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Abstract

Let Z,(s) denote the modified Mellin transforms of the modulus of the fourth power
of the Riemann zeta-function. This paper is devoted to the probabilistic properties of
generalized discrete shifts 2, (s + ip(k)), k € N, with a certain differentiable function ()
satisfying some estimate connected to the mean square of the function Z;(s) and such that
the sequence {xy (k) : k € N} is uniformly distributed modulo 1 with every ¥ € R\ {0}.
We propose the condition that Z; (s + ip(k)) in the space of analytic functions has a limit
distribution concentrated at the point gy(s) = 0. Such a limit theorem is applied for the
approximation of the function go(s).

Keywords: Mellin transform; probability measure; Riemann zeta-function; space of analytic
functions; weak convergence

MSC: 11M06

1. Introduction

Let s = o + it denote a complex variable, and let the function |g(u)[u"! €
L(0,0). The Mellin transform Mg (s) of g(u) is defined by

oo}

Mg(s) = /g(u)usfl du
0

and is a useful tool in function theory. Sometimes, it is more convenient to study the Mellin
transform of a considered function g(u) and then, using the inverse formula, continue the
investigation of g(u).

In analytic number theory, for the investigation of the moments of zeta-functions,
so-called modified Mellin transforms are applied. They were introduced in [1]; see also [2].
Suppose that g(u)u~7 € L(1,00). Then the modified Mellin transform Z\7Ig(s) of g(u) is
given by

[e)

MS(S) = /g(u)ufs du. (1)

1
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Let
~ ] g™ ifo<u<y,
glu) = { 0 otherwise.

Then it is easily seen that [3]
Mg (s) = M, 153)(5)-

Moreover, ]\718(5) has a certain advantage against M,(s) because in (1), a convergence
problem at the point # = 0 does not exist.

The first applications of modified Mellin transforms were devoted to the Riemann
zeta-function {(s). We recall that in the half-plane ¢ > 1, the function {(s) is defined by the
Dirichlet series

()= % &

m=1

or, equivalently, by the Euler product

over all prime numbers p. Moreover, {(s) has analytic continuation to the whole complex
plane, except for a point s = 1 which is its simple pole, Ress_1{(s) = 1. We notice that {(s)
is a symmetric analytic object: it satisfies the symmetric functional equation

77.’75/21—'(%)@(5) _ n(ls)/Zr(lgs)g(l —s),

where I'(s) denotes the Euler gamma-function, and this is reflected in its value distribution.
For modified Mellin transforms of |{(1/2 + it)|*, the notation Z(s) is used, i.e.,

24(s) = 7|g(§+m)
1

The function Z;(s) was introduced and studied in [1] for the needs of the error term E;(T)

JGes)

where Py is a known polynomial of degree four. There exists a conjecture that

2k
u du, o>1.

in the formula
4

dt = TPy(log T) + E»(T),

Ey(T) <, TV?*e,

Here and further the notationa <4 b, a € C, b > 0, indicates that there exists a constant
C = C(8) satisfying |a| < Cb. In [1], for the investigation of E;(T), the meromorphic
continuation of Z5(s) was obtained. Let p denote the non-trivial zeros of the Riemann
zeta-function. The definitions from the theory of automorphic forms can be found in [4].
Thus, in [1], in Theorem 2, it was proven that the function Z,(s) is meromorphic over the
entire complex plane. More precisely, in the half-plane ¢ > 0, Z;(s) has a pole of order five
at the point s = 1 and infinitely many simple poles of the form 1/2 + i, where x* 4+ 1/4 is
in the discrete spectrum of the hyperbolic Laplacian with respect to the full modular group
and of the form p/2. From this, it was derived in [1] that

Ex(T) = Q= (VT).

https://doi.org/10.3390/axioms15040293


https://doi.org/10.3390/axioms15040293

Axioms 2026, 15, 293

30f19

We recall that the latter equality means that
Ex(T) = Q4 (VT) and Ey(T) =Q_(VT)

are satisfied. The first equality indicates that there exists a constant C > 0 such that
Ex(T) > C VT holds for a sequence T = Tj: T, — oo, while the second shows that there
exists C > 0 such that F5(T) < —C+/T is true for a sequence T = Ty: T, — co.

