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Introduction

Point defects, atomic-scale imperfections such as vacancies, interstitials,
or substitutional impurities, are disruptions of the otherwise periodic
lattice structure of a crystal. From a technological standpoint, these
defects are generally categorized into two classes: shallow and deep-level.
Shallow impurities, which can be thermally ionized, enable controlled
doping and device functionality. In contrast, deep-level defects, with
ionization energies exceeding thermal energies, have traditionally been
regarded as detrimental due to carrier trapping [1] and non-radiative
recombination [2].

However, in recent decades, certain deep-level point defects have
emerged as promising candidates for solid-state quantum technologies.
Localized electronic states deep within the band gap give rise to spectro-
scopically stable and narrow optical transitions, enabling single-photon
emission. These defects can also host controllable spin states with long co-
herence times, sometimes even under ambient conditions. Together, these
properties form the basis for applications in quantum communication,
sensing, and information processing.

A canonical example is the negatively charged nitrogen-vacancy
(NV™) center in diamond [3], which exhibits spin coherence times exceed-
ing milliseconds at room temperature [4-6], making it a leading platform
for quantum sensing applications [7—12]. Likewise, various defects in
silicon have been shown to emit in the telecom wavelength range [13—
20], offering compatibility with existing fiber-optic infrastructure and
positioning silicon as a promising host material for single-photon sources
for quantum communication [21]. These and other point defects across
different materials are also being actively explored as potential platforms
for quantum computing [22-24].

The search for point defects with desirable properties for quantum
technologies requires a systematic exploration of the immense landscape
defined by possible defect configurations and host materials [25]. To
navigate this complexity, it is essential to reliably determine the elec-
tronic, vibronic, magnetic, and optical signatures associated with each
system, as these underpin their potential utility in quantum technologies.
While experimental techniques are indispensable, they often fall short
of providing a complete understanding of the atomic-scale structure
and optoelectronic behavior of such systems. In this context, ab initio*

'In Latin, ab initio means “from the beginning”. In a scientific context, it refers to
calculations based solely on fundamental physical laws, without empirical parameters
or external input.
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computational methods, such as density functional theory (DFT), offer
a theoretical approach for exploring defect properties that are difficult
to observe directly through experiments.

DFT enables quantum-mechanical modeling of many-electron molec-
ular systems and provides predictive insight into their structural, vi-
brational, and electronic properties. At its core, DFT reformulates the
electronic many-body Schrédinger equation as a problem of determining
the ground-state electron density, from which all relevant observables
can, in principle, be obtained [26, 27]. This reformulation is accom-
plished through the use of functionals—mathematical objects that map
a function to a scalar quantity. In the context of DF'T, the input to the
functional typically depends on the electron density of the system, its
higher-order terms, and possibly other quantities, while the output is a
scalar quantity such as the total energy of the system.

Despite its widespread success, DFT is not without limitations. A
fundamental challenge lies in the fact that the exact form of the exchange—
correlation functional, an essential component governing electron—electron
interactions, remains unknown. In this thesis, the novel class of SCAN
functionals [28-30] is employed as a promising alternative for modeling
point-defect systems, as it provides a balance of computational efficiency
and predictive accuracy. Its performance is benchmarked for the NV~
center in diamond against experimental data and other widely used
alternatives: the PBE functional [31] and the more computationally
demanding HSE06 hybrid functional [32], often regarded as the “gold
standard” for defect calculations. While this benchmarking is not the
primary contribution of the thesis, it provides a consistent reference point
for the more advanced methodological developments that follow.

Point defects in semiconductors exhibit a wide range of electronic
and vibronic behavior that extends well beyond what can be described
by standard ground-state DFT. In many technologically relevant defects,
the properties of interest are influenced by excited electronic states and
their interactions with lattice vibrations, which is the main focus of this
thesis. In some cases, excited states are statically correlated and cannot
be captured using a mean-field approach, requiring approximations or
more advanced methods to understand their energetics and electron—
phonon interactions [33-35]. In other systems, optical excitation gives
rise to weakly bound exciton-like excited states [36], whose electron—hole
binding is not reliably captured within standard DFT-based approaches.
Additionally, in many key defect centers, electronic states are intimately
linked to lattice motion. This results in complex non-adiabatic phenom-
ena, such as the dynamical Jahn—Teller effect, in which the electronic
states are dynamically coupled to the vibrational motion [37-39].

By combining ab initio DF'T calculations with tailored methodolo-

18



gies and controlled approximations for excited-state, excitonic, and non-
adiabatic phenomena, along with vibrational mode analysis and advanced
lineshape modeling frameworks, this work aims to provide predictive in-
sights into the optical behavior of selected defect centers in technologically
relevant materials— namely, diamond and silicon.

The goal of the thesis

The main goal of this thesis is to investigate and advance the use of
density functional theory methods for modeling electron—phonon inter-
actions and optical lineshapes associated with deep-level point defects
in semiconductors. Particular emphasis is placed on challenging cases,
including;:

e correlated excited states,
o weakly bound exciton-like excited states, and
e systems exhibiting significant non-adiabatic Jahn—Teller interac-

tions.

Tasks of the thesis

To achieve the goal of this thesis, the following tasks were set;:

(1) Assess the effectiveness of the SCAN family of functionals in de-
scribing the structural and vibrational properties of point defects
in diamond and silicon.

(2) Evaluate the effectiveness of the harmonic approximation and
approximate methods for correlated excited states in reproducing
the luminescence lineshape of the G-center in silicon.

(3) Benchmark approximate optical lineshape modeling strategies for
the C-center defect in silicon, where the optical transition involves
a weakly bound exciton-like excited state.

