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Abstract

This article investigates the numerical solution of the two-dimensional Poisson equation
defined over a rectangular domain subject to a double integral nonlocal boundary con-
dition. We propose a finite difference scheme by discretizing the integral term using the
two-dimensional trapezoidal rule. The main difficulty of this problem is that, in the non-
classical case, we cannot use the method of separation of variables and decompose the
problem into one-dimensional problems. Our approach involves reducing the integral
boundary condition from the complete domain to the interior points and strategically
partitioning the computational domain into the boundary and interior points. We propose
a method that allows us to find a solution by solving the Poisson equation with classical
boundary conditions, and using the solutions found to construct a solution to a problem
with a nonlocal integral condition. This method requires solving a linear system whose
dimension is much smaller than the original. Under certain conditions on the kernel, the
proposed method is correct.

Keywords: Poisson equation; integral condition; finite difference method

MSC: 65N06; 65N22

1. Introduction
Problems with various types of Boundary Conditions (BC) for partial differential

equations (elliptic, parabolic, and hyperbolic) are one of the intensively studied branches
in the theory of differential equations and numerical methods.

Nonlocal Boundary Value Problems (BVP) arise naturally in the mathematical mod-
elling of many processes of physics, thermoelasticity, heat conduction, chemical diffusion,
population dynamics, inverse problems, and control theory. A short review on applica-
tions of problems on Nonlocal Boundary Conditions (NBC) can be found in many articles
(see [1,2]). The method of fundamental solutions and several applications of this method
are presented in [3].

In the article [4], a nonlinear elliptic equation with the integral condition

n

∑
i,j=1

∂

∂xi

(
aij

∂u

∂xj

)
= γ(u), x ∈ Ω ⊂ R

n,

u|∂Ω =
∫

Ω
k(x, y)u(y)dy + g. (1)
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is considered. Under the assumption

k(x, y) ≥ 0,
∫

Ω
k(x, y)dy ≤ 1,

the existence and dynamic behaviour of solutions to linear and semilinear equations are
proved. In the case k(x, y) = const, the corresponding Sturm–Liouville Problem (SLP)
is considered.

At the same time, it is possible to interpret nonlocal BVPs as a very interesting gen-
eralisation of classical BVPs [5]. In the first article about the solution of elliptic equations
with NBCs instead of condition (1), a simpler nonlocal condition was analysed. Usually
two-point NBC, multi-point NBC or 1D integral conditions were investigated. In [6], the
two-dimensional elliptical equation was solved using the finite difference method with
NBC of a type

u(x, 0) = γ
∫ ξ2

ξ1

u(x, y)dy + µ1(x).

The elliptic equation with another type of integral conditions (or one condition)

∫ ξ1

0
u(x, y)dx = 0,

∫ 1

ξ2

u(x, y)dx = 0

was analysed in [7–9].
In the articles mentioned below, the main goal is the investigation of the existence

and uniqueness of the solution of the difference problem, as well as the estimation of
the error in a certain norm. However, depending on the type of NBCs, solving a system
of difference equations with NBCs is often a rather difficult task (complicated problem),
especially if the differential equation is nonlinear. To find solutions to such systems, special
iterative methods were studied based on the investigation of structure of the spectrum
of the difference problem [10–14]. The conditions for the convergence of the Alternating
Direction Implicit (ADI) method were investigated in [15,16]. Having supplemented this
technique (approach) with the theory of M-matrices, other problems, namely, convergence
of the finite difference method and stability of the Finite-Difference Scheme (FDS), were
also studied [17–19]. Note that differential and difference eigenvalue problems with NBCs
are much more difficult than similar problems with classical BCs. The main reason is that
the linear operators are no longer symmetric (self-adjoint).

The finite difference method for the linear two-dimensional parabolic equation with
NBC (1) in the square domain Ω = [0, 1]2 was studied in [20]. It is proven that the
semi-implicit and fully-implicit backward Euler schemes are unconditionally stable under
the assumption ∫

Ω
|k(x, y, ξ, η)|dξdη ≤ ϱ < 1. (2)

Some cases of FDS for such a problem was investigated using properties of the spectrum of
one-dimensional problems in [21,22]. Parabolic equations with nonlocal integral conditions
are described as mathematical models of real processes in the work [23], and the literature
cited therein.

In the paper [24] the initial-boundary problem for equation

∂u

∂t
=

∂2u

∂x2 +
∂2u

∂y2 , (x, y) ∈ Ω = {0 < x < 1, 0 < y < 1}, (3)
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with two conditions

u(x, 0, t) = µ(t)h0(x),
∫ 1

0

∫ s(x)

0
u(x, y, t)dydx = m(t). (4)

Dirichlet BCs are considered on the other three sides of the rectangle. Here, s(x), h0(x),
and m(t) are known functions, while the function µ(t) is unknown. The existence and
uniqueness of the solution are also demonstrated, and the numerical procedure is discussed.
To solve the problem (3) and (4), various FDS were investigated and used, including locally
one-dimensional method [25].

In [26] FDSs for two-dimensional elliptic problems with an integral condition

∫

Ω
k(x)udx = V

were investigated.
In this article, we consider a finite difference approximation [27] to the solution of the

following boundary value problem with nonlocal conditions involving multiple integral

L(u) := −∂2u

∂x2 − ∂2u

∂y2 = f (x, y), (x, y) ∈ Ω ⊂ R
2, (5)

u(x, y) =
∫

Ω
k(x, y, ξ, η)u(ξ, η)dξdη + g(x, y), (x, y) ∈ ∂Ω, (6)

where Ω is a rectangular domain. The study of this problem was initiated by Prof. M.
Sapagovas [28]. The kernel k satisfies the condition (2). In the case k ≡ 0, we have classical
Dirichlet BC

u(x, y) = g(x, y), (x, y) ∈ ∂Ω. (7)

The main idea of this study is to approximate a nonlocal double integral boundary condition
and develop an efficient method for solving the presented finite difference scheme.

NBC (1) for elliptic problems has previously been studied only in the differential
case [4], and the FDS method has been used to solve parabolic equations [20,24,25].
In [24,26] the additional conditions are not NBC. These are the only papers related to
the study of this type of NBC (with double integral). The main difficulty of this problem
is that, in the non-classical case, we cannot use the method of separation of variables and
decompose the problem into one-dimensional problems. We consider a second-order FDS
where the Poisson equation is approximated using a five-point stencil that does not use the
vertex nodes of the rectangle, and the integral BC is approximated using a two-dimensional
trapezoidal rule that uses those nodes. Our approach involves reducing the integral bound-
ary condition from the complete domain to the interior points. We propose a method
that uses solutions of the Poisson equation with classical Dirichlet BC, and does not use
vertex nodes to find them. Using these classical solutions, we construct a solution to the
nonlocal problem at the inner nodes. This method requires solving a linear system whose
dimension is much smaller than the original. An explicit inverse method for block matrices
is presented, which can be used for theoretical studies in the two-dimensional case. Finally,
we find the solution values at all boundary nodes, including the vertices of the rectangle.

In Section 2, we introduce the notation for matrices, grids, grid functions, and describe
linear systems of equations. We consider FDS for the two-dimensional Poisson equation
with the multiple integral boundary condition in Section 3. Additionally, we consider the
FDS′ in which BC is rewritten so that the boundary nodes of the vertices of the rectangle
are not used. Next, methods for solving such problems with classical BC are reviewed,
and explicit formula for inverse matrix is derived. We are looking for a solution of the
problem with NBC that would be a combination of classical fundamental solutions of
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discrete Laplace equation. Section 4 presents the results of the numerical experiments,
which demonstrate the precision and effectiveness of FDS.

2. Notation
2.1. Differential Problem

We consider two-dimensional Poisson Equation (5) with a multiply integral BC (6),
when the kernel k satisfies the condition (2) and k ∈ C2(∂Ω × Ω), where Ω := Ωx × Ωy,
Ωx := {x : 0 < x < lx}, Ωy := {y : 0 < y < ly}, |Ω| = lxly. Note that |k| ≤ κ < +∞.
The classical solution of this equation u ∈ C2(Ω) ∩ C1(Ω), Ω = Ω ∪ ∂Ω [29,30].

We will briefly review the compatibility conditions for Poisson’s Equation (5) and the
integral condition (6) (see more in ([31] Ch. Nonlocal Elliptic Boundary Value Problems),
([32] Ch. 2–6), [33,34]). Define the nonlocal boundary operator K : L2(Ω) → L2(∂Ω) and
its adjoint operator K∗ : L2(∂Ω) → L2(Ω):

(Ku)(x) :=
∫

Ω
k(x, ξ)u(ξ)dξ, x := (x, y) ∈ ∂Ω, ξ := (ξ, η) ∈ Ω,

(K∗u)(ξ) :=
∫

∂Ω
k(x, ξ)u(x)dσx, x ∈ ∂Ω, ξ ∈ Ω.

If v solves the inhomogeneous Dirichlet problem

−∆w f = f in Ω, w f |∂Ω = 0,

then
w f (x) =

∫

Ω
G(x, ξ) f (ξ)dξ,

where G(x, ξ) is Dirichlet Green’s function for −∆ on Ω (G = 0 on ∂Ω).
If H : L2(∂Ω) → H1(Ω) is the harmonic extension (Poisson) operator [35,36]:

∆(Hφ) = 0 in Ω, (Hφ)|∂Ω = φ,

then, by Green’s identity ∫

Ω
(Hφ) f dx =

∫

∂Ω
φ∂nw f dσx.

So, the adjoint operator H∗ : H1(Ω) → L2(∂Ω) is

(H∗ f )(x) = ∂nw f (x) =
∫

Ω

∂G(x, ξ)

∂nx
f (ξ)dξ

and (KH)∗ = H∗K∗. Operator KH is compact on L2(∂Ω). The integral BC (6) becomes

φ = K(w f +Hφ) + g ⇔ T φ = Kw f + g, T = I −KH. (8)

We consider equation ψ = H∗K∗ψ. Then, ψ ∈ ker T ∗ and ψ is the operator H∗K∗

eigenfunction corresponding to the eigenvalue 1. According to the Fredholm alternative,
the Equation (8) is solvable if and only if Kw f + g is orthogonal to each ψ ∈ T ∗.

Let ψ ∈ ker T ∗ be arbitrary and define wψ by

−∆wψ = K∗ψ =
∫

∂Ω
k(x, ξ)∂nψ(x)dσx, ξ ∈ Ω, wψ on ∂Ω,

then compatibility condition is

∫

Ω
f (x)wψ(x)dx +

∫

∂Ω
g(x)ψ(x)dσx = 0, ∀ψ ∈ ker T ∗.
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Finally, we consider operators H : C(∂Ω) → C(Ω) and K : C(Ω) → C(∂Ω). Then,
||H||C→C = 1 and

||K||C→C ≤ sup
∂Ω

∫

Ω
|k(x, ξ)|dξ.

