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Abstract

Let Z2(s) denote the modified Mellin transforms of the modulus of the fourth power
of the Riemann zeta-function. This paper is devoted to the probabilistic properties of
generalized discrete shifts Z2(s + iψ(k)), k ∈ N, with a certain differentiable function ψ(τ)

satisfying some estimate connected to the mean square of the function Z2(s) and such that
the sequence {κψ(k) : k ∈ N} is uniformly distributed modulo 1 with every κ ∈ R \ {0}.
We propose the condition that Z2(s + iψ(k)) in the space of analytic functions has a limit
distribution concentrated at the point g0(s) ≡ 0. Such a limit theorem is applied for the
approximation of the function g0(s).

Keywords: Mellin transform; probability measure; Riemann zeta-function; space of analytic
functions; weak convergence
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1. Introduction
Let s = σ + it denote a complex variable, and let the function |g(u)|uσ−1 ∈

L(0, ∞). The Mellin transform Mg(s) of g(u) is defined by

Mg(s) =
∞∫

0

g(u)us−1 du

and is a useful tool in function theory. Sometimes, it is more convenient to study the Mellin
transform of a considered function g(u) and then, using the inverse formula, continue the
investigation of g(u).

In analytic number theory, for the investigation of the moments of zeta-functions,
so-called modified Mellin transforms are applied. They were introduced in [1]; see also [2].
Suppose that g(u)u−σ ∈ L(1, ∞). Then the modified Mellin transform M̃g(s) of g(u) is
given by

M̃g(s) =
∞∫

1

g(u)u−s du. (1)
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Let

g̃(u) =

{
g(u−1) if 0 < u ⩽ 1,
0 otherwise.

Then it is easily seen that [3]
M̃g(s) = Mu−1 g̃(u)(s).

Moreover, M̃g(s) has a certain advantage against Mg(s) because in (1), a convergence
problem at the point u = 0 does not exist.

The first applications of modified Mellin transforms were devoted to the Riemann
zeta-function ζ(s). We recall that in the half-plane σ > 1, the function ζ(s) is defined by the
Dirichlet series

ζ(s) =
∞

∑
m=1

1
ms ,

or, equivalently, by the Euler product

ζ(s) = ∏
p

(
1 − 1

ps

)−1

over all prime numbers p. Moreover, ζ(s) has analytic continuation to the whole complex
plane, except for a point s = 1 which is its simple pole, Ress=1ζ(s) = 1. We notice that ζ(s)
is a symmetric analytic object: it satisfies the symmetric functional equation

π−s/2Γ
( s

2

)
ζ(s) = π−(1−s)/2Γ

(
1 − s

2

)
ζ(1 − s),

where Γ(s) denotes the Euler gamma-function, and this is reflected in its value distribution.
For modified Mellin transforms of |ζ(1/2 + it)|2k, the notation Zk(s) is used, i.e.,

Zk(s) =
∞∫

1

∣∣∣∣ζ(1
2
+ iu

)∣∣∣∣2k
u−s du, σ > 1.

The function Z2(s) was introduced and studied in [1] for the needs of the error term E2(T)
in the formula

T∫
0

∣∣∣∣ζ(1
2
+ it

)∣∣∣∣4 dt = TP4(log T) + E2(T),

where P4 is a known polynomial of degree four. There exists a conjecture that

E2(T) ≪ε T1/2+ε.

Here and further the notation a ≪θ b, a ∈ C, b > 0, indicates that there exists a constant
C = C(θ) satisfying |a| ⩽ Cb. In [1], for the investigation of E2(T), the meromorphic
continuation of Z2(s) was obtained. Let ρ denote the non-trivial zeros of the Riemann
zeta-function. The definitions from the theory of automorphic forms can be found in [4].
Thus, in [1], in Theorem 2, it was proven that the function Z2(s) is meromorphic over the
entire complex plane. More precisely, in the half-plane σ > 0, Z2(s) has a pole of order five
at the point s = 1 and infinitely many simple poles of the form 1/2 ± κi, where κ2 + 1/4 is
in the discrete spectrum of the hyperbolic Laplacian with respect to the full modular group
and of the form ρ/2. From this, it was derived in [1] that

E2(T) = Ω±(
√

T).
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We recall that the latter equality means that

E2(T) = Ω+(
√

T) and E2(T) = Ω−(
√

T)

are satisfied. The first equality indicates that there exists a constant C > 0 such that
E2(T) > C

√
T holds for a sequence T = Tn: Tn → ∞, while the second shows that there

exists C > 0 such that E2(T) < −C
√

T is true for a sequence T = Tn: Tn → ∞.
The study of the function Z2(s) was continued in [3,5–7], where its estimates and

estimates for the mean square

JT(σ)
def
=

T∫
0

|Z2(σ + it)|2 dt

were given. Namely, in [7], the bound

Z2(σ + it) ≪ t2−σ(log t)18−14σ (2)

was found for all 1/2 < σ < 1 and t > t0 > 0.
More attention was devoted to the quantity JT(σ). It was conjectured in [3] that

the estimate
JT(σ) ≪ε T2−2σ+ε

is true for 1/2 < σ < 1. In [5], for 1/2 < σ < 1, the bound

JT(σ) ≪ T(10−8σ)/3 logc T

is given with a certain c > 0. Finally, in [6], it was obtained that the bound

JT(σ) ≪ε T(15−12σ)/5+ε (3)