(4) Model the luminescence lineshape of the negatively charged split
nickel-vacancy defect in diamond, which exhibits prominent non-
adiabatic Jahn—Teller interactions, using a novel multimode Jahn—
Teller computational methodology.

19



The relevance and novelty of the work

This thesis is situated at the intersection of computational materials
science and the rapidly evolving field of quantum technologies. The
significance of this research is summarized below.

Relevance

Driven by significant global interest in establishing reliable architectures
for quantum communication, sensing, and computing, deep-level point
defects in semiconductors have emerged as a promising platform for such
technologies. Given the vast search space of potential defect configura-
tions and host materials, the identification and characterization of these
systems presents a complex challenge that necessitates reliable ab initio
methods. This work contributes to the development and application of
theoretical frameworks designed to characterize the optical signatures of
these defects.

Novelty

e A primary novelty of this work is the systematic application of
a sophisticated embedding methodology to multiple color centers.
By modeling systems effectively encompassing tens of thousands of
atoms, this methodology enables the calculation of high-resolution
optical lineshapes.

o This research applies and evaluates computational strategies for elec-
tronic configurations that remain challenging for standard density
functional theory, specifically addressing static electron correlation
and weakly bound exciton-like states.

o This thesis provides the first fully ab initio, multimode dynamical
Jahn—Teller simulation of a spectroscopic signal for a color center,
specifically the NiV™ center in diamond. By explicitly solving
the vibronic Hamiltonian, this approach successfully captures the
extended phonon sideband that standard adiabatic methods fail to
reproduce.

20



Statements to be defended

(I) The luminescence lineshape of the G-center defect in silicon could
only be partially reproduced using the approximate spin projection
method to model the multi-Slater-determinant nature of the excited
state. Differences between theory and experiment may arise from
either a limited approximation of static correlation in the excited
state or from anharmonic effects in the ionic potential that are not
captured by the harmonic framework.

(IT) The experimental luminescence lineshape of the C-center defect in
silicon, arising from an optical transition involving a weakly bound
exciton-like excited state, is accurately reproduced by approxi-
mating the ionic potential energy surface of the neutral excitonic
configuration with that of the positively charged (ionized) defect.

(ITI) The close agreement between the luminescence lineshape predicted
from dynamical Jahn—Teller theory and the experimental spectrum
provides strong evidence that the 1.40eV center in diamond origi-
nates from the negatively charged split nickel-vacancy defect. This
result underscores the decisive role of Jahn—Teller-active vibrational
modes in determining the optical lineshape and demonstrates the
effectiveness of advanced computational approaches for modeling
optical properties in complex systems with multiple Jahn—Teller-
active frequencies.

Structure of the thesis

The thesis consists of five principal chapters. Chapter 1 introduces the
theoretical background and methodological framework, including a brief
overview on density functional theory, the description of vibrational
dynamics, electron—phonon coupling, the Jahn—Teller effect, and the
computational approaches employed. Chapters 2-5 present the results
obtained for four representative point-defect systems. Chapter 2 focuses
on the NV~ center in diamond and benchmarks different exchange—
correlation functionals. Chapter 3 analyzes the G-center in silicon, whose
excited state exhibits pronounced static electron correlation. Chapter 4
investigates the C-center in silicon, which displays luminescence arising
from a weakly bound exciton-like excited state. Finally, Chapter 5
examines the NiV™ center in diamond as a prototypical Jahn—Teller-
active defect, combining adiabatic and dynamical vibronic modeling to
describe its emission properties.
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Author contribution

During their doctoral studies, the author contributed to four scientific
publications and delivered eight conference presentations (five of which
were international), consisting of two oral and six poster presentations.
The specific contributions to the publications are detailed below:

o Publication (P1): The author performed optical lineshape cal-
culations for the NV~ center in diamond using various density
functionals and conducted vertical excitation energy calculations
for all color centers investigated in the study. Additionally, the
author contributed to the critical revision of the manuscript. These
results form the basis of Chapter 2.

o Publication (P2): The author was the lead contributor, performing
the majority of the numerical calculations for bulk diamond and
the NiV~ center. Utilizing the multi-mode Jahn—Teller computa-
tional methodology, the author analyzed the resulting data and
interpreted the findings. Furthermore, in collaboration with the su-
pervisor, the author took the primary role in drafting and revising
the manuscript. These results form the basis of Chapter 5.

o Publication (P3): The author served as the lead contributor, per-
forming the majority of numerical calculations for silicon, including
various impurities and defects, and analyzed the associated data.
The author also held the primary responsibility for drafting the
manuscript and managing the revision process. These results form
the basis of Chapter 4.

o Publication (P4): The author contributed the emission lineshape
calculations for two configurations of the divacancy in silicon carbide
and participated in the critical revision of the manuscript. The
results from this publication are not included in this thesis.
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1. Theoretical and methodological
framework

1.1. The many-body problem

At the most fundamental level, the behavior of matter and light is
governed by the principles of quantum mechanics. For isolated, non-
relativistic systems, the starting point is the time-independent Schrédinger
equation:

H|U) = E|W). (1.1)

Here, H is the Hamiltonian operator of the system, |¥) is the state vector,
and FE is the total energy of the system. In principle, all measurable
physical properties, such as electronic structure, optical response, and
thermodynamic characteristics, can be derived from the system’s state
vector |¥), obtained by solving this equation. However, for many-body
systems composed of interacting electrons and nuclei (as is the case
in semiconductors), the complexity of the problem increases rapidly,
rendering exact solutions intractable for all but the simplest systems.
In the context of molecular or condensed-phase systems, the time-
independent Schrédinger equation can be written more explicitly as

