group T is compact, for the investigation of weak convergence of P%r’ »
it is convenient [30] to apply the Fourier transform method. For the definition of the
Fourier transform in T, the characters of T are involved. For j = 1,...,r, denote by
t = (tj(p) : p € &) elements of Tj, and by t = (t;,...,t,) elements of T. Then the

characters of T are of the form .

ITTT 4",

j=1 peﬁzj

where k;j, € Z and only a finite number of them are not zero. Hence, the Fourier transform
Fr,(ky,. ..,kr),kj = (kjp kip €Z,p € ,@j),j =1,...,r,is given by

r X T r .
Frylky, o k) = | (H [1 ff”’(iﬂ)) aPf, = = / (H IT p‘”"fn) dr,
T 0

j=1 pEt@] j=1 pE‘@/

where the star * indicates that only a finite number of kjp are not zeros. Thus, we have

j:1 pE'@j

T
1 7 e *
Fr (ki ... k) = T/exp{—zrz Y ki logp} dr. 5)
0

Divide the set of all k;, into two parts

j:1 pe{%?’]-

ICld:ef{(kl,...,kr) 1Y Y T kjplogp = 0}

and

.
lCzdzef{(kl,...,k,) Y Z’f kiplogp # 0}.

j=1pe?;

https://doi.org/10.3390 /math14050844
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Then equality (5) implies

1 if (klf"‘/kr) € ICl/
FT,V (kl/ e /kr) - liexp{fiT Z]y':] Z*PE '@j k]p log p}
Texp{—i L ¥ pe o, Kjplog p}

Thus,

. _ 1 if(k]/"'lkr) 6]C1,
i, Frs (- k) = { 0 if (k. k) € Ko

Since T is a compact group, by Theorem 1.4.2 of [30], it is a Lévy group. Hence, the conver-
gence of Fourier transforms implies weak convergence of the corresponding probability
measures. Therefore, P;I, . converges weakly to the probability measure PF on (T, #(T))
defined by the Fourier transform

1 if(Kl,...,k)GIC],
Fr(ky,... k)= r
Tk, k) {Oﬁ@MWMNKz

O

Forj=1,...,r denote0; = (kj, = 0,p € ). Then

(6)

1 if (ky,... k) = (0y,...,0
Fuy(ky, ... k) = ’
k- ) {o if (ky,..., k) # (0y,...,0,),

is the Fourier transform of the Haar measure yy on (T, #(T)).
Define the set

L(P,...,P)={(logp:pe P),j=1,...,r}.

Actually, £ (2, ..., P ) is a multiset; its elements are not necessarily different. Lemma 1
and the Fourier transform (6) give the following corollary.

Corollary 1. Suppose that the set £ (21, ..., ;) is linearly independent over the field of rational
numbers. Then P}, — HH-
! —00

We notice that the probability space (T, #(Z), uy) and Corollary 1 can be applied
to construct on (T, Z(T), uy) a certain " (2 p,, ..., Z,)-valued random element and to
consider weak convergence for Py, to the distribution of that element. We are planning
to realize this idea for the identification of the set # 5, 5, of approximating functions in
forthcoming papers.

3. Absolute Convergence

We notice that the application of the probabilistic limit theorem for the characterization
of behavior of zeta-functions comes back to H. Bohr and B. Jessen [31,32] and was contin-
ued by B. Jessen and A. Wintner [33], V. Borchsenius and B. Jessen [34], A. Selberg [35],
and D. Joyner [36]; for results, see the survey paper [37] and [9-11].

In this section, we introduce absolutely convergent Dirichlet series connected to the
zeta-functions Lo, (s),j=1,...,r. We fixanumber « > 1 — min; ¢, U, and define

bn,]-(m) = exp{—(%)lx}, neNme2;, j=1,..,r

https://doi.org/10.3390 /math14050844
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Suppose that the estimates (2) are satisfied. Then the series

bn,'(m) .
gn;(@j(s): Z J , j=1...,1,

s
meN; m

are absolutely convergent in any half-plane o > oy with arbitrary oy. Let

gn;gzl,m,gzr (51/ s IST) - (gn;L@l (Sl)/ R gn;g”r (ST)) :

In this section, we will consider weak convergence of probability measure

Pry (A) = U (0 g 5 (14T, s +iT) EA), AEBA (D, D7)

ey

For this, we will apply Lemma 1 and the continuous mapping theorem. For convenience
of the reader, we briefly recall a situation. Let (27, 4(Z21)) and (23, #(22)) be two
measurable spaces, and ¢ : 27 — 2, a (#(21), B(2,))-measurable mapping, i.e.,
Y1 B(23) C B(271). Then every probability measure Q on (27, #(21)) defines the
unique probability measure Q! on (25, Z(25>)) by the equality

QY (A) =Q(p~'A), AcB(22).
Moreover, the following convenient statement holds.

