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Abstract

This paper analyses the self-organization and spatio-temporal pattern formation in
bacterial and human populations using chemotaxis-based mathematical models. The
pattern formation in the following three chemotaxis-type systems is investigated: the
self-organization of suspensions of luminous Escherichia coli bacteria, the capital-induced
labor migration in a spatial Solow model, and the movement of urban criminals forming
crime hotspots. The three models are selected as representative examples of chemotaxis
mechanisms that capture distinct modeling assumptions and applications. Nonlinear
two-dimensional as well as one-dimensional-in-space reaction–diffusion–chemotaxis
models were used to simulate the pattern formation in all three chemotactic systems
within a restricted area—a circle. The models are formulated in dimensionless form,
and the corresponding dimensional parameters are estimated through the comparison
of simulation results with experimental and statistical data. The numerical simulation
under the transient conditions was carried out using the finite difference technique. This
study highlights substantial differences between bacterial motility and the geographical
movement of humans; however, human populations’ movement toward an attractant can
be regarded as analogous to the chemotactic behavior of biological cells, differing primarily
in scale.

Keywords: chemotaxis; pattern formation; population dynamics; mathematical modeling;
bacterial self-organization; capital-induced labor migration; urban crime propagation
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1. Introduction
Most living organisms—from bacteria to humans—must migrate in some form to

secure favorable conditions [1]. A primary mechanism underlying such directed movement
is chemotaxis, the process by which organisms or cells move in response to chemical
gradients [2]. In positive chemotaxis, movement occurs toward a chemoattractant, whereas
in negative chemotaxis, it is directed away from a chemorepellent. Through this mechanism,
cells and organisms sense, respond to, and actively modify the chemical landscape of their
environment [2,3]. Chemotaxis is fundamental to a wide range of biological processes
essential for health and development, including inflammation, neuronal patterning, wound
healing, tumor progression, and embryogenesis [1,3].
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In particular, bacterial chemotaxis represents one of the most extensively studied
model systems for understanding spatio-temporal pattern formation [2,4,5]. For example,
Escherichia coli exhibit chemotaxis toward self-excreted attractants, leading to collective
behaviors such as swarming and aggregation [4,6]. Bacterial populations often develop
in spatially heterogeneous environments, e.g., biofilms, where variations in local density,
nutrient availability, and extracellular polymeric substances significantly influence transport
processes and collective dynamics [7,8].

Since the work of Keller and Segel [9], mathematical modeling has played a substantial
role in the study of chemotaxis [3,5]. Although a number of mathematical models based on
partial differential equations have been developed, the system introduced by Keller and
Segel remains among the most widely used [3,5,10,11]. Recently, Painter showed [3] an
exponential growth in the number of publications and researchers citing the pioneering
work of Keller and Segel [9].

In general, models of the Keller–Segel type are appropriate for systems in which
motile agents undergo random motion (i.e., diffusion) that is biased by gradients of a
self-produced signal, e.g., a chemoattractant [2–4,9].

Using the Keller and Segel approach [9], the dynamics of chemotactic population and
the chemoattractant are mathematically modeled by a system of nonlinear equations of the
reaction–diffusion–chemotaxis type [4,9]. Although the chemotaxis-type models are still
mostly applied in biology, they have also been applied to solve problems in various other
fields, including social sciences [3].

Neto and Claeyssen have applied a chemotaxis model to describe economic growth,
containing capital-induced labor migration, where greater labor generates more capital
and capital attracts labor [3,12,13]. Their model also involves logistic growth for the
labor force. The modeling showed how labor and capital together localize and form
dominating economies, as well as benefits to the economy due to the formation of economic
agglomerations and cycles [12,14].

Since the analysis of residential burglary data showed the formation of high-density
clusters, so-called criminal hotspots, over time, Short et al. proposed a chemotaxis-type
system to describe the advective movement of criminals toward increasing concentrations
of an attractiveness value [15,16]. The study of crime patterns via the use of the
chemotaxis-type model has resulted in a lot of convincing research and has shown
that the model is adequate to describe the formation of crime hotspots encountered in
reality [17–21].

In general, there exist large differences between the diffusion of biological particles
and the geographical movement of the human population [22,23]. Recent studies have
shown that spatial heterogeneities in corresponding systems may arise from anomalous
diffusion [8,24]. A human population migrates over a much larger domain, such as a
continent or an intercontinental region, than biological particles, such as a laboratory
dish. Nevertheless, Tabata et al. demonstrated that human migration and the diffusion of
various biological particles, including cells and bacteria, exhibit close similarities, differing
primarily in scale [22]. Tabata et al. used the Fokker–Planck equation in their study [22],
which is equivalent to the convection–diffusion equation when applied to particle position
distributions. The studies on pattern formation observed in cell populations are applicable
also to those on colony formation observed in the migration of the human population [3,22].

The aim of this work was to investigate the chemotaxis-based self-organizing and
patterning relationship between bacterial and human populations using chemotaxis-based
dimensionless mathematical models and to estimate values of the corresponding dimensional
model parameters. As E. coli is one of the most studied bacterial examples, the bioluminescence
pattern formation in suspensions of lux-gene-engineered E. coli near the top surface and near
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the three-phase contact line of a right circular container was studied [25–27]. Two aspects
of human social behavior were also analyzed: the formation of economic agglomerations,
which are regions with higher levels of capital and labor force than their neighbours [12],
and the formation of crime hotspots, when criminals move toward a higher concentration
of an attractiveness value [15,16].

Nonlinear two-dimensional (2D) as well as one-dimensional-in-space (1D) reaction–
diffusion–chemotaxis models were used to simulate the pattern formation in all three
chemotactic populations living within a restricted area—a circle [26,27]. Although
the overall population behavior in a 1D domain is similar to that in a 2D domain,
the 2D simulation provides additional insights to understanding the population
behavior [3,7,14,16,28,29], e.g., the spatial agglomerations in 2D can have two different
forms, stripes or spots, while in 1D only the spot pattern is possible [14].

By changing the model’s parameters, the pattern formation was analyzed with a
special emphasis on simulating patterns that were similar across all three chemotactic-like
systems of a very different nature. The numerical simulation at the transient conditions
was carried out using the finite difference technique [10,27,30].

This paper focuses on a comparative analysis of three representative mathematical
frameworks that arise in different biological and social scenarios. Although each model
has been studied previously in isolation, a unified analytical and numerical treatment that
highlights their similarities, differences, and applicability has been lacking. By examining
these models within a single mathematical and computational framework, we clarify
how distinct modeling assumptions influence qualitative behaviors such as aggregation,
stability, and pattern formation. This perspective is particularly relevant for applications,
as it provides guidance on model selection and interpretation in biological contexts. The
main contribution of this work is a comparative synthesis of established chemotaxis models,
offering new insight into their structure, behavior, and biological relevance.

Although chemotaxis-type models have been extended beyond biology, their
systematic application to socio-economic systems remains relatively limited, reflecting
the interdisciplinary challenges involved [1,3]. In this work, we deliberately select three
representative models to examine how a common chemotaxis-type structure gives rise to
aggregation in distinct biological and social contexts. By analyzing these systems within
a unified numerical framework, we demonstrate that human mobility can be modeled
analogously to bacterial chemotaxis, with movement directed toward socio-economic
“attractants” such as higher income, better employment opportunities, or improved social
conditions, and away from “repellents” such as high crime rates or poverty. We further
identify shared instability mechanisms and essential differences arising from their specific
nonlinear interaction terms.

The paper is organised as follows. Section 2 describes the dynamics of the chemotactic
population by a generalized Keller–Segel model of chemotaxis as well as by three specific
models devoted to bacterial self-organization, capital-induced labor migration, and urban
crime propagation. Numerical solution and computer simulation issues are discussed in
Section 3. The results of the computational experiments are presented and discussed in
Section 4. Finally, the conclusions of the investigation are formulated.