H(r,R)¥y(r,R) = E;¥y(r,R), (1.2)

where r = {rq,r9,...,ry.} and R = {R;,Rg,..., Ry, } denote the posi-
tions of the N, electrons and NN, nuclei, respectively.? The eigenfunction
U, (r,R) is the wave function of the t-th quantum state of the system,
with total energy E}, and incorporates both electronic and nuclear de-
grees of freedom. The total Hamiltonian H (r, R) includes all kinetic and
potential energy contributions and is given by

H(r,R) =T, + T, + Vee(r) 4 Ven(r, R) + Vi (R). (1.3)

Using Hartree atomic units (h = me = e = 4meg = 1), the electronic and
nuclear kinetic energy operators are

R 1 Ne 82 Ne R . 1 82
To=-5Y 5= T, To,=—5-5 1.4
¢ 2 £~ Or? T 20r2’ (14)
1 1
2The spin degrees of freedom o = {01, 02,...,0n,} can be included by extending
the electronic coordinate vector r = {r1,rs2,...,rn.} to x = {x1,X2,...,Xn, }, where

each x; = (r;,0;) combines the spatial and spin coordinates of the i-th electron.
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and M, is the mass of nucleus a. The potential energy terms for electron—
electron, electron—nucleus, and nucleus—nucleus Coulomb interactions
are given by>

‘7ee(1') = ZZ |I'i_1rj|7 (1.6)
1 3>
Ve R) = >3 Za 1.7
en(r’ ) Z Z ’rz _ Ra” ( )
. ALNRAL
Van(R) = Z Z m’ (1.8)
a B>«

where Z,, is the atomic number of nucleus «.

As noted earlier, the many-body nature of Eq. (1.2) renders direct
solutions infeasible for systems of realistic size. However, by introducing
a series of physically motivated approximations (Sec. 1.2) and employ-
ing the density functional theory formalism (Sec. 1.3), one can obtain
tractable solutions that provide quantitatively meaningful insights into
the properties of real materials.

1.2. Crude adiabatic approximation

In general, the Schrodinger equation (1.2) cannot be solved exactly,
because the total Hamiltonian H(r,R) does not allow for a complete
separation of the electronic and nuclear variables. This is due to the
coupling term Ven (r,R), which depends simultaneously on both electronic
and nuclear coordinates and is the source of the complexity of the many-
body problem.

Progress can be made by considering the electron-dependent potential

Ve(r,R) = Vee(r) + Ven(r,R) (1.9)

3Both electrons and nuclei are treated as point-like charged particles.
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and expanding it in a Taylor series around a reference nuclear configura-

tion R® = (R, RY, ... .RY}:

Ve(r.R) = Ve(r:RO) (1.10)
N—_———
Vee )+ Ven (1R )

Nn
Y ()

OR,,
a je{zy,z} i ) R(O)

N A
1 = 02V,
+ = Z Z —_— Uq, Ug;
2 P ijemas) 6Rai 8Rﬁj R j
+0(v’),

where u, = R, —R&O) is the displacement of nucleus « from its equilibrium

position Rgo) and u = {uj,uy,...,uy, }. The displacement-dependent
terms are collected into AVq(r,R).

Substituting this expansion into Eq. (1.3) and regrouping terms gives

HE,R) =T, +Tp + Vs (r; R<O>) + AVu(r,R) + Vin(R)
=7+ Ae<r; R<O>) LAV (r,R) + Tp + Vin(R).  (L.11)

Ho(r,R)

The electronic Hamiltonian is therefore defined as

Ho(r,R) =T + Ve(r; R<0>) + AV,(r,R), (1.12)
11, (iR )

with the nuclear kinetic energy T, and nucleus—nucleus repulsion f/nn(R)

treated separately, since they depend only on the nuclear coordinates.
In the crude adiabatic approzimation [40], which is a specific variant

within the broader class of adiabatic approximations,* the displacement-

4The term adiabatic in the adiabatic approzimation refers to the separation of
electronic and nuclear timescales: nuclei move much more slowly than electrons,
allowing the electronic subsystem to remain in its instantaneous eigenstate as long as
the nuclear configuration changes gradually and a finite energy gap separates it from
nearby states. In the crude adiabatic approximation, this leads to the so-called frozen
nuclei picture: the electronic structure is solved for fixed nuclear positions, effectively
treating the nuclei as static parameters during the electronic problem.
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dependent term AVq(r,R) in Eq. (1.12) is neglected.> The electronic
Hamiltonian is then approximated by its static counterpart

. (r; R(0)> — T+ Ve(r; R(0>), (1.13)
which defines the electronic Schrodinger equation:

[T} + Ve(r; R(O)ﬂ be (r; R<0>) — ¢, (R(0>)¢S (r; R<°>). (1.14)

Here, 5S(R(0)) is the s-th eigenvalue, depending parametrically on the
reference nuclear configuration R, This equation is called static because
it neglects nuclear dynamics. The corresponding static eigenfunctions
s (r; R(O)) form a complete orthonormal set, which can be used to expand
the total electron—nuclear wave function:

(e R) = Y e (1RO ) e (R). (1.15)
k

At this stage, xr¢(R) serves as the k-th expansion coefficient that is itself
a function of the nuclear coordinates R.

