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Abstract

In this paper, we study an inverse problem for the nonstationary Stokes system in a
bounded domain ) with a nonlinear integral overdetermination condition, describing the
kinetic energy E(t) of the fluid. We construct two classes of solutions: weak and very weak.
In the case where the kinetic energy E belongs to W} (0, T), we construct weak solutions. If
E belongs only to L, (0, T), we construct very weak solutions.
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1. Introduction

The Stokes system represents a special case of the Navier-Stokes equations in which
inertial effects are negligible compared with viscous forces. Although the nonlinear con-
vective term is omitted, the Stokes equations still describe a wide range of physically
significant flows and remain widely used in various applications. In this paper, we focus
on the nonstationary Stokes system describing the flow of a viscous incompressible fluid.

Suppose that O C RY, d = 2,3, is a bounded domain with Lipschitz boundary 9Q and
T is a finite positive real number. We denote Qr = Q) x (0,T) and St = 9Q) x (0, T). The
classical Stokes problem is to find the velocity vector field # and the pressure p satisfying

put(x,t) —vAu(x,t) + Vp(x, t) = pf(x,t), (xt) € Qr,
divu =0, (x,t)€Qr, )
u|ST =0, u(x,0)=wuy(x), x€Q,

where f describes the external forces, ug is the initial condition, v > 0 is the constant
coefficient of kinematic viscosity, and p > 0 is the density of the fluid. Since we consider an
incompressible fluid, the density p is constant, and without loss of generality, we assume
that p = 1. Notice that in the classical formulation, both f and ug are prescribed functions.
In this case, the solvability of problem (1) is well known and can be found in [1].

In addition to the classical Stokes problem, it is possible to formulate inverse problems
where f is treated as an unknown and must be determined as part of the solution. For such
a problem to be well posed, an additional condition is required. Most existing results on
inverse problems involve a linear integral condition given by
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/Qu(x,t)~w(x)dx:F(t) vt e [0, ], F(O):/ng(x)~w(x)dx, @

where w and F are known functions. In many papers (see [2-13]), the authors assume that
the function F is sufficiently smooth (for instance, F € Wz1 (0,T)). However, in [14,15], the
solvability of a Poiseuille type inverse problem (1) with a linear integral side condition (similar
to (2)) was also proved under minimal regularity on F, i.e., assuming that F € L,(0, T) only.
In this work, we consider the Stokes problem (1) together with a nonlinear condition

as follows:
[ e )Pdx = E2(t) ¥ € 0,71, E©O) = 1ol ©)

where E is a given function. In [16], the inverse problem for the heat equation with non-
linear condition (3) was considered assuming that the function E belongs to the Sobolev
space Wz1 (0, T). Problem (1), (3) can be seen as a generalization of [16] to the vector-valued
case where nonlinear condition (3) becomes a specification of kinetic energy 1|/u(-,t) ||7i2 Q)
at time t. Thus, this formulation has a clear physical interpretation: we look for the flow
velocity u, pressure p, and external forces f such that the described flow has the pre-
scribed kinetic energy. Therefore, the recovered force is constructed within a specific
admissible class tailored to the prescribed energy profile. In [16], the authors constructed
solutions (u, f) such that u and u; belong to L(0, T; L2(€Q2)), while f € Ly(0, T; W, 2(Q))).
In the present paper, we investigate the Stokes problem in two cases. For the case when
E € W21 (0, T), we construct the classical weak solutions, while for the case when E belongs
only to L(0, T), we use a different approach compared with previous works and construct
very weak solutions (defined in a similar way as in [15]) such that # and Vu belong to
Ly(0, T; Lp(©))), while f belongs to a certain dual space.

The novelty of the paper lies in the combination of several aspects. While linear
overdetermination conditions for the Stokes system and nonlinear energy-type conditions
for scalar equations have been studied previously, the present paper treats a nonlinear
integral overdetermination condition in the context of the nonstationary Stokes system. In
particular, we develop a framework for constructing weak and very weak solutions under
low regularity assumptions on the prescribed energy function E, which, to the best of our
knowledge, has not been studied in this setting.

Throughout most of the paper, it is assumed that ug is not identically equal to 0 so that
the norm [|ug||1,(q) is positive. The case when uy = 0 is treated in a similar way, so it will
be discussed briefly at the end of this paper.

2. Notation and Auxiliary Results
2.1. Function Spaces

We introduce some notations that are used in this paper. First, suppose that G C RY,
d = 2,3, is a bounded open domain with a Lipschitz boundary. Let C**(G) denote the space
of all infinitely differentiable (smooth) functions defined on a set G, and let Ci°(G) C C*®(G)
be the subspace of compactly supported functions, whose supports are contained in G.
For p > 1, we use the usual notation for Lebesgue spaces L, (G), consisting of measurable

1
functions u with a finite norm ||u||Lp(G) = (Jg |lu(x)|Pdx)?, and Sobolev spaces W’;(G),

consisting of functions having all weak derivatives of order || < k, such that the norm
1

||u||W§(G) = (Z\leék | D*u(x) HZ,(G)) ” is finite. Here, « is a multi-index and D" is the weak

partial derivative of order |x|. Additionally, the subspace W]’,f(G) is defined as the closure
oof C5’(G) in the norm of Wll,f(G). In the case when p = 2, the spaces Ly(G), W5(G), and
W5 (G) are also Hilbert spaces.
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Vector-valued functions are denoted by bold letters. For a normed space V, we write
u € V to indicate that each component of u = (uy,uy,...,u;) belongs to V. Moreover,
we define

i 4 du; dv;
= ax] ax]
2
Ifu € V,then |ul?, =%, |u;]|3 and ||V}, = Y4 127 ‘ g—;‘]’ g The dual space of V is

denoted as V* and (-, -) denotes the duality pairing between V and V*. If H is a Hilbert
space, the scalar product between u € H and v € H is written as (u,v)y. It will be clear
from the context whether the angle brackets refer to the scalar product or to the pairing
of a normed space and its dual. The (weak) divergence of u = (uq,uy,...,u ) is defined
asdivu = Zl 1 a . We use the following spaces that consist of Vector-valued functions
u:G—RE:

D(G) is the space W} (G) with the equivalent norm lullpcy = VullL,c)

J5°(G) is the space of functions u € Ci°(G) such that divu = 0;

J(G) is the closure of the set J;°(G) with respect to the L,(G) norm;

H(G) is the closure of the set J°(G) with respect to the D(G) norm.

Lastly, we use spaces that incorporate both time and space. Let 0 < T < co be a real number
and denote Gr = G x (0,T), and Sy = 0G x (0, T). The spaces Wg'l(GT), Wzl’O(GT) and
W, (Gr) are defined similarly to Sobolev spaces, i.e.,

1
Wy (Gr) = {u € Ly(Gr) : us € La(Gr)}, lullyyor g,y = (||MH Gr) T HutHLZ(GT))Z;

1
Wo2(Gr) = {u € Ly(Gr) : y, € Ly(Gr),1 < i < d}, lellyao g,y = (\|u||§2(GT) - ||W\|§2<GT))2;

1

1,1 _ 0,1 1,0 2
W (Gr) = W (Gr) 0 (Gr), Ml g,y = (Il 6y + IVl 60 + 1l )

Spaces W,*(Gr) and W,"! (Gr) are subspaces of W, (Gr) and W, (Gr), respectively,
consisting of functions u such that u| 5= 0 in the sense of traces.

We mainly work with solenoidal functions with zero boundary conditions defined
on the surface St. Let J5°(Gr) be defined as the space of functions u € C®(Gr) such that
ul _— and div # = 0. Then the closure of J;°(Gr) in the space Wzl’O(GT) is denoted as

‘0/21’0(GT), while the closure in the space Wzl’1 (Gr) is denoted as \721’1 (Gr).

2.2. Eigenvalues and Eigenfunctions of the Stokes Operator

Letvy € H(Q)) and A, € R, k € N, be the eigenfunctions and eigenvalues of the Stokes
operator as follows:

—vAv(x) + Vp(x) = Mo(x), x€Q,
divy, =0, x€Q,

vk|80 =0,

which satisfy the following integral identity:

v /Q Vo (x) - Va(x)dx = Ay /Q ou(x) - q(x)dx, Vg € H(Q).

It is known that the eigenvalues Ay are real, positive, and Ay — co as k — oo (see, e.g., [17],
Chapter 2.6). Additionally, the eigenfunctions {y };> ; form an orthogonal basis in H(Q})
and J(Q), and can be normalized in L?(Q) so that ||vy|| 1,(q) = 1. These eigenfunctions
have the following properties:
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1, ifk=1, & itk =1,

/ v (x) - (x)dx = ' / Vog(x) - Vo (x)dx = Y ' 4)
Q 0,ifk #1, 0 0,ifk # 1.

3. Weak Solution
3.1. Definition of a Weak Solution

In order to derive the definition of a weak solution to problem (1), (3), we first sup-
pose that u, f, and p are sufficiently smooth. Multiply Equation (1); by a test function
1 € C*(Qr) such that 7| 5 = 0, divy = 0 and apply integration by parts with respect to x
to get that

/Qut(x,t) -q(x,t)dx—i—v/QVu(x,t)'Vn(x,t)dx = /Qf(x,t) -q(x, t)dx. (5)

There are no surface integrals over 9} because 17|ST = 0. The integral term containing the
pressure function p vanishes because divy = 0, and so

/Q Vp(x,t) y(x, t)dx = — /Q p(x,t)divy dx = 0.

Next, we integrate (5) with respect to time from 0 to ¢. Thus,

/Ot /Q ui(x, ) - y(x, T)dxdt +v /Ot /Q Vu(x,7) - Vy(x, 7)dxdt = /Ot /Qf(x, T) - y(x, T)dxdt (6)

for all t € (0, T]. By density arguments, this identity remains valid for all € V,”°(Qr).

Definition 1. Suppose that E € W} (0, T), ug € W2(Q) N H(Q), and E satisfies the compatibility
condition E(0) = |[uo||r,(q)- A pair of functions (u, f) € VyH(Qr) x La(Qr) is called a
weak solution of problem (1), (3) if it satisfies the integral identity (6) for all t € (0, T] and for
all test functions § € V;’O(QT), and as well satisfies side condition (3) and initial condition
u(x,0) = ug(x) fora.e. x € Q.

The first goal of this paper is to prove the following theorem.

Theorem 1. Suppose that uy € W2(Q) N H(Q), E € W3 (0, T) are given functions and E
satisfies the compatibility condition E(0) = [|uol|1,(q)- Then there exists at least one weak solution
(u, ) to problem (1), (3).

3.2. Approximate Solution

For every N € N, we will find approximate solutions (#(N), f(N)) of problem (1),
(3) represented in the following forms:

N N
u®(x,t) = kZ we(tyop(x), [N (xt) = kZ qk(t)vk(x), @)
=1 =1

where vy, are eigenfunctions of the Stokes operator. We require #N) and f(N) to satisfy for
ae. t€(0,T)andj=1,...,N in the following system:
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/Q (™)) - vy()dx + v /Q VulM (x,1) - Voj(x)dx = /Q FN (x, 1) - v(x)dx,

N
0) = Z lBkvk(x), x e, (8)
k=1

/Q‘u(N)(x,t)‘zdx: lec\jzllglzc Ez(t),

2
||u0||L2(Q)

where B are the Fourier coefficients of the function #( in terms of the orthogonal basis
{oe}i2, in H(Q) so that ug = Y17 | Bvg.