2. Mathematical Models
Real-world statistical processes in human societies are inherently complex and

influenced by numerous interacting factors [15,22,23]. To capture this complexity in a
tractable way, these processes are often modeled using mean field approaches, typically
represented mathematically by systems of partial differential equations [3,12,15,22]. The
Keller–Segel model is a widely used mean field model, originally developed to describe
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chemotactic aggregation in biological systems [9]. Like other mean field models, the
Keller–Segel framework is most appropriate for systems with a very large number of
interacting agents, such as bacterial colonies [4,22].

The three models considered in this work were selected as representative examples of
chemotaxis mechanisms arising in different biological and social settings. Studying them
together allows us to identify common mathematical structures as well as fundamental
differences that are often obscured when models are analyzed separately.

2.1. Keller–Segel Model of Chemotaxis

According to the Keller and Segel approach, the chemotaxis model describes the
dynamics of a chemotactic population and its attractant or repellent [9,11]. Translating the
main biological processes into a mathematical model leads to a system of two coupled
reaction–diffusion–advection equations. Rescaling the model’s variables and introducing
appropriate dimensionless parameters lead to the following system of nonlinear equations
in the dimensionless form:

∂u
∂t

= D∆u −∇ · (h(u, v)u∇v) + γ f (u, v), (1a)

∂v
∂t

= ∆v + γ(gp(u, v)− gd(u, v)v), x ∈ Ω ⊂ Rn, t > 0, (1b)

where x and t stand for dimensionless space and time, respectively, u(x, t) denotes the
population (cell or organism) density, v(x, t) denotes the attractant (chemical signal)
concentration, D is the diffusion coefficient, f (u, v) stands for population growth and death,
h(u, v) is the chemotactic sensitivity coefficient, gp and gd describe the production and
degradation of the attractant, and γ stands for the spatial and temporal scale [4,6,9,28,31].
Instantiating f , gp, gd and h with specific expressions leads to a particular models of
chemotaxis [3,5,32].

In system (1), the cell density u evolves through the combined effects of random
motility, chemotactically directed movement, and local population kinetics. The term
D∆u represents undirected diffusion, while the flux—∇ · (h(u, v)u∇v) models chemotaxis
driven by gradients of the signal v. The reaction term γ f (u, v) accounts for local population
dynamics. The signal v evolves through diffusion, production, and degradation, as
described in (1b).

The complexity of chemotaxis models is often expressed by a signal-dependent
chemotactic sensitivity function h(u, v), which controls the chemotactic response of
organisms to the attractant [5]. Particularly, logarithmic chemotactic sensitivity assumes
that the sensitivity of organisms to an attractant gradient is inversely proportional to the
concentration of the chemical [5,17,33]. In the simplest form, the sensitivity of organisms
to an attractant is assumed to be independent of the attractant concentration, assuming
constant h(u, v) [31].

In the present study, we assume a constant diffusion coefficient D, as is common
in many applications [3,5,11], in order to focus on the fundamental interplay between
the reaction, diffusion, and advection mechanisms underlying chemotactic aggregation.
Nevertheless, spatial heterogeneities may arise from anomalous or non-uniform diffusion
in these dynamic systems. Computational models can provide complementary insight into
diffusion processes in such complex environments [8,24,34]. From a modeling perspective,
environmental heterogeneity can be incorporated by allowing transport coefficients,
most notably the diffusion coefficient, to depend explicitly on space and, potentially, on
time [8,11,24,34–36]. In some applications of chemotaxis-type models, including bacterial
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pattern formation and human population migration, the diffusion term is assumed to
depend nonlinearly on the attractant concentration and/or the population density [5,11,29].

Non-dimensionalizing mathematical models is useful for the qualitative analysis of
their physical properties, as it expresses both dependent and independent variables in
terms of the characteristic limit quantities specific to each system under consideration [11].
Therefore, the formulation of the model in the dimensionless form must be adapted to each
case study [11].

The dimensionless form of a model contributes to a deeper understanding of the
population’s nonlinear dynamics that depend on the specific physical features of the
system to be investigated [11]. The main property of the governing Equation (1) is to form
spatial patterns of population distribution u when the chemical signal v acts as an attractant,
i.e., when population individuals migrate up to gradients of the chemical signal [5].

The chemotaxis model has been applied to investigate the bacterial self-organization in
small rounded containers as detected by bioluminescence imaging [25,27,28]. The pattern
formation in a colony of luminous E. coli was numerically studied in a three-dimensional
(3D) domain [27]. It was determined that, due to the accumulation of luminous cells
near the top three-phase contact line, the experimental patterns can be simulated
with sufficient quality by using one (1D)- and two (2D)-dimensional models [27]. The
chemotactic-like social behaviors of human populations are usually computationally
modeled in 1D [12,16,37] or 2D [13,14,16,29,35].

To compare the dynamics of bacterial and human populations, the chemotaxis
model (1) was applied to 2D (a unit disk Ω2) and 1D (an interval Ω1) domains:

Ω1 = {x | 0 < x < 2π}, (2a)

Ω2 = {(r, θ) | 0 < r < 1, 0 ≤ θ < 2π}, (2b)

where Ω1 is the interval corresponding to the circumference of the unit disk Ω2.
The governing Equation (1) is considered subject to initial and boundary conditions.

The following equations provide the initial distributions of the organisms and attractant:

u(x, 0) = u0(x), v(x, 0) = v0(x), x ∈ Ω. (3)

Both functions u0(x) and v0(x) are usually assumed to be non-negative. Spatial
patterns arise if at least one of the functions u0(x) or v0(x) is not constant [5,32,38]. However,
most chemotaxis systems exhibit sensitive dependence on the initial conditions. Each initial
perturbation can be drastically different from the others, resulting in many distinct spatial
patterns [5,32,38].

In the case of the 1D model, the periodic boundary conditions are used because of the
continuity of the circle (t > 0),

u(0, t) = u(2π, t), v(0, t) = v(2π, t), (4a)

∂u
∂x

∣∣∣∣
x=0

=
∂u
∂x

∣∣∣∣
x=2π

,
∂v
∂x

∣∣∣∣
x=0

=
∂v
∂x

∣∣∣∣
x=2π

. (4b)

The periodic boundary conditions (4) on the circumference of the disk mean that the
boundary is treated as a continuous loop. An organism moving around the circumference
will smoothly re-enter from the opposite side, creating a continuous circular path.

In the case of the 2D model, the zero flux boundary conditions are used on the
disk edge, while the periodic boundary conditions are imposed on other boundaries
(t > 0) [26,27]:
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u(r, 0, t) = u(r, 2π, t), v(r, 0, t) = v(r, 2π, t), r ∈ [0, 1], (5a)

∂u(r, 0, t)
∂θ

=
∂u(r, 2π, t)

∂θ
,

∂v(r, 0, t)
∂θ

=
∂v(r, 2π, t)

∂θ
, r ∈ [0, 1], (5b)

u(0, θ, t) = u(0, θ + π, t), v(0, θ, t) = v(0, θ + π, t), θ ∈ [0, π], (5c)

∂u(0, θ, t)
∂r

= −∂u(0, θ + π, t)
∂r

,
∂v(0, θ, t)

∂r
= −∂v(0, θ + π, t)

∂r
, θ ∈ [0, π], (5d)

∂u(1, θ, t)
∂r

= 0,
∂v(1, θ, t)

∂r
= 0, θ ∈ [0, π]. (5e)

Applying the periodic boundary conditions (5c,d) at the center (r = 0) of the
disk ensures that the local environment around the center remains continuous, and
the population dynamics in the center are modeled as if they were slightly farther
away. Similarly, the periodic boundary conditions (5a,b) on the angular coordinate θ implies
that organisms moving in the angular direction experience a seamless transition at the
boundary where θ = 0 and θ = 2π.

