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Abstract

In this paper, we study an inverse problem for the nonstationary Stokes system in a
bounded domain Ω with a nonlinear integral overdetermination condition, describing the
kinetic energy E(t) of the fluid. We construct two classes of solutions: weak and very weak.
In the case where the kinetic energy E belongs to W1

2 (0, T), we construct weak solutions. If
E belongs only to L2(0, T), we construct very weak solutions.
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1. Introduction
The Stokes system represents a special case of the Navier–Stokes equations in which

inertial effects are negligible compared with viscous forces. Although the nonlinear con-
vective term is omitted, the Stokes equations still describe a wide range of physically
significant flows and remain widely used in various applications. In this paper, we focus
on the nonstationary Stokes system describing the flow of a viscous incompressible fluid.

Suppose that Ω ⊂ Rd, d = 2, 3, is a bounded domain with Lipschitz boundary ∂Ω and
T is a finite positive real number. We denote ΩT = Ω × (0, T) and ST = ∂Ω × (0, T). The
classical Stokes problem is to find the velocity vector field u and the pressure p satisfying

ρut(x, t)− ν∆u(x, t) +∇p(x, t) = ρ f (x, t), (x, t) ∈ ΩT ,

div u = 0, (x, t) ∈ ΩT ,

u
∣∣
ST

= 0, u(x, 0) = u0(x), x ∈ Ω,

(1)

where f describes the external forces, u0 is the initial condition, ν > 0 is the constant
coefficient of kinematic viscosity, and ρ > 0 is the density of the fluid. Since we consider an
incompressible fluid, the density ρ is constant, and without loss of generality, we assume
that ρ ≡ 1. Notice that in the classical formulation, both f and u0 are prescribed functions.
In this case, the solvability of problem (1) is well known and can be found in [1].

In addition to the classical Stokes problem, it is possible to formulate inverse problems
where f is treated as an unknown and must be determined as part of the solution. For such
a problem to be well posed, an additional condition is required. Most existing results on
inverse problems involve a linear integral condition given by
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∫
Ω

u(x, t) · ω(x)dx = F(t) ∀t ∈ [0, T], F(0) =
∫

Ω
u0(x) · ω(x)dx, (2)

where ω and F are known functions. In many papers (see [2–13]), the authors assume that
the function F is sufficiently smooth (for instance, F ∈ W1

2 (0, T)). However, in [14,15], the
solvability of a Poiseuille type inverse problem (1) with a linear integral side condition (similar
to (2)) was also proved under minimal regularity on F, i.e., assuming that F ∈ L2(0, T) only.

In this work, we consider the Stokes problem (1) together with a nonlinear condition
as follows: ∫

Ω
|u(x, t)|2dx = E2(t) ∀t ∈ [0, T], E(0) = ∥u0∥L2(Ω), (3)

where E is a given function. In [16], the inverse problem for the heat equation with non-
linear condition (3) was considered assuming that the function E belongs to the Sobolev
space W1

2 (0, T). Problem (1), (3) can be seen as a generalization of [16] to the vector-valued
case where nonlinear condition (3) becomes a specification of kinetic energy 1

2∥u(·, t)∥2
L2(Ω)

at time t. Thus, this formulation has a clear physical interpretation: we look for the flow
velocity u, pressure p, and external forces f such that the described flow has the pre-
scribed kinetic energy. Therefore, the recovered force is constructed within a specific
admissible class tailored to the prescribed energy profile. In [16], the authors constructed
solutions (u, f ) such that u and ut belong to L2(0, T; L2(Ω)), while f ∈ L2(0, T; W−2

2 (Ω)).
In the present paper, we investigate the Stokes problem in two cases. For the case when
E ∈ W1

2 (0, T), we construct the classical weak solutions, while for the case when E belongs
only to L2(0, T), we use a different approach compared with previous works and construct
very weak solutions (defined in a similar way as in [15]) such that u and ∇u belong to
L2(0, T; L2(Ω)), while f belongs to a certain dual space.

The novelty of the paper lies in the combination of several aspects. While linear
overdetermination conditions for the Stokes system and nonlinear energy-type conditions
for scalar equations have been studied previously, the present paper treats a nonlinear
integral overdetermination condition in the context of the nonstationary Stokes system. In
particular, we develop a framework for constructing weak and very weak solutions under
low regularity assumptions on the prescribed energy function E, which, to the best of our
knowledge, has not been studied in this setting.

Throughout most of the paper, it is assumed that u0 is not identically equal to 0 so that
the norm ∥u0∥L2(Ω) is positive. The case when u0 ≡ 0 is treated in a similar way, so it will
be discussed briefly at the end of this paper.

2. Notation and Auxiliary Results
2.1. Function Spaces

We introduce some notations that are used in this paper. First, suppose that G ⊂ Rd,
d = 2, 3, is a bounded open domain with a Lipschitz boundary. Let C∞(G) denote the space
of all infinitely differentiable (smooth) functions defined on a set G, and let C∞

0 (G) ⊂ C∞(G)

be the subspace of compactly supported functions, whose supports are contained in G.
For p ≥ 1, we use the usual notation for Lebesgue spaces Lp(G), consisting of measurable

functions u with a finite norm ∥u∥Lp(G) =
(∫

G |u(x)|pdx
) 1

p , and Sobolev spaces Wk
p(G),

consisting of functions having all weak derivatives of order |α| ≤ k, such that the norm

∥u∥Wk
p(G) =

(
∑|α|≤k ∥Dαu(x)∥p

Lp(G)

) 1
p is finite. Here, α is a multi-index and Dα is the weak

partial derivative of order |α|. Additionally, the subspace W̊k
p(G) is defined as the closure

of C∞
0 (G) in the norm of Wk

p(G). In the case when p = 2, the spaces L2(G), Wk
2 (G), and

W̊k
2 (G) are also Hilbert spaces.
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Vector-valued functions are denoted by bold letters. For a normed space V, we write
u ∈ V to indicate that each component of u = (u1, u2, . . . , ud) belongs to V. Moreover,
we define

∇u · ∇v =
d

∑
i=1

d

∑
j=1

∂ui
∂xj

∂vi
∂xj

.

If u ∈ V, then ∥u∥2
V = ∑d

i=1 ∥ui∥2
V and ∥∇u∥2

V = ∑d
i=1 ∑d

j=1

∥∥∥ ∂ui
∂xj

∥∥∥2

V
. The dual space of V is

denoted as V∗ and ⟨·, ·⟩ denotes the duality pairing between V and V∗. If H is a Hilbert
space, the scalar product between u ∈ H and v ∈ H is written as ⟨u, v⟩H . It will be clear
from the context whether the angle brackets refer to the scalar product or to the pairing
of a normed space and its dual. The (weak) divergence of u = (u1, u2, . . . , ud) is defined
as div u = ∑d

i=1
∂ui
∂xi

. We use the following spaces that consist of vector-valued functions

u : G → Rd:

D(G) is the space W̊1
2 (G) with the equivalent norm ∥u∥D(G) = ∥∇u∥L2(G);

J∞
0 (G) is the space of functions u ∈ C∞

0 (G) such that div u = 0;
J(G) is the closure of the set J∞

0 (G) with respect to the L2(G) norm;
H(G) is the closure of the set J∞

0 (G) with respect to the D(G) norm.