Substituting expressions (7) into (8); and using the fact that eigenfunctions are or-
thonormal in L,(Q)) and orthogonal in H(Q) (see (4)), we get an ordinary differential
equation as follows:

wy(t) + Agwe(t) = qe(t). )

Together with the initial condition wy (0) = B, Equation (9) has a unique solution as follows:

t
wp(t) = [ e =g (x) e+ .
0

Substituting (7)1 into (8)3, we get

N
= ZHwk YorllT ) = Y (we(t)? = D B E3(t), (10)

Ly(Q) k=1 k=1 ||u0HL2(Q

S 1) 1) P

where the last equality follows from (8)s3.

N
Y wie(t)vk
k=1

To satisfy condition (10) for all t € [0, T|, we choose

() = B, an

and to satisfy Equation (9), we set
qx == w,’c + Aywy € LQ(O, T). (12)

Since the function E is from the space W21 (0, T), it is continuous. Therefore, u(N) belongs to
the space C([0, T]; Lo(Q))) (see, e.g., [18], Chapter 5.9.2) and uN)(-,0) is well defined. Since
E(0) = |luol|1,(qr), we also have that

N N
0) = ) wi(0)oe(x) Z Biok(x) = Y Brok(x)
p k=1

||uo||L2

Next, we will get estimates for uN) and f(N), Recall that By are Fourier coefficients of
o, 50 Y2 B2 = 12, - Thus,

w0 T bi [T
U / /|uN>xt)|2d a0 _S=1Pk /0 E(0dt < [EIR o (13)

Mo 12
ol

Similarly, by using properties of eigenfunctions (see (4)), we obtain

| VauN Lz 0r) / /|Vu (x,t)|*dxdt = / /

A IEII;
:/ Z‘ k |2 kd Ly(0,T) Z k/\k (14)

viiuoll?, oy it

2

(H)Vor(x)| dxdt

https:/ /doi.org/10.3390/math14091402
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(N)

For the time derivative u, "/, we have

2
E'(
u dt / t))2dt = / ﬁk' dt
™ 12,0y = ./ 2 Huo”z
_ Zkzlﬁk

2
||u0HL2(Q)

Ok

/0 E <>|2dt< 1ERy o1, (15)

Thus, functions #N) belong to the space 1721/1 (Qr). Finally, using Equation (12), we
get an estimate for f(N) in the space L,(Qr) as follows:

[ a0 Pt = [ o) + vy Par <2 [ |w'k<t>|2 (0

:2/ BRE'(H) dt+2/ MBEW) [
[uoll 00y Tuolly)
Z.Bk
= |E'||2 +AZ|E|?
||u0||%2(0) ( L(0T) La( OT))
2 2
< B ARy 6)
T0l2,
and
N) |2 Ty ? 2
IF ™0 = [ L ator)| dxat = at
k=1 L (O)

o T 2 (1 - :Blzc 2
= L)) latoPar < ) A+ 2D ER 01

=1 H OHL 2(0)
v ZAZ
<2||E|%, 1+M . (17)
WD\ TulZ,

Bounds (14) and (17) are independent of N because we have assumed that
uy € W3(Q) N H(Q). Therefore,

Z /3%/\2 < VZHAuOHLQ(Q < VZH”OH%VZZ(Q)/ (18)
Y B < vuoly- (19)
k=1

From (17), we get that f is bounded in the space L, (Q7) and

2|

W3(Q)

112, ) < 20E Ry oy |1+ ——m 2 |-
||u0||L2(Q)

Using (13), (14), and (15) together with (19), we can estimate uN) in the space 1721'1 (Qr)
as follows:

T L e AR sl A

N 0||2 [

https:/ /doi.org/10.3390/math14091402
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3.3. Convergence

Since the sequence {u(N)}%_, is bounded in the space \721'1(QT) and the sequence
{fN)}%_, is bounded in the space Ly(Qr), there exists a subsequence {N;}2, such that
uN1) weakly converges to a function u € V1 1(Qr) and f(N) weakly converges to some
f € Ly(Qr). Importantly, this means that u( D~ u, ugNl) — u; and VaN) —~ Vu in
Ly(Qr). Next, consider arbitrary functions d; € C[0,T], j € N. Multiply Equation (8);
by d;, and then sum them over all j € {1,2,...,M}, where M < N. Denote (x,t) =
Y M di(t)vi(x), and replace N by N in the integral identity as follows:

(ND (1 gy (ND (4 1) . [ N (e p) .
/Q u™) (x, ) -y (x, £)dx + v /Q VN (x, 1) - Vy(x, t)dx /Q FOND (1, ) - p(x, £)dx.

By integrating this identity with respect to time from 0 to ¢, we get

t t t
(Ny) ) (Ny) . — (N;) .
/O/Q u, "V (x,7) n(x,T)dxdT—i—v/O/Q Vu'l"(x,T) - Vy(x, T)dxdt /o/of U(x,t)-n(x, T)dxdt. (20)

For the first integral in (20), we notice that it can be written as an inner product in the space

Ly(Qr). Then, by using the fact that ugN’ ) u; in this space, we get

t oo t
/O/QuENZ)(x, T) - y(x, T)dxdt = <u£N’),;1]l{T§t}>LZ(QT) =25 (uy, M) ,(0p) = /O/Qut(x, T) - n(x, T)dxdT.