Substituting the ansatz from Eq. (1.15) and the full Hamiltonian of
Eq. (1.11) into Eq. (1.2) leads to a set of coupled equations:

(704 Van(R) xse(R) + >~ (s (1 RO) | AVee, R) | (15RO ) a(R)
k

= [Ba = s (RO) (R, (1.16)
where
A

(v

If the off-diagonal matrix elements of AV,(r,R) are neglected,

$> E/y*Axdrl...drNe, I‘E{I‘l,l‘Q,---,rNe}~
r

<¢s (r; R(0)> ‘ AV,(r,R) ‘ Vi (r; R(O))>r =0 fork #s, (1.17)

then it can be shown that the total wave function simplifies to the
adiabatic form:

(1, R) = ¢ (5RO v (R), (1.18)

®More refined adiabatic approximations, such as the Born-Oppenheimer and Born—
Huang schemes, retain the displacement-dependent term A‘A/e(r, R). As a result, the
corresponding electronic wave functions depend explicitly on the nuclear coordinates
and are referred to as dynamical, in contrast to the static wave functions used in the
crude adiabatic approximation.
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where the expansion coefficients xs(R) are obtained by solving the
nuclear Schrodinger equation:

|:Tn + Van(R) + <1/Js (r; R(O)> ‘ AV(r,R) ‘ s (r; R(O)) >r] Xst(R)
- [Est ey (R@))}Xst(R). (1.19)

It follows that the coefficients x s (R) represent vibrational wave functions
associated with the electronic wave function g(r; R(O)). The total wave
function W4 (r, R) is thus referred to as vibronic, comprising an electronic
and a vibrational component.

Even after applying the crude adiabatic approximation and formally
separating electronic and nuclear degrees of freedom, solving the resulting
electronic and nuclear Schrodinger equations [Egs. (1.14) and (1.19)]
remains a highly complex task, feasible only for the simplest systems.
Fortunately, a computational framework exists that enables efficient and
accurate treatment of systems containing up to several thousand atoms.
This framework is the subject of the following section.

1.3. Density functional theory

After applying the crude adiabatic approximation, the first step is to
solve the eigenvalue problem defined in Eq. (1.14). In general, the static
electronic Hamiltonian H(r; R(?)) appearing in Eq. (1.14) can be written
as

H, <r; R(0)> =T, + Vee(r) + Z v(ri; R(O)), (1.20)

Ven (r;R(0)>

where v(r;; R(O)) is the external potential acting on the ¢-th electron,
evaluated at a fixed nuclear configuration R(). For isolated molecular
systems, this external potential corresponds to the interaction between
the i-th electron and the nuclei [Eq. (1.7)]:

Nn

v(ri; R(O)> --3 _Za __ (1.21)

o I~ RY|

Despite the adiabatic decoupling, the many-body electronic problem
posed by Eq. (1.14) remains computationally intractable for systems of
realistic size due to the electron-electron interaction term Vee(r). Rather
than attempting to solve for the many-electron wave function, which
depends on 3N, spatial variables (plus spin), density functional theory
(DFT) offers an alternative formulation of the quantum many-electron
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problem based solely on the electron density p(r), a function of only three

spatial coordinates T = (x,y, z), regardless of the number of electrons.
Physically, the electron density p(r) gives the average number of

electrons contained in an infinitesimal volume element centered at position

r. It is formally® defined as
Ne
PRI 1/1>

:Ne/|w(f,r2,...,rNe)|2d3r2...dSrNe, (1.22)

p(r) = (W[ p()[¢) = <1/f

where p(r) is the electron density operator, and @ is the many-body
electronic wave function obtained from Eq. (1.14). The prefactor N,
reflects the indistinguishability of electrons, ensuring that each of the N,
identical integrals contributes equally to the total density.

Traditional wave function-based methods determine the ground-state
energy by minimizing the expectation value of the static electronic Hamil-
tonian H, with respect to the many-body electronic wave function :

Ey = r%in@/} | He | ¥). (1.23)

However, a central insight of DFT is that the ground-state energy and,
in principle, all ground-state observables can be expressed as functionals
of the ground-state electron density alone, thereby bypassing the need
to compute the many-body wave function. This foundational idea is
rigorously established by two theorems, which are introduced in the
following section.

1.3.1. Hohenberg—Kohn theorems

Formulated by Pierre Hohenberg and Walter Kohn in 1964 [26], the
Hohenberg-Kohn (HK) theorems provide the theoretical foundation
for DFT. These theorems establish a rigorous relationship between the
ground-state electron density po(r) and all ground-state properties of an
interacting many-electron system. The original formulation applies to
systems with a non-degenerate ground state and in the absence of a vector
potential (i.e., magnetic fields), although subsequent generalizations have
extended their applicability [41-43].

First Hohenberg—Kohn theorem. For any system of interacting elec-
trons in an external potential v(T), the ground-state electron density po(T)

5The spin degrees of freedom are not explicitly included. In general, the electron
density is obtained by integrating Eq. (1.22) over all spatial and spin degrees of
freedom.
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uniquely determines the external potential, up to an additive constant. As
a result, the full many-electron Hamiltonian, ground-state wave function,
and all ground-state observables are unique functionals of po(T).

This theorem establishes that the ground-state density po(r) encodes,
in principle, all information necessary to determine the ground-state
properties of the system. In particular, the ground-state wave function
g and the ground-state energy Ejy can be expressed as unique functionals
of po(r). Using Eq. (1.20), this leads to the following expression for the
ground-state energy:

Ey = Elpo] = <ﬂ@
%o

Ne
T+ Vi) + 3 o (1 RO) |wm>

— Flpo) + [ o@)po(e) s (1.24)

In this expression, the total energy is separated into two contributions:
the first term, F[pgl, is a universal functional that accounts for the
kinetic energy of the electrons and the electron—electron interaction, while
the second term represents the interaction with the external potential
v(T) = v(F; R()). More generally, this expression can be written for an
arbitrary electron density p(r) as

Elpl = (wla)| T+ Veot) | 0lpl), + [v@p@a (125)
Flp]

The universal functional F'[p] is so named because it is independent of
the external potential and applies to all systems of interacting electrons.
It encapsulates the internal energy contributions arising from the kinetic
energy and the electron—electron interaction.