holds for 5/6 ⩽ σ ⩽ 5/4.
In the present paper, we continue the investigations of [8], where the value distribution

of the function Z2(s) was characterized by using probabilistic language. H. Bohr was the
first person who began to study functions defined by Dirichlet series via probabilistic
methods. His idea is very simple: for a given set, consider how often the values of the
considered function belong to this set. It turned out that Bohr’s idea is productive, and the
value distribution of some functions can be described by strong probabilistic laws. The
first results of the probabilistic type were obtained for the Riemann zeta-function, and they
confirmed Bohr’s approach. In [9], it was proven that for σ > 1, the following limit exists:

lim
T→∞

1
T
J{t ∈ [0, T] : log ζ(σ + it) ∈ R},

where J is the Jordan measure on the real line, and R is a rectangle on C with edges parallel
to the axes. In [10], Bohr and Jessen extended their theorem to the half-plane σ > 1/2.

In the middle of the 20th century, the theory of the weak convergence of probability
measures was built, and now the above results for the function ζ(s) are stated in a more
convenient form. We recall the definition of the weak convergence of probability measures.
Let X be a topological space and B(X ) denote its Borel σ-field. Suppose that P and Pn,
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n ∈ N, be probability measures on the measurable space (X ,B(X )). If, for every real
bounded continuous function x on X ,∫

X

x dPn −−−→
n→∞

∫
X

x dP,

then we say that Pn converges weakly to P as n → ∞ (Pn
w−−−→

n→∞
P). The application of this

terminology leads to the following statement. For A ∈ B(C), set

PT,σ(A) =
1
T

meas{t ∈ [0, T] : ζ(σ + it) ∈ A},

where measA denotes the Lebesgue measure in R. Then the theorem of [10] can be stated
in the following form [11,12]: Suppose that σ > 1/2 is fixed. Then, on (C,B(C)), there is a
probability measure Pσ such that PT,σ

w−−−→
T→∞

Pσ.

The latter theorem is generalized for the space of analytic functions [13]. In this case,
the following probability measure is considered:

PT(A) =
1
T

meas{τ ∈ [0, T] : ζ(s + iτ) ∈ A}, A ∈ H(D),

where H(D) is the space of analytic functions on D = {s ∈ C : σ > 1/2} endowed with the
topology of uniform convergence on compacta. It is obtained that as T → ∞, PT converges
weakly to the distribution of a certain H(D)-valued random element connected to the Euler
product for ζ(s).

Similar limit theorems are also known for other functions defined by Dirichlet series.
For the results, see [11,13–15].

For investigations of the functions Zk(s), a probabilistic approach can be applied as
well. Most attention is devoted to Z1(s). The first attempt in this direction was made
in [16–19]. This research was continued with respect to the possible approximation of
analytic functions by shifts Zk(s + iτ); see [20–22].

We recall the main result of [8]. Let D = {s ∈ C : 5/6 < σ < 1} and H = H(D) be
the analytic space on D functions equipped with the topology of uniform convergence on
compacta. For A ∈ B(H), define

PT,H,φ(A) =
1
T

meas{τ ∈ [T, 2T] : Z2(s + iφ(τ)) ∈ A}.

Theorem 1 (see [8], Theorem 1). Suppose that φ(τ) is an increasing to +∞ differentiable function
on [T0, ∞), T0 > 1, with a decreasing derivative φ′(τ) such that

sup
σ∈(5/6,1)

J2φ(2τ)(σ)

φ′(2τ)
≪ τ, τ → ∞.

Then PT,H,φ
w−−−→

T→∞
PH,0, where PH,0 is the probability measure on (H,B(H)) degenerated at the

point g(s) ≡ 0.

The aim of this paper is to obtain a discrete version of Theorem 1 and other results of [8].
We notice that Theorem 1 is of the continuous type because τ in the definition of PT,H,φ

runs over the interval [T, 2T]. In discrete limit theorems, τ in shifts takes values from a
certain discrete set. Therefore, in discrete limit theorems, it is easier to understand encoded
information. On the other hand, the proofs of discrete theorems are more complicated.
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Let #A denote the cardinality of a set A, and suppose that N runs over the set
N0 = N∪ {0}. In the present paper, we consider the probability measures defined by
shifts Z2(σ + iψ(k)) or Z2(s + iψ(k)), k ∈ N0, with certain functions ψ(τ).

2. Case of ψ(k) = hk
We start with the simplest case of shifts. For A ∈ B(C), set

QC
N,σ(A) =

1
N + 1

#{N ⩽ k ⩽ 2N : Z2(σ + ikh) ∈ A}, h > 0.

Let PC
0 be the probability measure on (C,B(C)) degenerated at the point s = 0. The weak

convergence of QC
N,σ as N → ∞ is based on the discrete mean square estimate for the

function Z2(s). For this, the following lemma (Gallagher lemma) connecting continuous
and discrete mean squares is useful.

Lemma 1 (see [23], Lemma 1.4). Let T0, T ⩾ δ > 0, T be a non-empty finite set in the interval
[T0 + δ/2, T0 + T − δ/2] and

Nδ(t) = ∑
τ∈T

|t−τ|<δ

1, t ∈ T .