Lastly, we use spaces that incorporate both time and space. Let 0 < T < ∞ be a real number
and denote GT = G × (0, T), and ST = ∂G × (0, T). The spaces W0,1

2 (GT), W1,0
2 (GT) and

W1,1
2 (GT) are defined similarly to Sobolev spaces, i.e.,

W0,1
2 (GT) = {u ∈ L2(GT) : ut ∈ L2(GT)}, ∥u∥W0,1

2 (GT)
=
(
∥u∥2

L2(GT)
+ ∥ut∥2

L2(GT)

) 1
2 ;

W1,0
2 (GT) = {u ∈ L2(GT) : uxi ∈ L2(GT), 1 ≤ i ≤ d}, ∥u∥W1,0

2 (GT)
=
(
∥u∥2

L2(GT)
+ ∥∇u∥2

L2(GT)

) 1
2 ;

W1,1
2 (GT) = W0,1

2 (GT) ∩ W1,0
2 (GT), ∥u∥W1,1

2 (GT)
=
(
∥u∥2

L2(GT)
+ ∥∇u∥2

L2(GT)
+ ∥ut∥2

L2(GT)

) 1
2 .

Spaces W̊1,0
2 (GT) and W̊1,1

2 (GT) are subspaces of W1,0
2 (GT) and W1,1

2 (GT), respectively,
consisting of functions u such that u

∣∣
ST

= 0 in the sense of traces.
We mainly work with solenoidal functions with zero boundary conditions defined

on the surface ST . Let J ∞
0 (GT) be defined as the space of functions u ∈ C∞(GT) such that

u
∣∣
ST

= 0 and div u = 0. Then the closure of J ∞
0 (GT) in the space W1,0

2 (GT) is denoted as

V̊1,0
2 (GT), while the closure in the space W1,1

2 (GT) is denoted as V̊1,1
2 (GT).

2.2. Eigenvalues and Eigenfunctions of the Stokes Operator

Let vk ∈ H(Ω) and λk ∈ R, k ∈ N, be the eigenfunctions and eigenvalues of the Stokes
operator as follows: 

−ν∆vk(x) +∇p(x) = λkvk(x), x ∈ Ω,

div vk = 0, x ∈ Ω,

vk
∣∣
∂Ω = 0,

which satisfy the following integral identity:

ν
∫

Ω
∇vk(x) · ∇η(x)dx = λk

∫
Ω

vk(x) · η(x)dx, ∀η ∈ H(Ω).

It is known that the eigenvalues λk are real, positive, and λk → ∞ as k → ∞ (see, e.g., [17],
Chapter 2.6). Additionally, the eigenfunctions {vk}∞

k=1 form an orthogonal basis in H(Ω)

and J(Ω), and can be normalized in L2(Ω) so that ∥vk∥L2(Ω) = 1. These eigenfunctions
have the following properties:
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∫
Ω

vk(x) · vl(x)dx =

1, if k = l,

0, if k ̸= l,

∫
Ω
∇vk(x) · ∇vl(x)dx =


λk
ν , if k = l,

0, if k ̸= l.
(4)

3. Weak Solution
3.1. Definition of a Weak Solution

In order to derive the definition of a weak solution to problem (1), (3), we first sup-
pose that u, f , and p are sufficiently smooth. Multiply Equation (1)1 by a test function
η ∈ C∞(ΩT) such that η

∣∣
ST

= 0, div η = 0 and apply integration by parts with respect to x
to get that∫

Ω
ut(x, t) · η(x, t)dx + ν

∫
Ω
∇u(x, t) · ∇η(x, t)dx =

∫
Ω

f (x, t) · η(x, t)dx. (5)

There are no surface integrals over ∂Ω because η
∣∣
ST

= 0. The integral term containing the
pressure function p vanishes because div η = 0, and so∫

Ω
∇p(x, t) · η(x, t)dx = −

∫
Ω

p(x, t)div η dx = 0.

Next, we integrate (5) with respect to time from 0 to t. Thus,

∫ t

0

∫
Ω

ut(x, τ) · η(x, τ)dxdτ + ν
∫ t

0

∫
Ω
∇u(x, τ) · ∇η(x, τ)dxdτ =

∫ t

0

∫
Ω

f (x, τ) · η(x, τ)dxdτ (6)

for all t ∈ (0, T]. By density arguments, this identity remains valid for all η ∈ V̊1,0
2 (ΩT).

Definition 1. Suppose that E ∈ W1
2 (0, T), u0 ∈ W2

2 (Ω)∩ H(Ω), and E satisfies the compatibility
condition E(0) = ∥u0∥L2(Ω). A pair of functions (u, f ) ∈ V̊1,1

2 (ΩT) × L2(ΩT) is called a
weak solution of problem (1), (3) if it satisfies the integral identity (6) for all t ∈ (0, T] and for
all test functions η ∈ V̊1,0

2 (ΩT), and as well satisfies side condition (3) and initial condition
u(x, 0) = u0(x) for a.e. x ∈ Ω.

The first goal of this paper is to prove the following theorem.

Theorem 1. Suppose that u0 ∈ W2
2 (Ω) ∩ H(Ω), E ∈ W1

2 (0, T) are given functions and E
satisfies the compatibility condition E(0) = ∥u0∥L2(Ω). Then there exists at least one weak solution
(u, f ) to problem (1), (3).

3.2. Approximate Solution

For every N ∈ N, we will find approximate solutions (u(N), f (N)) of problem (1),
(3) represented in the following forms:

u(N)(x, t) =
N

∑
k=1

wk(t)vk(x), f (N)(x, t) =
N

∑
k=1

qk(t)vk(x), (7)

where vk are eigenfunctions of the Stokes operator. We require u(N) and f (N) to satisfy for
a.e. t ∈ (0, T) and j = 1, . . . , N in the following system:
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

∫
Ω
(u(N))t(x, t) · vj(x)dx + ν

∫
Ω
∇u(N)(x, t) · ∇vj(x)dx =

∫
Ω

f (N)(x, t) · vj(x)dx,

u(N)(x, 0) =
N

∑
k=1

βkvk(x), x ∈ Ω,

∫
Ω

∣∣∣u(N)(x, t)
∣∣∣2dx =

∑N
k=1 β2

k
∥u0∥2

L2(Ω)

E2(t),

(8)

where βk are the Fourier coefficients of the function u0 in terms of the orthogonal basis
{vk}∞

k=1 in H(Ω) so that u0 = ∑∞
k=1 βkvk.

Substituting expressions (7) into (8)1 and using the fact that eigenfunctions are or-
thonormal in L2(Ω) and orthogonal in H(Ω) (see (4)), we get an ordinary differential
equation as follows:

w′
k(t) + λkwk(t) = qk(t). (9)

Together with the initial condition wk(0) = βk, Equation (9) has a unique solution as follows:

wk(t) =
t∫

0

e−λk(t−τ)qk(τ) dτ + βk.

Substituting (7)1 into (8)3, we get

∫
Ω
|u(N)(x, t)|2dx =

∥∥∥∥∥ N

∑
k=1

wk(t)vk

∥∥∥∥∥
2

L2(Ω)

=
N

∑
k=1

∥wk(t)vk∥2
L2(Ω) =

N

∑
k=1

(wk(t))2 =
∑N

k=1 β2
k

∥u0∥2
L2(Ω)

E2(t), (10)

where the last equality follows from (8)3.
To satisfy condition (10) for all t ∈ [0, T], we choose

wk(t) =
βk

∥u0∥L2(Ω)
E(t), (11)

and to satisfy Equation (9), we set

qk := w′
k + λkwk ∈ L2(0, T). (12)

Since the function E is from the space W1
2 (0, T), it is continuous. Therefore, u(N) belongs to

the space C([0, T]; L2(Ω)) (see, e.g., [18], Chapter 5.9.2) and u(N)(·, 0) is well defined. Since
E(0) = ∥u0∥L2(Ω), we also have that

u(N)(x, 0) =
N

∑
k=1

wk(0)vk(x) =
E(0)

∥u0∥L2(Ω)

N

∑
k=1

βkvk(x) =
N

∑
k=1

βkvk(x).