The study of the function Z;,(s) was continued in [3,5-7], where its estimates and
estimates for the mean square

T
def

Jr(o) = / | Zy(0 4 it) | dt

0

were given. Namely, in [7], the bound
Zy(o+it) < 27 (log t)187 147 )

was found forall1/2 <o <landt >ty > 0.
More attention was devoted to the quantity Jr(c). It was conjectured in [3] that
the estimate
]T(‘T) e T2720+s

istruefor1/2 < o < 1. In[5], for 1/2 < ¢ < 1, the bound
Jr(o) < TUO=87)310gc T
is given with a certain ¢ > 0. Finally, in [6], it was obtained that the bound
Jr(0) <e T(15-120)/5+¢ 3)

holds for5/6 < o < 5/4.

In the present paper, we continue the investigations of [8], where the value distribution
of the function Z;(s) was characterized by using probabilistic language. H. Bohr was the
first person who began to study functions defined by Dirichlet series via probabilistic
methods. His idea is very simple: for a given set, consider how often the values of the
considered function belong to this set. It turned out that Bohr’s idea is productive, and the
value distribution of some functions can be described by strong probabilistic laws. The
first results of the probabilistic type were obtained for the Riemann zeta-function, and they
confirmed Bohr’s approach. In [9], it was proven that for ¢ > 1, the following limit exists:

lim lJ{t‘ €10,T] :log (o +it) € R},
T—oo T

where J is the Jordan measure on the real line, and R is a rectangle on C with edges parallel
to the axes. In [10], Bohr and Jessen extended their theorem to the half-plane o > 1/2.

In the middle of the 20th century, the theory of the weak convergence of probability
measures was built, and now the above results for the function {(s) are stated in a more
convenient form. We recall the definition of the weak convergence of probability measures.
Let X be a topological space and B(X) denote its Borel o-field. Suppose that P and Py,
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n € N, be probability measures on the measurable space (X, B(X)). If, for every real
bounded continuous function x on X,

/den — /de,
n—oo
X X

then we say that P, converges weakly to P as n — oo (P, rl_%) P). The application of this
terminology leads to the following statement. For A € B(C), set

1 .
Pr,(A) = ?meas{t €1[0,T):¢(c+it) € A},
where measA denotes the Lebesgue measure in R. Then the theorem of [10] can be stated
in the following form [11,12]: Suppose that o > 1/2 is fixed. Then, on (C, B(C)), there is a
probability measure P, such that Pr TL> P,.
— 0

The latter theorem is generalized for the space of analytic functions [13]. In this case,
the following probability measure is considered:

Pr(A) = %meas{r €0,T]: {(s+it) € A}, AeH(D),
where H (D) is the space of analytic functionson D = {s € C: ¢ > 1/2} endowed with the
topology of uniform convergence on compacta. It is obtained that as T — co, Pr converges
weakly to the distribution of a certain H (D)-valued random element connected to the Euler
product for {(s).

Similar limit theorems are also known for other functions defined by Dirichlet series.
For the results, see [11,13-15].

For investigations of the functions Z(s), a probabilistic approach can be applied as
well. Most attention is devoted to Z;(s). The first attempt in this direction was made
in [16-19]. This research was continued with respect to the possible approximation of
analytic functions by shifts Z;(s + it); see [20-22].

We recall the main result of [8]. Let D = {s € C:5/6 < ¢ < 1} and H = H(D) be
the analytic space on D functions equipped with the topology of uniform convergence on
compacta. For A € B(H), define

Prye(A) = %meas{r € [T,2T): Zy(s+ig(T)) € A}.

Theorem 1 (see [8], Theorem 1). Suppose that ¢(T) is an increasing to +oo differentiable function
on [Ty, 00), Ty > 1, with a decreasing derivative ¢'(T) such that

J2p(20) ()

p LT, T— o0
vesre1)  9'(27)

Then Pr 3,0 TL> Py 0, where Py is the probability measure on (H, B(H)) degenerated at the
—» 00
point g(s) = 0.

The aim of this paper is to obtain a discrete version of Theorem 1 and other results of [8].
We notice that Theorem 1 is of the continuous type because 7 in the definition of Pr 3
runs over the interval [T, 2T]. In discrete limit theorems, T in shifts takes values from a
certain discrete set. Therefore, in discrete limit theorems, it is easier to understand encoded
information. On the other hand, the proofs of discrete theorems are more complicated.
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Let #A denote the cardinality of a set A, and suppose that N runs over the set
No = NU{0}. In the present paper, we consider the probability measures defined by
shifts Z, (0 + iy (k)) or Z(s +ip(k)), k € Ny, with certain functions (7).