For the other integrals, we can similarly write them as inner products in L,(Qr) and, by
using weak convergence, we obtain that

t
//QVu(NI)(x,T)-Vn(x,T)dxdT LiaN //Vuxr) V(x, T)dxdr,
0

/Ot/Qf(Nz)(x,T). n(x, T dxdTH—oo>/ / f(x,7) - y(x, T)dxdr.

Thus, after passing to the limit as | — oo in (20), we get integral identity (6) for the pair of
limit functions (u, f). However, it holds only for those # that are finite linear combinations
of functions vg. These linear combinations are dense in the space V2 %(Qr). The proof
is similar to the proof of Theorem 2.3.8 in the book [19]. Additionally, since N; — oo
when I — oo, the number M in the sum 5(x,t) = Y™ d;(t)v;(x) can be arbitrarily large.
Therefore, by approximation, we have that the constructed solution (u, f) satisfies (6) for
all g € V,°(Qr).
Side condition
Next, we need to show that the function u satisfies the side condition as follows:

/Q lu(x, D) [2dx = E2(t)

forall t € [0, T]. By the definition of uN) (see (7)) and properties of eigenfunctions (see (4)),
for N,M € N with N < M, we obtain

[ a9 ) = [ (zwk ) (zwk )d

_ sz t) (2) Zk:1 :Bk Ez(t).

k
||u0||%2(0)

https:/ /doi.org/10.3390/math14091402
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After integrating this equality from 0 to an arbitrary (fixed) t € [0, T], we get

/ / M) (x, T)dxdT = Licy ﬁ% /Ot E%(7)dT.

N2
(|10 HLZ(Q)

Now, we replace M by the subsequence N; which we got earlier and take the limit as

I = co. For any N € N, the inequality N < Nj holds for sufficiently large /. Additionally,

uN) — yin Ly(Qr). Thus, after passing to the limit, we obtain

N g2
/ / u N (x,7) - u(x, T)dxdt = Li=1 Pi /Ot E%(1)dT.

N 12
||u0||L2(Q)

The last equality is true for all N € N, so we can replace N by N; and take the limit as
I — oo. Recalling that Y3 | B3 = [|uo| 1), We get

t
/Hu D2, 0yt = /EZ(‘L’)dT. 1)

The function  is from C([0, T}; L»(€2)) due to the embedding Wy (Qr) < C([0, T]; L,(Q2))
(see [18], Chapter 5.9.2). Therefore, ||u(-, 7)||1,(q) is a continuous function. Similarly, the
function E is continuous on [0, T] since E € W3 (0, T) C C[0, T]. Hence, we can differentiate
both sides of (21) by t and obtain

lu(-, )17,y = E*(t), (22)

forall t € [0, T]. Notice that (22) is equivalent to [ [u(x, t)|?dx = E2(t) forall t € [0, T].
Initial condition

Let uéN) = YN | Bty denote the partial sum of the Fourier series of uy with respect to the
basis {vx} in J(Q)). Clearly, u(()N) — ugin Lr(Q2). Let N,M € N with N < M. Then, by (7)
and the orthonormality of vy in L,((2), we obtain

/O (6™ t) =l () - (5 (3, 1) — ™ (1)) dx
N N M M
= Jq <k21 wi (1) (x) — kzlﬁkvk(x)> ' (Z wi (t)v(x) — Z ﬁkvk(x)>dx

k=1
./ N

a1 Brok(x) Brog(x
i Broe(x) (g — dx

/Q <k_21 ||u0HL2(Q)( ( ) ||u0||L2(Q))> (Z ||u0||L2(Q ( ( ) |u0||L2(Q))>
_ LL B 2
= —>——(E(t) — Huo||L2(Q)) )

luoll7,(q)

Integrating both sides of the last equality from 0 to an arbitrary but fixed ¢t € [0, T] yields

/Ot/Q(u(N)(x, T) — u(()m(x)) _ (u(M)(x, ) — u((]M) (x)>dxdr
Lis1 B

- 2
||u0“L2(Q) .

ot
[ (E@ = o]0 P @)

Now, we have that u™) — 4 in L,(Qr); therefore, u(M) — u(()N’) — u — up in the space

Ly (Qr). Therefore, if we replace M by N; in (23) and pass to the limit as | — oo, we get that

https:/ /doi.org/10.3390/math14091402


https://doi.org/10.3390/math14091402

Mathematics 2026, 14, 1402 9of 18

ey B

t
HuOH% (O) /0 (E(T> - ||u0HL2(Q))2dT'
2

/Ot /Q(u(N) (x,T) — u(()N)(x)> . (u(x,.[) . uo(x))dxdr _

Similarly, if we replace N by N; and pass to the limit again as I — oo, we get

/Ot '/(.)(”(er) —up(x)) - (u(x, ) — up(x))dxdt = /Ot(E(T) ~ ol (o),

where we have used that Y3 ; f7 = [|ug H%z( q)- Rewriting the final expression, we obtain

t t
[ G0 = w0l oyt = [ (E©) = l1woll, (o)

Differentiating by ¢ yields
(-, #) = uoll7 0y = (E(t) = l[mollyc2))? ¥t € [0, T]. (24)

By taking ¢ = 0 in (24) and using the condition E(0) = ||ug||1,(qy), we finally obtain that

[u(-,0) = uo]7, () = 0
which is equivalent to u(x, 0) = uy(x) for almost all x € Q).