Boundary conditions may vary depending on the nature of the population and
the shape and size of the area in which the population lives [32,39]. However, the zero
flux boundary conditions are most commonly used to model the dynamics of different
populations [23,40]. Short et al. imposed a periodic boundary condition in the 1D case and
two types of boundary conditions, periodic and zero flux, in the 2D case while analyzing the
formation of crime patterns [15,16]. The zero-flux conditions correspond to placing a wall
at the border of the domain, preventing the diffusion of both burglars and attractiveness,
while periodic conditions are particularly applicable to large spatial domains [40].

Periodic boundary conditions are also often employed in the theory of geographical
migration when a population relocates within a bounded domain [23]. Tabata et
al. applied periodic boundary conditions to model human migration from sparsely
populated areas to densely populated areas [23]. Ispolatov et al. applied these conditions
to model the spatially localized competition in geographically structured populations
and demonstrated that the formation of multimodal clusters is not an artifact of boundary
conditions [41].

2.2. Bacterial Self-Organization

The bacterial growth rate f is mostly modeled by the logistic form [4,5,11,31]. This
is also called Keller–Segel system with a Fisher–KPP birth term or Keller–Segel–Fisher
system [42]. A population grows logistically when resources are limited. During logistic
growth, the population growth decreases due to a lack of resources and levels off when the
environmental carrying capacity is reached, resulting in an S-shaped curve [39].

The form of the function h(u, v) ultimately depends on the sensitivity of cells at
different concentrations of the attractant [43]. In the modeling of bacterial self-organization,
the sensitivity of cells to an attractant is often assumed to be independent of the
chemoattractant concentration, i.e., h(u, v) is constant [31].

A number of chemoattractant production functions have been used in chemotactic
models [3,5]. Usually, a saturating function of the cell density is used, indicating that, as
the cell density increases, the chemoattractant production decreases [9,31,43]. The rate of
the attractant’s degradation or consumption is typically constant [5,6].

The mathematical model of the bacterial self-organization in a luminous E. coli colony
was expressed by substituting the following functions into the general form of the model (1):

h(u, v) = χ, f (u, v) = αu(1 − u), gp(u, v) =
u

1 + βu
, gd(u, v) = 1, (6)
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where u and v denote the dimensionless bacterial density and chemoattractant concentration,
respectively, χ is the bacterial chemotactic sensitivity, the function f represents logistic
growth for the cell population, α is the dimensionless growth rate constant, and β stands
for the saturating signal production. All of the coefficients were assumed to be constant
and positive [27,28].

According to the classification of chemotaxis models introduced by Hillen and
Painter [5], the model of bacterial pattern formation expressed by (1) and (6) combines two
models: the nonlinear signal kinetics model and the cell kinetics model. This model has
been analyzed by Maini and others [31,39,43].

A necessary condition for the emergence of spatial patterns is obtained through a
standard linear stability analysis of the homogeneous steady state of the 1D model defined
by (1) and (6) [5,32,44]:

χ >
(√

D +
√

α
)2

(1 + β)2. (7)

Notably, this instability criterion is independent of the spatial and temporal scaling
parameter γ. Physically, this relationship reflects the mechanism driving bacterial
self-organization: a positive feedback between chemoattractant secretion and chemotactic
migration can dominate diffusive spreading and density-regulating growth, leading to
the amplification of small spatial perturbations and the emergence of stable bacterial
aggregations from an initially homogeneous population [32]. When the above inequality is
satisfied, chemotactic attraction to the self-produced chemoattractant along the contact line
is strong enough to amplify small density fluctuations, destabilizing the homogeneous state
and leading to spontaneous bacterial self-organization and the emergence of non-uniform
spatio-temporal patterns.

2.3. Capital-Induced Labor Migration

The chemotaxis models have also been applied in the social sciences to describe
macroscopic socio-economic phenomena [13,35]. Neto et al. have proposed a model of
economic growth that takes into account the migration of both labor and capital, which
is assumed to follow a Fourier-type diffusion across space [12,14]. Their model in the
dimensionless form reads as (1) with the following specific functional choices:

h(u, v) = χ, f (u, v) = αu(1 − u), gp(u, v) = vϕu1−ϕ, gd(u, v) = 1, (8)

where u and v are the dimensionless densities of labor and capital, respectively, χ is the
capital-induced labor migration coefficient, the function f represents the natural growth
rate of the labor force assumed to be logistic, involving a dimensionless population growth
rate constant α, the function gp is the Cobb–Douglas capital production function with the
output elasticity ϕ of capital (and 1 − ϕ is the output elasticity of labor), the function gd

stands for the capital depreciation, χ ≥ 0, α > 0, ϕ ∈ (0, 1) [12,13,37].
The labor force growth rate is modeled by the logistic function f , just as the bacterial

growth rate. The capital-induced labor migration rate h is also assumed to be constant,
as in the modeling of bacterial self-organization. Only the capital production rate gp is
significantly different from the bacterial self-excreted attractant production rate. The capital
production is modeled by the Cobb–Douglas function of two factors, labor and capital [12],
while the corresponding chemoattractant production depends only on one factor, bacteria,
as the chemoattractant is self-produced by bacteria [4,6].

Accepting definition (8), the governing Equation (1a) describes the spatio-temporal
evolution of labor u, while (1b) describes the spatio-temporal dynamics for the density of
capital. This is consistent with neoclassical economic growth when workers move from
regions with lower capital density to regions with higher capital density [12,13,37].
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The advective term ∇ · (h(u, v)u∇v) = ∇ · (χu∇v) in (1a) models the labor force
movement to regions with a higher density of capital, assuming the density of this
capital-induced labor migration is proportional to the density u(x, t) of workers living
in x [12]. If the capital density v(x, t) at location x is greater than in its neighborhood,
neighboring workers will be attracted to move to x with an intensity proportional to the
workers u(x, t) living in x, since a greater u(x, t) provides easier access to a larger market.
Conversely, if the capital density v(x, t) at location x is lower than in its neighborhood,
there will be increased competition among workers at x for the limited capital available. A
higher u(x, t) in such a case leads to more competition for jobs and capital, intensifying
emigration from x to its surroundings [12].

Originally, the functions gp and gd involve the constant factor β of total
productivity [12,14]. Here, this proportionality factor is incorporated into the scale
parameter γ used in the governing Equation (1). The use of the γ-parameter leads to
the introduction of the rate constant α, which is equal to unity in the dimensionless model
of Neto et al. [12,14], α = 1/β.

Whenever ϕ → 0, the model given by (1) and (8) reduces to the Keller–Segel model
with the cell kinetics model [5].

Balcı used the initial functions u0(x, t) and v0(x, t) with respect to the binomial logistic
regression model adopted for different countries of the world [37]. The initial Gaussian
perturbation of the equilibrium as well as a small random perturbation of the labor and the
capital were also used [12].

Several improvements of the model have been proposed. Neto et al. introduced a
capital transport cost, and decreasing and increasing returns to scale in the production
process [12,14]. Very recently, Ballestra introduced the effect of salaries on the spatial
distribution of labor [35]. Balcı proposed to use fractional order derivatives for the time
variable instead of usual derivatives, assuming that labor migration and capital flow
involve self-similarities in long-range time [24,37]. Nevertheless, functions (6) qualitatively
express the main properties of the migration of both labor and capital.

Neto et al. derived an instability condition for capital-induced labor migration [12],
which, after being adapted to the formulation given in (1) and (8), reads

χ >

(√
D(1 − ϕ) +

√
α

)2
/(1 − ϕ). (9)

From an economic perspective, this result indicates that the model can generate economic
agglomerations or spatio-temporal cycles only when the capital-induced labor migration is
sufficiently strong [14].