Lemma 2. Suppose that Q,, n € N, and Q are probability measures on (21, B(21)) such that
Qn = Q, and  is a continuous mapping. Then Quip~" = Qy~L.
n—oo n—oo

The lemma is discussed at the beginning of Section 2.3 of [28]. Also, it is a particular
case of a more general Theorem 2.7 from [28].

Extend the functions t;(p), p € &}, to the set ./, P, of generalized integers by using
the formula

t(m) = 6" (p1y) £ (pyy) 7)

ifm = pi‘}j---p?}” € JI{@],,j: 1,...r.
Now, we are ready to state a limit lemma for the measure PT,@ .

Lemma 3. Suppose that the systems &; satisfy axioms (2), j = 1,...,r. Then, on
(A" (Dpys-- s Dp,), B(AH (D, -, Dp,))), there exists a probability measureP; such that
PT,@ — Pg

n T—o0 n

Proof. Introduce the mapping ¢, : T — " (Z,,..., Z,) defined by

wn,r(t)—( yo Almbua(m) -y t(m)b(m)>

ms1 msr
meNgp, meNg,

Hence, we have

zpn,r((p”:pe%),m,@ifzpeﬁy’r>)—( D hn:llim) D :1(+mr))

MeN g, meN g,

= (gn;ﬂl (51 + iT)/- .. /gn;@,(sr + i'l')) 8)

https:/ /doi.org/10.3390/math14050844
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because, in view of (7), in this case

o —iD(le 7i0{1]'T o .
t]-(m)fplj epy D o=Em, =10

Since |tj(m)| = 1, the series
5 b

5
m°I
me,/Vgaj

are absolutely convergent for o > oy with every ¢p, and the mapping ¥, is continu-
ous. Moreover, the definitions of the measures Pr; and P%T, » and (8) imply that, for all
A BA (Do, P2,)),

Pre () =2 (((pipe )., (T pe ) epta) =P, (valA).

Therefore, the equality Pr g, = ;I ¥+ holds. This and continuity of ¢y, , allow an applica-
tion of Lemmas 1 and 2, and we obtain that Pr g, :> Pz with Pr = P;I rlpn ;. O

=m

For the proof the weak convergence of the measure Py, o we will need good conver-
gence properties for Pg as n — oco. More precisely, it suffices to show that the measure P

is tight. Recall that the family of probability measures {Q} on (2, #(2")) is tight if, for
every € > 0, there is a compact set K = K, such that

QK)>1-—c¢
for all Q.

Lemma 4. Suppose that the systems &; satisfy axioms (2). Then the measure P’ is tight, i.e., for
every € > 0, there exists a compact set K = Ke C " (Dp,, ..., Dp,) such that

P (K)>1-¢
foralln € N.

Proof. Forj=1,...,r, denote by Pg J the marginal measure of P} ,i.e.,

Pén’j(A) = Pén (%(@yl),...,«%ﬂ(.@yjil),/\,%(.@gj“),...,%(.@yr)), A€ %(.@y])

j—1

Then it is known by Lemma 6 of [14] that P7 jis tight. Hence, for every &€ > 0, there is a
compact subset Kj = Kj(¢) C # (7)) satlsfymg

€ .

for all n € N. Denote by K the Cartesian product Kj X - - - x K,. Then K is a compact subset
in the space " (Z,,. .., 9 ,). Moreover, in virtue of (9),

https:/ /doi.org/10.3390/math14050844
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for all n € N. Thus, Pg >1—eforalln € N. The lemma is proved. O

To pass from the measure Pg to Pr o we need the estimate in the mean between

o(s1,---,8r)and g (s1,.-.,5r). This will be realized in the next section.