Second Hohenberg—Kohn theorem. The energy functional E[p]
attains its minimum value if and only if the input density p(T) is equal
to the true ground-state density po(r). That is,

Eo = min Elp] «— p(r) = po(F). (1.26)

This theorem introduces a variational principle for DFT: if the exact form
of the universal functional F'[p] were known, the ground-state density
po(T) and corresponding ground-state energy Ej could be obtained by
minimizing the total energy functional E[p] with respect to all physically
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admissible densities. Once the ground-state density is determined, all
other ground-state properties can, in principle, be derived from it.

However, the exact form of F'[p] is unknown, representing the central
challenge of practical DFT. Consequently, computational implementa-
tions rely on approximate forms of F[p]. Common choices include the
local-density approximation (LDA), generalized gradient approximations
(GGAs), meta-GGA functionals, and hybrid functionals, each offering a
different trade-off between computational efficiency and physical accuracy.
These approximations are briefly reviewed in Sec. 1.3.3.

1.3.2. Kohn—Sham formalism

While the HK theorems establish that the ground-state electron density
uniquely determines all ground-state properties of an interacting many-
electron system, they do not provide a practical method for computing
this density. To address this limitation, Walter Kohn and Le Jeu Sham
proposed in 1965 an auxiliary system of non-interacting electrons that
reproduces the exact ground-state electron density of the fully inter-
acting system [27]. This conceptual reformulation leads to a set of
self-consistent single-particle equations, known as the Kohn—-Sham (KS)
equations, which resemble the conventional Schrédinger equation but
incorporate electron—electron interactions via an effective potential. The
KS formalism enables efficient numerical solutions while retaining the
essential physics of the interacting system, and it forms the foundation
of nearly all practical implementations of DFT.

In the KS framework, the electron density is constructed from a set
of fictitious non-interacting single-particle orbitals,

{615, 653 ra), ... 0N rm) |, (1.27)

commonly referred to as KS orbitals. These orbitals form an antisym-
metric many-electron wave function vkg(r), expressed as a single” Slater
determinant:

Urs(r) = ol SoS - ofF) (1.25)
PiS(r1)  hS(r) - eRO(ry)
1 PFS(r2)  ¢55(ra) - PRS(r2)
= N'det
PSS (rn,) o55(rn) o R (ewy)

"In general, not every electron density p(T) can be expressed via a single Slater
determinant.
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Although the KS wave function 1kg(r) does not represent the true wave
function of the interacting system, it is constructed to reproduce the
exact ground-state electron density:

p(r) = (Yxs(r) [ A(r) | Yks(r)),
Ne

= 40

where p(r) is the electron density operator defined in Eq. (1.22).

The central idea proposed by Kohn and Sham was to decompose the
universal functional F[p] from Eq. (1.25) into three components:

2
)

(1.29)

Flp] = Ts[p] + Eulp] + Exclp], (1.30)

where T[p| is the kinetic energy functional of non-interacting electrons,

defined as
1 Qe 92
- _Z KSmy | 2
T = -5 3 (450 | 1

i

?S(f)>. (1.31)

The second term, Ejy[p], is the classical electrostatic (Hartree) energy of
the electron density with itself:

Fulp] = % / / ’Wd%d%’. (1.32)

The third and final term is the exchange—correlation (XC) energy func-
tional Exc|p], defined implicitly as

Exclp] = Te[p] — Ts[p] + Veelp] — Enlp], (1.33)

where T¢[p] is the true kinetic energy of the interacting electrons, and
Vee[p] is the full electron-electron interaction energy. Thus, Exc|p]
captures all non-classical contributions to the total energy, including
exchange, correlation, and the correction to the kinetic energy due to
the interactions.

The KS equations are obtained by minimizing the total energy func-
tional E[p] from Eq. (1.25), using the decomposition of F[p] in Eq. (1.30),
with respect to a set of orthogonal orbitals. This yields a set of single-
particle Schrédinger-like equations:

1 2
O a®| @) = S E), =1 N (130
20r
where the effective KS potential veg(T) is given by
veit (E) = v(F) + / |f”(r;,| &F + vxo(F), (1.35)
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with v(r) being the external potential due to the nuclei [Eq. (1.21)], and
vxc(r) = 0Exc[p]/dp(r) the XC potential. This last term is the only
component of the effective potential that is not known exactly and must
be approximated in practice.

Because the effective potential veg(T) depends on the electron density
p(r), which itself is constructed from the KS orbitals, the equations in
(1.34) must be solved self-consistently. The typical procedure involves:

1. Choosing an initial guess for p(r) or for the KS orbitals.
2. Constructing veg(T).

3. Solving the KS equations (1.34) to obtain new orbitals.
4. Recomputing p(r) from the new orbitals.

5. Repeating steps 2—4 until convergence is reached.

It is important to emphasize that DFT is formally exact: if the exact
XC functional Exc[p] were known, minimizing the energy functional
would yield the exact ground-state electron density and energy. In prac-
tice, however, the exact form of Fxc[p] is unknown, and this remains
the central challenge of DFT. The next section introduces several com-
monly used approximations to Exc[p]. Another key limitation is that,
within the Kohn—Sham formalism, the electron density is constrained to
originate from an auxiliary system of non-interacting electrons described
by a single Slater determinant, making it challenging to treat states that
are inherently multi-determinant.