Suppose that the function S(t) is continuous on [T0, T0 + T] and has a continuous derivative on
(T0, T0 + T). Then the inequality

∑
τ∈T

N−1
δ (t)|S(t)|2 ⩽

1
δ

T0+T∫
T0

|S(t)|2 dt +

 T0+T∫
T0

|S(t)|2 dt
T0+T∫
T0

|S′(t)|2 dt

1/2

holds.

Lemma 2. Suppose that σ ∈ (5/6, 1) and h > 0 are fixed numbers. Then the estimate

2N

∑
k=N

|Z2(σ + ikh)|2 ≪h,ε N(15−12σ)/5+ε

holds for every ε > 0.

Proof. We will apply Lemma 1 with S(t) = Z2(σ + it); therefore, we need the mean square
estimate for the derivative Z ′(σ + it). Suppose that γ is a closed suitable contour enclosing
the point σ and lying in the strip D. Then the Cauchy integral formula gives

Z ′
2(σ + it) =

1
2πi

∫
γ

Z2(z + it)
(z − σ)2 dz.

Hence,

|Z ′
2(σ + it)|2 ≪γ

∫
γ

|dz|
|z − σ|4

∫
γ

|Z2(z + it)|2 |dz|,
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and

2T∫
T

|Z ′
2(σ + it)|2 dt ≪γ

∫
γ

 2T∫
T

|Z2(z + it)|2 |dz|

dt ≪γ,ε T(15−12Rez)/5+ε

≪ε T(15−12σ)/5+ε (4)

in view of estimate (3) after a suitable choice of γ.
Now, we use Lemma 1 with δ = 1, T = {k ∈ N : k ∈ [N, 2N]}, T0 = N − 1/2, and

T = N + 1. This yields

2N

∑
k=N

|Z2(σ + ikh)|2 ≪h

2N+1/2∫
N−1/2

|Z2(σ + iht)|2 dt

+

 2N+1/2∫
N−1/2

|Z2(σ + iht)|2 dt
2N+1/2∫
N−1/2

|Z ′
2(σ + iht)|2 dt

1/2

.

Since (Z2(σ + iht))′t = ihZ ′
2(σ + iht) and

2N+1/2∫
N−1/2

|Z2(σ + iht)|2 dt ≪h

(2N+1/2)h∫
(N−1/2)h

|Z2(σ + it)|2 dt

+

 (2N+1/2)h∫
(N−1/2)h

|Z2(σ + it)|2 dt

(2N+1/2)h∫
(N−1/2)h

|Z ′
2(σ + it)|2 dt


1/2

,

(3) and (4) prove the lemma.

Let PC
0 be a probability measure on (C,B(C)) with unity mass at the point z = 0.

Proposition 1. Suppose that σ ∈ (5/6, 1) is fixed. Then QC
N,σ converges weakly to PC

0 as N → ∞.

Proof. It is well known that weak convergence to PC
0 is equivalent to convergence to 0 in

probability. Thus, let ηN be a random variable on a certain probability space (Ω̂,B, µ) with
the distribution

µ{ηN = kh} =
1

N + 1
, k = N, . . . , 2N.

Then denoting XN = Z2(σ + iηN), we have to show that, for every δ > 0,

lim
N→∞

µ{ρC(Xn, 0) ⩾ δ} = 0, (5)

where ρC is the metric in C. The application of Lemma 2 gives, for δ > 0 and ε > 0,

1
N + 1

#{N ⩽ k ⩽ 2N : ρC(Z2(σ + ikh), 0) ⩾ δ}

⩽
1

δN

2N

∑
k=N

|Z2(σ + ikh)| ⩽ 1
δ

(
1
N

2N

∑
k=N

|Z2(σ + ikh)|2
)1/2

≪h,δ,ε N(10−12σ)/5+ε = o(1)

as N → ∞ for σ > 5/6. Hence, (5) is valid, and this proves the proposition.
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Proposition 1 can be generalized for the space H. For A ∈ B(H), set

QH
N (A) =

1
N + 1

#{N ⩽ k ⩽ 2N : Z2(s + ikh) ∈ A}.

Let denote PH
g0

a probability measure on (H,B(H)) with unit mass at the point g0(s) ≡ 0,
s ∈ D.

Proposition 2. The probability measure QH
N converges weakly to PH

g0
as N → ∞.

Proof. Let ρH denote the metric in H inducing its topology of uniform convergence on
compacta, i.e.,

ρH(g1, g2) =
∞

∑
j=1

2−j
sups∈Kj

|g1(s)− g2(s)|
1 + sups∈Kj

|g1(s)− g2(s)|
, g1, g2 ∈ H,

where {Kj : j ∈ N} ⊂ D is a sequence of embedded compact sets satisfying

D =
∞
∪

j=1
Kj,

and every compact set K ⊂ D lies in some Kj. By a remark in the proof of Proposition 1, we
have to show that

lim
N→∞

µ{ρH(XN , g0) ⩾ δ} = 0, ∀δ > 0,

or, in virtue of definitions XN and QH
N , that

lim
N→∞

1
N + 1

#{N ⩽ k ⩽ 2N : ρH(Z2(s + ikh), g0(s)) ⩾ δ} = 0.