2.4. Urban Crime Propagation

Short et al. have proposed a chemotaxis-type system for modeling the formation
of high-density clusters, so-called criminal hotspots, observed in the time evolution of
residential burglary data [15,16]. The system reflects the advective movement of criminals
toward the increasing concentration of an attractiveness.

The model proposed by Short et al. has been intensively analyzed and modified, for
instance in [17,19,29,33,40,45]. Rodriguez and Bertozzi have introduced linear functions
instead of the logarithmic function of the attractiveness sensitivity and the nonlinear
function of the attractiveness value increase [18]. Heihoff has incorporated the logistic
source function into the equation [45]. Nevertheless, the model proposed by Short et al.
describes the main features of criminal qualitative behavior, which is expressed by
spatio-temporal collections of criminal activities (hotspots) [3,15,18]. The model for crime
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hotspot formation in a dimensionless form can be expressed by (1), together with the
following functions [15,16]:

h(u, v) =
χ

k2 + v
, f (u, v) = k1 − (k2 + v)u,

gp(u, v) = (k2 + v)u, gd(u, v) = 1,
(10)

where u(x, t) represents the density of criminal population (criminal agents), v(x, t) denotes
the abstract so-called attractiveness value (factor) for criminal activity, χ stands for the
velocity of advective movement of criminals toward increasing concentrations of an
attractiveness value, and k1(x) and k2(x) denote the density of additional criminals and
the source of attractiveness, respectively, χ > 0, k1 ≥ 0 and k2 ≥ 0.

Short et al. demonstrated that the nonlinear system (1) with functions (10) describes
the pattern formations that qualitatively capture the features and dynamics of the urban
residential burglary aggregates (crime hotspots), which are presented in the form of spiky
steady states of urban residential burglaries [15].

The advective term in (1a) describes the movement of the criminal population toward
regions with a higher density of house attractiveness. Crime hotspots refer to the clustering
of crime data in urban residential burglaries, where some neighborhoods have higher crime
rates and are surrounded by neighborhoods with lower crime rates [15,16,19].

The attractivity function h = χ/(k2 + v) models the sensitivity of criminals to the
attractiveness value and represents the response of the criminals to the concentration v
of the attractiveness value in the environment. χ determines the scaling factor or the
maximum value of the sensitivity to the attractant. k2 is a threshold value of the attractant
concentration. This term helps set the point at which the criminals’ sensitivity to the
attractiveness value starts to decrease significantly. As the concentration v decreases, the
sensitivity increases and approaches a maximum value χ/k2; the sensitivity is independent
of the attractant in the modeling of both bacterial self-organization and capital-induced
labor migration.

According to (10) the attractivity h is decomposed into the background level (k2) and
the dynamic component (v), while it was assumed to be constant when modeling bacterial
self-organization and capital-induced labor migration. The attractivity h is a monotonically
decreasing function of the distance that criminals travel away from their primary residence
to engage in crime decreases [15].

The density u of the criminal population decreases at the same rate (k2 + v)u as the
attractiveness value increases; in other words, crime in an area increases attractiveness
and reduces recidivism [11,45]. The function f includes specific information about
criminals’ growth, expressed as k1, independent of the model functions u and v, such
as the socio-economic status of certain urban areas at certain points in time that affect
criminalization [15].

Originally, Short et al. used a particular value of the sensitivity χ = 2, and the
gradient ∇(k2 + v) was used instead of ∇v [15,16]. However, the functions k1 and k2 can
be reasonably assumed to be constant and then ∇(k2 + v) reduces to ∇v [3,29,36].

Both versions of the attractant production function gp, the Cobb–Douglas function
with unitary output elasticity sum used in modeling the capital-induced labor migration,
and the logistic-type saturating signal production function used in modeling the bacterial
self-organization, describe growth processes that incorporate inherent constraints, albeit in
different ways. In bacterial populations, the logistic-type saturation function models growth
that is constrained by resource limitations. The system is inherently self-limiting. The
Cobb–Douglas function, when the sum of output elasticities equals one, describes a
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scale-invariant process, where the output grows proportionally with the inputs, without
intrinsic saturation.

Short et al. showed that crime hotspot formation in system (1) with reaction terms (10)
may result from a linear instability of the spatially homogeneous steady state [15,16]. In
particular, they derived the following instability criterion, which, when adapted to the
model formulation (1) and (10), takes the form

χ >

(
(k1 + k2)

2 + Dk2 + 2
√

D(k1 + k2)3
)

/k1 . (11)

This condition expresses that hotspots emerge when the aggregation of criminals driven
by their response to local crime intensity overwhelms the combined stabilizing effects of
random criminal motion, law-enforcement-induced removal, and crime decay over a finite
spatial scale [15,16]. Mathematically, it requires that chemotactic drift dominate diffusive
spreading and that the local crime–criminal feedback be sufficiently strong to sustain the
growth of spatially localized perturbations.

In numerical simulations, the initial data were a small perturbation or a mild
concentration of both the criminal population and the attractiveness value [29,36]. However,
due to the specific functional choices (10), spatial patterns (hotspots) could emerge even
with an initial uniform distribution of attractiveness [3,15].

Numerical analysis by Short et al. showed, in particular, that subcritical crime hotspots
may be permanently eradicated with police suppression, whereas supercritical hotspots are
displaced following a characteristic spatial pattern [16]. Their findings qualitatively explain
failures to observe crime displacement in experimental field tests of hotspot policing [16].
Although the concept of attractiveness is difficult to quantify, model simulations showed
that empirical data can lead to the formation of complex hotspots and provide a means for
effectively deploying anti-crime measures [3,15].

2.5. Dimensionalizing the Variables

A dimensionless mathematical model aims to define the main governing parameters
of the dimensional mathematical model [5,39,43]. The scale parameter γ can be used to
simulate domains of different sizes [31].

Values of the dimensionless parameters are often determined experimentally by
varying the input parameters, aiming to simulate patterns comparable to the experimentally
obtained patterns [3,28]. Nevertheless, the dimensionless parameters should be validated
to ensure that the corresponding dimensional parameters have physical meaning.

The Keller–Segel model is usually non-dimensionalized by introducing the dimensionless
space and time parameters, assuming the constant dimensional rate g∗d = a of the attractant
degradation, where a is the rate constant, a > 0. In such a case, the dimensionless time t,
space variables r, θ, x, and the dimensionless diffusion coefficient D are defined as follows:

t =
at∗

γ
, r =

√
a

Dcγ
r∗, x =

√
a

Dcγ
x∗, θ = θ∗, D =

Dn

Dc
, (12)

where t∗, r∗, θ∗ and x∗ are the corresponding time and space dimensional parameters, and
Dn and Dc are the dimensional diffusion coefficients of the population and attractant,
respectively. According to the parameter transformation (12), the relation between
dimensionless time t and space variables r (2D model) and x (1D model) is invariant
to the parameters a and γ:
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t =
( r

r∗
)2

Dc t∗, t =
( x

x∗
)2

Dc t∗. (13)

The dimensional size of the domain, the duration of the process, and the diffusion
coefficients are among the most easily determined parameters by physical experiments.
The transformation of the other model parameters is more complicated and depends on the
form of the functions f (u, v) and gp(u, v), which vary notably in specific models (6)–(10),
and in most cases, their values are not precisely determined [6]. Because of this, the
numerical results are analyzed below in terms of dimensional space, time, and diffusion,
taking into consideration the transformation (12).