So, if condition (2) holds, then spectral radius r(KH) ≤ ||KH||C→C ≤ ϱ < 1,
i.e., 1 ̸∈ σ(KH), then no compatibility restriction is required and the solution is unique.

Example 1. If k(x, ξ) ≡ γ, then (Ku)(x) = γ
∫

Ω
u(ξ)dξ =: C is constant on ∂Ω and from Maximum

Principle for Laplace equation HC = C, i.e., u = w f +HC +Hg = w f +Hg +C. From

C = γ
∫

Ω
u(x)dx = γ

∫

Ω
w f (x)dx + γ

∫

Ω
Hg(x)dx + γC|Ω|

we get

C(1 − γ|Ω|) = γ
( ∫

Ω
w f (x)dx +

∫

Ω
Hg(x)dx

)
.

If γ ̸= |Ω|−1, then no compatibility needed and we have unique solution

u = w f +Hg +
γ

1 − γ|Ω|
( ∫

Ω
w f (x)dx +

∫

Ω
Hg(x)dx

)
.

If γ = |Ω|−1, the compatibility condition is
∫

Ω
w f dx +

∫
Ω
Hgdx = 0. Uniqueness can be fixed

by adding additional condition, for example
∫

Ω
udx = 0.

Additional smoothness requirements are required to obtain a second-order accurate
FDS [20,27]: u ∈ C4,δ(Ω), f ∈ C2,δ(Ω), g ∈ C4,δ(∂Ω), 0 < δ < 1, and k(·, ξ) ∈ C2,δ(∂Ω) in
the boundary variable x ∈ ∂Ω (uniformly in ξ). For a rectangular domain BC (6) can be
written as four equalities:

u(xα, y) =
∫

Ω
kα(y, ξ)u(ξ)dξ + gα(y), y ∈ Ωy, α = L, R, xL = 0, xR = lx,

u(x, yβ) =
∫

Ω
kβ(x, ξ)u(ξ)dξ + gβ(x), x ∈ Ωx, β = B, T, yB = 0, xT = ly,

where kα(y, ξ) := k(xα, y, ξ) ∈ C2,δ(Ωy × Ω), kβ(x, ξ) := k(x, yβ, ξ) ∈ C2,δ(Ωx × Ω),
gα(y) := g(xα, y) ∈ C2,δ(Ωy), gβ(x) := g(x, yα) ∈ C2,δ(Ωx). We will assume that the
compatibility conditions are valid at the vertices of the rectangular Ω.

At the vertex v = (0, 0), we write these compatibility conditions (they are analogous
at other vertices of the rectangle):

gL(0) = gB(0), 0-order vertex compatibility,
∫

Ω
∂yykL(0, ξ)u(ξ) dξ +

∫

Ω
∂xxkB(0, ξ)u(ξ) dξ + g′′B(0) + g′′L(0) = − f (0, 0).

Under these conditions u ∈ C4,δ(Ω) ([37] Ch. 6. Results in Spaces of Holder Functions).

2.2. Matrices and Vectors

The set of all k-by-l real matrices A = (aij)k×l = (aij), aij ∈ R, is denoted Rk×l . We
use the first index (by position) for the row of the matrix: A = (aij), where (ai

j) := (ai·
·j).

We consider matrices v = (v1, . . . , vk)
⊤ ∈ Rk×1 = Rk (or v = (v1, . . . , vk)⊤) as vec-

tors. A matrix (or vector) consisting only of zeros is denoted by O (or 0). We denote
the identity matrix as I. If clarification is required, the dimensions of these vectors or
matrices will be indicated by subscripts (0k ∈ Rk×1, Ok1×k2 ∈ Rk1×k2 , Ik ∈ Rk×k). A
block matrix is a matrix that is subdivided into smaller matrices, called blocks or sub-
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matrices. A partitioning of A ∈ Rk×l is a representation of A in the form A = (Bij)p×q,
where Bij ∈ R

ki×lj are contiguous submatrices, ∑
p
i=1 ki = k, ∑

q
j=1 lj = l. In addition to

regular matrix multiplication AB = (∑
p
q=1 aiqbqj) ∈ Rk×l , where A ∈ Rk×p, B ∈ Rp×l ,

we will use Kronecker product as block matrix A ⊗ B = (aijB)k1×l1 ∈ Rk1k2×l1l2 , where
A ∈ Rk1×l1 , B ∈ Rk2×l2 . [A, B] := AB − BA is commutator of matrices A and B and
elements of the commutator [A, B] we denote [A, B]ij, i.e., [A, B] = ([A, B]ij). The vec-
torisation of a matrix is a linear transformation that converts the matrix into a vector:
V = (v1, . . . , vp)⊤ = vec(A) := (a11, . . . , ak1, a12, . . . , ak2, . . . , a1l , . . . , akl)

⊤ , p = kl.
In this article, we will use the following vector and matrix norms:

||v||∞ := max
i

|vi|, ||v||2 :=
√

∑
i

|vi|2,

||A||∞ := max
i=1,...,k

l

∑
j=1

|aij|, ||A||max := max
i,j

|aij|.

The matrix norm || · ||∞ is induced by vectors norms || · ||∞ on Rk and Rl and consistent
with the vectors norms ||Av||∞ ≤ ||A||∞ ||v||∞. This matrix norm is also sub-multiplicative
||AB||∞ ≤ ||A||∞||B||∞. Note that matrix norm ||A||max is not sub-multiplicative.

2.3. Grids and Grid Functions

First, we introduce one-dimensional grids with uniform steps hx, hy, where hx = lx/N,
hy = ly/M, 0 < N, M ∈ N [17,18]:

ωh
x := {xi = i · hx, i ∈ Ix}, Ix := {i, i = 0, . . . , N},

ωh
x := {xi = i · hx, i ∈ Ix}, Ix := {i, i = 1, . . . , N − 1},

ωh
y := {yj = j · hy, j ∈ Iy}, Iy := {j, j = 0, . . . , M},

ωh
y := {yj = j · hy, i ∈ Iy}, Iy := {j, j = 1, . . . , M − 1},

and then define two-dimensional grids for Ω:

ωh := ωh
x × ωh

y = {xij = (xi, yj), (i, j) ∈ I}, I := Ix × Iy,

ωh := ωh
x × ωh

y = {xij = (xi, yj), (i, j) ∈ I} = ωh ∩ Ω, I := Ix × Iy,

∂2ωh := {x00, xN0, x0M, xNM}, ω̃h := ωh
∖ ∂2ωh,

∂ωh := ωh
∖ ωh = ωh ∩ ∂Ω, ∂ωh := ∂ωh

∖ ∂2ωh.

We denote h2 := hxhy, |h|2 := h2
x + h2

y, |∂Ωh| := lxhy + lyhx − hxhy. For small hx, hy,
the number of the grid ∂ωh nodes is much smaller than the number of the grid ωh nodes.

Note that ω̃h = ωh ∪ ∂ωh, ∂ωh = ∂ωh ∪ ∂2ωh, ωh = ωh ∪ ∂ωh. The grids ωh, ∂ωh,
∂2ωh, ω̃h, ∂ωh, ωh are related only to the domain Ω and are independent of the problems
considered in them. We use index h in notation of these grids.

We enumerate the grid ωh nodes in the lexicographic order ([38] Sec. 9.1.2) (see Figure 1a)

x00 ≺ . . . ≺ xN0 ≺ x01 ≺ . . . ≺ xN1 ≺ . . . ≺ xNM,

i.e., we can use a row vector of nodes

(p1, . . . , p|ωh |) = vec(xij ∈ ωh), p1 ≺ p2 ≺ . . . ≺ pk ≺ . . . ≺ p|ωh |,

numbered with a single index k ∈ J̃ := {k, k = 1, . . . , |ωh|} (see Figure 1b). We will
use notation Uk := U(pk) = U(xij) =: Uij for grid functions U ∈ Rωh

(the set of all real
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functions f : A → R, A is a given set, we denote as RA). The grids ωh, ∂ωh, ∂2ωh ⊂ ωh

are presented in Figure 2b,c for N = 6, M = 5, and the induced order from ωh is used
for nodes.

(a) the nodes xij ∈ ωh (b) the nodes pk ∈ ωh, |ωh| = 20

Figure 1. The domain Ω, the universal grid Ω̃h = ωh (N = 4, M = 3) with lexicographic order.

If we have functions Û ∈ RΩ̂h
, K̂ ∈ R

Ω̂h
1×Ω̂h

2 , Ω̂h, Ω̂h
1, Ω̂h

2 ⊂ ωh, |Ω̂h| = k, |Ω̂h
1| = k1,

|Ω̂h
2| = k2, then we define a vector Û = (Ûk)pk∈Ω̂h ∈ Rk×1 and a matrix K̂ = (K̂·l

k·)
pk∈Ω̂h

1
pl∈Ω̂h

2
∈

Rk1×k2 (note that k is the first (row) index, l is the second (column) index). For grid functions
Û and K̂ we define norms ||Û||∞ := ||Û||∞, ||K̂||∞ := ||K̂||∞, ||K̂||max := ||K̂||max. On
the other hand, a vector Û ∈ Rk and a matrix K̂ ∈ Rk1×k2 define grid functions Û ∈ RΩ̂h

,
K̂ ∈ R

Ω̂h
1×Ω̂h

2 .
We denote ω as a grid for inner nodes, ∂ω as a grid for boundary nodes, ω = ω + ∂ω.

We approximate the differential Equation (2) at the inner nodes. For functions U = Uij ∈ Rω̃h
,

we use the notation for approximating the second order partial derivatives in Equation (5):

δ2
xUij :=

Ui−1,j − 2Uij + Ui+1,j

h2
x

, δ2
yUij :=

Ui,j−1 − 2Uij + Ui,j+1

h2
y

, xij ∈ ω,

and get a discrete equation

LhU := −δ2
xU − δ2

yU = F, xij ∈ ω, (9)

where F = Fij = f (xij) ∈ Rω. This finite-difference equation uses the five-point stencil

supph
ijL

h = {xi,j−1, xi−1,j, xij, xi+1,j, xi,j+1}, xij ∈ ω. (10)

For this stencil, we define a support supph
ω Lh := ∪xij∈ωsupph

ijL
h of the operator Lh and

boundary nodes for this support ∂ω := supph
ω Lh ∖ ω (see Figure 2a). Additionally, we

denote ω̃ := ω + ∂ω = supph
ω Lh, n := |ω|, m1 := |∂ω|. For stencil (10) and ω = ωh,

we have ω̃ = ω̃h, ∂ω = ∂ωh, n = |ωh| = (N − 1)(M − 1), m1 = |∂ωh| = 2(N + M)− 4,
|ω̃| = n + m1.