4. Very Weak Solution
4.1. Definition of a Very Weak Solution

In this section, we consider problem (1), (3) in the case where the function E does not
possess a weak derivative and belongs only to L,(0, T). Since a function in L; is defined
only almost everywhere, the compatibility condition E(0) = [[ug 1, () must be generalized.
Specifically, it is understood in the following sense: t = 0 is a Lebesgue point of E(t) with
the value of [ug||1, (). Equivalently,

lim !

t
Py 1 ?/o |E(T) = lluoll () ldT = 0. (25)

Similarly, u(-,0) = u is understood to mean that t = 0 is a Lebesgue point of u(-, t) with
the value of up, where ug € Ly(Q) and u(-,t) € L,(Q) for a.e. t € (0, T). Equivalently,

1ot
lim £ [l 7) = woll, e = 0.

t—0t

For the derivation of the very weak solution, we also need a generalized version of a
primitive function. For any function g € L>(0, T), define its primitive S¢(t) = fot g(t)dr.
Then % = g almost everywhere and S¢(0) = 0. We extend this notion to a larger class of
functions in the same way as in [15]. Denote by W' (Qr) the subspace {¢ € Wy (Qr) :

o, T) =0},

Lemmal. Ifh € (Wg'l(QT))*, then there exists a unique H € Ly(Qr) such that

T A~
()= [ [ Hxb) mix tydxar vy e (). (26)
0 JO
Proof. The functional defined in (26) is bounded since, for any H € Ly(Qr),

[ | < =l yp) 17ellp00) < 1H 00 1l gor g,

https:/ /doi.org/10.3390/math14091402
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Let D : Wg’l(QT) — Ly(Q7) be the derivative operator defined by Dy = #;. To show that
D is surjective, let ¢ € Lp(Qr) and set

P(x ) = — /tTrp(x, 7)dr.

Then ¢ € Wy (Qr), and since  is absolutely continuous in ¢,

Pi(x,t) = ;t(/0f¢(x,T)dr_/()T¢(x,T)dT> = ¢(x,t).

The operator D is injective. Indeed, if 1,12 € Wy (Qr) satisfy (71); = (112)t, then
(m —n2)r = 0,50 1(x, t) — y2(x, ) is constant in time. Since, by definition of the space
Wg'l(QT), we know that #1(x, T) = #2(x,T) = 0 for almost all x € Q, it follows that
#11 = 112. Operator D is linear and bounded; hence, it is an isomorphism between Wg'l (Qr)
and Lz(QT).

Leth € (Wg'l (Qr))*. Consider the linear functional F on Ly(Qr) defined by F(¢) =
(h,D~1¢) = (ho D~ 1)(¢p). Then F is bounded as D! is bounded. Therefore, by the Riesz
representation theorem on L, (Q7), there exists a unique H € Ly(Q7) such that

F@)= 0,0 79) = [ [ Hx1) - gl vt

For any 57 € Wy (Qr), we have 7 = D™, which implies

Fp) = o) = [ [ H(s ) il )it
O

Remark 1. If h € (WY (Qr))*, define Sj, := —H, where H € Ly(Qr) is the function asso-
ciated with h by Lemma 1. This definition extends the classical notion of a primitive function.
Indeed, if h corresponds via the Riesz representation theorem to a function h € Ly(Qr), ie.,
(h,y) = fOTfQ h(x,t) - 5(x,t)dxdt, then integration by parts gives

_ (T [ 9Su(xt) 7
) = [ [ S e nasdt = = [ [ su(et) - m(x, D,
using Sp(x,0) = 0and y(x,T) = 0.

Let us define a very weak solution to problem (1), (3). Suppose that u, f, and p are
sufficiently smooth. Multiplying Equation (1); by an arbitrary function # € C®(Qr) such
that 7| s; =0 divy =0, (-, T) = 0 and applying integration by parts with respect to x,
we get identity (5). Unlike in the case of a weak solution, we integrate (5) with respect to
time over (0, T) and apply integration by parts to the first and last integrals. Thus, we get

/OT/Q u(x,t) - q(x, t)dxdt + /Quo(x) -q(x,0)dx

T T (27)
fU(/O/QVII(X,t)oVﬂ(x,t)dX:/()./st(x,t).ﬂt(xlt)dx'

By density arguments, (27) remains valid for all y € V"' (Qr), where V! (Qr) is defined
as the closure of the space {v € C®(Qr) : U‘ST =0, v(,T) =0, divo = 0} in the
Wy (Qr)-norm.
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Definition 2. Suppose that E € L»(0, T), ug € W3(Q) N H(QY), and E(0) = ||uo|| 1) in the
sense of definition (25). A pair of functions (u, f) € ‘721’0(QT) X (Wg’l (Qr))* is called a very weak
solution of problem (1), (3) if the integral identity (27) holds for all test functions y € Vzl’l(QT)
and if the initial and side conditions are satisfied as follows:

/Q lu(x, t)[2dx = E2(t), forae t€[0,T], (28)

u(-, 0) = ug in the sense of Lebesgue points. (29)
The second goal of this paper is to prove the following theorem.

Theorem 2. Suppose that uy € W3(Q) NH(Q), E € Ly(0, T) are given functions and E satisfies
the compatibility condition E(0) = |luol|1,(qy) in the sense of Lebesgue points. Then there exists at
least one very weak solution (u, f) to problem (1), (3).