Assuming that R∗ is the dimensional radius of the physical disk being modeled, T∗ is
the duration of the modeled process on the disk, and T is the corresponding dimensionless
duration, the diffusion coefficients Dc and Dn can be equally calculated from (12) for both
1D and 2D models and then compared with the corresponding known diffusion coefficients,

Dc =
T
T∗ R∗2, Dn = D Dc. (14)

On the other side, with an estimation of at least one one-dimensional diffusion
coefficient Dn or Dc applicable to a chemotaxis-based system, the size (radius R∗) of
the physical domain and the simulation time T, formula (14) allows us to calculate the
physical process duration T∗ required for the modeled population to undergo structural
changes similar to the modeled pattern changes over time T.

3. Numerical Simulation
The Keller–Segel model of chemotaxis admits analytical solutions only in a few

special or simplified cases, predominantly in one spatial dimension [10,11]. Consequently,
chemotaxis-type models are most often studied using numerical methods based on a variety
of computational techniques [5,14,24,28,32,35,44,46].

Due to the nonlinearity of the governing Equation (1), the initial boundary value
problem (1)–(5) was solved numerically using the finite difference method [30]. An explicit
finite difference scheme has been built as a result of the difference approximation [10,30].
Although more complex, robust, and efficient algorithms can be developed by using domain
decomposition and splitting in space methods [44], the simpler-to-program explicit method
proved to be efficient enough [46].

All the forcing functions h, f , gp, and gd were also treated explicitly in time. This
explicit treatment was chosen to ensure consistency with the overall time-stepping scheme
used in our models and to maintain computational efficiency. The approach yielded stable,
accurate results across the parameter and time-step ranges used in our simulations.

To find a numerical solution of the problem, a discrete uniform grid in space
and time was used. Since the dimensionless diffusion coefficient D, the chemotactic
sensitivity coefficient χ and the scale parameter γ for modeling using (10) were
one to two orders of magnitude larger than those used for modeling the other two
systems, a significantly denser grid was required to accurately simulate the urban crime
propagation. The discrete space grid sizes and time step sizes used in all the simulations
are defined in Table 1.

https://doi.org/10.3390/math14050748

https://doi.org/10.3390/math14050748


Mathematics 2026, 14, 748 12 of 23

Table 1. Model parameter values, discrete space grid size, time step size τ, and duration T of the
simulated bacterial self-organization (Bacteria) [25,27,47], labor migration (Labor) [12,24], and urban
crime propagation (Crime) [3].

Parameter
Bacteria Labor Crime

1D 2D 1D 2D 1D 2D

D 0.1 1 50
χ 6.0 10 100
α 1.0 0.4 –
β 0.7 – –
γ 12 36 70 70 600 1500
ϕ – 0.7 –
k1 – – 10.0
k2 – – 0.5
ū0 1.0 1.0 1.0
v̄0 1.0 1.0 1.0

Nx, Nr × Nθ 150 60× 70 150 50× 150 300 150× 250
τ 10−5 5 × 10−8 10−4 5 × 10−8 10−6 10−10

T 35.0 12.0 10.0 7.0 0.015 0.01

Another challenge in solving the problem was the singularity at the center of the polar
grid for the Laplacian in polar coordinates [48]. In addition, the time step size is affected
by the concentration gradient, which can be particularly large in 2D simulations as the 2D
spatial agglomerations can have two different shapes, stripes or spots, while in 1D only the
spot pattern is possible [14].

The digital simulator was programmed by the authors in Java [49]. The common
Keller–Segel model was defined as an abstract class, and two versions, 1D and 2D, of the
common model were implemented as subclasses. As commonly used functions, f , gp, gd,
and h have to be implemented differently, and an interface as a fully abstract class with
the corresponding four abstract methods was initially defined and used as a parameter
in both versions of the common model. This interface class was then implemented as
three different classes implementing those four methods as defined in (6), (8) and (10),
respectively. Finally, 1D and 2D models, as two Java classes, were used in conjunction with
each of the implementations of three specific models (classes implementing functions f , gp,
gd and h). The simulation results have been visualized using Origin [50].

Non-uniform distributions of both the chemotactic population and the attractant were
used in the initial conditions (t = 0):

u0(x) = ū0(1 + ξu(x)), v0(x) = v̄0(1 + ξv(x)), x ∈ Ω. (15)

where ū0 is the initial average density of cells, v̄0 is the initial average concentration of
attractant, and ξu and ξv are independent random spatial 5% perturbations with a zero
average [7,27,28]. The perturbations were applied by sampling values from a Gaussian
distribution with a mean of 0.0 and a standard deviation of 0.05 [49]. In all the simulations,
a unit mean for both cells and attractant was used, ū0 = v̄0 = 1.

To evaluate the coincidence of two versions of the model (1), 1D and 2D, the
spatio-temporal patterns near the disk edge were simulated not only using 1D but also using
the 2D polar model. To simulate the spatio-temporal patterns of the quasi-one-dimensional
population density near the contact line by applying the 2D model, the density u was
integrated over a thin ring close to the outer boundary of the thickness δ and then averaged:

ur(θ, t) =
2

1 − (1 − δ)2

∫ 1

1−δ
u(r, θ, t)rdr, θ ∈ [0, 2π], t > 0. (16)
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The thickness δ = 0.02 (2% of the radius length) was used in all the numerical simulations.
The mathematical model and the corresponding numerical model were mainly

validated by computational simulation of bioluminescence patterns observed in small
circular containers made of clear glass [25,28,47,51]. Figure 1 shows a typical top view of
the experimental culture together with a spatio-temporal plot of the bioluminescence near
the three-phase contact line. Published spatio-temporal patterns of capital-induced labor
migration were also used for the model’s validation [12].

Figure 1. Top view bioluminescence images of the bacterial cultures in the cylindrical container taken
at four time moments, 10 (a), 30 (b), 50 (c), and 70 (d) minutes, and the space–time plot measured
along the contact line (e). Adapted from [25,51], with permission from the respective publishers.

Physical experiments with luminous E. coli in the rounded containers showed
an accumulation of cells near the edge of the top surface, and, because of this, the
formation of experimental spatio-temporal patterns was qualitatively simulated by using
1D model [47]. Neto et al. have simulated similar spatio-temporal patterns by using 1D
capital-induced labor migration [12]. To evaluate the level of cell accumulation near the
edge of the disk, the distribution of the population concentration along the radius of the
disk was calculated from the results of the 2D simulation. The density u was integrated
over a circle at each radius point and then averaged. Since the population density near the
center of the disk varies drastically with time, this density was again integrated over time
and then averaged. The average concentration uθ t(r) as a function of radius is expressed
as follows:

uθ t(r) =
1

2πT

∫ T

0

∫ 2π

0
u(r, θ, t)dθdt, r ∈ [0, 1], (17)

where T is the duration of the simulated process.
In the case of the 1D modeling, the corresponding average concentration ut(x) on a

circle is expressed as follows:

ut(x) =
1
T

∫ T

0
u(x, t)dt, x ∈ [0, 2π]. (18)

4. Results and Discussion
The nonlinear mathematical model (1)–(5) was used to simulate the pattern formation

applying different forms of the functions f , gp, gd, and h as defined in (6), (8) and (10).
The simulation was performed using both 1D and 2D versions of the model at the

same values of the model parameters, except for the scale parameter γ. Since the first
polar coordinate r in the 2D model is scaled the same way as the coordinate in 1D model,
and the second polar coordinate θ is not scaled in the 2D model, the scale parameter γ

was different in the 1D and 2D simulations, while the values of the other parameters were
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unchanged. The simulation results are depicted in Figures 2–4. The numerical experiments
were performed using the parameter values listed in Table 1.