Obviously,

1
N + 1

#{N ⩽ k ⩽ 2N : ρH(Z2(s + ikh), g0(s)) ⩾ δ}

⩽
1

δ(N + 1)

2N

∑
k=N

ρH(Z2(s + ikh), g0(s)). (6)

Thus, by the definition of the metric ρH, it suffices to estimate

2N

∑
k=N

sup
s∈K

|Z2(s + ikh)|

for compact sets K ⊂ D. Let γK be a suitable closed contour enclosing the set K and lying
in D. Then, by the Cauchy integral formula, for s ∈ K,

Z2(s + ikh) =
1

2πi

∫
γK

Z2(z + ikh)
(z − s)

dz,

and this implies that

sup
s∈K

|Z2(s + ikh)| ≪γK

∫
γK

|Z2(z + ikh)| |dz|.
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Therefore,

2N

∑
k=N

sup
s∈K

|Z2(s + ikh)| ≪γK

∫
γK

(
2N

∑
k=N

sup
s∈K

|Z2(z + ikh)|
)
|dz|

≪γK

∫
γK

(
N

2N

∑
k=N

sup
s∈K

|Z2(z + ikh)|2
)1/2

|dz|

≪γK N1/2N(15−12Rez)/10+ε = N(20−12Rez)/10+ε = o(N)

as N → ∞, because Rez > 5/6. This together with (6) proves the proposition.

3. General Case
In this section, we consider probability measures defined by means of shifts

Z2(s + iψ(k)), k ∈ N, with a certain function ψ(τ). We will consider the case of the
space H only, because in [24] it was observed that weak convergence to PH

0 implies that to
PC

0 . Thus, we will consider weak convergence for

PH
N (A)

def
=

1
N + 1

#{N ⩽ k ⩽ 2N : Z2(s + iψ(k)) ∈ A}, A ∈ B(H),

as N → ∞.
We recall that

JT(σ) =

T∫
0

|Z2(s + it)|2 dt.

Suppose that ψ(τ) is an increasing to +∞ differentiable function on [T,+∞), T > T0 > 1,
with decreasing derivative ψ′(τ) satisfying the estimate

sup
5/6<σ<1

J2ψ(2τ)(σ) ≪ τψ′(2τ), τ → ∞.

Additionally, we need one individual distribution property of the function ψ(τ). Let
{u} denote the fractional part of u ∈ R and IA the indicator function of a set A. Recall
that a sequence {xm : m ∈ N} ⊂ R is uniformly distributed modulo 1 if, for every interval
(a, b] ⊂ (0, 1],

lim
n→∞

1
n

n

∑
m=1

I(a,b]({xm}) = b − a.

By the Weyl criterion (see, for example, [25] Theorem 2.1), the sequence {xm : m ∈ N} is
uniformly distributed modulo 1 if and only if, for every integer k ̸= 0,

lim
n→∞

1
n

n

∑
m=1

e2πikxm = 0.

Suppose that the sequence {κψ(m) : m ∈ N} with every real κ ̸= 0 is uniformly distributed
modulo 1. Let W denote the class of the above functions ψ(τ).

We start with a bound for

VN(K)
def
=

2N

∑
k=N

sup
s∈K

|Z(s + iψ(k))|,

where K ⊂ D is a compact set.

https://doi.org/10.3390/axioms15040293
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Lemma 3. Suppose that ψ(τ) ∈ W. Then

VN(K) ≪K N.

Proof. As in the proof of Proposition 2, we have

sup
s∈K

|Z2(s + iψ(k))| ≪γK

∫
γK

|Z2(z + iψ(k))| |dz|,

where γK is a suitable closed contour in D enclosing the set K. Hence,

VN(K) ≪K

∫
γK

(
N

2N

∑
k=N

|Z2(Rez + iImz + iψ(k))|2
)1/2

|dz|. (7)

For the estimation of the discrete mean square in (7), we will apply Lemma 1. Following
the proof of Lemma 2, we estimate

2N∫
N−1/2

|Z2(Rez + iImz + iψ(τ))|2 dτ

=

2N∫
N−1/2

|Z2(Rez + iImz + iψ(τ))|2 dψ(τ)

ψ′(τ)

⩽
1

ψ′(2N)

ψ(2N)+|Imz|∫
ψ(N−1/2)−|Imz|

|Z2(Rez + iτ)|2 dτ

≪ 1
ψ′(2N)

2ψ(2N)∫
ψ(N−1/2)−|Imz|

|Z2(Rez + iτ)|2 dτ

≪
J2ψ(2N)(Rez)

ψ′(2N)
≪ sup

5/6<σ<1

J2ψ(2N)(σ)

ψ′(2N)
≪ N, (8)

in virtue of the definition of the class W.
Along the same lines, we obtain that

2N∫
N−1/2

|Z ′
2(Rez + iImz + iψ(τ))|2 dτ ≪ N. (9)

Clearly,
(Z2(s + iψ(τ)))′τ = ψ′(τ)Z ′

2(s + iψ(τ)).