Next, we will get estimates for u(N) and f (N). Recall that βk are Fourier coefficients of
u0, so ∑∞

k=1 β2
k = ∥u0∥2

L2(Ω). Thus,

∥u(N)∥2
L2(ΩT)

=
∫ T

0

∫
Ω
|u(N)(x, t)|2dxdt

(10)
=

∑N
k=1 β2

k
∥u0∥2

L2(Ω)

∫ T

0
E2(t)dt ≤ ∥E∥2

L2(0,T). (13)

Similarly, by using properties of eigenfunctions (see (4)), we obtain

∥∇u(N)∥2
L2(ΩT)

=
∫ T

0

∫
Ω
|∇u(N)(x, t)|2dxdt =

∫ T

0

∫
Ω

∣∣∣∣∣ N

∑
k=1

wk(t)∇vk(x)

∣∣∣∣∣
2

dxdt

=
∫ T

0

N

∑
k=1

|wk(t)|2
λk
ν

dt =
∥E∥2

L2(0,T)

ν∥u0∥2
L2(Ω)

N

∑
k=1

β2
kλk. (14)
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For the time derivative u(N)
t , we have

∥u(N)
t ∥2

L2(ΩT)
=
∫ T

0

∥∥∥∥∥ N

∑
k=1

w′
k(t)vk

∥∥∥∥∥
2

L2(Ω)

dt =
∫ T

0

N

∑
k=1

(w′
k(t))

2dt =
∫ T

0

N

∑
k=1

β2
k|E

′(t)|2

∥u0∥2
L2(Ω)

dt

=
∑N

k=1 β2
k

∥u0∥2
L2(Ω)

∫ T

0
|E′(t)|2dt ≤ ∥E∥2

W1
2 (0,T). (15)

Thus, functions u(N) belong to the space V̊1,1
2 (ΩT). Finally, using Equation (12), we

get an estimate for f (N) in the space L2(ΩT) as follows:

∫ T

0
|qk(t)|2dt =

∫ T

0

∣∣w′
k(t) + λkwk(t)

∣∣2dt ≤ 2
∫ T

0

(∣∣w′
k(t)

∣∣2 + |λkwk(t)|2
)

dt

= 2
∫ T

0

∣∣∣∣∣ βkE′(t)
∥u0∥L2(Ω)

∣∣∣∣∣
2

dt + 2
∫ T

0

∣∣∣∣∣ λkβkE(t)
∥u0∥L2(Ω)

∣∣∣∣∣
2

dt

=
2β2

k
∥u0∥2

L2(Ω)

(
∥E′∥2

L2(0,T) + λ2
k∥E∥2

L2(0,T)

)
≤

2β2
k

∥u0∥2
L2(Ω)

(1 + λ2
k)∥E∥2

W1
2 (0,T), (16)

and

∥ f (N)∥2
L2(ΩT)

=
∫ T

0

∫
Ω

∣∣∣∣∣ N

∑
k=1

qk(t)vk(x)

∣∣∣∣∣
2

dxdt =
∫ T

0

∥∥∥∥∥ N

∑
k=1

qk(t)vk

∥∥∥∥∥
2

L2(Ω)

dt

=
N

∑
k=1

∫ T

0
|qk(t)|2dt

(16)
≤

N

∑
k=1

2β2
k

∥u0∥2
L2(Ω)

(1 + λ2
k)∥E∥2

W1
2 (0,T)

≤ 2∥E∥2
W1

2 (0,T)

(
1 +

∑N
k=1 β2

kλ2
k

∥u0∥2
L2(Ω)

)
. (17)

Bounds (14) and (17) are independent of N because we have assumed that
u0 ∈ W2

2 (Ω) ∩ H(Ω). Therefore,
∞

∑
k=1

β2
kλ2

k ≤ ν2∥∆u0∥2
L2(Ω) ≤ ν2∥u0∥2

W2
2 (Ω)

, (18)

∞

∑
k=1

β2
kλk ≤ ν∥u0∥2

H(Ω). (19)

From (17), we get that f is bounded in the space L2(ΩT) and

∥ f (N)∥2
L2(ΩT)

≤ 2∥E∥2
W1

2 (0,T)

1 +
ν2∥u0∥2

W2
2 (Ω)

∥u0∥2
L2(Ω)

.

Using (13), (14), and (15) together with (19), we can estimate u(N) in the space V̊1,1
2 (ΩT)

as follows:

∥u(N)∥2
V̊1,1

2 (ΩT)
= ∥u(N)∥2

L2(ΩT)
+ ∥∇u(N)∥2

L2(ΩT)
+ ∥u(N)

t ∥2
L2(ΩT)

≤ ∥E∥2
W1

2 (0,T)

(
2 +

∥u0∥2
H(Ω)

∥u0∥2
L2(Ω)

)
.
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3.3. Convergence

Since the sequence {u(N)}∞
N=1 is bounded in the space V̊1,1

2 (ΩT) and the sequence
{ f (N)}∞

N=1 is bounded in the space L2(ΩT), there exists a subsequence {Nl}∞
l=1 such that

u(Nl) weakly converges to a function u ∈ V̊1,1
2 (ΩT) and f (Nl) weakly converges to some

f ∈ L2(ΩT). Importantly, this means that u(Nl) ⇀ u, u(Nl)
t ⇀ ut and ∇u(Nl) ⇀ ∇u in

L2(ΩT). Next, consider arbitrary functions dj ∈ C[0, T], j ∈ N. Multiply Equation (8)1

by dj, and then sum them over all j ∈ {1, 2, . . . , M}, where M ≤ N. Denote η(x, t) =

∑M
k=1 dk(t)vk(x), and replace N by Nl in the integral identity as follows:∫

Ω
u(Nl)

t (x, t) · η(x, t)dx + ν
∫

Ω
∇u(Nl)(x, t) · ∇η(x, t)dx =

∫
Ω

f (Nl)(x, t) · η(x, t)dx.

By integrating this identity with respect to time from 0 to t, we get

∫ t

0

∫
Ω

u(Nl)
t (x, τ) · η(x, τ)dxdτ + ν

∫ t

0

∫
Ω
∇u(Nl)(x, τ) · ∇η(x, τ)dxdτ=

∫ t

0

∫
Ω

f (Nl)(x, τ) · η(x, τ)dxdτ. (20)

For the first integral in (20), we notice that it can be written as an inner product in the space
L2(ΩT). Then, by using the fact that u(Nl)

t ⇀ ut in this space, we get

∫ t

0

∫
Ω

u(Nl)
t (x, τ) · η(x, τ)dxdτ = ⟨u(Nl)

t , η1{τ≤t}⟩L2(ΩT)
l→∞−−→ ⟨ut, η1{τ≤t}⟩L2(ΩT)

=
∫ t

0

∫
Ω

ut(x, τ) · η(x, τ)dxdτ.

For the other integrals, we can similarly write them as inner products in L2(ΩT) and, by
using weak convergence, we obtain that

∫ t

0

∫
Ω
∇u(Nl)(x, τ) · ∇η(x, τ)dxdτ

l→∞−−→
∫ t

0

∫
Ω
∇u(x, τ) · ∇η(x, τ)dxdτ,∫ t

0

∫
Ω

f (Nl)(x, τ) · η(x, τ)dxdτ
l→∞−−→

∫ t

0

∫
Ω

f (x, τ) · η(x, τ)dxdτ.