4. Some Estimates

First, we recall the metric in #7(Z5,, ..., 7 5,) inducing its topology. We start with
metrics in %(@g)j),j =1,...,r.Forj=1,...,r, there exists a sequence {Kk,j} - @yj of
compact embedded subsets satisfying

2 UK
A=

and K; C Ky ; with some k for every compact set K; € .@gzj [38]. For hy, hy € 27 (@y].), define

> SUPsek, ; |h1(s) — ha(s)]
di(hy,hp) = ¥ 27% J ,
012) = 02 e, T~ )

Then d; is a metric in (% 92/.) inducing its topology of uniform convergence on compacta.
Letly = (hp, ..., hy) € (D, ..., P5,),1 =1,2. Then setting

d(hy, hy) = 1r£1]a<xrd i(h1j, hoj)

is a metric in (25, ..., 9 5,) which induces the product topology.

For approximation { (s1,...,5) by gn (s1,-...,5r) in the mean, we will state some one-
dimensional results from [14]. Let the number « be the same as in the definition of the
coefficients b, j(m). Define

1
Kn(s) = fl"(i)ns, neN,
x \a
where, as usual, I'(s) is the Euler gamma function.

Lemma 5. Suppose that the systems &; satisfy axioms (2). Then, for s € D7, the representation

a-+ioco
L6 = 5 [ Tostam)ds =1,
a—ico

is valid.

Proof. By the definition of «, it follows that, forall j = 1,...,r, the inequality Re(s +z) > 1.
Therefore, repeating the arguments used in the proof of Lemma 3 of [14] with application
of the Mellin formula and the series

1
{os+a)= )} —0,

mEJng

we obtain the statement of the lemma. O

Now, we state the main result of the section.
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Proposition 3. Suppose that the systems &; satisfy axioms (2). Then

n—oo

lim hmsup / ( (s1+1iT,...,5+ iT),Cn.@_(Sl +it,...,8 + iT)) dt =0.
S,

Proof. The definitions of the metrics d and d; show that it suffices to obtain that, for every
compact set K; C .@gz],,

T
1
lim limsup — /
T se

n—oo T—co

2,(s +1T) =Ly (s +iT)|dT =0, j=1,...,7 (10)

To prove (10), we fix K; C 2@]. and apply Lemma 5. We fix ¢ = ¢(K;) such that the set
K; lies in the strip o € [(7(@]. +2¢,1—¢|. Takeaw =1 —¢eand ag = 0; + € — 0. Obviously,
a1 < 0. It is well known that the function I'(s) has a simple pole at the point s = 0, and
¢ 2, (s) has a simple pole at the point s = 1. Therefore, an application of Lemma 5 and the
residue theorem, for all s = o + it € Kj, yields

aq+ico
L9, (5) — L9 (5) = 5 / Cop, (5 + 2)n(2) dz + (1 - ).

From this, it follows that, for s € Kj,

gn;ﬂj (S + iT) - g«@](

Kn((TLop]. +e—s+iu)|du

+ laj|[xn (1 — s —iT)|.
Hence, we find

T

/ sup
SEK

Cn, (s+it) — g@j(s—l—iT)‘dT
oo T
<[z ]k
—co 0

/sup|1cn 1—s—it)|drt. (11)
s€K;

2, 0’@ —l—S—I—Zu—i—IT)‘dT sup Kn(o*@ +e—s+iu)|du

seK

The definition of the strip 5, shows that the function {5, (s), for o = U, + ¢ has a
bounded mean square; therefore,

T

[le

0

0

it) df L, T
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This implies the bound
T T 172
2
/ 7)) dr < o) dr
0
T+ [ul 12
2
< (0, )‘
Ju
e (T(T + [u)"? < (T +u'/?). (12)
The Stirling formula for I'(s) implies the estimate
(0 +it) < |t\'f-1/2exp{—§|t|}, It > to, (13)

which is uniform in any interval 07 < ¢ < 0. Therefore, by the definition of «,(s), for
s € Kj, we obtain

tn (0, +e—s+iu) < n 7 — t\g‘@ﬁs*a*l/z xp{§|u — t\} <x; n”“exp{—clul}

with ¢ > 0. This, together with estimate (12), shows that

©0 T
1
/ = 7,0, +e+m+zr)‘dr sup |k (0, +efs+zu)‘du
o T 0 seK;
[e¢]
<Lg n e /(1 + u'/?) exp{—c|u|} du <Lg; n - (14)