Hence, by (9),

2N∫
N−1/2

|Z ′
2(Rez + iImz + iψ(τ))|2 dτ

≪
2N∫

N−1/2

(ψ′(τ))2|Z ′
2(Rez + iImz + iψ(τ))|2 dτ

≪ ψ′(N − 1)N ≪ N,

because ψ′(τ) is bounded. This, (7), (8) and Lemma 1 yield the lemma.
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Let ξN be a random variable on the probability space (Ω,B, µ) with the distribution

µ{ξN = k} =
1

N + 1
, k = N, . . . , 2N,

and YN = Z2(s + iψ(ξN)). Then, for δ > 0, we derive from Lemma 3 that

µ{ρH(YN , g0) ⩾ δ} =
1

N + 1
#{N ⩽ k ⩽ 2N : ρH(Z2(s + iψ(k)), g0) ⩾ δ}

⩽
1

δ(N + 1)

2N

∑
k=N

ρH(Z2(s + iψ(k)), g0)

=
1

δ(N + 1)

2N

∑
k=N

∞

∑
j=1

2−j
sups∈Kj

|Z2(s + iψ(k))|
1 + sups∈Kj

|Z2(s + iψ(k))|

≪δ,K 1 +
1
N ∑

j⩽j0

2−j
2N

∑
k=N

sup
s∈Kj

|Z2(s + iψ(k))| ≪δ CKj0

with certain CKj0
> 0. Thus, we cannot obtain from this that

lim
N→∞

µ{ρH(YN , g0) ⩾ δ} = 0.

Consequently, in the case of generalized shifts, we have to use a more complicated approach
to prove weak convergence for PH

N to PH
g0

.
Notice that discrete limit theorems for various zeta-functions using generalized shifts

were investigated in numerous papers; see, for example, [26–47]. In these works, limit
theorems in the space of analytic functions are applied for the proofs of theorems on the
approximation of classes of analytic functions by shifts of zeta-functions. The considered
shifts involve the sequences of Gram points and imaginary parts of the non-trivial zeros of
the Riemann zeta-function, as well as sequences uniformly distributed modulo 1.

Now we state the main result of this paper.

Theorem 2. Suppose that ψ(τ) ∈ W. Then PH
N converges weakly to the measure PH

g0
as N → ∞.

We divide the proof of Theorem 2 into lemmas.
For brevity, we note that, for x, y ⩾ 1,

ζ2(x) =
∣∣∣∣ζ(1

2
+ ix

)∣∣∣∣4, v(x, y) = exp

(
−
(

x
y

)θ
)

, θ >
1
6

,

and

Z2,a,y(s) =
a∫

1

ζ2(x)v(x, y)x−s dx, a > 1.

Consider the probability measure

PH
N,a,y(A) =

1
N + 1

#{N ⩽ k ⩽ 2N : Z2,a,y(s + iψ(k)) ∈ A}, A ∈ B(H).

Lemma 4. Suppose that ψ(τ) ∈ W. Then PH
N,a,y converges weakly to PH

g0
as N → ∞.

Proof. As seen in Section 2, it suffices to show that, for arbitrary compact set K ⊂ D,

2N

∑
k=N

sup
s∈K

|Z2,a,y(s + iψ(k))| = o(N)
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as N → ∞. The Cauchy integral formula shows that the latter estimate follows from

2N

∑
k=N

|Z2,a,y(σ + it + iψ(k))|2 = o(N), N → ∞, (10)

with σ ∈ (5/6, 1) and bounded t. Since |z|2 = zz, where z denotes the complex conjugate
of z ∈ C, it follows that

|Z2,a,y(σ + it + iψ(k))|2

=

a∫
1

ζ2(x)v(x, y)x−σ−it−iψ(k) dx
a∫

1

ζ2(x)v(x, y)x−σ+it+iψ(k) dx

=

a∫
1

a∫
1

ζ2(x1)ζ2(x2)v(x1, y)v(x2, y)(x1x2)
−σ

(
x2

x1

)it( x2

x1

)iψ(k)
dx1 dx2. (11)

Since ψ(τ) ∈ W, the sequence {
1

2π
log
(

x2

x1

)
ψ(k) : k ∈ N

}
with x1 ̸= x2 is uniformly distributed modulo 1. Therefore, by the Weyl criterion,

2N

∑
k=N

(
x2

x1

)iψ(k)
=

2N

∑
k=N

exp
(

2πi log
(

x2

x1

)
ψ(k)
2π

)
= o(N)

as N → ∞. This together with (11) proves (10), because the integral in (11) with x1 = x2 is
zero. The lemma is proven.

Now, we will prove an analog of Lemma 4 for the function

Z2,y(s) =
∞∫

1

ζ2(x)v(x, y)x−s dx.

Clearly, in virtue of the exponential decrease of v(x, y) with respect to x, the latter integral
is absolutely convergent in any half-plane σ ⩾ σ0.

Define

PH
N,y(A) =

1
N + 1

#{N ⩽ k ⩽ 2N : Z2,y(s + iψ(k)) ∈ A}, A ∈ B(H).

We will derive the weak convergence for PH
N,y as N → ∞ from Lemma 4. For this, we will

apply one statement on convergence in the distribution ( D−→) of certain random elements.
Let Xn, n ∈ N, and X be random elements on a certain probability space and Pn and P

denote their distributions, respectively. We recall that Xn
D−−−→

n→∞
X, if Pn

w−−−→
n→∞

P.