The structure of boundary nodes is ∂ω = ∂ω + ∂ω+, m2 := |∂ω+|, m := |∂ω| =
m1 + m2. The grid ∂ω+ nodes are not used in the Equation (9), they are used only in
BC. The nodes of the grids ω, ∂ω, and ∂ω+ are linearly ordered using the order in Ω̃h:
(pi

1, . . . , pi
n) = vec(xij ∈ ω), (pd

1 , . . . , pd
m1
) = vec(xij ∈ ∂ω), (pe

1, . . . , pe
m2
) = vec(xij ∈

∂ω+) (see Figure 2b); the nodes of the grid ∂ω are ordered as (pb
1 , . . . , pb

m), pb
k = pd

k ,
k = 1, . . . , m1, pb

m1+k = pe
k, k = 1, . . . , m2. If ∂ω+ = ∅, then m2 = 0, m = m1 and ∂ω = ∂ω.
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(a) stencils supph
ijL

h (b) ω = ωh, ∂ω = ∂ωh,
∂ω+ = ∂2ωh, ∂ω = ∂ωh

(c) ω = ωh, ∂ω = ∂ω = ∂ωh,
∂ω+ = ∅

Figure 2. The five-point stencils supph
ijL

h and the grids ω, ∂ω, ∂ω+, ∂ω, N = 6, M = 5.

In summary, the grid ω is used for inner nodes, which are the master grid points,
the grid ∂ω is used for boundary nodes, which are used to approximate the equation,
the grid ∂ω+ is used for boundary nodes, which are used only in boundary conditions.
These grids may vary for different FDSs. Note that the grid used for all boundary nodes is
∂ω = ∂ω + ∂ω+, and this grid is not equal to the grid ∂ωh in the general case (see Figure 2c).

For grid functions U, we will use column vectors:

Ui := (Ui
1, . . . , Ui

n)
⊤, Ui = Ui

k = U(pi
k), pi

k ∈ ω, Ui ∈ R
ω;

Ud := (Ud
1 , . . . , Ud

m1
)⊤, Ud = Ud

l1
= U(pd

l1
), pd

l1
∈ ∂ω, Ud ∈ R

∂ω;

Ue := (Ue
1 , . . . , Ue

m2
)⊤, Ue = Ue

l2
= U(pe

l2
), pe

l2
∈ ∂ω+, Ue ∈ R

∂ω+
;

Ub := (Ub
1 , . . . , Ub

m)
⊤ := (Ud

1 , . . . , Ud
m1

, Ue
1 , . . . , Ue

m2
)⊤, Ub ∈ R

∂ω;

U := (U1, . . . , Un+m)
⊤ := (Ui

1, . . . , Ui
n, Ub

1 , . . . , Ub
m)

⊤, U ∈ R
ω;

and column vector Fi = (Fi
1, . . . , Fi

n)
⊤, Fi = Fi

k = F(pi
k), pi

k ∈ ω, for the grid function F ∈ Rω.
Let us consider integral BC (6). We approximate the function g = g(x, y) with a grid

function G, and use column vectors:

Gd := (Gd
1 , . . . , Gd

m1
)⊤, Gd = Gd

l1
= G(pd

l1
), pd

l1
∈ ∂ω, Gd ∈ R

∂ω;

Ge := (Ge
1, . . . , Ge

m2
)⊤, Ge = Ge

l2
= G(pe

l2
), pe

l2
∈ ∂ω+, Ge ∈ R

∂ω+
;

Gb := (Gb
1 , . . . , Gb

m)
⊤ := (Gd

1 , . . . , Gd
m1

, Ge
1, . . . , Ge

m2
)⊤, Gb ∈ R

∂ω.

Remark 1. If ∂ω+ = ∅, then Ub = Ud, Gb = Gd (see Figure 2c).

The kernel k = k(x, y, ξ, η) is approximated with a discrete kernel K = K
··i1 j1
ij·· =

k(xij, xi1 j1), xij ∈ ∂ω, xi1 j1 ∈ ω. For the approximation of the two-dimensional integral
in the trapezoidal rule case, we introduce a weight function r ∈ Rω: ri1 j1 = h2/4 for
xi1 j1 ∈ ∂ω+; ri1 j1 = h2/2 for xi1 j1 ∈ ∂ω; else r = h2. After vectorisation by the upper

and the lower indexes, we get K = K·l
k· ∈ R∂ω×ω and matrix K = (K·l

k·)
pk∈∂ω
pl∈ω ∈ Rm×(n+m).

In this article, we use grid functions Ki = K|∂ω×ω, B = rlK·l
k· ∈ R∂ω×ω, Bi = B|∂ω×ω,

Bb = B|∂ω×∂ω, and corresponding matrices Ki, B, Bi, Bb.
We use notation

⟨K, U⟩ω2
k := ∑

pl∈ω2

rlK·l
k·Ul , pk ∈ ∂ω1 ⊂ ∂ω, U ∈ R

ω2 , ω2 ⊂ ω,
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where K = K|∂ω1×ω2 , and partial cases are

[K, U]k := ⟨K, U⟩ω
k , (K, U)k := ⟨K, U⟩ω

k , ⟨K, U⟩k := ⟨K, U⟩∂ω
k , pk ∈ ∂ω1. (11)

Since ω = ω + ∂ω and B·l
k· = rlK·l

k·, pk ∈ ∂ω, pl ∈ ω, then

∑
pl∈ω

rlK·l
k·Ul = ∑

pl∈ω

rlK·l
k·Ul + ∑

pl∈∂ω

rlK·l
k·Ul , ∑

pl∈ω

B·l
k·Ul = ∑

pl∈ω

B·l
k·Ul + ∑

pl∈∂ω

B·l
k·Ul ,

pk ∈ ∂ω. Using definitions (11) and matrix notation, we get:

[K, U]k = (K, Ui)k + ⟨K, Ub⟩k, pk ∈ ∂ω,

BU = BiUi + BbUb.

For functions k ∈ C2(∂Ω × Ω), u ∈ C2(Ω), the integration formula is valid [20]:

∫

Ω
k(x, y, ξ, η)u(ξ, η)dξdη =

N

∑
i1=0

M

∑
j1=0

ri1 j1 k(x, y, xi1 , yj1)Ui1 j1 +O(|h|2).

This formula follows from ([39] 5.4 Multidimensional Integration), ([40] 4.8 Multiple Integrals)

∫ lx

0

∫ ly

0
u(ξ, η)dξdη =

N

∑
i1=0

M

∑
j1=0

ri1 j1Ui1 j1 +O(|h|2), u ∈ C2(Ω)

or from a more general formula for multidimensional case ([41] Multidimensional prob-
lems). The proof of the two-dimensional case can be found in [42] and error estimation is
equal to

|R| ≤ |Ω|max
Ω

∣∣∣∂
2u(x, y)

∂x2

∣∣∣ h
2
x

12
+ |Ω|max

Ω

∣∣∣∂
2u(x, y)

∂y2

∣∣∣
h2

y

12
,

and this bound holds uniformly with respect to the mesh size.
For any 0 ≤ ϱ < 1 (see (2)), there exists h0 such that for |h| ≤ h0 we have

N

∑
i1=0

M

∑
j1=0

ri1 j1 |k(x, y, xi1 , yj1)| ≤ ρ1 =
1 + ϱ

2
< 1, (x, y) ∈ ∂Ω.

We will suppose that

||B||∞ = max
k=1,...,m

m+n

∑
l=0

rl |K·l
k·| ≤ ρ1 < 1. (12)

Lemma 1. If ||K||max ≤ κ < +∞, then ||Bb||∞ = O(|h|).

Proof. We estimate

||Bb||∞ = max
k=1,...,m

m

∑
l=1

|rlK·l
k·| ≤ max

k=1,...,m

m

∑
l=1

||K||maxh2 = 2||K||max(N + M)h2

= 2κlxly(N−1 + M−1) = 2κ(lyhx + lxhy) = O(hx + hy) = O(|h|).

Remark 2. From this lemma, it follows that instead of (12), we can use a simpler condition

h2||K||∞ = max
k=1,...,m

m+n

∑
l=0

h2|K·l
k·| ≤ ρ =

1 + ρ1

2
< 1.
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If h2||K||∞ ≤ ρ1 < 1, then we have (12).

Let us consider linear system Y = AY + G, A ∈ Rm×m, G ∈ Rm. The next lemma
gives well-known result.

Lemma 2. If ||A||∞ ≤ ρ̄ < 1, then the matrix Im − A is nonsingular and ||(Im − A)−1||∞ ≤
(1 − ρ̄)−1.

For every ρ̃ ∈ (ρ, 1), we have 0 < 1− ρ/ρ̃ < 1. We choose h0 so that ||Bb||∞ ≤ 1− ρ/ρ̃.

Corollary 1. Suppose ||K||max ≤ κ < +∞, h2||K||∞ ≤ ρ < 1. If |h| < h0, then

||Bb||∞, ||Bi||∞ ≤ ||B||∞ ≤ ρ < 1,

Im − Bb is nonsingular and

(1 − ||Bb||∞)−1 ≤ ρ̃ρ−1 ≤ ρ−1, ||(Im − Bb)−1Bi||∞ ≤ ρ̃ < 1.

2.4. Linear Systems

The discrete Equation (9) and BCs form a linear system that is used to numerically
solve the problems under consideration. We will write down the general form of those
systems both when we have classical ones and when we have NBCs. The properties of the
system matrix allow the use of certain solution methods (for example, decomposition into
one-dimensional problems). In the case of NBC, the system has a more general form, but it
can, as in the classical case, be reduced to the system only at inner nodes.

In the lecture notes [43], the following linear system of equations was studied:

AiUi + AdUd = Fi, (13)

Ud = Gd. (14)

This linear system corresponds to discrete Equation (9) (ω = ωh, n = |ω|) with clas-
sical Dirichlet BC U = G, pk ∈ ∂ω = ∂ω = ∂ωh (m = m1 = |∂ωh|), ∂ω+ = ∅ (see
Figure 2c), and approximates differential problem (5) and (7). The matrix Ai is a block
tridiagonal matrix

Ai =
1
h2

y




2Z −I

−I 2Z
. . .

. . . . . . −I
−I 2Z




(M−1)×(M−1)

∈ R
n×n, (15)

Z =
α2

2




2(1 + α−2) −1

−1 2(1 + α−2)
. . .

. . . . . . −1
−1 2(1 + α−2)




, (16)

where I, Z ∈ R(N−1)×(N−1), α = hy/hx. The matrix Ad is a block matrix
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Ad =
1
h2

y




−I −α2 J̃
−α2 J̃

. . .
−α2 J̃ −I




(M−1)×(M+1)

∈ R
n×m1 ,

where

J̃ =

(
1 0 . . . 0 0
0 0 . . . 0 1

)⊤
∈ R

(N−1)×2.