Figure 2. Space–time plots along the contact line simulated by 1D (a–c) and 2D (d–f) models of
bacterial self-organization (a,d), capital-induced labor migration (b,e), and urban crime propagation
(c,f). The dimensional length is obtained by multiplying the dimensionless length by 4 mm (a,d),
9000 km (b,e), and 6.15 km (c,f). The dimensional time is calculated by multiplying the dimensionless
time by 7.23 min (a), 5 years (b), 3.79× 105 days (c), 21.7 min (d), 7.14 years (e), and 7.57× 105 days (f).
Values of ur from the 2D model were computed using (16).

Figure 3. Top views of population densities simulated by 2D models of bacterial self-organization (a),
capital-induced labor migration (b), and urban crime propagation (c). Dimensionless and dimensional
time moments, as well as the dimensional radius R∗, are indicated within the images.

https://doi.org/10.3390/math14050748

https://doi.org/10.3390/math14050748


Mathematics 2026, 14, 748 15 of 23

0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0
0.0

0.2

0.4

0.6

0.8

1.0

1.2

1.4

1.6

u q
 t

Radius (r)

 1      2      3

(a)
0 1 2 3 4 5 6

0.0
0.2
0.4
0.6
0.8
1.0
1.2
1.4
1.6
1.8
2.0

u t

Arc length (x)

 1       2      3

(b)

Figure 4. Average population densities uθ t as a function of radius r (a), obtained from 2D models and
integrated over time and along the circle of radius r, and ut on the circle (b), obtained from 1D models
and integrated over time. The results are shown for bacterial self-organization (1), capital-induced
labor migration (2), and urban crime propagation (3).

4.1. Results of Numerical Experiments

The specific functions (6) were used to study the bacterial self-organization in a colony
of luminous E. coli [25,26]. By varying the model’s parameters, the simulation results
were analyzed to achieve irregular-wave spatio-temporal patterns comparable to those
shown in Figure 1, assuming approximately 13–16 temporal and 6–7 spatial periodical
cell accumulations.

The bacterial patterns have been simulated at different values of the model parameters.
Particularly, the dimensionless diffusion coefficient D varied from 0.04 [28] to 0.31 [26].
Figures 2a,d, 3a and 4 (curves 1) show typical simulation results at an intermediate value
of the dimensionless diffusion coefficient D = 0.1 [5,25]. Assuming D = 0.1 and the
remaining parameter values listed in Table 1, the instability condition (7) for the emergence
of spatial patterns reduces to χ > 5.0.

The specific functions (8) were used to simulate the capital-induced labor mobility in
the spatial Solow model for economic growth [12,14]. The mathematical model defined in
a 2D domain (unit disk Ω2) describes the migration of labor and capital in a circular closed
area, while the model defined in the 1D domain (interval Ω1) expresses the migration on
the boundary of the 2D area (the circumference of the circle).

The simulation of the labor mobility was performed at the model parameter values
used by Neto and Claeyssen in [12], where the corresponding model was defined in the
1D domain, a closed interval, applying no-leak boundary conditions defined on both sides
of the interval. Zero-flux boundary conditions restrict any migration outside the interval,
which economically means that the spatial economy is considered to be an autarchy [14].
The domains Ω1 and Ω2 defined in (2) can also be economically considered an autarchy.
However, migration in the 1D domain Ω1 is protected from specific locations such as
borders, where accumulations of migrators can be predicted, as Ω1 is a continuous circle
due to periodic boundary conditions (4).

For the application of the capital-induced labor migration model to real data, the
scale parameter γ was chosen to generate approximately six spatial accumulations,
corresponding to migration from Türkiye to six Western economies over the period
1966–2014 [24,37].

Neto et al. showed that, by varying the model’s parameters, the chemotaxis-based
spatial Solow model can generate a wide range of spatio-temporal dynamics [12,14]. In
particular, they found that moderate capital-induced labor migration (χ = 5) leads to the
formation of economic agglomerations, whereas higher migration intensity (χ = 10) can
produce periodic or non-periodic spatio-temporal cycles, with peaks of capital and labor
propagating through space over time. To capture the spatio-temporal cycles associated with
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the large-scale migration from Türkiye to Western economies during the first and second
oil crisis periods [24], we therefore set χ = 10. Notably, the instability condition (9) for the
capital-induced labor migration is satified when χ > 4.64, given the parameter values in
Table 1.

The dimensionless mathematical model defined by (1)–(5) and (10) was used
to simulate emerging criminal hotspots within a spatial region roughly outlining
Edinburgh [3]. The simulation was performed with the model parameter values defined
in [3], transformed into dimensionless form.

When modeling criminal activities in a city, for simplicity, it is reasonable to consider
a unit circle (Ω2) whose area is equal to the city area. An application of no-flux boundary
conditions (5e) assumes that the criminals entering the city and the criminal leaving are
approximately the same [18]. The value of the scale parameter γ was chosen so that the
unit circle corresponds to a dimensional circle whose area is approximately equal to that
of Edinburgh.

Relatively high values of the diffusion coefficient D = 50 and of the advective velocity
χ = 100 for criminal movement were chosen to generate approximately 100 hotspots
in Edinburgh within a 2D domain, including about 20 hotspots located along the city
boundary, which is represented as a 1D domain, as reported by Painter [3]. In addition,
the parameter values used in the simulations (Table 1) correspond to a stationary,
non-homogeneous solution, which is typical for the chemotactic-type system developed
by Short et al. [15,18,29] and employed in [3]. At these parameter values, the instability
condition (11) governing crime hotspot formation reduces to χ > 61.6.

4.2. Estimation of Dimensional Parameters

Using a known inner radius R∗ = 4 mm of the vessel used in the physical experiment
with luminous E. coli and the duration T∗ = 1.3 × 104 s of the experiment [51], the
dimensional diffusion coefficients Dc and Dn can be calculated using (14). Taking into
account the dimensionless process duration T depicted in Figure 2a,d (T = 30 in 1D and
T = 10 in 2D), Dc = 3.69 × 10−4 cm2/s and Dn = 3.69 × 10−5 cm2/s for the 1D simulation,
and Dc = 1.23 × 10−4 cm2/s and Dn = 1.23 × 10−5 cm2/s for the 2D simulation.

Similar bacterial patterns were also simulated at other values of the model parameters,
e.g., at D = 0.31, χ = 10.5, β = 0.95, α = 1 and γ = 20 in 1D, γ = 60 in the 2D
simulation [26]. As the dimensionless duration of the simulated experiment at D = 0.31
was the same as that at D = 0.1, the calculated dimensional diffusion coefficient Dc is also
the same as at D = 0.1. However, the dimensional bacterial diffusion coefficient is then 3.1
times larger, Dn = 1.14 × 10−4 cm2/s for 1D simulation and Dn = 3.82 × 10−5 cm2/s for
2D simulation.

The estimations of the diffusion coefficients of the chemoattractant and cells can be
found in the literature, typically, Dc = 10−5 cm2/s and Dn = 6.6 × 10−6 cm2/s [52], though
several times lower as well as higher values of these coefficients were also published [53,54].
These values of the diffusion coefficients differ from those calculated using (14), but the
value of Dn = 1.23 × 10−5 cm2/s, calculated for the dimensionless coefficient D = 0.1, is
closer to the typical values found in the literature than those calculated for D = 0.31. The
fact that the values of both dimensional diffusion coefficients, Dc and Dn, calculated using
the 2D model are closer to typical values than those obtained using the 1D model confirms
that the 2D model describes the physical process more precisely than the corresponding
1D model.

The simulation results presented in Figure 2b,d for the capital-induced labor migration
cover a relatively long period, during which labor accumulations return to the same space
position. Published experimental data on labor migration from Türkiye to six Western
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economic countries show a gap of about 5–10 years between two peaks of migration
numbers [24]. Figure 2b,e show approximately six spatial accumulations similarly to
six target countries of the migration from Türkiye. As one can see in Figure 2b, the
dimensionless time period between two peaks is about 1–2 dimensionless time units. The
radius of a hypothetical circle covering six countries (Australia, Austria, the Netherlands,
France, Belgium, and Germany) equals about 9000 km.