Again, in view of (13), for s € K;, we find

. _ o T -0 —
kn(1—s—it) < n' 7t 7|17 1/2exp{—§|t—0—T|} <Lg-_jn 72 exp{—a|T|}

with ¢; > 0. Therefore,

/sup|K,1 (1-s—it)|dr <k n' 77

/exp{ clt|ydr < T ' 770"
SGK T

The latter estimate, (14) and (11) give
T

7 /s
seK

0

O a) s+iT) — g[@j (s+ ZT)‘ drt <<K/- n &+ T71n1709f7€

Thus, taking T — co and then n — oo, we obtain equality (10), and, as it was noted above,
this proves the proposition. [

5. Limit Theorem

In this section, we will prove a limit theorem on weak convergence of probability
measure Pf. 7 as T — oo. This will be derived from Lemmas 3 and 4, Proposition 1, and a

Y »)
statement on convergence in distribution (—). Let {, and ¢ be 2 -valued random elements,

and let Q;, and Q denote their distributions, respectively. Then ¢, HLOO> ¢if Qy H:OO> Q.
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Lemma 6. Suppose that &y and 11, n,m € N, are jf’(.@%, .o, D p,)-valued random elements
defined on a certain probability space (Q0, B, i) and

D D
Gm S G and G 7 €.

If, for every e > 0,
lign limsup p(d(#n, Cum) =€) =0,

m n—00

D
then 1 —= ¢.

Proof. Since the space " (Z,,...,%5,) is separable, the lemma is a partial case of
Theorem 3.2 from [28]. O

The main result of this section is the following proposition.

Proposition 4. Suppose that the systems 2; satisfy axioms (2). On (A" (D, ..., D2,),
B(AH(Dp,,- -, Dp,))), there exists a probability measure Py such that Py - = pr.

2 2 —00 2
Proof. Denote by 7 the random variable defined on (Q, B, ), which is uniformly dis-
tributed in the interval [0,T]. Now, introduce the #'(Z,,...,25,)-valued
random element

gg",n = gn;ﬁp...,ﬁr (Sl + i’yT’ S SrF i,YT) = (C”;yl (Sl + i'YT)’ s é'Vl;yr (s’ + i'YT))'

Moreover, let ' = ({2, (51),---Cn,(51)) be the 7 (D, ..., P,)-valued random
element with distribution Pg . By Lemma 4, the measure Pg is tight. The classical Prokhorov
theorem (Theorem 5.1 of [28]) asserts that if the measure is tight, then it is relatively compact.
This means that every sequence Pg contains a subsequence Pg weakly convergent to a

certain probability measure P, on (A" (2, ..., P2,), B(H"(D,,--.,P2,))) asv — co.
This can be written in the form
D pr (15)

=Ny p—o00

what is understood that § ~converges in distribution to a random element having the
distribution Pg. Now, we apply Lemma 3 and have

D

2Ty Tseo Mo (16)
Let
=00 o 1tivr,. s tivn) = (Lo (51 +iv7), -, L (5 + i)
Then, in view of Proposition 3, for every € > 0,
- rar ) s }
Jim limsup 1 {d(87.27,,,) > ¢
= lim 111;1 sup U (d (gﬂl,w%(sl +iT,...,5 + iT)’gnv;%,‘..% (s14it,..., 8+ iT)) > s)
—00

L 1 . . ) )
< lim limsup " /d(gfﬂl,-.-,% (s14it,..., 8+ 17),§W%F , (s1+1iT,...,8+ zr)) dr

o .
o= T—o0

=0.
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Now, this and relations (15) and (16) show that Lemma 6 can be applied for the random

elements ¢’ , ngn , e
ST 57, &

iy and the measure Pg . Thus, we obtain that

BN S (17)

and this shows that the measure P - converges weakly to Py as T — co. The proposition
is proved. O N -

Observe that the relation (17) implies that the measure Pg is independent of the
sequence gn . Thus, we have that B

D o
gﬂ n—»00 Pg

6. Proof of Approximation

In this section, we will prove Theorem 2. It is a simple consequence of Proposition 4.
Before that, we recall some equivalents of weak convergence of probability measures. Let
Py, n € N, and P be probability measures on (2, B(2")); 0A denotes the boundary of
A€ B(X). Theset A € #(Z) is called a continuity set of the measure P if P(dA) = 0.