Thus, after passing to the limit as l → ∞ in (20), we get integral identity (6) for the pair of
limit functions (u, f ). However, it holds only for those η that are finite linear combinations
of functions vk. These linear combinations are dense in the space V̊1,0

2 (ΩT). The proof
is similar to the proof of Theorem 2.3.8 in the book [19]. Additionally, since Nl → ∞
when l → ∞, the number M in the sum η(x, t) = ∑M

k=1 dk(t)vk(x) can be arbitrarily large.
Therefore, by approximation, we have that the constructed solution (u, f ) satisfies (6) for
all η ∈ V̊1,0

2 (ΩT).

Side condition
Next, we need to show that the function u satisfies the side condition as follows:∫

Ω
|u(x, t)|2dx = E2(t)

for all t ∈ [0, T]. By the definition of u(N) (see (7)) and properties of eigenfunctions (see (4)),
for N, M ∈ N with N ≤ M, we obtain

∫
Ω

u(N)(x, t) · u(M)(x, t)dx =
∫

Ω

(
N

∑
k=1

wk(t)vk(x)

)
·
(

M

∑
k=1

wk(t)vk(x)

)
dx

=
N

∑
k=1

w2
k(t)

(11)
=

∑N
k=1 β2

k
∥u0∥2

L2(Ω)

E2(t).
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After integrating this equality from 0 to an arbitrary (fixed) t ∈ [0, T], we get

∫ t

0

∫
Ω

u(N)(x, τ) · u(M)(x, τ)dxdτ =
∑N

k=1 β2
k

∥u0∥2
L2(Ω)

∫ t

0
E2(τ)dτ.

Now, we replace M by the subsequence Nl which we got earlier and take the limit as
l → ∞. For any N ∈ N, the inequality N ≤ Nl holds for sufficiently large l. Additionally,
u(Nl) ⇀ u in L2(ΩT). Thus, after passing to the limit, we obtain

∫ t

0

∫
Ω

u(N)(x, τ) · u(x, τ)dxdτ =
∑N

k=1 β2
k

∥u0∥2
L2(Ω)

∫ t

0
E2(τ)dτ.

The last equality is true for all N ∈ N, so we can replace N by Nl and take the limit as
l → ∞. Recalling that ∑∞

k=1 β2
k = ∥u0∥L2(Ω), we get

∫ t

0
∥u(·, τ)∥2

L2(Ω)dτ =
∫ t

0
E2(τ)dτ. (21)

The function u is from C([0, T]; L2(Ω)) due to the embedding W0,1
2 (ΩT) ⊂ C([0, T]; L2(Ω))

(see [18], Chapter 5.9.2). Therefore, ∥u(·, τ)∥L2(Ω) is a continuous function. Similarly, the
function E is continuous on [0, T] since E ∈ W1

2 (0, T) ⊂ C[0, T]. Hence, we can differentiate
both sides of (21) by t and obtain

∥u(·, t)∥2
L2(Ω) = E2(t), (22)

for all t ∈ [0, T]. Notice that (22) is equivalent to
∫

Ω |u(x, t)|2dx = E2(t) for all t ∈ [0, T].

Initial condition

Let u(N)
0 = ∑N

k=1 βkvk denote the partial sum of the Fourier series of u0 with respect to the

basis {vk} in J(Ω). Clearly, u(N)
0 → u0 in L2(Ω). Let N, M ∈ N with N ≤ M. Then, by (7)

and the orthonormality of vk in L2(Ω), we obtain∫
Ω

(
u(N)(x, t)− u(N)

0 (x)
)
·
(

u(M)(x, t)− u(M)
0 (x)

)
dx

=
∫

Ω

(
N

∑
k=1

wk(t)vk(x)−
N

∑
k=1

βkvk(x)

)
·
(

M

∑
k=1

wk(t)vk(x)−
M

∑
k=1

βkvk(x)

)
dx

(11)
=
∫

Ω

(
N

∑
k=1

βkvk(x)
∥u0∥L2(Ω)

(
E(t)− ∥u0∥L2(Ω)

))
·
(

M

∑
k=1

βkvk(x)
∥u0∥L2(Ω)

(
E(t)− ∥u0∥L2(Ω)

))
dx

=
∑N

k=1 β2
k

∥u0∥2
L2(Ω)

(E(t)− ∥u0∥L2(Ω))
2
.

Integrating both sides of the last equality from 0 to an arbitrary but fixed t ∈ [0, T] yields

∫ t

0

∫
Ω

(
u(N)(x, τ)− u(N)

0 (x)
)
·
(

u(M)(x, τ)− u(M)
0 (x)

)
dxdτ

=
∑N

k=1 β2
k

∥u0∥2
L2(Ω)

∫ t

0
(E(τ)− ∥u0∥L2(Ω))

2dτ. (23)

Now, we have that u(Nl) ⇀ u in L2(ΩT); therefore, u(Nl) − u(Nl)
0 ⇀ u − u0 in the space

L2(ΩT). Therefore, if we replace M by Nl in (23) and pass to the limit as l → ∞, we get that
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∫ t

0

∫
Ω

(
u(N)(x, τ)− u(N)

0 (x)
)
· (u(x, τ)− u0(x))dxdτ =

∑N
k=1 β2

k
∥u0∥2

L2(Ω)

∫ t

0
(E(τ)− ∥u0∥L2(Ω))

2dτ.

Similarly, if we replace N by Nl and pass to the limit again as l → ∞, we get

∫ t

0

∫
Ω
(u(x, τ)− u0(x)) · (u(x, τ)− u0(x))dxdτ =

∫ t

0
(E(τ)− ∥u0∥L2(Ω))

2dτ,

where we have used that ∑∞
k=1 β2

k = ∥u0∥2
L2(Ω). Rewriting the final expression, we obtain

∫ t

0
∥u(·, τ)− u0∥2

L2(Ω)dτ =
∫ t

0
(E(τ)− ∥u0∥L2(Ω))

2dτ.

Differentiating by t yields

∥u(·, t)− u0∥2
L2(Ω) = (E(t)− ∥u0∥L2(Ω))

2, ∀t ∈ [0, T]. (24)

By taking t = 0 in (24) and using the condition E(0) = ∥u0∥L2(Ω), we finally obtain that

∥u(·, 0)− u0∥2
L2(Ω) = 0

which is equivalent to u(x, 0) = u0(x) for almost all x ∈ Ω.

4. Very Weak Solution
4.1. Definition of a Very Weak Solution

In this section, we consider problem (1), (3) in the case where the function E does not
possess a weak derivative and belongs only to L2(0, T). Since a function in L2 is defined
only almost everywhere, the compatibility condition E(0) = ∥u0∥L2(Ω) must be generalized.
Specifically, it is understood in the following sense: t = 0 is a Lebesgue point of E(t) with
the value of ∥u0∥L2(Ω). Equivalently,

lim
t→0+

1
t

∫ t

0
|E(τ)− ∥u0∥L2(Ω)|dτ = 0. (25)

Similarly, u(·, 0) = u0 is understood to mean that t = 0 is a Lebesgue point of u(·, t) with
the value of u0, where u0 ∈ L2(Ω) and u(·, t) ∈ L2(Ω) for a.e. t ∈ (0, T). Equivalently,

lim
t→0+

1
t

∫ t

0
∥u(·, τ)− u0∥L2(Ω)dτ = 0.