2. Case of Y (k) = hk
We start with the simplest case of shifts. For A € B(C), set

1

< : ] .
N+1#{N <k <2N: Z)(c+ikh) € A}, h>0

QN (4) =
Let P be the probability measure on (C, B(C)) degenerated at the point s = 0. The weak
convergence of Q%’U as N — oo is based on the discrete mean square estimate for the
function Z;(s). For this, the following lemma (Gallagher lemma) connecting continuous
and discrete mean squares is useful.

Lemma 1 (see [23], Lemma 1.4). Let Ty, T > 6 > 0, T be a non-empty finite set in the interval
[To +6/2,To+T— (5/2] and

Ns(t)y=)Y_ 1, teT.
TeT
[t—T|<é

Suppose that the function S(t) is continuous on [Ty, To + T| and has a continuous derivative on
(To, To + T). Then the inequality

To+T To+T To+T 1/2
LN 0IsOP <3 | s<t>|2dt+( [ IswPat | |s'<t>|2dt)

TeT TO TO TO

holds.

Lemma 2. Suppose that o € (5/6,1) and h > 0 are fixed numbers. Then the estimate

2N
Y |Za(0 + ikh) 2 <, N(15-120)/5+
k=N

holds for every e > 0.

Proof. We will apply Lemma 1 with S(t) = 25 (0 + it); therefore, we need the mean square
estimate for the derivative Z’(c + it). Suppose that v is a closed suitable contour enclosing
the point ¢ and lying in the strip D. Then the Cauchy integral formula gives

ZZ(U'—I-Zt) 1 / Zz(Z+it) d

2ri ] (z—0)? z

Hence,
|dz|

| Z5(0 + it) \2<<7/| T /|z2 (z+it)[2|dz],

https:/ /doi.org/10.3390/axioms15040293
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and
2T 2T
/ |Z5(0 +it)|?dt < / ( / |Z5(z + it)|? dz|) dt <., TU5712Rez)/5+¢
T Y T
<, T(15—120)/5+£ (4)

in view of estimate (3) after a suitable choice of .
Now, we use Lemma 1 withé =1, 7 = {k € N: k € [N,2N]|}, To = N — 1/2, and
T = N + 1. This yields

2N+1/2

2N
Y |22(0 + ikh) 2 < / | Z5(0 + iht) 2 dt
k=N N-1/2
2N+1/2 2N+1/2 1/2
+( |25 (0 + iht)|*dt / |z§(a+iht)|2dt) .
N-1/2 N-1/2

Since (Z;(0 + iht)); = ihZ}(o + iht) and

2N+1/2 (2N+1/2)h
|1 Z,(0 + i) > dt < / | Z,(c + it) 2 dt
N-1/2 (N-1/2)h
1/2
(2N+1/2)h (2N+1/2)h
+ / 1Z,(c + it) 2 dt / 2o +i)dt|
(N=1/2)h (N=1/2)h

(3) and (4) prove the lemma. O

Let P{ be a probability measure on (C, B(C)) with unity mass at the point z = 0.
Proposition 1. Suppose that o € (5/6,1) is fixed. Then Q}%’U converges weakly to Py as N — oco.

Proof. It is well known that weak convergence to P(()C is equivalent to convergence to 0 in

probability. Thus, let 17y be a random variable on a certain probability space (), B, ) with

the distribution 1
=kht=———, k=N,...,2N.
u{nn } NT1 feee

Then denoting Xy = Z,(0 + ifn), we have to show that, for every § > 0,
lim p{pc(Xn,0) =6} =0, (5)
N—oo

where pc is the metric in C. The application of Lemma 2 gives, for > 0 and &€ > 0,

1
<k < : ] >
N+1#{N\ k <2N: pc(2Zy(0 +ikh),0) > 6}
1 2N 1/1 2N ) 1/2
< — kh)| < = = '
< 5Nk:N|Zz(a+zkh)| <5 Nk;\]\ZZ(U—i-zkhﬂ

Shge NIOT2/34 — o(1)

as N — oo for 0 > 5/6. Hence, (5) is valid, and this proves the proposition. []

https:/ /doi.org/10.3390/axioms15040293


https://doi.org/10.3390/axioms15040293

Axioms 2026, 15, 293

7 of 19

Proposition 1 can be generalized for the space H. For A € B(#H), set

1
QR(A) = 7 HN Sk <2N: Zy(s +ikh) € A).

Let denote ng a probability measure on (H, B(?)) with unit mass at the point go(s) =0,
seD.