Lemma 7. The following statements are equivalent:
10
P, — P;
n—oo

2° For every open set G C %,

liminf P,(G) > P(G);

n—oo

3° For every continuity set A of the measure P,

nlgrolc)Pn(A) = P(A).
The lemma is a part of Theorem 2.1 from [28], where its proof is given.
Suppose that the space 2" is separable. The support of the measure P is a minimal
closed set Sp C 2 such that P(Sp) = 1. If x € Sp, then, for every neighborhood G of x, the
inequality P(G) > 0is valid.

Proof of Theorem 2. By Proposition 4, we have P}, 7 T:> Pg. Denote by # 5, . 5, the
2 T—o0

support of the measure F;. By the definition of the support, we have Pg(ﬂ 2,..2) =1
hence, 75, 5 # 3. Moreover, 75, 5, isaclosed set. B
For (f1,...,fr) € Z,,.»,, define

Ge = {(gl,...,gr) € %7(2@1,...,@%) : sup sup‘gj(s) —f](s)| < e}.
1<j<r sek;

Then G; is an open neighbourhood of the element (f1, . .., f+) of the support of the measure

Pg. Therefore,

PL(Ge) >0 (18)

by a support property. Proposition 4 and 1° and 2° of Lemma 7 imply

lim inf P’ > P! .
l%rlg} T,Q(GS) (Ge)
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This, (18), and the definitions of G¢ and Py, yield the inequality
liminf %7 | sup sup|lx.(s +iT) — f](s)‘ <e| >0.
T—oo 1j<rsek;

The first statement of Theorem 2 is proved.
The set G¢ can be written in the form

Ge —{(gl,...,gr) e (Dp, -1 P9,):

sup|gi(s) = fi(s)] <& ...suplgr(s) — fr(s)] < 8}-

s€Kj sekK;

Therefore, see Chapter 1 from [28],
0G;, c{(gl,...,g,) e A" (Dpy, 1 P9,) :

sup|g1(s) — fi(s)| = ¢ (82,-..,8) € H" (D3, --,9@,)}

SEKl

U..-U{(gl,...,gr) E%r(@yl,...@@):

supgr(s) = fr(s)| =& (81,---,8r—1) € A (D, .. -,@,@H)}.

sekK;

This shows that the boundaries 0G, do not intersect with different . Hence, it follows that
p7 (0Gg) > 0 for at most countably many € > 0. This means that the G, is a continuity set of
the measure P7 for all but at most countably many values of ¢. Hence, Proposition 4 and 1°

and 3° of Lemma 7 give
lim P, (Ge) = P}(G
i T,g( ) 7 (Ge)

for all but at most countably many & > 0. This, (18), and the definitions PE and G, show that

lim %t | sup sup|{.(s+iT) —f](s)‘ <e
T—eo 1<j<rsek;!
exists and is positive for all but at most countably many values of ¢ > 0. The theorem

is proved. O

7. Conclusions

Beurling zeta-functions are interesting analytic objects introduced by A. Beurling
almost 90 years ago for the study of generalized prime numbers and generalized integers.
In recent years, Beurling zeta-functions have been used for the description of vibration
for fractal membranes and for the structure study of quasicrystals; thus, they even have
practical applications. This stimulates their studies.
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In the paper, we considered joint approximation of analytic functions by shifts of
Beurling zeta-functions. Let {5, (s), ..., »,(s) be a collection of Beurling zeta-functions
corresponding to the systems &, ..., & of generalized primes. Using the relations

Y, l-apx < xY,
m<x
mE(/ngo],

where Jng is a system of generalized integers corresponding to 9%, 4; > 0and 0 < 6; <1,
as well as

T
1 r )2
f/‘g%(a—wt)’ dt <, 1,
0

withoy, <o <1,j=1,...,r, we obtained that the shifts (Cop, (51 +1T),..., 0z, (sr +1T)),
T € R, approximate a certain set of analytic functions (f1(s1), ..., fr(s)). More precisely,
the set of these shifts is sufficiently rich; it has a positive lower density (or density with
at most countably many exceptions for accuracy of approximation). Unfortunately, the
mentioned set of analytic functions is not effectively defined, and this problem remains for
future studies of Beurling zeta-functions. Also, we are planning to investigate the approx-
imation of analytic functions by discrete shifts of Beurling zeta-functions when 7 runs a
certain discrete set. Moreover, the results of the paper confirm that the probabilistic method
based on a limit theorem in spaces of analytic functions works well for the approximation
of analytic functions by shifts of Beurling zeta-functions.
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