For the derivation of the very weak solution, we also need a generalized version of a
primitive function. For any function g ∈ L2(0, T), define its primitive Sg(t) =

∫ t
0 g(τ)dτ.

Then dSg
dt = g almost everywhere and Sg(0) = 0. We extend this notion to a larger class of

functions in the same way as in [15]. Denote by Ŵ0,1
2 (ΩT) the subspace {ϕ ∈ W0,1

2 (ΩT) :
ϕ(·, T) = 0}.

Lemma 1. If h ∈ (Ŵ0,1
2 (ΩT))

∗, then there exists a unique H ∈ L2(ΩT) such that

⟨h, η⟩ =
∫ T

0

∫
Ω

H(x, t) · ηt(x, t)dxdt ∀η ∈ Ŵ0,1
2 (ΩT). (26)

Proof. The functional defined in (26) is bounded since, for any H ∈ L2(ΩT),

|⟨h, η⟩| ≤ ∥H∥L2(ΩT)
∥ηt∥L2(ΩT)

≤ ∥H∥L2(ΩT)
∥η∥Ŵ0,1

2 (ΩT)
.
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Let D : Ŵ0,1
2 (ΩT) → L2(ΩT) be the derivative operator defined by Dη = ηt. To show that

D is surjective, let ϕ ∈ L2(ΩT) and set

ψ(x, t) := −
∫ T

t
ϕ(x, τ)dτ.

Then ψ ∈ Ŵ0,1
2 (ΩT), and since ψ is absolutely continuous in t,

ψt(x, t) =
∂

∂t

(∫ t

0
ϕ(x, τ)dτ −

∫ T

0
ϕ(x, τ)dτ

)
= ϕ(x, t).

The operator D is injective. Indeed, if η1, η2 ∈ Ŵ0,1
2 (ΩT) satisfy (η1)t = (η2)t, then

(η1 − η2)t = 0, so η1(x, t)− η2(x, t) is constant in time. Since, by definition of the space
Ŵ0,1

2 (ΩT), we know that η1(x, T) = η2(x, T) = 0 for almost all x ∈ Ω, it follows that
η1 = η2. Operator D is linear and bounded; hence, it is an isomorphism between Ŵ0,1

2 (ΩT)

and L2(ΩT).
Let h ∈ (Ŵ0,1

2 (ΩT))
∗. Consider the linear functional F on L2(ΩT) defined by F(ϕ) =

⟨h, D−1ϕ⟩ = (h ◦ D−1)(ϕ). Then F is bounded as D−1 is bounded. Therefore, by the Riesz
representation theorem on L2(ΩT), there exists a unique H ∈ L2(ΩT) such that

F(ϕ) = ⟨h, D−1ϕ⟩ =
∫ T

0

∫
Ω

H(x, t) · ϕ(x, t)dxdt.

For any η ∈ Ŵ0,1
2 (ΩT), we have η = D−1ηt, which implies

F(ηt) = ⟨h, η⟩ =
∫ T

0

∫
Ω

H(x, t) · ηt(x, t)dxdt.

Remark 1. If h ∈ (Ŵ0,1
2 (ΩT))

∗, define Sh := −H, where H ∈ L2(ΩT) is the function asso-
ciated with h by Lemma 1. This definition extends the classical notion of a primitive function.
Indeed, if h corresponds via the Riesz representation theorem to a function h ∈ L2(ΩT), i.e.,
⟨h, η⟩ =

∫ T
0

∫
Ω h(x, t) · η(x, t)dxdt, then integration by parts gives

⟨h, η⟩ =
∫ T

0

∫
Ω

∂Sh(x, t)
∂t

· η(x, t)dxdt = −
∫ T

0

∫
Ω

Sh(x, t) · ηt(x, t)dxdt,

using Sh(x, 0) = 0 and η(x, T) = 0.

Let us define a very weak solution to problem (1), (3). Suppose that u, f , and p are
sufficiently smooth. Multiplying Equation (1)1 by an arbitrary function η ∈ C∞(ΩT) such
that η

∣∣
ST

= 0, div η = 0, η(·, T) = 0 and applying integration by parts with respect to x,
we get identity (5). Unlike in the case of a weak solution, we integrate (5) with respect to
time over (0, T) and apply integration by parts to the first and last integrals. Thus, we get

∫ T

0

∫
Ω

u(x, t) · ηt(x, t)dxdt +
∫

Ω
u0(x) · η(x, 0)dx

− ν
∫ T

0

∫
Ω
∇u(x, t) · ∇η(x, t)dx =

∫ T

0

∫
Ω

S f (x, t) · ηt(x, t)dx.
(27)

By density arguments, (27) remains valid for all η ∈ V̂1,1
2 (ΩT), where V̂1,1

2 (ΩT) is defined
as the closure of the space {v ∈ C∞(ΩT) : v

∣∣
ST

= 0, v(·, T) = 0, div v = 0} in the

W1,1
2 (ΩT)-norm.
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Definition 2. Suppose that E ∈ L2(0, T), u0 ∈ W2
2 (Ω) ∩ H(Ω), and E(0) = ∥u0∥L2(Ω) in the

sense of definition (25). A pair of functions (u, f ) ∈ V̊1,0
2 (ΩT)× (Ŵ0,1

2 (ΩT))
∗ is called a very weak

solution of problem (1), (3) if the integral identity (27) holds for all test functions η ∈ V̂1,1
2 (ΩT)

and if the initial and side conditions are satisfied as follows:∫
Ω
|u(x, t)|2dx = E2(t), for a.e. t ∈ [0, T], (28)

u(·, 0) = u0 in the sense of Lebesgue points. (29)

The second goal of this paper is to prove the following theorem.

Theorem 2. Suppose that u0 ∈ W2
2 (Ω)∩ H(Ω), E ∈ L2(0, T) are given functions and E satisfies

the compatibility condition E(0) = ∥u0∥L2(Ω) in the sense of Lebesgue points. Then there exists at
least one very weak solution (u, f ) to problem (1), (3).

4.2. Approximate Solution

We cannot define the approximate solution as in Section 3.1 since definition (12)
involves the derivative of E. Therefore, we approximate E by a sequence En ∈ W1

2 (0, T)
such that En → E in L2(Ω) and En(0) = ∥u0∥L2(Ω). For every N ∈ N and n ∈ N, we define

approximate solutions (u(N)
n , f (N)

n ) to problem (1), (3) by

u(N)
n (x, t) =

N

∑
k=1

wk,n(t)vk(x), f (N)
n (x, t) =

N

∑
k=1

qk,n(t)vk(x), (30)

where {vk}∞
k=1 is a basis in J(Ω) and H(Ω).

The coefficients wk,n and qk,n are determined by the system, which holds for a.e.
t ∈ (0, T) and j = 1, . . . , N, as follows:

∫
Ω
(u(N)

n )t(x, t) · vj(x)dx + ν
∫

Ω
∇u(N)

n (x, t) · ∇vj(x)dx =
∫

Ω
f (N)
n (x, t) · vj(x)dx,

u(N)
n (x, 0) =

N

∑
k=1

βkvk(x), x ∈ Ω,

∫
Ω

∣∣∣u(N)
n (x, t)

∣∣∣2dx =
∑N

k=1 β2
k

∥u0∥2
L2(Ω)

E2
n(t),

(31)

where βk, k ∈ N, are the Fourier coefficients of the function u0. As in Section 3.2, we get the
same expressions for wk,n and qk,n, namely,

wk,n(t) =
βk

∥u0∥L2(Ω)
En(t), (32)

qk,n = (wk,n)
′ + λkwk,n ∈ L2(0, T). (33)

The function En ∈ W1
2 (0, T) is continuous. Therefore, u(N)

n is from the space C([0, T]; L2(Ω))

and u(N)
n (·, 0) is well defined. Using that En(0) = ∥u0∥L2(Ω), we obtain

u(N)
n (x, 0) =

N

∑
k=1

wk,n(0)vk(x) =
En(0)

∥u0∥L2(Ω)

N

∑
k=1

βkvk(x) =
N

∑
k=1

βkvk(x).