1.3.3. Exchange—correlation functionals

As was mentioned previously, the XC energy functional Exc[p] lies at
the core of DFT, capturing the many-body effects of electron exchange
and correlation. Since its exact form is unknown, practical DFT relies
on a hierarchy of approximations, often organized according to “Jacob’s
ladder” [44], a conceptual framework in which successive rungs represent
classes of functionals with increasing complexity and accuracy. Each level
incorporates additional information about the electron density, such as
gradients or kinetic energy density, and offers different trade-offs between
accuracy and computational cost. The following subsections provide a
brief overview of the most commonly used functional classes.

Local-density approximation

The local-density approximation (LDA), first introduced by Kohn and
Sham [27], is the simplest non-trivial approximation to the XC functional
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and constitutes the first rung of Jacob’s ladder. It is based on the uniform
electron gas (UEG) model and assumes that the XC energy at a point in
space depends only on the local electron density:

B2 o) = [ p0)=8E0 (o) ¢, (1.36)
where sggc’(p(f)) is the exchange-correlation energy per particle of UEG
with density p(r). Despite its simplicity, LDA often yields accurate
structural properties for systems with slowly varying electron densities,
such as bulk metals and semiconductors. However, it performs poorly for
binding energies, chemical reaction barriers, and electronic band gaps [45,
46].

Generalized gradient approximation

The generalized gradient approximation (GGA) improves upon LDA and
constitutes the second rung of Jacob’s ladder [47, 48]. Unlike LDA, which
depends only on the local density, GGA also incorporates the density
gradient Vp(T) to account for spatial inhomogeneity:

ESEM) = [ o588 6(0), Vole) d. (1.37)

By including gradient corrections, GGA functionals better capture density
variations. They generally improve equilibrium geometries, cohesive
energies, and atomization energies compared to LDA. However, they still
suffer from self-interaction errors, systematically underestimate band
gaps, and in some cases overcorrect LDA, leading to underbinding.

The most widely used GGA functional is the non-empirical Perdew—
Burke-Ernzerhof (PBE) [31], which has become the standard in solid-
state physics owing to its balance of accuracy and computational effi-
ciency.

Meta-GGA functionals

Meta-GGA functionals [49, 50] form the third rung on Jacob’s ladder
and introduce additional complexity by incorporating the kinetic energy
density 7(r):

Ne
7(F) = ;Z‘Wﬁ{s r (1.38)

where ¢XS(r) are the Kohn-Sham orbitals defined in Eq. (1.27). The
general form of a meta-GGA functional is

ERGOA ) = / PRGN (o(x), Vp(e), 7(®) . (1.39)
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By including 7(r), meta-GGA functionals capture additional non-local
effects while avoiding the full computational cost of hybrid or orbital-
dependent functionals. They satisfy more exact physical constraints than
LDA or GGA and generally provide improved accuracy across a broader
range of systems, particularly in describing the lattice parameters and
energetics of solids [51].

A prominent example is the strongly constrained and appropriately
normed (SCAN) meta-GGA functional [28], which was constructed to
satisfy all 17 known exact physical constraints applicable to semilocal
functionals. While SCAN significantly improves the description of lattice
properties and partially mitigates the band gap underestimation inherent
to GGA functionals, it is known to suffer from numerical instabilities,
particularly in self-consistent all-electron calculations. To address these
issues, the regularized SCAN (rSCAN) [29] functional was introduced;
however, this regularization led to a loss of transferability in certain
properties, such as atomization energies [52]. This necessitated the
development of the re-regularized SCAN (r2SCAN) [30] functional. By
combining numerical efficiency with the restoration of exact constraint
adherence, r2SCAN yields consistent performance across diverse systems.

Hybrid functionals

Hybrid functionals [53] represent the fourth rung of Jacob’s ladder and
extend beyond semilocal approximations by incorporating a fraction of
exact exchange from Hartree—Fock (HF') theory into the XC functional.
In their general form, hybrid functionals are written as

By (o) = aBYF + (1 — o) ERFT + EQFT, (1.40)
where E;IF is the exact non-local HF exchange energy evaluated from
Kohn—-Sham orbitals, EQFT and EgF T are the exchange and correlation
contributions from a semilocal functional (typically GGA), and « is the
mixing parameter that determines the fraction of exact exchange.

By partially correcting the self-interaction error inherent in semilo-
cal functionals, hybrid functionals significantly improve the accuracy
of electronic structure predictions, particularly for band gaps, defect
levels, and reaction barriers. Their main limitation, however, lies in
the substantially increased computational cost, since the evaluation of
non-local exchange integrals scales poorly with system size, making such
calculations especially demanding for extended systems.

To mitigate this, Heyd, Scuseria, and Ernzerhof (HSE) introduced
the screened hybrid functional HSE06 [32], which modifies the Coulomb
operator used in the exchange interaction. The bare Coulomb potential is
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separated into short-range (SR) and long-range (LR) components using
the error function erf(z) and complementary error function erfc(z):

i _ erfe(wr;) n erf(wn'j)7 (1.41)
Tij Tij T'ij
—_— =
SR LR

where 7;; = |r; —r;| is the distance between two electrons at positions r;
and rj, and w is the screening parameter controlling the range separation.
The SR term, which decays rapidly with distance, is treated with exact
HF exchange, while the LR part is described at the semilocal DFT level.
In HSEO06, the hybrid XC functional in Eq. (1.40) therefore takes the
form

Exet(a,w)

= aBy M w) + (1 - ) BYT M (w) + BT UM (W) + BETT, (1.42)

where only the SR part of the exchange is mixed with HF exchange. The
standard HSEO6 functional uses o = 0.25 and w = 0.2 A" [32].