Using the Kronecker product, we express Ai = Ai
x + Ai

y, Ai
x := IM−1 ⊗ Λx, Ai

y :=
Λy ⊗ IN−1, Λx := h−2

x ΛN−1, Λy := h−2
y ΛM−1, where

Λk =




2 −1
−1 2 −1

. . . . . . . . .
−1 2 −1

−1 2




∈ R
k×k, k = N − 1, M − 1.

It is known that eigenvalues of matrices Λx and Λy are simple and the eigenvectors are
orthogonal and linearly independent [27]:

λk(Λx) = 4 sin2(πkhx/2)/h2
x, vk = (vk

1, . . . , vk
N−1)

T , k ∈ Ix,

λl(Λy) = 4 sin2(πlhy/2)/h2
y, wl = (wl

1, . . . , wl
M−1)

T , l ∈ Iy,

where vk
i = sin(πkxi), i ∈ Ix, wl

j = sin(πlyj), j ∈ Iy.

Lemma 3. Suppose matrices A1, B1 ∈ Rk×k, A2, B2 ∈ Rl×l and A1B1 = B1A1, A2B2 = B2A2.

If C1 = B2 ⊗ A1, C2 = A2 ⊗ B1, then matrices C1 and C2 commute and C1C2 = C2C1 =

(B2A2)⊗ (A1B1).

Proof. The product of two Kronecker products yields another Kronecker product ([44]
[Lemma 4.2.10]):

(B2 ⊗ A1)(A2 ⊗ B1) = (B2A2)⊗ (A1B1),

(A2 ⊗ B1)(B2 ⊗ A1) = (A2B2)⊗ (B1A1).

Thus:

[B2 ⊗ A1, A2 ⊗ B1] = (B2A2)⊗ (A1B1)− (A2B2)⊗ (B1A1)

= (B2A2)⊗ (A1B1)− (A2B2)⊗ (A1B1) + (A2B2)⊗ (A1B1)− (A2B2)⊗ (B1A1)

= [B2, A2]⊗ (A1B1) + (A2B2)⊗ [A1, B1]. (17)

Matrices A and B commute if and only if commutator [A, B] = O. Applying Formula (17)
we get [C1, C2] = O and C1C2 = (B2 ⊗ A1)(A2 ⊗ B1) = (B2A2)⊗ (A1B1).

Corollary 2. If B1 = Ik, B2 = Il , then

C1C2 = C2C1 = A2 ⊗ A1.

So, the matrices Ai
x and Ai

y commute Ai
xAi

y = Ai
yAi

x = Λy ⊗ Λx (see [16], too).
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Vectors
Uk,l = wl ⊗ vk ∈ R

n, (k, l) ∈ I , (18)

are linearly independent in the vector space Rn according to the Kronecker product proper-
ties. We have

Ai
xUk,l = (IM−1 ⊗ Λx)(wl ⊗ vk) = (IM−1wl)⊗ (Λxvk) = λk(Λx)Uk,l ,

Ai
yUk,l = (Λy ⊗ IN−1)(w

l ⊗ vk) = (Λywl)⊗ (IN−1vk) = λl(Λy)Uk,l .

So, matrices Ai
x and Ai

y have the same system of eigenvectors (18). Eigenvalues of a
matrix Ai

x are λk(Λx), k ∈ Ix, and the geometric multiplicity of each eigenvalue is M − 1;
eigenvalues of matrix Ai

y are λl(Λy), l ∈ Iy, and the geometric multiplicity of each
eigenvalue is N − 1. Finally, matrix Ai has the same system of eigenvectors (18) and

AiUk,l =
(
λk(Λx) + λl(Λy)

)
Uk,l , (k, l) ∈ I .

For problems with NBCs, the following system of linear equations was considered [17,18]:

AiUi + AbUb = Fi, (19)

Ub = BiUi + BbUb + Gb, (20)

where Ab = (Ad, On×m2) ∈ Rn×m, Bi ∈ Rm×n, Bb ∈ Rm×m, Gb ∈ Rm.

Remark 3. If ∂ω+ = ∅, then m2 = 0, m = m1 and Ab = Ad, Ub = Ud, Gb = Gd.

If matrix Abb = Im − Bb is nonsingular (see Lemma 2), then Equation (20) is
rewritten as

Ub = B̃iUi + G̃b, B̃i ∈ R
m×n, G̃b ∈ R

m, (21)

where B̃i = (Abb)−1Bi, G̃b = (Abb)−1Gb. If the conditions of Corollary 1 are valid, then
||B̃i||∞ ≤ ρ̃ < 1 and

||Ub||∞ ≤ ||B̃i||∞ · ||Ui||∞ + ||G̃b||∞ ≤ ||Ui||∞ + ||G̃b||∞. (22)

The first m1 equations in (21) are rewritten in the form

Ud = B̃Ui + G̃, B̃ ∈ R
m1×n, G̃ = G̃d ∈ R

m1 . (23)

By substituting the Expression (23) of Ud into (19), we obtain an equation for Ui:

AUi = F, (24)

where A = Ai − C, C = −AdB̃, F = Fi − AdG̃. After finding the solution of Equation (24),
we get values of Ub by (21).

Remark 4. Final matrix is defined as A = Ai − C in Equation (24) and contains a nonlocal

correction term C. The properties of the matrices Ai and C (for example, commutativity) are very

important in the study of FDS and their solution methods. However, the simple spectral structure

of the classical Poisson matrix Ai is not necessarily preserved. Solving such a linear system of

equations is inefficient, so we propose another method in which the matrix of the linear system of

equations is Ai. Additionally, we will provide the explicit form of the inverse matrix (Ai)−1.
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3. Finite-Difference Scheme
We will investigate FDS for differential problem (5) and (6):

LhU = −δ2
xU − δ2

yU = F, pl ∈ ω = ωh, (25)

Uk = [K, U]k + Gk, pk ∈ ∂ω = ∂ωh, (26)

where U ∈ Rω . For this, FDS ∂ω = ∂ω+ ∂ω+, ∂ω = ∂ωh, ∂ω+ = ∂2ωh (see Figure 2b). This
scheme provides the local approximation O(|h|2). We suppose that ||K||max ≤ κ < +∞,
h2||K||∞ ≤ ρ < 1. The last condition is valid for small |h| ≤ h0 with ρ ∈ (ϱ, 1). We rewrite
BC (26) as

Ub
k = h2 ∑

pl∈ω

K·l
k·U

i
l + ∑

pl∈∂ω

rlK·l
k·U

b
l + Gb

k , pk ∈ ∂ω.

The matrix form of these equations for BCs is (20). If the conditions of Corollary 1 are
satisfied, then we rewrite BC (26) as (21):

Uk = (K̃i, U)k + G̃b
k , pk ∈ ∂ω, (27)

where K̃i = (h2)−1B̃i·l
k· ∈ R∂ω×ω is a new kernel, h2||K̃i||∞ = ||B̃i||∞ ≤ ρ̃ < 1,

G̃b = G̃b
k ∈ R∂ω, ||G̃b||∞ ≤ ρ−1||G||∞. From (22), we have

||Ub||∞ ≤ ||Ui||∞ + ρ−1||G||∞, (28)

where Ub = U|∂ω, Ui = U|ω.
Instead of FDS (25) and (26), we consider the following FDS′:

LhU = −δ2
xU − δ2

yU = F, pl ∈ ω = ωh, (29)

Uk = (K̃, U)k + G̃k, pk ∈ ∂ω = ∂ωh, (30)

where U ∈ Rω̃, K̃ := K̃i|∂ω×ω, G̃ := G̃b|∂ω. Then, h2||K̃||∞ = ||B̃||∞ ≤ ρ̃ < 1, where
B̃ := B̃i|∂ω×ω, ||G̃||∞ ≤ ρ−1||G||∞.

For this, FDS′ ∂ω+ = ∅, i.e., ∂ω = ∂ω, m = m1 (see Figure 2c), and the local
approximation of BC is O(|h|) only (see Example 6). The second order local approximation
of BC is given for kernels with property k(x, y, ξ, η) = 0, (ξ, η) ∈ ∂Ω (see Example 7). If
we find a solution of this FDS′, then we know Ui

l , pl ∈ ω, for FDS (25) and (26). Then,
using Formula (27), we calculate values Uk, pk ∈ ∂ω+ = ∂2ωh, for this FDS. Furthermore,
the Formula (27) (or (21)) allows us to find all values Uk, pk ∈ ∂ω, if we know Ul , pl ∈ ω.

3.1. The Case of Classical BCs

If K ≡ 0, then K̃ ≡ 0 and instead of FDS′ we have FDS with Dirichlet BC:

−δ2
xU − δ2

yU = F, pl ∈ ω = ωh, (31)

Uk = Gk, pk ∈ ∂ω = ∂ωh, (32)

which corresponds to a system of linear Equations (13) and (14). This problem (31) and (32)
can be divided into two separate classical problems:

(C1) discrete Poisson equation with homogeneous Dirichlet BC

−δ2
xU − δ2

yU = F, pl ∈ ω, (33)

Uk = 0, pk ∈ ∂ω; (34)
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(C2) discrete Laplace equation with Dirichlet BC

−δ2
xU − δ2

yU = 0, pl ∈ ω, (35)

Uk = Gk, pk ∈ ∂ω. (36)

The following theorem expresses the stability of difference problem (31) and (32) ([27]
[Ch. IV, Theorem 1]). Here and below, we will denote different constants in the estimates
by the same letter C.

Theorem 1. For a solution of the Dirichlet difference problem, the estimate

||U||∞ ≤ ||G||∞ + C(Ω)||
◦
F||∞ + |h|2||

∗
F||∞ (37)

holds with ||
◦
F||∞ := max

pk∈
◦
ωh |Fk|, ||

∗
F||∞ := max

pk∈
∗
ωh |Fk|.

Remark 5. Formula (37) is proved for an arbitrary domain Ω. In a five-point stencil, the master

point is a strictly interior node when all stencil points are interior; otherwise, it is a near-boundary

interior node. Then,
◦
ωh is grid of strictly inner nodes,

∗
ωh is grid of near-boundary inner nodes.

In our case, the domain is rectangular, all stencils are regular, the local approximation error at

near-boundary nodes is O(|h|2), and the estimate (37) is simpler

||U||∞ ≤ ||G||∞ + C||F||∞. (38)

Partial cases of Problem C2 are

−δ2
xU − δ2

yU = 0, pl ∈ ω, (39)

Uk = δκ
k , pk ∈ ∂ω, (40)

δκ
k is Kronecker symbol, κ = 1, . . . , m (see Figure 3). We have m = m1 = |∂ωh| linearly

independent solutions U = Uκ , κ = 1, . . . , m, and every solution satisfies discrete Laplace
equation. From the Maximum Principle 0 ≤ Uκ ≤ 1, 0 ≤ ∑

m
κ=1 Uκ ≤ 1.