4.2. Approximate Solution

We cannot define the approximate solution as in Section 3.1 since definition (12)
involves the derivative of E. Therefore, we approximate E by a sequence E, € W, (0, T)
such that E, — E in Lp(Q) ) and En( ) = lluollr,(q)- Forevery N € Nand n € N, we define

approximate solutions (un f,, ) to problem (1), (3) by

N N
) (x,t) = Y wen(Boex), iV (0 8) = Y qen(Doe(x), (30)
k=1 k=1
where {0} }7° ; is a basis in J(Q)) and H(Q2).
The coefficients wy ,, and g, are determined by the system, which holds for a.e.

€(0,T)andj=1,...,N,as follows:

/Q @) (x, 1) - vj(x)dx + v | /Q Vil (x, 1) - Vo (x)dx = | /Q £V (x, ) - v(x)dx,

N
u™M (x,0) = k; Broe(x), x€Q, 31)
/Q u,(qN)(x,t)lzd _ A 1:Bk E2(),

ol

where By, k € N, are the Fourier coefficients of the function #y. As in Section 3.2, we get the
same expressions for wy , and gy ,,, namely,

() = L5 (1), (32)
||u0||L2(Q)
Gin = (Wip)' + Ak, € Lo(0, T). (33)

The function E,, € W} (0, T) is continuous. Therefore, ') is from the space C([0, T]; Lo(QY))

and uEIN) (-,0) is well defined. Using that E,(0) = ||u||1, (), we obtain

N N N
qum:;wwmk ZMW ;mmw
=1 =1

||uo||L2 =

Then the pair of functions (uElN), fy(,N)) satisfies system (31).
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Next, we get suitable estimates for u£l and f, ) The bounds for u£, ) and Vu(N)

get by the same arguments as in the previous section (see (13) and (14)) as follows:

[ ||2 ) < NEallT 01y (34)
e | ”HLZ(OT

Estimate (17) involves the derivative of E; thus, the sequence { f,EN)}ﬁzl cannot be
estimated in L(Q)r). Instead, we get an estimate of the primitive function S N in the

space Lp(Qr). First, integrate Equation (33) from 0 to # to get

t

0,0 = [ @) (0074 s [ 0007 = w0 (6) = 0 0) + Ay [ wn(2)e

(3:2) LEn(t) _ ﬁk + M /Ot En(T)dT.

HuOHLz(Q) ”uO”Lz(Q)

We use the following estimate that we get by applying the Cauchy-Schwarz inequality:

T ot 2 T/ (T 2 5 2
/0 /O En(t)dz| dt < /0 (./0 |En<~r>dr) dt < T2 Eu? o 7).

This, together with the inequality (a + b + ¢)? < 3(a? + b% + ¢2),a,b,c € R, yields

2
T T M t
S t2dt:/ B gy +L/E T)dt | dt
” qanLz(OT / | ‘ik/n( )‘ 0 (HuOHLZ(Q) Tl() .Bk HuOHLZ(Q) 0 n( )

2 T /\2 2 T ot 2
<3 75/ Eﬁ(t)dt+ﬁiT+k72ﬁk/ /En(r)dT dt
||uOHL2(Q) 0 HuOHLZ(Q)'O 0
3p2 3A2p2
< IEall7, 0,r) +3BRT + 5 ~— Tl Eull
||uo||%2( "L 01) ||u0||%2( "L2(0T)
Therefore, by the last inequality,
T| N 2 N T ,
I8 00 Bairy = [ |22 Sa,, (Do dr= ) [ 15y, (1)Par
k=1 Ly (Q) k=1
c- 3)‘12<ﬁ12< 2 2
¥<||u 2 o 1l #3967+ g =T lEl o)
IEalIZ 0,1
= 3||EnllZ,0.1) +3Tllwoll T, () + 3T > 2 Z,Bk)‘z
||uOHL2(Q =1
Inequality (18) gives the following bound:
2 2” OH%VZZ(Q) 2
||S ||L2 (Qr) <3||En||L20T —|—3T||u0||L2 +3T%v MHE”HM(OI)‘ (36)
Combining Equations (34), (35), and (19), we have
||”n ||V10 = ||un ”Lz (Qr) +||Vun ||L2 (Qr)
20135y
S ||E7’ZHL2(OT AR TET — || || || ”HLZ OT) (37)
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By using these estimates, we conclude that the sequence {u,(lN) }{—; is bounded in the space
V,?(Qr), while the sequence {Sf(m }X—1 is bounded in the space Ly (Qr).

4.3. Convergence

Since the sequence {u,&N) }_, is bounded in V,°(Qr) and the sequence {S ) N1
is bounded in L,(Q)7), there exists for each fixed n € N a subsequence {N;}{° ; such that
(Np)

u, " weakly converges to u, € V,°(Qr) and Sf(Nz ) weakly converges to Sy, € Ly(Qr)

for some f, € (Wy'(Qr))*. We also have that My, and Ve~ Va, in
Ly(Qr). Next, consider arbitrary functions d; € C'[0, T] with d;(T) = 0, k € N. Multiply
Equation (31); by dj and sum over all j € {1,2,..., M}, where M < N. If we also denote
n(x,t) = M di(t)op(x) and integrate by t from 0 to T, we get the following
integral identity:

T, T p T
./0 ./Q(u;gN))t(X, t) - y(x, t)dxdt +1//0 /Q Vu,gN)(x,t) - V(x, t)dxdt = ./0 /Q f,EN)(x,t)ty(x, t)dxdt. (38)

Then, we integrate by parts on the first and third integrals in Equation (38). Recalling that
uly )(x 0) = YN | Brvx(x) and that (-, T) = 0, we get

/Q 1N (x,0) - 5(x,0)dx + / T/ ulN) (e, ) (x, ) dxdt
39
—1/// vulV (x,t) - Vy(x, t)dxdt = // S ) - e (x, t)dxdt. >

We interpret the last three integrals in (39) as inner products in the space L,(Qr) and use
weak convergence to get that

/ /un’ (x,t) - qe(x, t)dxdt l_)oo/ /unxt ¢ (x, t)dxdt,
/ / YV, ’)(x,t)~V17(x, t)dxdt —— LiaN / / Vu,(x,t) - Vy(x, t)dxdt,
0 JO

T
/0 /stf,N’)(x’t 1 (x, t)dxdt —>/ / St (x, 1) - e (x, t)dxdt.