This range separation offers several advantages. By confining the
expensive HF exchange to SR interactions, the computational cost is
significantly reduced compared to unscreened hybrids such as PBEO [54],
while much of the accuracy is retained. At the same time, the treatment
of LR exchange at the semilocal level mitigates artificial delocalization
of states in extended systems, improving the description of solids and
defect levels.

Despite these improvements, HSE06 calculations remain substantially
more computationally demanding than those based on LDA, GGA, or
meta-GGA functionals. The high cost restricts their applicability in large
supercell calculations and high-throughput studies, even though they
provide superior accuracy for band gaps, defect levels, and excitation
energies. Consequently, HSEO6 is often regarded as the “gold standard”
for solid-state and defect studies, offering excellent accuracy but at
a computational expense that frequently necessitates the use of more
approximate functionals for large-scale vibrational or electron—phonon
calculations.

1.3.4. Practical implementation

While the choice of XC functional determines the theoretical accuracy of
a DFT calculation, its practical realization requires several additional
considerations. These include the choice of basis set, the treatment of
core electrons, and the modeling of extended systems. In the context
of solid-state systems such as semiconductors, efficient and accurate
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computational methods have been developed to translate the formalism
of Kohn—Sham DFT into scalable algorithms suitable for modern high-
performance computing architectures.

A number of software packages implement DF'T for both finite and
extended systems. Widely used frameworks include the Vienna Ab
initio Simulation Package (VASP) [55, 56], Quantum ESPRESSO [57,
58], ABINIT [59], and CASTEP [60], among others. These codes differ in
their internal implementations, supported XC functionals, and pseudopo-
tential formats, but all are grounded in the same fundamental principles
of DFT. The present work employs VASP, a plane-wave-based code
well-suited for periodic systems and large-scale defect supercells. The
specific computational parameters used in this study are described in
the final section of this chapter (Sec. 1.8) and in the respective results
chapters.

The following subsections outline the core elements of the practical
implementation of Kohn—Sham DFT for periodic solids: the plane-wave
basis set, the use of pseudopotentials to simplify the treatment of core
electrons, and the supercell approach employed to model isolated defects
in a crystalline host.

Plane waves

In periodic solids, the translational symmetry of the crystal lattice allows
the application of Bloch’s theorem, which states that the solutions of the
Schrodinger equation in a periodic potential can be expressed as plane
waves modulated by lattice-periodic functions [61]. Within DFT, each
single-particle KS orbital ¢¥5(¥) [Eq. (1.27)] takes the form

ik (F) = exp(ikF)unk (F), (1.43)
where u,x(T) is a lattice-periodic function, k is an electron wave vector

from the first Brillouin zone (BZ), and n is the band index. The periodic
component can be expanded as a Fourier series:

Uk (T Z Crx(G) exp(iGr), (1.44)

where the summation runs over all reciprocal lattice vectors G, and
Chx(G) are the expansion coefficients. Substituting this expansion yields
the full KS orbital in terms of plane waves:

Zan )expli(k + G)il. (1.45)
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In practice, this expansion is truncated using a kinetic energy cutoff F .,
such that only plane waves satisfying

1
Sk +GI* < Feu (1.46)

are included. The cutoff energy is a key convergence parameter that
must be tested to ensure that total energies and derived properties are
adequately described.

Many physical quantities, such as total energy, charge density, or the
density of states, require integration over the BZ:

1

A= —
(4 Qpz JB7

A(k) dk, (1.47)
where gz is the volume of the BZ. In practice, this integral is replaced
by a discrete weighted sum over a finite set of k-points:

(A) = Y wiA(k), (1.48)
k

where wy are the weights associated with each sampled point. A widely
adopted method for generating such grids is the Monkhorst—Pack scheme,
which produces uniform, symmetry-respecting meshes in the BZ [62].
The density of the k-point mesh must be systematically tested to ensure
convergence of calculated properties.

The plane-wave basis set is particularly well-suited for periodic sys-
tems because of its orthogonality, completeness, and systematic conver-
gence with respect to the cutoff energy. However, the large number of
plane waves required, especially near atomic nuclei, renders calculations
prohibitively expensive if all electrons are treated explicitly. This moti-
vates the use of pseudopotentials, which replace the all-electron problem
with an effective potential that reproduces valence electron behavior
while simplifying the treatment of tightly bound core electrons.

Pseudopotentials

In all-electron calculations, the presence of tightly bound core electrons
gives rise to rapid oscillations of the wave functions near the nuclei.
Resolving these oscillations accurately requires an extremely large number
of plane waves, rendering such calculations computationally prohibitive.
Pseudopotentials provide an effective solution by replacing the strong
Coulomb potential of the nucleus and core electrons with a smoother
effective potential that acts only on valence electrons. In this approach,
the chemically inert core electrons are frozen, while the valence electrons,
responsible for bonding and electronic properties, are described explicitly.

39



Several types of pseudopotentials are widely used. Norm-conserving
pseudopotentials [63] enforce exact conservation of the norm of the
all-electron and pseudo wave functions outside a chosen cutoff radius,
ensuring transferable scattering properties but often requiring relatively
high plane-wave cutoffs. Ultrasoft pseudopotentials [64] relax the norm-
conservation condition, yielding much “softer” pseudo wave functions
and significantly reducing the required basis size.