Using the radius R∗ = 9000 km of the geographical area covering those six countries
and the statistical duration T∗ of 5–10 years that corresponds to the dimensionless duration
T of 1–2 units, the dimensional diffusion coefficients Dc and Dn of capital and labor can be
calculated using (14): Dc = Dn ≈ 1/5 × R∗2 = 16.2 × 106 km2/year for the 1D simulation.
This diffusion coefficient value corresponds to an annual labor force migration distance of
approximately 5700 km (

√
2Dnt∗, assuming t∗ = 1 year). Since that labor migration velocity

was calculated for a few distant countries, it can be considered rather similar to the average
global migration distance of 2992–3657 km in 1960–2000 [55].

Although the global labor migration is very different at scale from the bacterial
movement in a vessel, the patterns depicted in Figure 2b,e can also be applied for
the analysis of the bacterial self-organization, as the patterns were simulated using the
dimensionless model. Particularly, the distribution of labor accumulations near the disk
edge in 2D simulated patterns (Figure 3b) are especially similar to the experimental patterns
(Figure 1b–d) observed in an E. coli population.

Using the dimensionless duration T of the capital-induced labor migration depicted
in Figure 2b,e (T = 10 in 1D and T = 7 in 2D) and combining them with the parameters of
the physical experiment with an E. coli colony (R∗ = 4 mm and T∗ = 1.3 × 104 s) shown in
Figure 1, the dimensional diffusion coefficient Dn of bacteria can be evaluated using (14),
which is invariant to the spatial and temporal scale, Dn = Dc = 1.23 × 10−4 cm2/s for the
1D simulation and Dn = Dc = 8.62 × 10−5 cm2/s for the 2D simulation. These values of
the diffusion coefficients are comparable to those obtained in the previous section when
analyzing the bacterial pattern formation (Figure 2a,d).

In spite of the similarity between bacterial self-organization and the capital-induced
geographical movement of the labor force, there are significant differences. Nevertheless,
methods and ideas developed in studies on the pattern formation observed in colonies of
biological particles are also applicable to colony formation observed in the migration of a
human population [22].

Painter used a dimensional chemotaxis-type model for simulating the dynamics of
criminal density in Edinburgh, but the parameter values were given without units [3].
Assuming that S is the known area of the city, a circle whose area coincides with the city
area has a radius R∗ =

√
S/π, and the dimensional time T∗ required for crime hotspots to

develop equals (S/π)T/Dc, as defined in (14), where T is the dimensionless time of the
hotspots’ formation.

Figure 2c,f show that crime hotspots are completely formed in about T = 0.01
dimensionless time units. According to Wikipedia, the area S of the city of Edinburgh is
119 km2. Assuming Dc = 100 m2/day is the dimensional diffusion coefficient of the crime
attractant [3], the calculated dimensional formation time T∗ of crime hotspots in Edinburgh
is approximately 3788 days. This time matches with the time 4000 given by Painter with
no dimension [3]. The number of hotspots in Figure 3c is also approximately the same
(about 100) as in [3], including nearly 20 hotspots on the border of the city.

Neto et al. applied a chemotaxis-based model to qualitatively study the formation of
aggregations of gross domestic product (GDP) and population in Brazil [12]. The results
of the 1D simulation of the spatio-temporal evolution of capital and workers densities
were compared with sliced latitudinal and longitudinal distributions of aggregated per
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capita GDP and population in Brazil. Although the spatio-temporal evolution of these
two variables was simulated, only the final number of the aggregations was compared
with data from the 2010 census.

The simulation by Neto et al. [12] was performed at a constant capital-induced
labor migration coefficient χ = 10 and a dimensionless diffusion coefficient D = 1 as
in our numerical experiments depicted in Figure 2b. The simulated solution contained
approximately the same number of peaks as in Figure 2b.

Using an effective radius R∗ ≈ 2700 km, obtained by approximating the geographical
area of Brazil as an area-equivalent circular domain, and adopting the capital depreciation
(chemoattractant degradation) rate a = 0.05/year used in [12], the dimensional diffusion
coefficients Dc and Dn can be calculated using the parameter transformation (12) as
Dn = Dc = aR∗2/(R2γ) = 5200 km2/year. The corresponding annual population migration
distance is approximately 102 km. These values are considerably less than those obtained
for labor migration from Türkiye to six Western countries, as domestic migration distances
are shorter than international migration distances. The calculated velocity of 102 km/year
for population migration in Brazil is comparable with the median migration distance of
120 km in Brazil during 2011–2015 [56].

The results of numerical simulation helped Neto et al. demonstrate, in particular, that
increasing returns to scale play a crucial role in the formation of economic agglomerations
and that higher returns to scale can contribute to a higher aggregate per capita output for
the economy as a whole [12]. They also derived a critical value for the capital transport cost,
below which the economy develops stably and converges to a spatially homogeneous steady
state, otherwise [12] modeling a real urban area with a circle is a fairly rough approximation.

However, the circle can be used to investigate the dynamics of the crime hotspot
formation and to estimate values of the dimensional parameters. Moreover, the simulation
of a dynamic process in a regular domain, such as a circle, is much simpler than in a domain
close to a real city area.

4.3. Inhomogeneities in Population Densities

One can see in Figures 2a,d and 3a the simulated bacterial spatio-temporal patterns
near the disk edge, as well as inside the disk similar to the corresponding patterns observed
in the physical experiment with luminous E. coli (Figure 1). A valuable accumulation of
cells near the disk edge (at r = 1) is particularly prominent in Figure 4a (curve 1). Although
the largest concentration of cells appears on the outskirts of the disk, smaller accumulations
are observed approximately halfway (r ≈ 0.45) between the center and the edge of the disk
as well as at the disk center (r = 0). Similar peaks have also been observed in snapshots of
bacterial density on the inner lateral surface of the vessel [28].

Labor force also accumulates near the edge (r = 1) of the area and in the disk center
(r = 0) similarly to the bacteria population (Figure 4a (curves 1 and 2)). However, the
labor force concentration predominates in the center while the bacterial concentration
predominates on the edge of the disk. The accumulation of labor at the disk center can
also be easily observed in Figure 3b.

Figures 2c,f and 3c show an approximately uniform distribution of crime hotspots in
the disk area, including its edge. However, according to Figure 4a (curve 3), the disk edge
(r = 1) and the area near the disk center (r ≈ 0.1) are slightly more attractive to criminals
than other areas, as those two areas have the highest peaks. The average distribution of
criminals uθ t across the disk radius shows six peaks (Figure 4a) (curve 3). That number can
be used to estimate the total number of peaks (hotspots) in the disk, which is approximately
equal to 62π ≈ 113. The number of hotspots is only slightly higher than the number of
hotspots shown in Figure 3c.
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Figure 4b (curve 1) shows seven main concentration peaks as in the initial phase of the
1D simulation (Figure 2a, t = 2). Although the cell accumulations constantly change, the
profile ut of the cell concentrations, averaged over time, still shows peaks approximately at
the same positions where those spots originally formed. A similar behavior of clusters also
appears for labor force migration (Figures 2b and 4b (curve 2)). This means that population
clusters mainly fluctuate around their position rather than traveling freely around the
boundary of a closed area. This phenomenon can also be noticed in the experimental
spatio-temporal pattern depicted in Figure 1e and in other published patterns [28,47].