Proposition 2. The probability measure Q¥ converges weakly to Pg’g as N — oo.

Proof. Let py; denote the metric in H inducing its topology of uniform convergence on
compacta, i.e.,

0 sup,cx. 181(s) — £2(5)]
11(81,82) Z :

4 7 6,]-[I
L s O~ SR

where {K; : j € N} C D is a sequence of embedded compact sets satisfying

D—UK
j=1

and every compact set K C D lies in some K;. By a remark in the proof of Proposition 1, we
have to show that

lim pu{py(Xn,Q0) =0} =0, Vé>0,
N—oo

or, in virtue of definitions Xy and Q?\{,, that

lim —#{N <k < 2N : py(Za(s + ikh), go(s)) = 6} = 0.

N—ooo N +1
Obviously,
1 )
N+1#{N k < 2N : py(Z2(s +ikh), go(s)) = o}
1
<
SINTT) Z p1(Z2(s + ikh), go(s))- (6)

Thus, by the definition of the metric py, it suffices to estimate

2N

Y sup | Z5(s + ikh)|
k=N s€K

for compact sets K C D. Let yg be a suitable closed contour enclosing the set K and lying
in D. Then, by the Cauchy integral formula, for s € K,
Zy(s + k) = 1 / Z5(z + ikh)

27i (z—5)
TK

dz,

and this implies that

sup | Z5(s + ikh)| <, / | Z2(z + ikh)| |dz|.

K
s€ 7K

https:/ /doi.org/10.3390/axioms15040293
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Therefore,

2N 2N
Y sup | Za(s + ikh)| < / Y sup | Zy(z +ikh)| | |dz|
k=N s€K 7K k=N s€K

N 1/2
Lox /(N Z sup|Zz(Z+ikh)|2> |dz]

= K
7K k=N s

< N1/2N(5-12Rez) /10+¢ _ N(20-12Rez)/ 104 _ ()
K
as N — co, because Rez > 5/6. This together with (6) proves the proposition. [

3. General Case

In this section, we consider probability measures defined by means of shifts
Z)(s+ip(k)), k € N, with a certain function (7). We will consider the case of the
space H only, because in [24] it was observed that weak convergence to Pj! implies that to
P(()C. Thus, we will consider weak convergence for

def 1

PH(A)= m#{N <k<2N:Z(s+ipk)) € A}, AcB(H),
as N — oo.
We recall that .
Jr(o) = [ 1225 + it
0

Suppose that () is an increasing to +oo differentiable function on [T, +c0), T > Ty > 1,
with decreasing derivative ¢/ (7) satisfying the estimate

sup  Jopor)(0) < TY'(27), T = 0.
5/6<0<1

Additionally, we need one individual distribution property of the function (7). Let
{u} denote the fractional part of u € R and I4 the indicator function of a set A. Recall

that a sequence {x,, : m € N} C R is uniformly distributed modulo 1 if, for every interval
(a,b] C (0,1],
1 ¢
Jim m;1 Iy ({xm}) =b—a.
By the Weyl criterion (see, for example, [25] Theorem 2.1), the sequence {x,, : m € N} is
uniformly distributed modulo 1 if and only if, for every integer k # 0,

n
lim 1 2 e27ikxm —
n—eon =

Suppose that the sequence {xy(m) : m € N} with every real x # 0 is uniformly distributed
modulo 1. Let W denote the class of the above functions (7).
We start with a bound for

def 2N
VN(K)= ) sup | Z(s +iyp(k))],
k=N s€K

where K C D is a compact set.