Since ZII(\IZI Bxvx — up in Lp(Q)) as N — co, we can pass to the limit in the first integral on
the left-hand side of (39), and we get

/Q up(x) - n(x,0)dx + /OT/Q un(x, t) - qe(x, t)dxdt

T T (40)

—v Vu,(x,t)-V x,tdxdt://S x,t) - n(x, t)dxdt,
| et - e naxat = [ sp )0

where 7is a linear combination Y-M | dy(t)vy(x). The number M in the sum can be arbitrarily

large because N; — oo when | — oo. Since the set of all these linear combinations is dense

in the space Vzl’l (Qr) (see Theorem 2.3.8 in [19]), by approximation, we get that integral

identity (40) holds for all 5 € V) 1(Qr).

Next, we have to pass to the limit as n — oo. For each n € N, we have
lunlly10qy,) < liminf ™ va ary 155l ap) < limin Hsf’gm L, (0p)-
Additionally, E, — E in L,(0, T). Therefore, from (36) and (37), we get that {u,} ; is
bounded in f/zl’O(QT) and {Sy, };°_; isbounded in L (Qr). Thus, there exists a subsequence
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{n;}72, such that u,,, — u and Sf, — Sy forsomeu € Vy2(Qr) and f € (Wet(Qr))*.
Finally, after passing to the limit in (40) as n; — oo, we get

/Quo(x) ~11(x,0)dx+/OT/Q u(x, t) - ne(x, t)dxdt
v /0 T/Q Vu(x, t) - Vy(x, t)dxdt = /0 T/Q S5 (x, 1) - e (x, )t

for all € V7 (Qr).

Side condition
By the definition of un (see (30)) and properties of eigenfunctions (see (4)), we obtain
that for NNM € N, N < M, for all n,m € N, and for almost all t € (0,T) holds the
following equality:

/K‘)u,(qN)(x,t).u,%M)(xtdx—/ (Zwkn ) <Zwkm )dx

—Zwkn wkm ):

Integrate this last equality from 0 to an arbitrary but fixed t € [0, T] to get

il B

Il )

//un X, T) um )(x T)dxdt = /OEn(T)Em(T)dT. (41)

Since there exists a subsequence M; such that ugan N uy, in Ly(Qr), after replacing M by

M] in (41), we can pass to the limit as I — oo, provided that N < M; for sufficiently large I.
Then, for all N € N,

Yol B

ol )

//un X, T) -ty (x, T)dxdt = /OE (T)Em(T)dT. (42)

(N1)

Similarly, there exists a subsequence N; such that u;; "/ — u,, in Ly(Q7), so after replacing
N by Nj in (42) and passing to the limit as [ — oo, we have

¢ e8] 2 t t
/ / n(x, T) - tam (x, T)dxdT = Zk;;ﬁk / Ey(T)Em (7)dT = / En()Em(7)dT, (43)

0 Jo Huo||L2(Q) 0 0
since Y321 B2 = [luoll?_ I,(0) Next, we take the limit as 1,/ — oo in a similar way. It does

not matter in which order we take the limit as the result will be the same. First, we already
have that there is a subsequence 1 such that u,, — uin Ly(Qr). We also have that E,;, — E
in Ly(0, T). Thus, if we replace n by n; in (43) and pass to the limit as | — oo,

/Ot /Q u(x,T) - upy(x, 7)dxdt = /Ot E(T)Ey(T)dT. (44)

Lastly, if we replace m by n; in (44) and pass to the limit as [ — oo,

/ / u(x,7) - u(x, 7)dxdt = /OtE(T)E(T)dT.
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Thus, by differentiating this equality by f, we see that, for a.e. t € (0, T), side condition (28)
is satisfied as follows:

/Q lu(x, t)[2dx = E2(t).

Initial condition

Denote 1Y) = YN . By to be the partial sum of the Fourier series for u in H(Q). Then it
0 k=1 PkYk p

is clear that u(()N) — up in Lp(Q)) and u(()N) — up in Lp(Q7) as well. Suppose that N,M € N,

n,m € Nand that N < M. Then from (30) and from properties of eigenfunctions, we obtain

/Q CREDE (x)) : (ufnm (x,£) — ™ (x) ) dx

M M
_/ <Z wkn 7)k Z,Bk’()k ) . (2 wk,m(t)vk(x) — E'Bkvk(x)>dx
= M —lu ﬁkvk Ml ;
B Q(k_zl [0l 1, (02) (E”(t) I OHLZ(Q))) (Z HuOHLz ( m(t) — || 0||L2(Q))>d

= (En(t) — lluolly00)) (Em(£) = lloll 1 001))-
Integrating the last identity from 0 to an arbitrary ¢ gives us

/Ot /Q(u}(iN)(x, T) — u((]N)(x)> . (u;(nM) (x,7) — M((]M)(x))dxdr
_ Tef

a ||”0H%2(Q)

t
/O (En(7) = [luollL,0)) (Em(T) = [0l (02) )T (45)