The amplitude of the fluctuations depends on the model’s parameters. Fluctuations
in the calculated average labor density ut are of noticeably higher amplitude (Figure 4b,
curve 2) than in the corresponding bacterial density (Figure 4b, curve 1). The average
labor density ut varies between 0.19 and 0.63 (Figure 4b, curve 2), while the corresponding
bacterial density only varies from 0.75 to 0.89, but at higher values of the bacterial density
(Figure 4b, curve 1). Figures 4b (curve 3) and 2c show that in a specific case, such as
the formation of crime hotspots, the fluctuations vanish, and the system approaches a
steady state.

A stationary and spatially non-homogeneous solution is typical for the chemotaxis-type
system developed by Short et al. [15,16,18,29], while the spatio-temporal patterns shown
in Figure 2a,b,d,e can be characterised by irregular azimuthal waves and the relative
stability of the corresponding wave number (number of waves along the contact line). Later
modifications of the model of Short et al. were based on different assumptions of criminal
behavior, e.g., criminals might have a tendency to avoid regions with a high density of other
criminals due to policing, which leads to a non-stationary problem solution [19–21,40].

The non-stationary solution of the chemotaxis-type model corresponds to a nomadic
population (Figures 2a,b,d,e and 3a,b) while the stationary solution represents a sedentary
population (Figures 2c,f and 3c) [57]. Both types of population behavior are common for
both bacterial and human populations. Understanding the social behavior of bacterial
populations is of crucial importance for solving different problems, including ecology [57].

Figure 4 shows that population accumulations tend to be evenly distributed in
both coordinates, radial and azimuthal. This means that populations tend to maintain
approximately equal distances between clusters. The significant difference in the profiles
of uθ t and ut (Figure 4) can mainly be explained by the difference in the boundary
conditions (4a) and (5e), the first being periodic while the other zero flux. The no-leak
condition on the boundary results in the accumulation of cells on that boundary due to the
chemotaxis, while the periodic boundary condition implies that organisms move freely at
that boundary.

The simulation results qualitatively show that the bacterial concentration is highest at
the boundary of the domain (Figure 4a, curve 1), although the aggregations of the bacterial
population appear to be evenly distributed within the domain (Figure 3a). The labor force
is concentrated in the central area (e.g., the capital) and in peripheral regions (e.g., ports)
(Figure 4a, curve 2). Crime hotspots emerge even with an initially small perturbation in
both the criminal population and the attractiveness value and tend to distribute evenly
across the region (Figure 4a, curve 3). Hotspots can occur in cities even in the absence of
historically established crime neighborhoods (Figure 3c).

4.4. Validation of Chemotaxis-Type Models

Most organisms on Earth—from bacteria to humans—need to migrate in some form
to seek favorable conditions [1]. As shown above, many achieve this through chemotaxis,
whereby movement is directed by gradients in environmental factors. Chemotaxis-type
models span mathematical, chemical, and physical formulations, providing alternative

https://doi.org/10.3390/math14050748

https://doi.org/10.3390/math14050748


Mathematics 2026, 14, 748 20 of 23

abstractions of movement-driven processes across scales, from molecular regulation to the
collective dynamics of large populations [1]. The Keller–Segel model and its extensions have
been widely applied, often alongside physical experiments, to phenomena ranging from
bacterial motion to social behavior [3]. However, model validation remains challenging due
to substantial variability in experimental designs, system scales, and underlying signaling
and search strategies [1].

A limitation of this study is the lack of detailed external validation using independent
empirical datasets for the human migration and crime models, which restricts the
generalizability of the findings.

Future quantitative validation could involve comparing the spatial and temporal
patterns produced by the reaction-diffusion-chemotaxis models with those derived from
independent empirical datasets. For the labor migration model, this could include
comparisons of spatial moments, clustering metrics, or correlation functions of simulated
labor densities with observed migration and employment data [37,56]. For the crime
model, validation could involve applying hotspot detection methods to both simulated and
empirical crime intensity fields, followed by comparisons of hotspot number, spatial scale,
and persistence [29,58]. These pattern-based analyses would help calibrate parameters and
assess the robustness of the predicted spatio-temporal structures.

A growing class of individual- and agent-based models integrates microscopic
rules and experimental data, ranging from lattice-based random walks to continuous
motion with chemosensory responses [59]. Multiscale methods link these descriptions to
continuum models, such as those of the Keller–Segel type, thereby connecting microscopic
signaling mechanisms to population-level chemotactic behavior. A deeper understanding
of chemotaxis, facilitated by these modeling approaches, is expected to help address many
open problems in processes driven by chemotaxis [1].

5. Conclusions
The chemotaxis-type governing Equation (1b) can be applied to simulate spatio-temporal

patterns similar to the experimentally observed patterns, as well as to study the
dynamics of various chemotactic-like systems such as a bacterial self-organization
(Figures 2a,d and 3a), a capital-induced labor force migration (Figures 2b,e and 3b) and
a criminal hotspots formation (Figures 2c,f and 3c). The specificity of the population is
mathematically expressed by specific functions (6)–(10) of the chemotactic sensitivity h, the
population growth and death rate f , and the production gp and degradation gd rates of
the attractant.

By examining three established chemotaxis models within a unified framework, this
study highlights how different modeling assumptions give rise to distinct qualitative
behaviors. The contribution lies in comparative insight that supports mathematical
understanding and model application.

The comparative analysis shows that chemotaxis-type models, though rarely applied
systematically to socio-economic systems, provide a unified mathematical framework for
aggregation in bacterial and human populations, with qualitative differences governed
primarily by the form of their nonlinear interaction terms.

A unit disk (circle) is a suitable domain for studying the spatial dynamics of various
chemotactic-like systems. The dynamics near the disk edge can be qualitatively studied
using a 1D model defined on an interval Ω1 corresponding to the disk circumference.
Applying the 2D model to the disk Ω2 results in a more accurate overview of the system
and provides additional insights into the spatial dynamics of the population.

The spatial distribution of clusters of individuals in the population domain depends
on the type of boundary conditions as well as on the form of specific functions (6)–(10). The
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disk edge is an attractive site for the accumulation of various chemotactic populations
(Figures 3 and 4a). The results of numerical simulations, together with a relationship (12)
between the dimensional and dimensionless model parameters, can be used to estimate
dimensional parameters such as the diffusion coefficients.

Although a human population moves over a much larger domain than biological cells,
the movement toward an attractant in the human population can be considered similar to
the chemotactic movement in a bacterial population, except for the significant difference in
scale. The chemotaxis-type model can be used to study different behaviors of bacterial and
human populations, typical of nomadic and sedentary populations (Figures 2 and 3).

In this study, we demonstrated that Keller–Segel type models can provide a reasonable
approximation of certain socio-economic processes in large human populations, such as
those found in major cities, countries, or continents. However, these models are not suitable
for describing small groups of individuals, where unique personal traits and stochastic
effects play a dominant role and cannot be captured by continuum approximations.

The results presented in this work are restricted to the case of zero-flux conditions
in 2D modeling and periodic conditions in 1D modeling applied to the boundaries of the
population domain. Since boundary conditions can affect the formation of spatio-temporal
patterns [32,39], a more detailed investigation of their role in pattern formation remains
the subject of future research. Another limitation of this study is the lack of detailed
external validation using independent empirical datasets for the human migration and
crime models, which restricts the generalizability of the findings. Addressing this limitation
through validation against real-world data will be a key focus of future work. Finally,
the present model assumes spatially homogeneous diffusion coefficients; extending the
framework to incorporate spatially heterogeneous diffusion represents a further natural
and biologically motivated avenue for future research [8,11,24,34,36].

To better simulate population patterns that match experimentally observed data and
to improve the estimation of dimensional parameters, additional forms of the forcing
functions, used for population growth and death, the chemotactic sensitivity, and the
production and degradation of the attractant, should be applied and studied [3,11,14,24,35].
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