Lemma 5 (see Theorem 4.2 of [48]). Suppose that (X , ρ) is a separable metric space and Xnm

and Yn X -valued random elements on the probability space (Ω̂,B, µ) such that

Xnm
D−−−→

n→∞
Xm, for all m ∈ N,

and
Xm

D−−−→
m→∞

X.
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Moreover, let, for every ε > 0,

lim
m→∞

lim sup
n→∞

µ{ρ(Xnm, Yn) ⩾ ε} = 0.

Then
Yn

D−−−→
n→∞

X.

Lemma 6. Suppose that ψ(τ) ∈ W. Then PH
N,y converges weakly to PH

g0
as N → ∞.

Proof. Let ξN be a random variable on the probability space (Ω̂,B, µ) with the distribution

µ{ξN = k} =
1

N + 1
, k = N, . . . , 2N.

Define the H-valued random element

XN,a,y = XN,a,y(s) = Z2,a,y(s + iψ(ξN)).

Then, by Lemma 4, we have

XN,a,y
D−−−→

N→∞
Xa,y (12)

for all a > 1, y ⩾ 1, where Xa,y is a H-valued random element with distribution PH
g0

.
By the above remark on the absolute convergence of the integral for Z2,y(s), it follows

that, for σ > 5/6,
∞∫

a

ζ2(x)v(x, y)x−s dx = oy(1), a → ∞.

Hence, for a compact set K ⊂ D,

sup
s∈K

|Z2,y(s + iψ(k))−Z2,a,y(s + iψ(k))| ⩽
∞∫

a

ζ2(x)v(x, y)x−mins∈K σ dx = oy(1)

as a → ∞. Thus,

lim
a→∞

lim sup
N→∞

1
N + 1

2N

∑
k=N

sup
s∈K

|Z2,y(s + iψ(k))−Z2,a,y(s + iψ(k))| = 0. (13)

Introduce one more H-valued random element

YN,y = YN,y(s) = Z2,y(s + iψ(ξN)).

Then (13) implies that, for every ε > 0,

lim
a→∞

lim sup
N→∞

µ{ρH(YN,y, XN,a,y) ⩾ ε} = lim
a→∞

lim sup
N→∞

1
N + 1

#{N ⩽ k ⩽ 2N : ρH(Z2,y(s + iψ(k)),Z2,a,y(s + iψ(k))) ⩾ ε}

⩽ lim
a→∞

lim sup
N→∞

1
ε(N + 1)

2N

∑
k=N

ρH(Z2,y(s + iψ(k)),Z2,a,y(s + iψ(k))) = 0. (14)

Since
Xa,y

D−−−→
a→∞

PH
g0

,
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(12), (14) and Lemma 5 prove that

YN,y
D−−−→

N→∞
PH

g0
,

and this gives the assertion of the lemma.

In order to derive Theorem 2 from Lemma 6, we need the approximation results for
Z2(s) by Z2,y(s).

4. Approximation in the Mean
We start with recalling the integral representation for Z2,y. Let θ be the same number

from the definition of v(x, y).

Lemma 7 (see Lemma 4 of [8]). Let Γ(s) denote the gamma-function and

κy(s) = θ−1Γ(θ−1s)ys. (15)

Then, for s ∈ D, the representation

Z2,y(s) =
1

2πi

θ+i∞∫
θ−i∞

Z2(s + z)κy(z)dz (16)

holds.

Lemma 8. Suppose that ψ(τ) ∈ W. Then

lim
y→∞

lim sup
N→∞

1
N + 1

2N

∑
k=N

ρH(Z2(s + iψ(k)),Z2,y(s + iψ(k))) = 0.

Proof. In view of the definition of the metric ρH, the equality of the lemma is a corollary of
the statement

lim
y→∞

lim sup
N→∞

1
N + 1

2N

∑
k=N

sup
s∈K

|Z2(s + iψ(k))−Z2,y(s + iψ(k))| = 0 (17)

for arbitrary compact set K ⊂ D.
Thus, we take an arbitrary compact set K ⊂ D. Since K is a bounded closed set, there

is ε > 0 such that 5/6 + 2ε ⩽ σ ⩽ 1 − ε for all s = σ + it lying in K. In Lemma 7, θ is a fixed
number greater than 1/6. Let us take θ = 1/6 + ε > 1/6. Moreover, we introduce a new
parameter θ1 = 5/6 + ε − σ. Then, clearly, θ1 < 0 and θ1 ⩾ −1/6 + 2ε. From this, it follows
that the integrand in (16) has a simple pole at the point z = 0 (a pole of Γ(θ−1z)) and a pole
at the point z = 1 − s of order five (a pole of Z2(s + z)) lying in the strip θ1 ⩽ Rez ⩽ θ.
Therefore, using the well-known exponential estimate

Γ(σ + it) ≪ exp(−c|t|), c > 0, (18)

which is uniform for σ ∈ [σ1, σ2] with arbitrary σ1 < σ2, and the residue theorem, we find
that, for s ∈ K,

Z2,y(s)−Z2(s) =
1

2πi

θ1+i∞∫
θ1−i∞

Z2(s + z)κy(z)dz + Ry(s),
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where
Ry(s) = Res

z=1−s
Z2(s + z)κy(z).