https:/ /doi.org/10.3390/axioms15040293
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Lemma 3. Suppose that {(t) € W. Then
Vn(K) <k N.
Proof. As in the proof of Proposition 2, we have
sup | Z5(s +iyp(k))| <o / | Z22(z + (k)| [dz],
seK 7K
where vk is a suitable closed contour in D enclosing the set K. Hence,
2N 172
VN (K) <k /(N ) |Zz(Rez+iImz—0—il,b(k))|2) |dz|. )
k=N

TK

For the estimation of the discrete mean square in (7), we will apply Lemma 1. Following
the proof of Lemma 2, we estimate

2N
/ | Z5(Rez + ilmz + ip(7))|> dt
N-1/2
T dy(7)
_ / |2 (Rez + ilmz + iy (7)) > ST
¥'(7)
N-1/2
P(2N)+|Imz|
< —— iT)|?
SPeN | Z2(Rez + iT)|~dT
P(N—-1/2)—|Imz|
1 2¢(2N)
- D)
< 5w / |25 (Rez + iT)[2dt
P(N—-1/2)—|Imz]|
Jay(2n) (Rez) Jayany ()
g Y Y sup — -~ <« N, (8)
¥'(2N) 5/6<§<1 ¥'(2N)
in virtue of the definition of the class W.
Along the same lines, we obtain that
2N
/ |2} (Rez + ilmz + ip(7))|> dT < N. )
N-1/2
Clearly,
(Z2(s +i9(7)))r = ¢'(7) Z5(s + iy (7))
Hence, by (9),
2N
/ | 2}(Rez + ilmz + iy (7)) > dt
N-1/2
2N
< / (9'(7))2] 2} (Rez + ilmz + ip(7))|> dt
N-1/2

<P (N—-1)N <N,

because ¢’ (7) is bounded. This, (7), (8) and Lemma 1 yield the lemma. O

https:/ /doi.org/10.3390/axioms15040293
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Let ¢y be a random variable on the probability space (2, B, i) with the distribution

1
‘M{Cl\]—k}—m, k—N,...,2N,

and Yy = Z5(s +ip(¢N)). Then, for 6 > 0, we derive from Lemma 3 that

plon (Y g0) > 8} = < HN <K< 2N pr( (s +i(K), 80) > 0}
1 N ,
< mk;VPH(ZZ(S +iyp(k)), g0)
W o sup |Za(s + (k)

|
27 -
N+ 1) kZN]Zl 1 +sups€K~ | Z2(s + i (k)|

2N

<K HN Y 277 Y sup |Za(s +ip(k))| <5 Ck,,
i<jo k= NSEK

with certain C K, > 0. Thus, we cannot obtain from this that
lim p{p# (YN, g0) > 0} =0.
N—o0

Consequently, in the case of generalized shifts, we have to use a more complicated approach
to prove weak convergence for P to ng.

Notice that discrete limit theorems for various zeta-functions using generalized shifts
were investigated in numerous papers; see, for example, [26—47]. In these works, limit
theorems in the space of analytic functions are applied for the proofs of theorems on the
approximation of classes of analytic functions by shifts of zeta-functions. The considered
shifts involve the sequences of Gram points and imaginary parts of the non-trivial zeros of
the Riemann zeta-function, as well as sequences uniformly distributed modulo 1.

Now we state the main result of this paper.

Theorem 2. Suppose that {(T) € W. Then Pf\']‘ converges weakly to the measure ng as N — oo.

We divide the proof of Theorem 2 into lemmas.
For brevity, we note that, for x,y > 1

{o(x) = ’@(; —0—ix> 4, v(x,y) = exp (— (;>9>, 0 > %,

a

er,w(s) = /gz(x)v(x,y)xfs dx, a>1.

1

and

Consider the probability measure

1

B (4) = N+1

oy —#{N<k<2N:Z,,(s+ip(k) € A}, AeB(H).

Lemma 4. Suppose that {(t) € W. Then PK}‘/ o,y COTIVETSES weakly to P;g as N — oo.