Figure 3. The solution of FDS (39) and (40).

For both Problems C1 and C2, we solve a linear system of equations AiUi = F, where
F = Fi for the first problem (33) and (34), F = −AbGb for the second problem (35) and (36).
The choice of solver for the discrete Poisson equation depends strongly on the problem
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structure and computational constraints. We will note that there are many different methods
for solving this system: Direct Methods (Gaussian Elimination/ LU Factorisation), Iterative
Methods (Jacoby Method, Gauss–Seidel, Successive Over-Relaxation), Krylov Subspace
Methods (Conjugate Gradient, GMRES), Multigrid Methods, Fast Poisson Solver (FFT–
based) [45–48]. Multigrid is typically the best solver for the Poisson equation (complexity
O(n)). Fast Poisson Solver (complexity O(n log n)) is the fastest method for rectangles.

Explicit Inverse Matrix

Since we solve the problem with classical boundary conditions many times (for ex-
ample, FDS (39) and (40), κ = 1, . . . , m), we can first find the inverse matrix of the linear
system. The further solution reduces to multiplying the inverse matrix by the vector.

The Chebyshev polynomials of the second kind of degree j are defined by formula [49]
(although Chebyshev polynomials of the second kind are denoted by Ul in the literature,
this article uses this notation for functions defined on a grid)

T̃l = T̃l(z) :=
(z +

√
z2 − 1)l+1 − (z −

√
z2 − 1)l+1

2
√

z2 − 1
, l ∈ Z,

where in the general case z ∈ C, but in this article we conside only z ∈ R.
These Chebyshev polynomials are solutions to the discrete Cauchy problem:

T̃l − 2zT̃l−1 + T̃l−2 = 0, T̃0 = 1, T̃1 = 2z. (41)

The recurrence equality (41) allow us to find the Chebyshev polynomials T̃l for all l ∈ Z.
For example, T̃−1 = 0, T̃2 = 4z2 − 1. Using Formula (41), we prove that determinant

dl,i :=

∣∣∣∣∣
T̃l−i T̃l−i−1

T̃i−1 T̃i

∣∣∣∣∣ =
∣∣∣∣∣
2zT̃l−i−1 − T̃l−i−2 T̃l−i−1

2zT̃i − T̃i+1 T̃i

∣∣∣∣∣

=

∣∣∣∣∣
−T̃l−i−2 T̃l−i−1

−T̃i+1 T̃i

∣∣∣∣∣ =
∣∣∣∣∣
T̃l−i−1 T̃l−i−2

T̃i T̃i+1

∣∣∣∣∣ = dl,i+1.

Thus, this determinant does not depend on i. If i = l, then dl,l = T̃0T̃l − T̃l−1T̃−1 = T̃l , and
we prove the formula ∣∣∣∣∣

T̃l−i T̃l−i−1

T̃i−1 T̃i

∣∣∣∣∣ = T̃l . (42)

In the case i = 1, Formula (42) is the same as (41).
The zeros of T̃l , l ∈ N, are

zi = cos (l−i+1)π
l+1 , i = 1, 2, . . . , l,

i.e., all roots zi ∈ (0, 1).
Let us consider a triangular matrix [18]

AL = AL(z) :=




2z −1
−1 2z −1

. . . . . . . . .
−1 2z −1

−1 2z




∈ R
L×L, z ∈ R, L ≥ 1.
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Lemma 4. det AL = T̃L. If z is not zero of T̃L, then there exists inverse matrix (AL)
−1 =(

T̃L(z)
)−1TL(z), where

T = TL(z) :=




T̃L−1(z) · · · T̃q(z) · · · T̃k(z) · · · T̃0(z)
...

. . .
...

...
...

T̃q(z) · · · T̃q(z)T̃s(z) · · · T̃k(z)T̃s(z) · · · T̃s(z)
...

...
. . .

...
...

T̃k(z) · · · T̃k(z)T̃s(z) · · · T̃k(z)T̃l(z) · · · T̃l(z)
...

...
...

. . .
...

T̃0(z) · · · T̃s(z) · · · T̃l(z) · · · T̃L−1(z)




,

matrix T = (Tij) ∈ RL×L is symmetric, Tij = T̃L−iT̃j−1 for j ≤ i.

Proof. For a function DL = det
(
AL(z)

)
, we can easily prove the recursive formula

DL = 2zDL−1 − DL−2. Since D1 = 2z, D2 = 4z2 − 1, we get DL = T̃L, i.e., det AL = T̃L.
If E = (Eij) = TA, then for j < i we get

Eij =
L

∑
l=1

Til Al j = T̃L−i(−T̃j−2 + 2zT̃j−1 − T̃j) = 0.

Similarly, we get Eij = 0 for j > i. Additionally, we have AT = A⊤T⊤ = (TA)⊤ = E⊤ = E.
Using (41), we find E11 = ELL = 2zT̃L−1 − T̃L−2 = T̃L, and for i = 2, . . . , L − 1, we derive
(using symmetry of the matrix T)

Eii = −T̃L−iT̃i−2 + 2zT̃L−iT̃i−1 − T̃L−i−1T̃i−1

= T̃L−i(−T̃i−2 + 2zT̃i−1 − T̃i) +

∣∣∣∣∣
T̃L−i T̃L−i−1

T̃i−1 T̃i

∣∣∣∣∣

= T̃L−i · 0 + T̃L = T̃L.

So, we prove that TLAL = ALTL = ILT̃L.

Lemma 4 allows us to find the matrix inverse formula for the matrix Z (see (16)).

Corollary 3. If z ≥ 1, then AL(z) is nonsingular.

Example 2. If z = 1, then T̃l(1) = l + 1, l ∈ N. So,
(
AL(1)

)−1
= 1

L+1 TL(1),

TL(1) =




L L − 1 L − 2 · · · 3 2 1
L − 1 (L − 1)2 (L − 2)2 · · · 3 · 2 2 · 2 2
L − 2 (L − 2)2 (L − 2)3 · · · 3 · 3 2 · 3 3
· · · · · · · · · · · · · · · · · · · · ·
3 3 · 2 3 · 3 · · · 3(L − 2) 2(L − 2) L − 2
2 2 · 2 2 · 3 · · · 2(L − 2) 2(L − 1) L − 1
1 2 3 · · · L − 2 L − 1 L




.

Now we can find

(Λx)
−1 = h3

xTN−1(1), (Λy)
−1 = h3

yTM−1(1).

The Kronecker product has the property (A ⊗ B)−1 = A−1 ⊗ B−1. Thus, (Ai
x)

−1 := h3
xIM−1 ⊗

TN−1(1), (Ai
y)

−1 := h3
yTM−1(1)⊗ IN−1.
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Chebyshev polynomials can be extended to matrix arguments. For a square matrix
Z, the Chebyshev polynomials of the second kind T̃l(Z) are defined similarly to the scalar
case but using matrix multiplication [50]. The recurrence relation is:

T̃l(Z) = 2Z T̃l−1(Z)− T̃l−2(Z), T̃0(Z) = I, T̃1(Z) = 2Z,

where I denotes the identity matrix of the same size as Z. Then, using T̃l(Z), we can define
a symmetric block matrix TL(Z) = (Tij), where Tij = T̃L−i(Z)T̃j−1(Z), j ≤ i. For example,
T̃l(zI) = T̃l(z) · I, TL(zI) = TL(z)⊗ I.

Let us consider a triangular block matrix (see (15))

AL(Z) :=




2Z −I
−I 2Z −I

. . . . . . . . .
−I 2Z −I

−I 2Z




L×L

∈ R
Ll×Ll , Z, I ∈ R

l×l , L, l ≥ 1.

Lemma 5. det AL(Z) = det T̃L(Z). If det T̃L(Z) ̸= 0, then

(
AL(Z)

)−1
=
(
IL ⊗ TL(Z)

)−1TL(Z). (43)

Proof. Since T1(Z) = 2Z, T0(Z) = I and

∣∣∣∣∣∣∣∣∣∣∣∣

T̃1(Z) −I
−T̃0(Z) 2Z −I

−I 2Z −I
−I 2Z −I

. . . . . .

∣∣∣∣∣∣∣∣∣∣∣∣

=

∣∣∣∣∣∣∣∣∣∣∣∣

I T̃1(Z)
T̃2(Z) −I
−T̃1(Z) 2Z −I

−I 2Z −I
. . . . . .

∣∣∣∣∣∣∣∣∣∣∣∣

=

∣∣∣∣∣∣∣∣∣∣∣∣

I T̃1(Z)
I T̃2(Z)

T̃3(Z) −I
−T̃2(Z) 2Z −I

. . . . . .

∣∣∣∣∣∣∣∣∣∣∣∣

= . . . =

∣∣∣∣∣∣∣∣∣∣∣∣

I T̃1(Z)
I T̃2(Z)

. . .
...

I T̃L−1(Z)
T̃L(Z)

∣∣∣∣∣∣∣∣∣∣∣∣

,

we have det AL(Z) = det T̃L(Z). Repeating the proof of Lemma 4, we get TL(Z)AL(Z)
= AL(Z)TL(Z) = IL ⊗ T̃L(Z). The explicit Formula (43) for the inverse of a block matrix
AL(Z) is proved.

3.2. Examples of Problems with Integral Boundary Conditions

We consider two examples corresponding to different cases of nonlocal boundary conditions.

Example 3 (the case of commutative matrices). Problems are often studied when NBCs are in

only one direction [11]. Let us consider the following BCs:

u(0, y) =
∫ lx

0
α(x)u(x, y)dx + gl(y), u(lx, y) =

∫ lx

0
β(x)u(x, y)dx + gr(y),

where y ∈ (0, ly), and u(x, 0) = gb(x), u(x, ly) = gt(x), x ∈ [0, lx]. We approximate one-

dimensional integrals using the trapezoidal rule (ri1 = hx/2 for i1 = 0, N, else ri1 = hx):
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U0j =
N

∑
i1=0

ri1 αi1Ui1 j + Gl
j , UNj =

N

∑
i1=0

ri1 βi1Ui1 j + Gr
j , j ∈ Iy, (44)

Ui0 = Gb
i , UiM = Gt

i , i ∈ Ix, (45)

where αi1 = α(xi1), βi1 = β(xi1). Additionally, we have the compatibility conditions

Gb
0 =

N

∑
i1=0

ri1 αi1 Gb
i1
+ Gl

0, Gb
N =

N

∑
i1=0

ri1 βi1 Gb
i1
+ Gr

0,

Gt
0 =

N

∑
i1=0

ri1 αi1 Gt
i1
+ Gl

M, Gt
N =

N

∑
i1=0

ri1 βi1 Gt
i1
+ Gr

M.