This and the definition of θ1, for s ∈ K, lead to

Z2,y(s + iψ(k))−Z2(s + iψ(k))

=
1

2π

∞∫
−∞

Z2

(
5
6
+ ε + it + iτ + iψ(k)

)
κy

(
5
6
+ ε − σ + iτ

)
dτ

+ Ry(s + iψ(k))

=
1

2π

∞∫
−∞

Z2

(
5
6
+ ε + iτ + iψ(k)

)
κy

(
5
6
+ ε − s + iτ

)
dτ

+ Ry(s + iψ(k))

≪
∞∫

−∞

∣∣∣∣Z2

(
5
6
+ ε + iτ + iψ(k)

)∣∣∣∣ sup
s∈K

∣∣∣∣κy

(
5
6
+ ε − s + iτ

)∣∣∣∣dτ

+ sup
s∈K

|Ry(s + iψ(k))|

after the application of the shift t + τ → τ. Hence, we have

1
N + 1

2N

∑
k=N

sup
s∈K

|Z2(s + iψ(k))−Z2,y(s + iψ(k))|

≪
∞∫

−∞

1
N + 1

2N

∑
k=N

∣∣∣∣Z2

(
5
6
+ ε + iτ + iψ(k)

)∣∣∣∣ sup
s∈K

∣∣∣∣κy

(
5
6
+ ε − s + iτ

)∣∣∣∣dτ

+
1

N + 1

2N

∑
k=N

sup
s∈K

|Ry(s + iψ(k))| def
= I + S. (19)

Repeating the proof of Lemma 3 with minor changes, we obtain that, for τ ∈ R,

1
N + 1

2N

∑
k=N

∣∣∣∣Z2

(
5
6
+ ε + iτ + iψ(k)

)∣∣∣∣
≪
(

1
N

2N

∑
k=N

∣∣∣∣Z2

(
5
6
+ ε + iτ + iψ(k)

)∣∣∣∣2
)1/2

≪ (1 + |τ|)1/2. (20)

Moreover, the definition of κy(s) and the bound (18) yield, for s ∈ K and c1, c2 > 0,

κy

(
5
6
+ ε − s + iτ

)
≪ y5/6+ε−σ exp(−c1|τ − t|) ≪K y−ε exp(−c2|τ|).

This together with (20) gives the bound

I ≪K y−ε

∞∫
−∞

(1 + |τ|)1/2 exp(−c2|τ|)dτ ≪K y−ε. (21)
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It remains to estimate S. By the residue formula, for s ∈ K,

Ry(s + iψ(k))

=
(
Z2(z + s + iψ(k))(Z2(z − 1 + s + iψ(k)))5κy(z)

)(4) ∣∣∣∣
z=1−s−iψ(k)

def
=

5

∑
j=1

(
j
5

)
L(5−j)(z, s, ψ(k))κ(j)

y (z)
∣∣∣∣
z=1−s−iψ(k)

in virtue of the Leibniz formula. Hence, estimate (2), the Cauchy integral formula, and (18)
show that, for s ∈ K,

Ry(s + iψ(k)) ≪K (ψ(k))c3(y log y)c4 exp(−c5|t + ψ(k)|)
≪K (ψ(k))c3(y log y)c4 exp(−c6ψ(k)).

Thus,

S ≪ 1
N
(y log y)c4

2N

∑
k=N

(ψ(k))c3 exp
(
− c6

2
ψ(k)

)
≪ 1

N
(y log y)c4 exp

(
− c6

2
ψ(N)

) 2N

∑
k=N

(ψ(k))c3 exp
(
− c6

2
ψ(k)

)
≪ (y log y)c4 exp

(
− c6

2
ψ(N)

)
.

This, (19) and (21) show that

1
N + 1

2N

∑
k=N

sup
s∈K

|Z2(s + iψ(k))−Z2,y(s + iψ(k))|

≪K y−ε + (y log y)c4 exp
(
− c6

2
ψ(N)

)
.

Thus, taking N → ∞ and then y → ∞, we obtain (17). The lemma is proven.

5. The Proof of the Main Theorem
In this section, we will present the proof of Theorem 2. For this, we will apply

Lemmas 5, 6 and 8.

Proof of Theorem 2. We preserve the notations used in the above-mentioned lemmas.
Thus, by Lemma 6,

YN,y
D−−−→

N→∞
PH

g0
(22)

for all y > 1. Introduce one more H-valued random element

YN = YN(s) = Z2(s + iψ(ξN)).

Then, in view of Lemma 8, for every ε > 0,

lim
y→∞

lim sup
N→∞

µ{ρH(YN , YN,y) ⩾ ε} = lim
y→∞

lim sup
N→∞

1
N + 1

#{N ⩽ k ⩽ 2N : ρH(Z2(s + iψ(k)),Z2,y(s + iψ(k))) ⩾ ε}

⩽ lim
y→∞

lim sup
N→∞

1
ε(N + 1)

2N

∑
k=N

ρH(Z2(s + iψ(k)),Z2,y(s + iψ(k))) = 0.
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The latter equality together with (22) and Lemma 5 proves that

YN
D−−−→

N→∞
PH

g0
,

and this gives the theorem.