Proof. As seen in Section 2, it suffices to show that, for arbitrary compact set K C D,

2N
Y sup |Z.y(s + (k)| = o(N)

k=N s€K

https://doi.org/10.3390/axioms15040293
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as N — co. The Cauchy integral formula shows that the latter estimate follows from
2N
Y 200y (c+it+ip(k))> =o(N), N — e, (10)
k=N

with ¢ € (5/6,1) and bounded t. Since |z|?> = zZ, where Z denotes the complex conjugate
of z € C, it follows that

|Z2,a,y(‘7 +it+ ”l’(k)) |2

a

= /g (x)o(x, y)x—a—it—i¢(k) dx /gz(x)v(x,y)x—tr—l—it—&-i(p(k) do

1

// (x1)02(x2)v (xlfy)v(xzry)(xlxz)U(xz>it<xz>i¢(k) dxq dxo. (11)

X1 X1
1 1

Since 1(T) € W, the sequence

{ZlnlogCZ)tp(k) ke N}

with xq # xp is uniformly distributed modulo 1. Therefore, by the Weyl criterion,
2N ip(k) 2N
) (xz) =) exp <Z7Tilog(x2) I’U(k)) =0o(N)
k=N \ X1 k=N X 2m
as N — oo. This together with (11) proves (10), because the integral in (11) with x; = x; is

zero. The lemma is proven. O

Now, we will prove an analog of Lemma 4 for the function

[e)

Zzly(s) = /gz(x)v(x,y)xfs dx

1

Clearly, in virtue of the exponential decrease of v(x, y) with respect to x, the latter integral
is absolutely convergent in any half-plane o > op.
Define

Pl (A) = NL#{N k<2N: Z,(s+ip(k) € A}, A e B(H).

We will derive the weak convergence for Pf\',‘,y as N — oo from Lemma 4. For this, we will

apply one statement on convergence in the distribution (ﬂ>) of certain random elements.
Let X;;, n € N, and X be random elements on a certain probability space and P, and P
denote their distributions, respectively. We recall that X, % X, if P, % P.

n—oo n—oo

Lemma 5 (see Theorem 4.2 of [48]). Suppose that (X, p) is a separable metric space and Xy,
and Y, X-valued random elements on the probability space (Q), B, u) such that

Xom H%) X, forallmeN,

and

D
Xm — X.
m—r00

https:/ /doi.org/10.3390/axioms15040293
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Moreover, let, for every € > 0,
lim lim sup p{p(Xum, Yn) = €} = 0.
M=y 00

Then

D
Y, — X.
n—o0

Lemma 6. Suppose that {(t) € W. Then Pl\#,y converges weakly to Pg‘é as N — oo.

Proof. Let ¢y be a random variable on the probability space (Q), B, 1) with the distribution

1
=kl=——, k=N,...,2N.
u{én =k} N1 ey

Define the H-valued random element

XN,a,y = XN,a,y(S) = ZZ,a,y(S + ”P(‘S»N))

Then, by Lemma 4, we have

D
XN,a,y Z\H—oo> Xa,y (12)

foralla > 1,y > 1, where Xg,y is a H-valued random element with distribution ng.
By the above remark on the absolute convergence of the integral for 2,  (s), it follows
that, foro > 5/6,

/@2(36)0(36,3/)9675 dx =o0y(1), a— co.

Hence, for a compactset K C D,

[0 9)

sup |Z2,y(s +ip(k)) — Z2,0(s +i9(k))| < /Cz(x)v(x,y)x*mmsek"dx =0y(1)
se 7
as a — oo. Thus,
1 2N
lim limsup —— Y sup |25, (s + itp(k)) — Za4y(s +ipp(k))| = 0. (13)

a0 N o N+1 50 5ck

Introduce one more H-valued random element

YNy = YN,y(S) = ZZ,y(S +ip(¢n))-

Then (13) implies that, for every ¢ > 0,

Jlim n? sup #{or(Yny, XNay) = €} = lim 1ir;lj;p N1

#{N <k < 2N : py(Zoy(s +iyp(k)), 220y (s +iyp(k))) > €}
2N
< lim 1imsup€(Nl+1) S on(Zay (5 + ip(K)), Zay(s + (k) = 0. (14)
k=N

a—oo N—o0
Since

D, pH
Xﬂ’y a—00 Pgo’
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(12), (14) and Lemma 5 prove that

D H
Y, — PJt,
Ny N—o0 8o

and this gives the assertion of the lemma. O

In order to derive Theorem 2 from Lemma 6, we need the approximation results for
ZZ<S) by ZZ,y(S>'

4. Approximation in the Mean

We start with recalling the integral representation for 2, ;. Let § be the same number
from the definition of v(x,y).