Then the pair of functions (u(N)
n , f (N)

n ) satisfies system (31).
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Next, we get suitable estimates for u(N)
n and f (N)

n . The bounds for u(N)
n and ∇u(N)

n we
get by the same arguments as in the previous section (see (13) and (14)) as follows:

∥u(N)
n ∥2

L2(ΩT)
≤ ∥En∥2

L2(0,T), (34)

∥∇u(N)
n ∥2

L2(ΩT)
≤

∥En∥2
L2(0,T)

ν∥u0∥2
L2(Ω)

N

∑
k=1

β2
kλk. (35)

Estimate (17) involves the derivative of E; thus, the sequence { f (N)
n }∞

N=1 cannot be
estimated in L2(ΩT). Instead, we get an estimate of the primitive function S

f (N)
n

in the

space L2(ΩT). First, integrate Equation (33) from 0 to t to get

Sq
k,n
(t) =

∫ t

0
(wk,n)

′(τ)dτ + λk

∫ t

0
wk,n(τ)dτ = wk,n(t)− wk,n(0) + λk

∫ t

0
wk,n(τ)dτ

(32)
=

βk
∥u0∥L2(Ω)

En(t)− βk +
λkβk

∥u0∥L2(Ω)

∫ t

0
En(τ)dτ.

We use the following estimate that we get by applying the Cauchy–Schwarz inequality:

∫ T

0

∣∣∣∣∫ t

0
En(τ)dτ

∣∣∣∣2dt ≤
∫ T

0

(∫ T

0
|En(τ)|dτ

)2

dt ≤ T2∥En∥2
L2(0,T).

This, together with the inequality (a + b + c)2 ≤ 3(a2 + b2 + c2), a, b, c ∈ R, yields

∥Sq
k,n
∥2

L2(0,T) =
∫ T

0
|Sq

k,n
(t)|2dt =

∫ T

0

(
βk

∥u0∥L2(Ω)
En(t)− βk +

λkβk
∥u0∥L2(Ω)

∫ t

0
En(τ)dτ

)2

dt

≤ 3

(
β2

k
∥u0∥2

L2(Ω)

∫ T

0
E2

n(t)dt + β2
kT +

λ2
k β2

k
∥u0∥2

L2(Ω)

∫ T

0

∣∣∣∣∫ t

0
En(τ)dτ

∣∣∣∣2dt

)

≤
3β2

k
∥u0∥2

L2(Ω)

∥En∥2
L2(0,T) + 3β2

kT +
3λ2

k β2
k

∥u0∥2
L2(Ω)

T2∥En∥2
L2(0,T).

Therefore, by the last inequality,

∥S
f (N)
n

∥2
L2(ΩT)

=
∫ T

0

∥∥∥∥∥ N

∑
k=1

Sq
k,n
(τ)vk

∥∥∥∥∥
2

L2(Ω)

dτ =
N

∑
k=1

∫ T

0
|Sq

k,n
(τ)|2dτ

≤
∞

∑
k=1

(
3β2

k
∥u0∥2

L2(Ω)

∥En∥2
L2(0,T) + 3β2

kT +
3λ2

k β2
k

∥u0∥2
L2(Ω)

T2∥En∥2
L2(0,T)

)

= 3∥En∥2
L2(0,T) + 3T∥u0∥2

L2(Ω) + 3T2
∥En∥2

L2(0,T)

∥u0∥L2(Ω)

∞

∑
k=1

β2
kλ2

k .

Inequality (18) gives the following bound:

∥S
f (N)
n

∥2
L2(ΩT)

≤ 3∥En∥2
L2(0,T) + 3T∥u0∥2

L2(Ω) + 3T2ν2
∥u0∥2

W2
2 (Ω)

∥u0∥L2(Ω)
∥En∥2

L2(0,T). (36)

Combining Equations (34), (35), and (19), we have

∥u(N)
n ∥2

V̊1,0
2 (ΩT)

= ∥u(N)
n ∥2

L2(ΩT)
+ ∥∇u(N)

n ∥2
L2(ΩT)

≤ ∥En∥2
L2(0,T) +

∥u0∥2
H(Ω)

∥u0∥2
L2(Ω)

∥En∥2
L2(0,T). (37)
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By using these estimates, we conclude that the sequence {u(N)
n }∞

N=1 is bounded in the space
V̊1,0

2 (ΩT), while the sequence {S
f (N)
n

}∞
N=1 is bounded in the space L2(ΩT).

4.3. Convergence

Since the sequence {u(N)
n }∞

N=1 is bounded in V̊1,0
2 (ΩT) and the sequence {S

f (N)
n

}∞
N=1

is bounded in L2(ΩT), there exists for each fixed n ∈ N a subsequence {Nl}∞
l=1 such that

u(Nl)
n weakly converges to un ∈ V̊1,0

2 (ΩT) and S
f
(Nl )
n

weakly converges to S fn ∈ L2(ΩT)

for some fn ∈ (Ŵ0,1
2 (ΩT))

∗. We also have that u(Nl)
n ⇀ un and ∇u(Nl)

n ⇀ ∇un in
L2(ΩT). Next, consider arbitrary functions dj ∈ C1[0, T] with dj(T) = 0, k ∈ N. Multiply
Equation (31)1 by dj and sum over all j ∈ {1, 2, . . . , M}, where M ≤ N. If we also denote
η(x, t) = ∑M

k=1 dk(t)vk(x) and integrate by t from 0 to T, we get the following
integral identity:

∫ T

0

∫
Ω
(u(N)

n )t(x, t) · η(x, t)dxdt + ν
∫ T

0

∫
Ω
∇u(N)

n (x, t) · ∇η(x, t)dxdt =
∫ T

0

∫
Ω

f (N)
n (x, t)η(x, t)dxdt. (38)

Then, we integrate by parts on the first and third integrals in Equation (38). Recalling that
u(N)

n (x, 0) = ∑N
k=1 βkvk(x) and that η(·, T) ≡ 0, we get

∫
Ω

u(N)
n (x, 0) · η(x, 0)dx +

∫ T

0

∫
Ω

u(N)
n (x, t)ηt(x, t)dxdt

− ν
∫ T

0

∫
Ω
∇u(N)

n (x, t) · ∇η(x, t)dxdt =
∫ T

0

∫
Ω

S
f (N)
n

(x, t) · ηt(x, t)dxdt.
(39)

We interpret the last three integrals in (39) as inner products in the space L2(ΩT) and use
weak convergence to get that

∫ T

0

∫
Ω

u(Nl)
n (x, t) · ηt(x, t)dxdt l→∞−−→

∫ T

0

∫
Ω

un(x, t) · ηt(x, t)dxdt,∫ T

0

∫
Ω
∇u(Nl)

n (x, t) · ∇η(x, t)dxdt l→∞−−→
∫ T

0

∫
Ω
∇un(x, t) · ∇η(x, t)dxdt,∫ T

0

∫
Ω

S
f
(Nl )
n

(x, t) · ηt(x, t)dxdt l→∞−−→
∫ T

0

∫
Ω

S fn(x, t) · ηt(x, t)dxdt.