6. Applications
Some problems of the approximation of analytic functions by shifts in the Mellin

transforms of powers of the Riemann zeta-function were discussed in [8,20,49]. Theorem 2
leads to the following statement on the approximation of the function g0.

Theorem 3. Suppose that ψ(τ) ∈ W. Then, for every compact set K ⊂ D and ε > 0,

lim inf
N→∞

1
N + 1

#

{
N ⩽ k ⩽ 2N : sup

s∈K
|Z2(s + iψ(k))| < ε

}
> 0.

Moreover,

lim
N→∞

1
N + 1

#

{
N ⩽ k ⩽ 2N : sup

s∈K
|Z2(s + iψ(k))| < ε

}
exists and is positive for all but at most countably many ε > 0.

Theorem 3 is a direct corollary of Theorem 2. For this, we recall the equivalents of the
weak convergence of probability measures. Let Pn, n ∈ N, and P be probability measures
on (X ,B(X )). A set A ∈ B(X ) is called a continuity set of the measure P if P(∂A) = 0,
where ∂A denotes the boundary of the set A.

Lemma 9 (a part of Theorem 2.1 of [48]). The following statements are equivalent:
1◦ Pn

w−−−→
n→∞

P;
2◦ For every open set G ⊂ X ,

lim inf
n→∞

Pn(G) ⩾ P(G);

3◦ For every continuity set A of the measure P,

lim
n→∞

Pn(A) = P(A).

Proof of Theorem 3. For ε > 0, we set

Gε =

{
g ∈ H : sup

s∈K
|g(s)| < ε

}

Then Gε is an open neighborhood of the function g0. Since the support of the measure PH
g0

is g0, the set Gε is an open neighborhood of an element of the support of PH
g0

. Hence,

PH
g0
(Gε) > 0. (23)

This, Theorem 2 and 2◦ of Lemma 9 show that

lim inf
N→∞

PH
N (Gε) ⩾ PH

g0
(Gε) > 0,

and we thus have the first statement of the theorem.
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To prove the second statement of the theorem, we observe that the set Gε is a continuity
set of PH

g0
for all but at most countably many ε > 0. This remark, Theorem 2 and 3◦ of

Lemma 9 imply that the limit
lim

N→∞
PH

N Gε = PH
g0
(Gε)

exists and, by (23), is positive for all but at most countably many ε > 0. This gives the
second statement of the theorem.

7. Conclusions
In this paper, we considered the statistical properties of discrete shifts Z2(s + iψ(k))

in the modified Mellin transform of the fourth power of the Riemann zeta-function. We
obtained that

1
N + 1

#{N ⩽ k ⩽ 2N : Z2(s + iψ(k)) ∈ A}, A ∈ B(H),

converges weakly to the measure with mass 1 at the point g0(s) ≡ 0. Here H is the
space of analytic functions on the strip {s ∈ C : 5/6 < σ < 1} and the increasing to +∞
differentiable function ψ(τ), τ ∈ [T, ∞), T > 1, whose derivative ψ′(τ) satisfies the estimate

sup
σ∈(5/6,1)

2ψ(2τ)∫
0

|Z2(σ + it)|2 dt ≪ τψ′(2τ), τ → ∞.

Moreover, we suppose that the sequence {κψ(k) : k ∈ N} with every real number κ ̸= 0
is uniformly distributed modulo 1. The limit theorem for Z2(s + iψ(k)) is applied to the
approximation of the function g0.

For example, the Gram function tτ , see [50,51] for a definition, satisfies the
above hypotheses.

Author Contributions: Conceptualization, V.G., R.M., A.R., M.S. and D.Š.; methodology, V.G.,
R.M., A.R., M.S. and D.Š.; investigation, V.G., R.M., A.R., M.S. and D.Š.; writing—original draft
preparation, V.G., R.M., A.R., M.S. and D.Š. All authors have read and agreed to the published version
of the manuscript.

Funding: This research received no external funding.

Data Availability Statement: No new data were created or analyzed in this study.

Acknowledgments: The authors thank the referees for useful remarks and comments.

Conflicts of Interest: The authors declare no conflicts of interest.

References
1. Motohashi, Y. A relation between the Riemann zeta-function and the hyperbolic Laplacian. Ann. Sc. Norm. Super. Pisa Cl. Sci. IV

Ser. 1995, 22, 299–313.
2. Motohashi, Y. Spectral Theory of the Riemann Zeta-Function; Cambridge Univercity Press: Cambridge, UK, 1997.
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30. Korolev, M.; Laurinčikas, A. A new application of the Gram points. Aequationes Math. 2019, 93, 859–873. [CrossRef]
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33. Laurinčikas, A. On discrete universality of the Hurwitz zeta-function. Results Math. 2017, 72, 907–917. [CrossRef]
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40. Laurinčikas, A. Joint approximation of analytic functions by shifts of the Riemann zeta-function twisted by the Gram function II.

Axioms 2022, 11, 613. [CrossRef]
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44. Laurinčikas, A.; Petuškinaitė, J. Universality of L-Dirichlet functions and nontrivial zeros of the Riemann zeta-function. Sb. Math.

2019, 210, 1753–1773. [CrossRef]
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