Lemma 7 (see Lemma 4 of [8]). Let I'(s) denote the gamma-function and

Ky(s) =0T (0 1s)y’. (15)
Then, for s € D, the representation
1 0+ico
Zyy(s) = 7o / Z5(s +z)xy(z) dz (16)
0—ioco

holds.

Lemma 8. Suppose that {(t) € W. Then

2N
fim limsup <1 Y oy (Z2(s +ip(K)), Zay (s +ip(k))) = 0.
k=N

Y7 Nooo

Proof. In view of the definition of the metric py, the equality of the lemma is a corollary of
the statement

2N

1
lim limsup —— ) sup|Zx(s +ip(k)) — 2oy (s +ip(k))| =0 (17)
y—reo Naoop N+1 k:ZN sellz Y Y Y

for arbitrary compact set K C D.

Thus, we take an arbitrary compact set K C D. Since K is a bounded closed set, there
ise > 0such that5/6 +2e <o <1—¢foralls = o +itlyingin K. In Lemma 7, 0 is a fixed
number greater than 1/6. Let us take § = 1/6 4 & > 1/6. Moreover, we introduce a new
parameter 81 = 5/6 4+ ¢ — 0. Then, clearly, 8; < 0and 6; > —1/6 + 2¢. From this, it follows
that the integrand in (16) has a simple pole at the point z = 0 (a pole of ['(0~'z)) and a pole
at the point z = 1 — s of order five (a pole of Z,(s + z)) lying in the strip 6; < Rez < 6.
Therefore, using the well-known exponential estimate

['(0+it) < exp(—cl|t]), ¢>0, (18)

which is uniform for o € [0, 03] with arbitrary o7 < 03, and the residue theorem, we find
that, for s € K,

91+i00
1
By(9) = 22(5) = 5. [ Zals+ 2y ()dz 4 Ry(s),
9]71’00
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where
Ry(s) = Rles Z5(s + z)xy(z).
z=1-s

This and the definition of 6, for s € K, lead to

Zoy(s+ip(k)) — Z2(s +ip(k))
= / 22<2 +e+it+i'r+ilp(k))1<y<2 +e(7+ir) dr

1 7 (5 . 5 .
_zn/Zz<6+s+zr+zlp(k))1cy(6+s—s+17)dr

Ry (s +iy(k))
K (5 +e s+ir>
Y\ 6 B

[e)
<]
—00

+ sup [Ry (s + i (k)|
seK

Z (2 +€+iT—|—il[J(k)) dt

sup
seK

after the application of the shift t + 7 — 7. Hence, we have

2N

KT L SUP 12205+ 1K) = Z2y(s-+4(6)

e 5 ,
<</N+1Z Ky<6+ss+zT>’dT
def

1
+m ZI;ViEI€|Ry(S+Z¢( NI=Z+S. (19)

ZZ(Z +s+ir+ilp(k)>

sup
seK

Repeating the proof of Lemma 3 with minor changes, we obtain that, for T € R,

1 2N

5 . .
7N+1k:ZN Zz(6+s+zr+up(k))‘
1 2N
<<< ‘Zz< +e+it+iyp(k ))

Moreover, the definition of «; (s) and the bound (18) yield, for s € Kand c1,cp > 0,

2 1/2

) < (1+ [TV (20)
5 . - -

xy(6 +s—s+zT> <y Texp(—ai|t — f]) <k y exp(—calT)).

This together with (20) gives the bound

T <y /(1+ 1T)2 exp(—ea|T]) dT <k y~. @1)
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It remains to estimate S. By the residue formula, for s € K,

Ry(s +ip(k))

Zr(z+ s+ (k) (Z2(z = 1 +5 + i (K))*y (2)) w

:i() L6 (2,5, p(k)e) (2)

z=1—s—ip(k)

z=1—s—ip(k)

in virtue of the Leibniz formula. Hence, estimate (2), the Cauchy integral formula, and (18)
show that, for s € K,

Ry (s +ip(k)) <k (p(k))=(ylogy)™ exp(—cs|t + 9 (k)|)
<k (¥(K))= (ylogy)™ exp(—ceip (k).