These conditions are Equation (44) in the case j = 0, M. So, we consider the case ∂ω = ∅, m = m1,

∂ω = ∂ω = ∂
◦
ω ∪ ∂

∗
ω (see Figure 4 and Remark 3). We have Dirichlet BCs at the nodes of the

∂
◦
ω grid, and BCs (44) at the nodes of the ∂

∗
ω grid. For simplicity, we will take homogeneous BC,

i.e., Gl = Gr = Gb = Gt ≡ 0.

Figure 4. The grid for Example 3, N = 4, M = 4.

We define matrices

P =
hx

2

(
α0 αN

β0 βN

)
∈ R

2×2, Q = hx

(
α1 . . . αN−1

β1 . . . βN−1

)
∈ R

2×(N−1)

R = I2 − P =

(
1 − hx

2 α0 − hx
2 αN

− hx
2 β0 1 − hx

2 βN

)
, S = R−1 = (I2 − P)−1.

If det R = 1 − (α0 + βN)hx/2 + (α0βN − αN β0)h2
x/4 ̸= 0 , then S = R−1 exists. If hx is small

enough, then this condition is fulfilled.

We can rewrite BC in the form (26), where

K
i1 j1
0j = αi1 δ

j1
j h−1

y , K
i1 j1
Nj = βi1 δ

j1
j h−1

y , j ∈ Iy,

and another K
i1 j1
ij = 0. Then, we have BC in the matrix form (20), where

Bb =




Õ
P

. . .

P
Õ




p×(q+2)

∈ R
m×m, Bi =




Õ
Q

. . .

Q
Õ




p×q

∈ R
m×n,
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Õ = O(N−1)×(N−1), Gb = 0, p = M+ 1, q = M− 1, n = (N − 1)(M− 1), m = 2(N + M)− 4.

Then

Add =




IN−1

R
. . .

R
IN−1




, (Add)−1 =




IN−1

S
. . .

S
IN−1




,

and we can find the matrix

C = −Ad(Add)−1Bi = IM−1 ⊗ D,

where D = h−2
x (J̃SQ). So, by Lemma 3, the matrices Ai

x − C = IM−1 ⊗ (Λx − D) and Ai
y =

Λy ⊗ IN−1 commute, and we can use many of the same efficient solution methods as in the

classical case.

Example 4. Let us consider the following BC

u(x, y) = γ
∫

Ω
u(ξ, η)dξdη + g(x, y), (x, y) ∈ ∂Ω,

and approximate this BC by

Uk = γ[1, U] + Gk, pk ∈ ∂ω = ∂ωh, (46)

and in this case K ≡ γ (see Figure 5). Then, we have BC in the matrix form (20) with

Bb =

(
αE11 βE12

αE21 βE22

)
, Bi = γ

(
E13

E23

)
,

where E11 ∈ Rm1×m1 , E12 ∈ Rm1×m2 , E21 ∈ Rm2×m1 , E22 ∈ Rm2×m2 , E13 ∈ Rm1×n,

E23 ∈ Rm2×n, all elements of these matrices are eij = 1, and α = γh2/2, β = γh2/4, γ = γh2,

m1 = 2(N + M) − 4, m2 = 4, m = m1 + m2 = 2(N + M). We will notice the property

ElkEkq = mkElq, l, k = 1, 2, q = 1, 2, 3.

Then, the matrix Abb is of the form

Aα,β :=

(
Im1 − αE11 −βE12

−αE21 Im2 − βE22

)
, α, β ∈ R, m1, m2 > 0.

Additionally, we define Aα := Im1 − αE11, i.e., Aα,β = Aα in the case m2 = 0. Note that

A0,0 = Im, A0 = Im1 .

Figure 5. The grid for Example 4, N = 4, M = 4.
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Lemma 6. The following properties hold:

det Aα,β = d := 1 − m1α − m2β; (47)

Aα,βBi = det Aα,βBi; (48)

Aα1,β1 Aα2,β2 = Aα1+α2d1,β1+β2d1 , d1 = det Aα1,β1 ; (49)

if det Aα,β ̸= 0, then

(Aα,β)
−1 = A−α/d,−β/d, (50)

(Aα,β)
−1Bi = (det Aα,β)

−1Bi. (51)

Proof. First, we find

det Aα =

∣∣∣∣∣∣∣∣∣∣

1 − α −α . . . −α

−α 1 − α . . . −α

· · · · · · . . . · · ·
−α −α 1 − α

∣∣∣∣∣∣∣∣∣∣

=

∣∣∣∣∣∣∣∣∣∣

1 − α −α . . . −α

−1 1 . . . 0

· · · · · · . . . · · ·
−1 0 1

∣∣∣∣∣∣∣∣∣∣

=

∣∣∣∣∣∣∣∣∣∣

1 − m1α −α . . . −α

0 1 . . . 0

· · · · · · . . . · · ·
0 0 1

∣∣∣∣∣∣∣∣∣∣

= 1 − m1α.

If α ̸= 1/m1, then (using property E11E11 = m1E11) we get

(Im1 − αE11)(Im1 +
α

1−m1α E11) = (Im1 +
α

1−m1α E11)(Im1 − αE11) = Im1 ,

i.e., we prove (50) in the case m2 = 0 (see, Sherman—Morrison Formula [51]):

(Im1 − αE11)
−1 = Im1 +

α
1−m1α E11.

If Im1 − αE11 is invertible, the Schur complement of the block Im1 − αE11 of the matrix Aα,β

(see [52]) is

S = Im2 − βE22 − αE21(Im1 − αE11)
−1βE12

= Im2 − βE22 − αβE21(Im1 +
α

1−m1α E11)E12

= Im2 − βE22 − αβm1E22 − α2βm2
1

1−m1α E22

= Im2 − β(1 + m1α +
m2

1α2

1−m1α )E22 = Im2 −
β

1−m1α E22,

(we use properties E21Im1 E12 = m1E22 and E21E11E12 = m2
1E22) and (see [53])

det Aα,β = det(Im1 − αE11)det S = det(Im1 − αE11)det(Im2 −
β

1−m1α E22)

= (1 − m1α)(1 − m2β
1−m1α ) = 1 − m1α − m2β.

Using continuity, we obtain that the proven Formula (47) is also true when α = 1/m1.
Formula (48) follows from

(
Im1 − αE11 −βE12

−αE21 Im2 − βE22

)(
E13

E23

)
= (1 − m1α − m2β)

(
E13

E23

)
.
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The property (49) can be verified in an elementary manner using the same reasoning. Then,
by (49), property (50) follows, and property (51) follows from (48).

For BC (46) d = 1 − γ(lxhy + lyhx − hxhy) = 1 − γ|∂Ωh|.

Corollary 4. If γ|∂Ωh| ̸= 1, then

B̃i = (Abb)−1Bi = d−1Bi = (1 − γ|∂Ωh|)−1Bi.

Using Corollary 4, we derive

C = −Ab(Abb)−1Bi = γd−1(h−1
x hyEM−1 ⊗ EN−1 + hxh−1

y EM−1 ⊗ EN−1),

where

Ek =




1 1 · · · 1
1 1 · · · 1
· · · · · · · · · · · ·
1 1 · · · 1
1 1 · · · 1




∈ R
k×k, Ek =




1 1 · · · 1
0 0 · · · 0
· · · · · · · · · · · ·
0 0 · · · 0
1 1 · · · 1




∈ R
k×k.

Note that ΛkEk = Ek, [Λk, Ek] = Ek − E
⊤
k , where Λk is defined in Section 2.4. Using

Formula (17) we get

[Ai
y, C] = γd−1

hxhy
[ΛM−1, EM−1]⊗ EN−1 +

γd−1

hxh3
y
[ΛM−1, EM−1]⊗ EN−1

= γd−1

hxhy
(EM−1 − E

⊤
M−1)⊗ EN−1 +

γd−1

hxh3
y
[ΛM−1, EM−1]⊗ EN−1.

Then, we have

[Ai
y, C]11 = γd−1

hxh3
y
[ΛM−1, EM−1]11 = γd−1

hxh3
y
(1 − δ1

M−1)(1 − δ2
M−1).

Analogously, we get [Ai
x, C]11 = γd−1

h3
xhy

(1 − δ1
N−1)(1 − δ2

N−1). So, [Ai
y, C] ̸= O and

[Ai
x, C] ̸= O for γ ̸= 0, N, M > 3.

3.3. Solving a Problem with Nonlocal Conditions

We return to FDS′ (29) and (30) (which we obtained by studying FDS (25) and (26)).
This problem can be divided into two separate problems:

(P1) classical problem with Dirichlet BC:

−δ2
xW − δ2

yW = F, pl ∈ ω,

Wk = G̃k, pk ∈ ∂ω = ∂ωh,

W ∈ Rω̃, F ∈ Rω, G̃ ∈ R∂ω;
(P2) discrete Laplace equation with nonlocal BC:

−δ2
xV − δ2

yV = 0, pl ∈ ω, (52)

Vk = (K̃, V)k + Gk, pk ∈ ∂ω = ∂ωh, (53)

where V ∈ Rω̃, G = (K̃, W) ∈ R∂ω.

Then a solution of FDS′ is U = W + V, pk ∈ ω̃ = ω + ∂ω.
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Problem P1 is classical, and we can use various methods to find it (see Section 3.1).
From (38) we have

||W||∞ ≤ ||G̃||∞ + C||F||∞. (54)

For Problem P2, BC is nonlocal. Using (54) and ||B̃||∞ < 1, we estimate

||G||∞ = ||(K̃, W)||∞ ≤ ||B̃||∞||W||∞ ≤ ||G̃||∞ + C||F||∞. (55)

Lemma 7. For a solution of FDS (52) and (53), the estimate ||V||∞ ≤ C||G||∞ holds.

Proof. For Equation (52) we use the Maximum Principle: maxpk∈ω̃ |Vk| ≤ maxpk∈∂ω |Vk|.
Then for pk ∈ ∂ω we estimate

|Vk| ≤ (|K̃|, 1)max
pl∈ω

|Vl |+ |Gk| ≤ ||B̃||∞ max
pl∈∂ω

|Vl |+ ||G||∞.

Since ||B̃||∞ ≤ ρ̃ < 1 we get

max
pk∈∂ω

|Vk| ≤ (1 − ||B̃||∞)−1||G||∞

and

||V||∞ = max
pk∈ω̃

|Vk| ≤ max
pk∈∂ω

|Vk| ≤ (1 − ||B̃||∞)−1||G||∞ ≤ (1 − ρ̃)−1||G||∞.

Corollary 5. For a solution of FDS ′ (29)–(30), the stability estimate ||U||∞ ≤ C(||G̃||∞ + ||F||∞)
holds.

Proof. This follows from Lemma 7, (54) and (55).