Since ∑N
k=1 βkvk → u0 in L2(Ω) as N → ∞, we can pass to the limit in the first integral on

the left-hand side of (39), and we get

∫
Ω

u0(x) · η(x, 0)dx +
∫ T

0

∫
Ω

un(x, t) · ηt(x, t)dxdt

− ν
∫ T

0

∫
Ω
∇un(x, t) · ∇η(x, t)dxdt =

∫ T

0

∫
Ω

S fn(x, t) · ηt(x, t)dxdt,
(40)

where η is a linear combination ∑M
k=1 dk(t)vk(x). The number M in the sum can be arbitrarily

large because Nl → ∞ when l → ∞. Since the set of all these linear combinations is dense
in the space V̂1,1

2 (ΩT) (see Theorem 2.3.8 in [19]), by approximation, we get that integral
identity (40) holds for all η ∈ V̂1,1

2 (ΩT).
Next, we have to pass to the limit as n → ∞. For each n ∈ N, we have

∥un∥V̊1,0
2 (ΩT)

≤ lim inf
l→∞

∥u(Nl)
n ∥V̊1,0

2 (ΩT)
, ∥S fn∥L2(ΩT)

≤ lim inf
l→∞

∥S
f (N)
n

∥L2(ΩT)
.

Additionally, En → E in L2(0, T). Therefore, from (36) and (37), we get that {un}∞
n=1 is

bounded in V̊1,0
2 (ΩT) and {S fn}∞

n=1 is bounded in L2(ΩT). Thus, there exists a subsequence
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{nl}∞
l=1 such that unl ⇀ u and S fnl

⇀ S f for some u ∈ V̊1,0
2 (ΩT) and f ∈ (Ŵ0,1

2 (ΩT))
∗.

Finally, after passing to the limit in (40) as nl → ∞, we get

∫
Ω

u0(x) · η(x, 0)dx +
∫ T

0

∫
Ω

u(x, t) · ηt(x, t)dxdt

− ν
∫ T

0

∫
Ω
∇u(x, t) · ∇η(x, t)dxdt =

∫ T

0

∫
Ω

S f (x, t) · ηt(x, t)dxdt

for all η ∈ V̂1,1
2 (ΩT).

Side condition
By the definition of u(N)

n (see (30)) and properties of eigenfunctions (see (4)), we obtain
that for N, M ∈ N, N ≤ M, for all n, m ∈ N, and for almost all t ∈ (0, T) holds the
following equality:

∫
Ω

u(N)
n (x, t) · u(M)

m (x, t)dx =
∫

Ω

(
N

∑
k=1

wk,n(t)vk(x)

)
·
(

M

∑
k=1

wk,m(t)vk(x)

)
dx

=
N

∑
k=1

wk,n(t)wk,m(t) =
∑N

k=1 β2
k

∥u0∥2
L2(Ω)

En(t)Em(t).

Integrate this last equality from 0 to an arbitrary but fixed t ∈ [0, T] to get

∫ t

0

∫
Ω

u(N)
n (x, τ) · u(M)

m (x, τ)dxdτ =
∑N

k=1 β2
k

∥u0∥2
L2(Ω)

∫ t

0
En(τ)Em(τ)dτ. (41)

Since there exists a subsequence Ml such that u(Ml)
m ⇀ um in L2(ΩT), after replacing M by

Ml in (41), we can pass to the limit as l → ∞, provided that N ≤ Ml for sufficiently large l.
Then, for all N ∈ N,

∫ t

0

∫
Ω

u(N)
n (x, τ) · um(x, τ)dxdτ =

∑N
k=1 β2

k
∥u0∥2

L2(Ω)

∫ t

0
En(τ)Em(τ)dτ. (42)

Similarly, there exists a subsequence Nl such that u(Nl)
n ⇀ un in L2(ΩT), so after replacing

N by Nl in (42) and passing to the limit as l → ∞, we have

∫ t

0

∫
Ω

un(x, τ) · um(x, τ)dxdτ =
∑∞

k=1 β2
k

∥u0∥2
L2(Ω)

∫ t

0
En(τ)Em(τ)dτ =

∫ t

0
En(τ)Em(τ)dτ, (43)

since ∑∞
k=1 β2

k = ∥u0∥2
L2(Ω). Next, we take the limit as n, m → ∞ in a similar way. It does

not matter in which order we take the limit as the result will be the same. First, we already
have that there is a subsequence nl such that unl ⇀ u in L2(ΩT). We also have that Enl ⇀ E
in L2(0, T). Thus, if we replace n by nl in (43) and pass to the limit as l → ∞,

∫ t

0

∫
Ω

u(x, τ) · um(x, τ)dxdτ =
∫ t

0
E(τ)Em(τ)dτ. (44)

Lastly, if we replace m by nl in (44) and pass to the limit as l → ∞,

∫ t

0

∫
Ω

u(x, τ) · u(x, τ)dxdτ =
∫ t

0
E(τ)E(τ)dτ.
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Thus, by differentiating this equality by t, we see that, for a.e. t ∈ (0, T), side condition (28)
is satisfied as follows: ∫

Ω
|u(x, t)|2dx = E2(t).

Initial condition

Denote u(N)
0 = ∑N

k=1 βkvk to be the partial sum of the Fourier series for u0 in H(Ω). Then it

is clear that u(N)
0 → u0 in L2(Ω) and u(N)

0 → u0 in L2(ΩT) as well. Suppose that N, M ∈ N,
n, m ∈ N and that N ≤ M. Then from (30) and from properties of eigenfunctions, we obtain∫

Ω

(
u(N)

n (x, t)− u(N)
0 (x)

)
·
(

u(M)
m (x, t)− u(M)

0 (x)
)

dx

=
∫

Ω

(
N

∑
k=1

wk,n(t)vk(x)−
N

∑
k=1

βkvk(x)

)
·
(

M

∑
k=1

wk,m(t)vk(x)−
M

∑
k=1

βkvk(x)

)
dx

=
∫

Ω

(
N

∑
k=1

βkvk(x)
∥u0∥L2(Ω)

(
En(t)− ∥u0∥L2(Ω)

))
·
(

M

∑
k=1

βkvk(x)
∥u0∥L2(Ω)

(
Em(t)− ∥u0∥L2(Ω)

))
dx

=
∑N

k=1 β2
k

∥u0∥2
L2(Ω)

(En(t)− ∥u0∥L2(Ω))(Em(t)− ∥u0∥L2(Ω)).