Thus,

S < (vlogy)®* Y- (90" exp(~ L k)
2N

< (ylogy) exp(—~ Sp(N)) 3 (w(k) exp(~ Lp(k)

k=N
< (ylogy)™ eXP<—%6lP(N)>-

This, (19) and (21) show that

) X;\Iilelyzz(s“l/’( )) = Z2y(s + 9 (k)|

- c
<k Yy~ + (ylogy)™ eXp(ffw(N)).
Thus, taking N — co and then y — oo, we obtain (17). The lemma is proven. O

5. The Proof of the Main Theorem

In this section, we will present the proof of Theorem 2. For this, we will apply
Lemmas 5, 6 and 8.

Proof of Theorem 2. We preserve the notations used in the above-mentioned lemmas.

Thus, by Lemma 6,

Yny — P (22)

for all y > 1. Introduce one more H-valued random element
Yn = YN(s) = Z2(s +ip(En))-

Then, in view of Lemma 8, for every € > 0,

1 1 YN, Y = lim li
im lglsuw{py( N Yagg) > €} = Jim limsup =g

#H{N <k <2N:py(Za(s +iy(k)), Za(s +itp(k))) > e}
2N
< lim Tim sup (Nl—i-l) L pu(Z2(s +it(6), Zayls +ig(00)) =0

y—>°<> N—roo
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The latter equality together with (22) and Lemma 5 proves that

D H
YNy —— P,
N N—o0 o

and this gives the theorem. [

6. Applications

Some problems of the approximation of analytic functions by shifts in the Mellin
transforms of powers of the Riemann zeta-function were discussed in [8,20,49]. Theorem 2
leads to the following statement on the approximation of the function gy.

Theorem 3. Suppose that {(T) € W. Then, for every compact set K C D and e > 0,

lim inf
N—o0 +1

#{N <k <2N:sup|Z(s+ip(k))| < s} > 0.
seK

Moreover,

lim 1#{1\[ <k <2N:sup|Zy(s+ip(k))| < 5}
seK

exists and is positive for all but at most countably many e > 0.

Theorem 3 is a direct corollary of Theorem 2. For this, we recall the equivalents of the
weak convergence of probability measures. Let P, n € N, and P be probability measures
on (X,B(X)). Aset A € B(X) is called a continuity set of the measure P if P(0A) = 0,
where dA denotes the boundary of the set A.

Lemma 9 (a part of Theorem 2.1 of [48]). The following statements are equivalent:

1° P, —— P;
n—oo

2° For every open set G C X,

liminf P,(G) > P(G);

n—o0

3° For every continuity set A of the measure P,
lim P,(A) = P(A).

n—oo

Proof of Theorem 3. For ¢ > 0, we set

seK

Ge = {ge?—[:sup|g(s) <e}

Then G is an open neighborhood of the function go. Since the support of the measure ng
is go, the set G, is an open neighborhood of an element of the support of Pg?é. Hence,

PX(Ge) > 0. (23)
This, Theorem 2 and 2° of Lemma 9 show that
Y "
hl\jnllor;fPN (Ge) 2 Py (Ge) >0,

and we thus have the first statement of the theorem.
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To prove the second statement of the theorem, we observe that the set G is a continuity
set of ng for all but at most countably many &€ > 0. This remark, Theorem 2 and 3° of
Lemma 9 imply that the limit

Jim Pl G: = P}(G:)

exists and, by (23), is positive for all but at most countably many ¢ > 0. This gives the
second statement of the theorem. [J

7. Conclusions

In this paper, we considered the statistical properties of discrete shifts Z5 (s + ip(k))
in the modified Mellin transform of the fourth power of the Riemann zeta-function. We
obtained that

1

N SK<2N: Z(s+ip(k) € A}, A€ B(H),

converges weakly to the measure with mass 1 at the point go(s) = 0. Here # is the
space of analytic functions on the strip {s € C:5/6 < ¢ < 1} and the increasing to +oo
differentiable function ¢(7), T € [T, ), T > 1, whose derivative ¢/(7) satisfies the estimate

29(27)

sup /|szf+zt P dt < Ty’ (27), T — oo
oe(5/61)

Moreover, we suppose that the sequence {xiy (k) : k € N} with every real number « # 0
is uniformly distributed modulo 1. The limit theorem for Z,(s + iip(k)) is applied to the
approximation of the function g.

For example, the Gram function t;, see [50,51] for a definition, satisfies the
above hypotheses.
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