Theorem 2. For a solution of FDS (25)–(26), the stability estimate

||U||∞ ≤ C(||G||∞ + ||F||∞).

holds.

Proof. We use Corollary 5 and (28).

If Uκ , κ = 1, . . . , m = |∂ω|, are the solutions of the problem C2 (39) and (40), then we
search for solution of FDS (52) and (53) in the form V = ∑

m
κ=1 yκUκ . Such V satisfies the

discrete Laplace Equation (52). We substitute such V into BC (53) and get

yk =
m

∑
κ=1

a·κk·yκ + Gk, a·κk· = (K̃, Uκ)k, k, κ = 1, . . . , m.

We have linear system Y = AY + G for Y := (y1, . . . , ym)⊤ with a matrix A := (a·κk·) ∈
Rm×m. Note that the size of this linear system is only m = 2(N + M)− 4. We estimate

||A||∞ = max
k=1,...,m

m

∑
κ=1

|a·κk· | ≤ max
k=1,...,m

m

∑
κ=1

n

∑
l=1

|K̃·l
k·| · Uκ

l h2

≤ max
k=1,...,m

n

∑
l=1

|B̃·l
k·|

m

∑
κ=1

Uκ
l ≤ max

k=1,...,m

n

∑
l=1

|B̃·l
k·| = ||B̃||∞ ≤ ρ̃ < 1.
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From Lemma 2 we get that the matrix Im − A is nonsingular and ||(Im − A)−1||∞ ≤
(1 − ρ̃)−1. So, Y = (Im −A)−1G and ||Y||∞ ≤ (1 − ρ̃)−1||G||∞.

3.4. Convergence

If u is the solution of differential problem (see Section 2.1), and U is the solution of
FDS (25) and (26), then a grid function Z, Zk := Uk − u(xk), pk ∈ ω = ωh, satisfies a
discrete problem

LhZ = −δ2
xZ − δ2

yZ = ψ, pl ∈ ω = ωh,

Zk = [K, Z]k + ϕk, pk ∈ ∂ω = ∂ωh,

where ||ψ||∞,ω = O(|h|2), ||ϕ||∞,∂ω = O(|h|2). We will decompose Z = W + V, where
W ∈ Rω and V ∈ Rω are solutions to the following problems:

LhW = −δ2
xW − δ2

yW = ψ, pl ∈ ω,

Wk = 0, pk ∈ ∂ω,

and

LhV = −δ2
xV − δ2

yV = 0, pl ∈ ω, (56)

Vk = [K, V]k + φk, φk = ϕk + (K, W)k, pk ∈ ∂ω. (57)

From Theorem 1 (see Remark 5), we get ||W||∞,ω = ||W||∞,ω = O(|h|2). Then, using (12),
we estimate

||(K, W)||∞,∂ω ≤ ||B||∞ · ||W||∞,ω ≤ ||W||∞,ω = O(|h|2),

and we get ||φ||∞,∂ω = O(|h|2). Since ω = ωh = ω̃h ∪ ∂2ωh, we rewrite BC (56) as

Vk = ⟨K, V⟩ω̃h

k + ⟨K, V⟩∂2ωh

k + φk, pk ∈ ∂ω, (58)

Vk = ⟨K, V⟩ω̃h

k + ⟨K, V⟩∂2ωh

k + φk, pk ∈ ∂2ω. (59)

Using Maximum Principle for Equation (56), from (58), we get the estimate

||V||∞,∂ω ≤ ||B||∞ · ||V||∞,ω̃h + ||K||max||V||∞,∂2ωh2 + C|h|2

≤ ρ1 · ||V||∞,∂ω +κ||V||∞,∂2ωh2 + C|h|2.

Since ρ1 < 1 (see (12)), we have

||V||∞,ω̃ ≤ ||V||∞,∂ω ≤ C|h|2(1 + ||V||∞,∂2ωh). (60)

From (59) and (12), we get the estimate

||V||∞,∂2ω ≤ ρ1||V||∞,∂2ω + ||B||∞ · ||V||∞,ω̃h + C|h|2

≤ (ρ1 + C1|h|2)||V||∞,∂2ω + C2|h|2.

We choose h0 so that ρ1 + C1|h|2 ≤ ρ = (1+ ρ1)/2 < 1. Then, we have ||V||∞,∂2ω = O(|h|2).
From (60), it follows that ||V||∞,ω̃ = O(|h|2), and ||V||∞,ω = O(|h|2). Finally,
||Z||∞,ω = O(|h|2). So, we proved the following theorem.

Theorem 3. The FDS (25) and (26) converges uniformly with the rate O(|h|2), that is, it is of the

second-order accuracy.
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3.5. Solution Flowchart

We will briefly discuss the proposed solution method from the perspective of linear
algebra. Instead of a system of linear Equations (19) and (23), we consider 1 + m1, m1 =

|∂ω|, systems of linear equations:

(P1) AiWi + AdWd = Fi, Wd = G̃,

(C2) AiUκ,i + AdUκ,d = 0, Uκ,d = I∗κ , κ = 1, . . . , m1,

where I∗κ is the κ-column of the matrix Im. These equations we rewrite as

AiWi = Fi − AdG̃, (61)

AiU i = −Ad, U i = (U1,i, . . . , Um1,i) ∈ R
n×m1 . (62)

Note that the second equation is matrix equation. The solutions of these equations are

Wi = (Ai)−1(Fi − AdG̃), U i = −(Ai)−1Ad.

Then, U = W + U iY, Y = (yk) ∈ Rm1 , satisfies Equation (19). Equation (23) gives
linear system

Y = AY + G, (63)

where A = B̃U i ∈ Rm1×m1 , G = B̃Wi ∈ Rm1 .
The following algorithm is employed to solve the discrete system (25) and (26):

Step 1 : Construct the matrices and the vectors Ai ∈ Rn×n, Ad ∈ Rn×m1 , Fi ∈ Rn, Bi ∈
Rm×n, Bb ∈ Rm×m1 , Gb ∈ Rm (see Equations (19) and (20));

Step 2 : Construct B̃i = (Im − Bb)−1Bi ∈ Rm×n, G̃b = (Im − Bb)−1Gb ∈ Rm (see (21)), we
also have B̃ ∈ Rm1×n, G̃ ∈ Rm1 (see (23));

Step 3 : Solve Equations (61) and (62), and find W ∈ Rn+m1 , U i ∈ R(n+m1)×m1 ;

Step 4 : Construct the matrix A = B̃U i ∈ Rm1×m1 and vector G = B̃Wi ∈ Rm1 ;

Step 5 : Solve Equation (63), find Y, Y = (yk) ∈ Rm1 , and Ui = Wi +U iY;

Step 6 : Determine the solution on the boundary points Ub (see (21)).

3.6. The Case with Kernel k = k(ξ, η)

Let us consider FDS′ (29) and (30) in the case K = K·l
k· = kl , pk ∈ ∂ω, pl ∈ ω. This case

corresponds to the differential case k = k(ξ, η). Matrices

B = (Bi, Bb) = em ⊗ b, Bi = em ⊗ bi, Bb = em ⊗ bb,

where em = (1, . . . , 1)⊤ ∈ Rm, b = (bi, bb), bi = (b1, . . . , bn) = h2ki, ki = (k1, . . . , kn),
bb = (bn+1, . . . , bn+m) = h2(kn+1/2, . . . , kn+m1 /2, kn+m1+1/4, . . . , kn+m/4).

Lemma 8. The following properties hold:

det Abb = det(Im − Bb) = d := 1 −
m

∑
l=1

bn+l = 1 − ⟨K, 1⟩; (64)

BbBi = (1 − d)Bi, (Bb)k = (1 − d)k−1Bb, k ∈ N; (65)
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if d ∈ (0, 2), then

(Abb)−1 = (Im − Bb)−1 = Im + d−1Bb, (66)

B̃i = (Abb)−1Bi = d−1Bi. (67)

Proof. The proof of the first Formula (64) repeats the proof of (47). Since BbBi = ∑
m
l=1 bn+lBi,

the first Formula (65) and (Bb)2 = (1 − d)Bb are proved. The second Formula (65) follows
from this. If d ∈ (0, 2), then |1 − d| < 1 and we prove (66) and (67):

(Im − Bb)−1 = Im +
∞

∑
i=0

(Bb)i+1 = Im +
∞

∑
i=1

(1 − d)iBb = Im + d−1Bb,

B̃i = (Im + d−1Bb)Bi = Bi + d−1BbBi = Bi + d−1(1 − d)Bi = d−1Bi.

Formula (67) shows that the kernels K̃i := d−1Ki (see BC (27)) and K̃ := K̃i|∂ω×ω (see
BCs (30) and (53)) do not depend on k ∈ ∂ω and k ∈ ∂ω, respectively. Moreover, BC (53)
shows that V ≡ const at the nodes of the grid ∂ω. From Maximum Principle for discrete
Laplace equation V ≡ const at ω̃ and from BC (53), we have the equation for constant
V = (K̃, 1)V + (K̃, W). Since

1 − (K̃, 1) = d−1(d − (K, 1)) = d−1(1 − [K, 1]),

we have
(1 − [K, 1])V = (K, W). (68)

If [K, 1] ̸= 1, then from (68) we find

V = (1 − [K, 1])−1(K, W), (69)

where W is the solution of classical Problem P1. Then

Ul = Wl + (1 − [K, 1])−1(K, W), pl ∈ ω, (70)

and substituting this expression into (27) we get

Ub
k = G̃b

k + d−1(K, W) + d−1(K, 1)
(K, W)

1 − [K, 1]
= G̃b

k +
(K, W)

1 − [K, 1]
, pk ∈ ∂ω. (71)

The case [K, 1] = 1 is singular: if (K̃, W) = 0, then all constants satisfy problem P2; if
(K̃, W) ̸= 0, then problem P2 has no solutions.

Remark 6. We have found necessary and sufficient conditions for the existence of a unique solution

to a problem with integral BC in the case of a special kernel. If ||K||∞ = [|K|, 1] < 1 (sufficient

condition), then |⟨K, 1⟩|, |(K, 1)|, |[K, 1]| < 1, i.e., d ∈ (0, 2) and [K, 1] ̸= 1.

Example 5. Let us consider the case K ≡ γ (see Example 4 as well). Since

d = 1 − γ|∂Ωh| = 1 − γ(lxhy + lyhx − hxhy),

we can choose h0 = h0(γ) such that d > 0 for |h| ≤ h0. This condition allows to use FDS′ (29)
and (30) instead of FDS (25) and (26). If γ|Ω| ̸= 1, where |Ω| = lxly, then we have the exact

solution of FDS (25) and (26):
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Ul = Wl + V, pl ∈ ω, Ub
k = G̃b

k + V, pk ∈ ∂ω, V =
γ(1, W)

1 − γ|Ω| . (72)

4. Numerical Simulations
In this section, we present numerical experiments designed to illustrate and confirm

the theoretical results and conclusions obtained above. Three representative examples are
considered. In each example, we study the numerical solution of the Poisson equation
subject to a double integral boundary condition. We investigate the dependence of the
solution on the nonlocality parameter γ and on the properties of the kernel. In addition, we
analyze the dependence of the numerical error on the discretization step size and examine
the convergence order of the proposed numerical method.