Integrating the last identity from 0 to an arbitrary t gives us

∫ t

0

∫
Ω

(
u(N)

n (x, τ)− u(N)
0 (x)

)
·
(

u(M)
m (x, τ)− u(M)

0 (x)
)

dxdτ

=
∑N

k=1 β2
k

∥u0∥2
L2(Ω)

∫ t

0
(En(τ)− ∥u0∥L2(Ω))(Em(τ)− ∥u0∥L2(Ω))dτ. (45)

Now, pick a subsequence Ml , l ∈ N, such that u(Ml)
m ⇀ um in L2(ΩT). We also know that

u(Ml)
0 strongly converges to u0 in L2(ΩT); thus, it also weakly converges. Using this, we

can replace M with Ml in Equation (45) and pass to the limit as l → ∞ to get

∫ t

0

∫
Ω
(u(N)

n (x, τ)− u(N)
0 (x)) · (um(x, τ)− u0(x))dxdτ

=
∑N

k=1 β2
k

∥u0∥2
L2(Ω)

∫ t

0
(En(τ)− ∥u0∥L2(Ω))(Em(τ)− ∥u0∥L2(Ω))dτ. (46)

Similarly, we can find a subsequence Nl , l ∈ N, such that u(Nl)
n ⇀ un in L2(ΩT). Then

u(Nl)
n − u(Nl)

0 ⇀ un − u0 in L2(ΩT). Replace N with Nl in (46) and pass to the limit as
l → ∞ to get∫ t

0

∫
Ω
(un(x, τ)− u0(x)) · (um(x, τ)− u0(x))dxdτ

=
∫ t

0
(En(τ)− ∥u0∥L2(Ω))(Em(τ)− ∥u0∥L2(Ω))dτ.

Finally, choose a subsequence nl , l ∈ N, such that unl ⇀ u in L2(ΩT). Then since we also
have that Enl ⇀ E in L2(0, T), we can replace n with nl and pass to the limit as follows:

∫ t

0

∫
Ω
(u(x, τ)− u0(x)) · (um(x, τ)− u0(x))dxdτ

=
∫ t

0
(E(τ)− ∥u0∥L2(Ω))(Em(τ)− ∥u0∥L2(Ω))dτ.
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Similarly, replacing m by nl and passing to the limit, we get

∫ t

0

∫
Ω
(u(x, τ)− u0(x)) · (u(x, τ)− u0(x))dxdτ

=
∫ t

0
(E(τ)− ∥u0∥L2(Ω))(E(τ)− ∥u0∥L2(Ω))dτ.

Differentiating this equality by t and taking the square root of both sides shows that

∥u(·, t)− u0∥L2(Ω) = |E(t)− ∥u0∥L2(Ω)| (47)

for a.e. t ∈ (0, T). Recall that we have assumed that E(0) = ∥u0∥L2(Ω) in terms of Lebesgue
points; thus,

lim
t→0+

1
t

∫ t

0
|E(τ)− ∥u0∥L2(Ω)|dτ = 0.

Hence, if we integrate Equation (47) from 0 to an arbitrary but positive t, divide both sides
by t and take the limit as t → 0+ as follows:

lim
t→0+

1
t

∫ t

0
∥u(·, τ)− u0∥L2(Ω)dτ = lim

t→0+

1
t

∫ t

0
|E(τ)− ∥u0∥L2(Ω)|dτ = 0.

This shows that initial condition (29) is satisfied in the sense of definition (25).

5. Discussion
We show that when u0 ≡ 0, there exist multiple weak and very weak solutions. Since

the arguments are similar, we only show the existence of very weak solutions.
Suppose that u0 ≡ 0, E ∈ L2(0, T) and {En}∞

n=1 is a sequence of W1
2 (0, T) functions

converging to E in L2-norm. We find approximate solutions (u(N), f (N)) represented in the
forms (30), i.e.,

u(N)
n (x, t) =

N

∑
k=1

wk,n(t)vk(x), f (N)
n (x, t) =

N

∑
k=1

qk,n(t)vk(x),

that satisfy the following system for a.e. t ∈ (0, T) and k ≤ N:

∫
Ω
(u(N)

n )t(x, t) · vk(x)dx + ν
∫

Ω
∇u(N)

n (x, t) · ∇vk(x)dx =
∫

Ω
f (N)
n (x, t)vk(x)dx,

u(N)
n (x, 0) = 0, x ∈ Ω,∫
Ω

∣∣∣u(N)
n (x, t)

∣∣∣2dx = γ2
k E2

n(t),

(48)

where {γk}∞
k=1 is any sequence, such that ∑∞

k=1 γk = 1 and such that the series ∑∞
k=1 γ2

k λ2
k

converges. From (48), we get the following expressions for wk,n and qk,n:

wk,n(t) = γkEn(t), qk,n(t) = w′
k,n + λkwk,n.

The estimates for u(N)
n are similar to (34) and (35) as follows:

∥u(N)
n ∥2

L2(ΩT)
≤ ∥En∥2

L2(0,T), ∥∇u(N)
n ∥2

L2(ΩT)
≤

∥En∥2
L2(0,T)

ν

N

∑
k=1

γ2
k λk ≤ C∥En∥2

L2(0,T)
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for some positive constant C depending on ν and the sequence {γk}∞
k=1. This shows that

u(N)
n is from the space V̊1,0

2 (ΩT). As for fk,n, we get

Sq
k,n
(t) = wk,n(t)−

0︷ ︸︸ ︷
wk,n(0) +λk

∫ t

0
wk,n(τ)dτ = γkEn(t) + λkγk

∫ t

0
En(τ)dτ

and

∥Sq
k,n
∥2

L2(0,T) =
∫ T

0
|Sq

k,n
(t)|2dt =

∫ T

0

(
γkEn(t) + λkγk

∫ t

0
En(τ)dτ

)2
dt

≤ 2

(
γ2

k

∫ T

0
E2

n(t)dt + λ2
kγ2

k

∫ T

0

∣∣∣∣∫ t

0
En(τ)dτ

∣∣∣∣2dt

)
≤ 2γ2

k∥En∥2
L2(0,T) + 2λ2

kγ2
k T2∥En∥2

L2(0,T).

Therefore,

∥S
f (N)
n

∥2
L2(ΩT)

=
N

∑
k=1

∫ T

0
|Sq

k,n
(τ)|2dτ ≤

∞

∑
k=1

(
2γ2

k∥En∥2
L2(0,T) + 2λ2

kγ2
k T2∥En∥2

L2(0,T)

)
= 2(1 + C∗T2)∥En∥2

L2(0,T),

for some positive constant C∗ depending on the sequence {γk}∞
k=1 . This shows that for a

fixed n ∈ N, the sequence {S
f (N)
n

}∞
N=1 is bounded in L2(ΩT). Once we have these bounds,

we can prove the existence of very weak solutions in a similar way as in Section 3.3.
Thus, in the case u0 ≡ 0, the sequence {γk}∞

k=1 may be chosen arbitrarily, whereas for
u0 ̸= 0, the sequence {γk}∞

k=1 is fixed. Therefore, when u0 ≡ 0, there exist infinitely many
solutions, and uniqueness does not hold in this case. For nonhomogeneous initial data, the
uniqueness of solution remains an open problem.

Remark 2. The assumption u0 ∈ W2
2 (Ω) ∩ H(Ω) is required to obtain estimates for the approxi-

mate solutions. In particular, this regularity condition allows us to control the series associated with
the Fourier coefficients βk. Moreover, it guarantees that div u0 = 0 and u0

∣∣
∂Ω = 0.

6. Conclusions
In this paper, we constructed weak and very weak solutions to the nonstationary

Stokes problem with a nonlinear integral overdetermination condition as follows:∫
Ω
|u(x, t)|2dx = E2(t).

We have considered two cases, depending on the regularity of the function E, i.e., when the
kinetic energy E belongs to W1

2 (0, T) and when E is only from L2(0, T). For the case when
E ∈ W1

2 (0, T), we constructed the classical weak solutions, while when E belongs only to
L2(0, T), we used a different approach and constructed very weak solutions.
Due to the low regularity of the energy function E and the nonlinearity of the integral
overdetermination condition, the question of uniqueness in the case of nonhomogeneous
initial data remains open. In the case of zero initial data, uniqueness does not hold.
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