Now, pick a subsequence M, I € N, such that ugan) — uy, in Lp(Qr). We also know that

u((JM’) strongly converges to ug in L, (Qr); thus, it also weakly converges. Using this, we

can replace M with M; in Equation (45) and pass to the limit as /| — oo to get

/ot /QW%N) (x,7) = 1 (x)) - (1 (%, T) — wp(x))dxd

N t
Yi—1 :3k /o (En(T) = lluoll 1, (0)) (Em(T) = ll#oll (02T (46)

”uOHL 2(Q)

Similarly, we can find a subsequence Nj, I € N, such that u( RN uy in Ly(Qr). Then

ﬁ,Nl ) _ (()Nl) — u, —up in Lp(Q7). Replace N with Nj in (46) and pass to the limit as

I — oo to get
/0 t /Q (10 (x,T) — 119(x)) - (st (x, T) — 110 (x) dxdT
= [ (Bu(0) = 0l (B () = ol 0 )T

Finally, choose a subsequence 1, I € N, such that u,, — u in Ly(Q). Then since we also
have that E,;, — E in L,(0, T), we can replace n with n; and pass to the limit as follows:

/0 t /Q ((x, T) — 1o (x)) - (st (x, T) — 119 (x) )dxdT
= [ (B ~ 0]y En (1) ~ 0]y e
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Similarly, replacing m by n; and passing to the limit, we get

/Ot /Q(u(x’ T) —ug(x)) - (u(x, T) —up(x))dxdt
- / = [0l ,0)) (E(T) = |0l 1,02 )T

Differentiating this equality by ¢ and taking the square root of both sides shows that

[, #) = w0l 1, (00) = [E() = [lmo]| 00| (47)

fora.e. t € (0, T). Recall that we have assumed that E(0) = [ug|1, () in terms of Lebesgue
points; thus,

tim ¢ [ [E@) = ol 0l =0,

Hence, if we integrate Equation (47) from 0 to an arbitrary but positive ¢, divide both sides
by t and take the limit as t — 0T as follows:

1ot
tim 1 [ 0) = ol ot = Jim 4 [ 1)~ oy =

t—0+ ¢
This shows that initial condition (29) is satisfied in the sense of definition (25).

5. Discussion

We show that when uy = 0, there exist multiple weak and very weak solutions. Since
the arguments are similar, we only show the existence of very weak solutions.

Suppose that ug = 0, E € Ly(0, T) and {E,}%_, is a sequence of W3 (0, T) functions
converging to E in L?-norm. We find approximate solutions (#(N), f(N)) represented in the
forms (30), i.e.,

N N
ulV z wen (Do), N8 = Y qian(Hoe(x)
—1 k=1

that satisfy the following system for a.e. t € (0,T) and k < N:

| /(.l(u,gN))t(x, ) - o (x)dx + v /Q Vul (x,) - Vo (x)dx = /Q £ (x, o (x)dx,
M0 =0 xeq (48)

2
[ [ e[ dx = zER ),

where {7y} i is any sequence, such that } ?° ; 7 = 1 and such that the series } 2 ; v Aj 2)\2

converges. From (48), we get the following expressions for wy ,, and g ,:
Wi () = VkEn(t),  qu(t) = Wi, + AW -

(N)

The estimates for u,, ’ are similar to (34) and (35) as follows:

IEnlIT, 0,1)
||”n || »(Qr) = HEn||L2(0,T)/ HVun ||L2 Q) = 72};7@% SCHEnH%Z(o,T)
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for some positive constant C depending on v and the sequence {7, }¢_;. This shows that

u,gN) is from the space 10/21’0(QT). As for fi ,, we get

0
—— t t
g, (B) = Wi () = Wi (0) +/\k/0 Wi (T)AT = YkEn(t) + /\k'Yk/O Eq(7)dt
and
T ) T t 2
10, 20 = | |s%m<tn dt::/Q <vkEn<t>+-Akq%b/ En<r>dr) at
0
< 2’Yk||En||L2(o )t 2/\k'YkT2||EnHL2(o T):
Therefore,

1S 0012, p) = z/ Fw<z@wmmm+mmﬂmmwﬁ
=2(1+C* TZ)HEnHLZ 1)

for some positive constant C* depending on the sequence {};> ; . This shows that for a
fixed n € N, the sequence {S ) }%—q is bounded in Ly (7). Once we have these bounds,
we can prove the existence of very weak solutions in a similar way as in Section 3.3.

Thus, in the case ug = 0, the sequence {7 };>; may be chosen arbitrarily, whereas for
ug # 0, the sequence {7, }32, is fixed. Therefore, when uy = 0, there exist infinitely many
solutions, and uniqueness does not hold in this case. For nonhomogeneous initial data, the
uniqueness of solution remains an open problem.

Remark 2. The assumption ug € W3(Q) N H(Q) is required to obtain estimates for the approxi-
mate solutions. In particular, this reqularity condition allows us to control the series associated with
the Fourier coefficients B. Moreover, it guarantees that div ug = 0 and ”0|an =0.

6. Conclusions

In this paper, we constructed weak and very weak solutions to the nonstationary
Stokes problem with a nonlinear integral overdetermination condition as follows:

/Q lu(x, £)2dx = E2(t).

We have considered two cases, depending on the regularity of the function E, i.e., when the
kinetic energy E belongs to W} (0, T) and when E is only from L, (0, T). For the case when
E € W1(0,T), we constructed the classical weak solutions, while when E belongs only to
Ly(0,T), we used a different approach and constructed very weak solutions.

Due to the low regularity of the energy function E and the nonlinearity of the integral
overdetermination condition, the question of uniqueness in the case of nonhomogeneous
initial data remains open. In the case of zero initial data, uniqueness does not hold.
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