Example 6. We consider the model problem (5) and (6) with f (x, y) = 0, g(x, y) = xy and

constant kernel k(x, y, ξ, η) = γ in the domain Ω = (0, 1)× (0, 1). The right-hand side function

f in the differential equation and the boundary conditions were prescribed to satisfy the given exact

solution u(x, y) = w + v, w = xy, v = 0.25γ/(1 − γ).

We use it for a quantitative assessment of the numerical accuracy. The accuracy of
the numerical method applied to this problem was estimated by calculating the maximum
absolute error Eh and root-mean-square error Êh, defined as:

Eh := ||E||∞ = max
pl∈ωh

|el |, Êh = ||E||2,r :=
√

∑
pl∈ωh

rl |el |2,

p = log(Eh/Eh/2)/log 2, p̂ = log(Êh/Êh/2)/log 2,

where E = (el), el = Ul − u(pl), pl ∈ ωh.
Experimental convergence rate p̃ is estimated by comparing numerical solutions on

successively refined meshes. Let Uh and Uh/2 denote numerical solutions computed on
meshes with sizes h and h/2. The error is approximated by

Ẽh := ∥Uh − Uh/2∥∞, p̃ = log
(

Ẽh/Ẽh/2

)
/log 2.

A comparison between the experimental convergence rates obtained via mesh refinement
and the theoretical order of accuracy confirms the reliability of the proposed method.

These results are summarised in Table 1, where V is defined by Formula (72),
|∆V|h = |V − v|, δ = |∆V|h/|∆V|h/2, p = log δ/log 2. The numerical data consistently
indicate second-order accuracy for γ = 0.5. The case γ = 0 corresponds to the Laplace
problem with Dirichlet boundary conditions, for which the solution is obtained exactly.
As a result, the observed error is small and is dominated by numerical round-off effects.
The observed error is small and is mainly influenced by numerical rounding effects.

Table 1. (Example 6) Numerical errors and convergence rates for γ = 0 and γ = 0.5.

γ = 0 γ = 0.5

N M Eh Eh p Ẽh p̃

10 10 3.33 × 10−16 2.22 × 10−3

20 20 7.77 × 10−16 5.92 × 10−4 1.91 1.62 × 10−3

40 40 2.44 × 10−15 1.52 × 10−4 1.96 4.39 × 10−4 1.89
80 80 3.44 × 10−15 3.86 × 10−5 1.98 1.13 × 10−4 1.95

160 160 8.55 × 10−15 9.70 × 10−6 1.99 2.89 × 10−5 1.98

N M |V − v| p Êh p̂

10 10 2.85 × 10−2 2.09 × 10−3

20 20 1.34 × 10−2 1.08 5.76 × 10−4 1.86
40 40 6.48 × 10−3 1.05 1.50 × 10−4 1.94
80 80 3.18 × 10−3 1.03 3.83 × 10−5 1.97

160 160 1.58 × 10−3 1.01 9.67 × 10−6 1.99
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A numerical convergence study highlighting the influence of the parameter γ,
with computations performed on a uniform grid of size N = M = 160, is presented
in Table 2. Additionally, we compare the constant part v = 0.25γ/(1 − γ) of the exact
solution with numerical solution V of Problem P2 (52) and (53) (see Formula (72)). We
show how V is approximating v, and how Eh and |∆V|h = |v − V| depend on the γ value.
Note that the convergence order |∆V|h = O(h), but Eh = O(h2).

Example 7. We consider the model problem (5) and (6) with f (x, y) = 2 sin x sin y, g(x, y) = 0
and kernel k = k(ξ, η) = γπ−2 sin(ξ) sin(η)/2 in the domain Ω = (0, 2π)× (0, 2π). Such a

kernel is considered in Section 3.6 and k(ξ, η) = 0 for (ξ, η) ∈ ∂Ω. The right-hand side function

f and the boundary conditions were chosen to be consistent with the prescribed exact solution

u(x, y) = w + v, w = sin x sin y, v = γ/2. In this example

∫

Ω
k(ξ, η)dξdη = 0,

∫

Ω
|k(ξ, η)|dξdη =

8|γ|
π2 ,

∫

Ω
k(ξ, η)w(ξ, η)dξdη =

γ

2
.

The numerical simulations are presented in Table 3, where V is defined by Formula (69).
Note that we get the solution (see (70) and (71)) not only for |γ| < π2/8, but for all γ. In
this example, Bb = O, Abb = I, K̃i = K, G̃b = G (see (27)). Therefore, the convergence
order ∆Vh = O(h2).

Table 2. (Example 6) Convergence study for the numerical solution (N = M = 160) for various
values of the parameter γ.

γ v V |V − v| Eh Ẽh Êh

−10.0 −0.2273 −0.1996 2.77 × 10−2 6.22 × 10−5 1.35 × 10−4 1.21 × 10−5

−1.0 −0.125 −0.1219 3.07 × 10−3 2.38 × 10−6 6.91 × 10−6 2.39 × 10−6

−0.5 −0.0833 −0.0818 1.55 × 10−3 1.06 × 10−6 3.12 × 10−6 1.06 × 10−6

0 0 0 0 8.55 × 10−15 1.09 × 10−14 2.35 × 10−15

0.5 0.25 0.2484 1.58 × 10−3 9.70 × 10−6 2.89 × 10−5 9.67 × 10−6

0.95 4.75 4.7435 6.52 × 10−3 3.52 × 10−3 1.05 × 10−2 3.54 × 10−3

0.99 24.75 24.652 9.85 × 10−2 9.53 × 10−2 2.82 × 10−1 9.59 × 10−2

1 Inf 6400.0 Inf Inf 4800 Inf
1.01 −25.25 −25.35 1.03 × 10−1 1.01 × 10−1 3.08 × 10−1 1.01 × 10−1

1.05 −5.25 −5.258 7.63 × 10−3 4.53 × 10−3 1.37 × 10−2 4.35 × 10−3

10.0 −0.2778 −0.3134 3.56 × 10−2 1.53 × 10−4 6.59 × 10−4 2.78 × 10−5

Table 3. (Example 7) Numerical errors and convergence rate.

N M γ Eh p |V − v| p

10 10 4.71 × 10−2 1.68 × 10−2

20 20 1.24 × 10−2 1.93 4.13 × 10−3 2.02
40 40 1 3.09 × 10−3 2.01 1.03 × 10−3 2.005
80 80 7.71 × 10−4 2.00 2.57 × 10−4 2.001

160 160 1.93 × 10−4 2.00 6.43 × 10−5 2.0003

N M γ |V − v| Eh γ |V − v| Eh

−10 6.43 × 10−4 7.71 × 10−4 1 6.43 × 10−5 1.93 × 10−4

−5 3.21 × 10−4 4.50 × 10−4 π2/8 7.93 × 10−5 2.08 × 10−4

160 160 −2 1.29 × 10−4 2.57 × 10−4 2 1.29 × 10−4 2.57 × 10−4

−π2/8 7.93 × 10−5 2.08 × 10−4 5 3.21 × 10−4 4.50 × 10−4

−1 6.43 × 10−5 1.93 × 10−4 10 6.43 × 10−4 7.71 × 10−4

0 0 1.29 × 10−4
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Example 8. We consider the model problem (5) and (6) with

f (x, y) = −2ex+y, g(x, y) = ex+y − γ(e − 1)
ex sin x + e cos x − 1

x2 + 1

and kernel k = k(x, ξ) = γ cos(xξ) in the domain Ω = (0, 1) × (0, 1). The right-hand side

function f in the differential equation and the boundary conditions were prescribed to satisfy the

given exact solution u(x, y) = ex+y. In this example,

max
x∈[0,1]

∫

Ω
|k(x, ξ)|dξdη = |γ|.

Table 4 presents a numerical convergence study illustrating the effect of the parameter
γ on a uniform grid with N = M = 160, along with the experimental order of convergence
obtained from successive mesh refinements.

Numerical solutions for these three examples are presented in Figure 6.

Table 4. (Example 8) Numerical errors and convergence rate.

N M γ Eh p γ Eh p

10 10 7.74 × 10−3 3.10 × 10−1

20 20 2.13 × 10−3 1.86 8.76 × 10−2 1.82
40 40 0.5 5.56 × 10−4 1.94 1 2.27 × 10−2 1.95
80 80 1.42 × 10−6 1.97 5.74 × 10−3 1.98

160 160 3.58 × 10−5 1.99 1.44 × 10−3 1.99

N M γ Eh γ Eh

−10 6.88 × 10−3 0.5 3.58 × 10−5

−5 1.75 × 10−3 1 1.44 × 10−3

160 160 −2 2.30 × 10−4 2 8.77 × 10−4

−1 6.80 × 10−5 5 3.57 × 10−3

−0.5 2.57 × 10−5 10 1.43 × 10−2

0 1.41 × 10−6

(a) Example 6, γ = 0 (b) Example 7, γ = 1 (c) Example 8

Figure 6. Solutions of Problems from Examples 6, 7, and 8 with N = M = 160.

5. Conclusions
In this article, we have considered the numerical solution of the two-dimensional

(2D) Poisson equation, taking into account the double integral nonlocal boundary con-
dition, using the second-order FDS (25) and (26). We approximated the integral BC by
the trapezoidal formula. We divided the problem into two parts: the classical Poisson
equation with local Dirichlet BC (see problem P1) and the Laplace equation with a nonlocal
condition (see problem P2 (52) and (53)). For problem P2, we found the fundamental
system of solutions by solving the discrete Laplace equation with classical Dirichlet BC. We
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derived the inverse matrix formula for the block matrix, which is used in the classical case.
The stability of the FDS was established assuming that the kernel satisfies condition (12).
We examined several distinct boundary condition cases and validated the theoretical results
using numerical simulations.
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22. Skučaitė, A.; Štikonas, A. Spectrum curves for Sturm–Liouville Problem with integral boundary condition. Math. Model. Anal.

2015, 20, 802–818. [CrossRef]
23. Yin, H.M. On a class of parabolic equations with nonlocal boundary conditions. J. Math. Anal. Appl. 2004, 294, 712–728. [CrossRef]
24. Cannon, J.; Lin, Y.; Matheson, A. The solution of the diffusion equation in two space variables subject to the specification of mass.

Appl. Anal. 1993, 50, 1–15. [CrossRef]
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