An alternative approach, and the one employed in this thesis, is the
projector-augmented wave (PAW) method [65], as implemented in VASP.
The PAW method combines the efficiency of pseudopotentials with the
accuracy of all-electron methods. It introduces a linear transformation
T that relates a “soft” pseudo wave function ¥pg to the corresponding
all-electron® wave function ¥p:

[vps) = TlYag),

= |1+ 3" (16m) — 164)) (0l | [058) (1.49)

where I is the identity operator, ¢,, are atom-centered all-electron partial
waves, ¢, are the corresponding smooth pseudo partial waves, and p;,
are localized projector functions. Within each augmentation sphere
surrounding an atom, the true nodal structure of the wave function is
fully reconstructed from the smooth pseudo wave function using this
transformation. Outside the spheres, the pseudo and all-electron wave
functions coincide.

The PAW method thus retains all-electron accuracy while dramat-
ically reducing the plane-wave cutoff required for convergence. This
makes it particularly effective for systems containing transition metals or
heavy elements, where core electrons are tightly localized. At the same
time, the method remains systematically improvable and free from many
of the transferability issues that affect traditional pseudopotentials.

Supercell approach

In defect modeling, the supercell approach is a widely used technique
to represent an isolated defect within a periodic solid. A supercell
is constructed by repeating either the primitive or conventional unit
cell of the host crystal to form a larger simulation cell, into which a
defect is introduced. When combined with periodic boundary conditions,

8Note that the “all-electron” wave function g is a Kohn-Sham single-particle
wave function, and should not be confused with the many-electron wave function
introduced earlier.
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Figure 1.1. Schematic illustration of the supercell approach for a point defect
in solid, with supercell boundaries shown as dashed lines

this effectively models an infinite crystal containing a periodic array of
identical defects, as illustrated in Fig. 1.1.

Although conceptually straightforward, this periodic repetition intro-
duces finite-size effects, which arise from spurious interactions between
a defect and its periodic images. These effects influence calculated to-
tal energies, electronic structure, and vibrational properties, and must
be carefully assessed by performing convergence tests with respect to
supercell size.

This self-interaction issue is especially pronounced for charged defects.
In such cases, the periodic repetition of charged supercells leads to
artificial electrostatic interactions that do not exist in the dilute-defect
limit. Correction schemes, such as that proposed by Freysoldt et al. [66],
are commonly applied to eliminate the dominant spurious contributions
and yield quantitatively reliable defect formation energies and charge-
state transition levels.

Another important finite-size effect concerns nuclear relaxation. In
the supercell method, relaxation of nuclear positions is confined to the
volume of the simulation cell. As a result, displacement fields cannot
extend beyond the supercell boundaries, and almost no relaxation occurs
at positions midway between a defect and its periodic image. In reality,
relaxation patterns around defects may be long-ranged, and this behavior
is not always captured within finite supercells. This limitation is further
addressed in Sec. 1.7.

1.4. Vibrational properties of solids

In the previous sections, the many-body problem was introduced, and
the crude adiabatic approximation was used to separate the electronic
and nuclear degrees of freedom. While the preceding discussion focused
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on solving the electronic problem in Eq. (1.14), the focus here shifts to
the nuclear problem in Eq. (1.19), which governs the dynamics of ions
in the crystal lattice.” In practice, the most relevant processes involve
vibrations of ions around their equilibrium positions, which determine
the vibrational structure of solids.

1.4.1. Adiabatic potential energy surface

The electronic Schrédinger equation can, in principle, be solved for any
fixed configuration of the nuclei. However, when investigating vibrational
properties, the primary interest lies in the dynamics of nuclei near
the equilibrium geometry R(O), corresponding to the minimum of the
adiabatic potential energy surface (APES), Eapgs(R). The procedure of
locating this minimum is known as ‘onic relazation, during which the
forces on the nuclei are minimized.

Within DFT, the APES is given by

A

Eapps(R) = &5(R) + Vi (R), (1.50)

where €5(R) is the electronic energy of state 15(r;R) [Eq. (1.14)] and
Van(R) is the nucleus-nucleus Coulomb repulsion [Eq. (1.8)].

The forces on the nuclei follow from the gradient of the APES. Using
the Hellmann—Feynman theorem [67], the force on nucleus « is

e
:—<ws<r;R> Rl ¢s<r;R>> N

Expressed in terms of the electron density p(r), this becomes

OVer(E:R) 43 OVon(R) (1.52)

Fu(R) = - / ple) ) g - Do

Thus, the forces depend explicitly on the electron density p(r), which
is directly accessible within DFT. The nuclear kinetic energy operator

T, [Eq. (1.5)] has no explicit dependence on R and therefore does not
contribute to the static force.

9In this work, unless stated otherwise, the terms “nucleus” and “ion” are used
interchangeably, even though they are not strictly identical. In condensed matter
physics, “ion” typically means “nucleus + frozen core electrons”.
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1.4.2. Harmonic approximation

To describe nuclear vibrations, the APES is expanded in a Taylor series
around the equilibrium configuration R(O), analogous to the expansion
of Ve(r,R) in Eq. (1.10):

Expes(R) = Eapgs (R(O)) (1.53)
N,
- OFEAPES
+Z- Z < ORa; /) po) Har
o je{z,y,z}

N,

1 0?Ezprs

PR (aRa.aRﬁ, Hai g
B i,5€{z,y,z} ! J

+ O(ug),

where u, = R, — R((XO) are displacements from equilibrium. The first
term, EAPES(R(O)), is a constant reference point. The second (linear)
term vanishes because the forces are zero at equilibrium, leaving the
quadratic term:

1" 0’E
APES
mw® =3y 5 (Gl )

a,B i,je{z,y,2} a; VB / R(0)

N,
1 n
= S Paptaug, (1.54)
a,B iJG{I,y,Z}

with the elements of the force-constant (Hessian) matriz ® defined as

9°Eapgs
b5 = =—=—"" . 1.55
#s <8R’0¢i aRﬁj ) RO ( )

Each sub-block ®,5 is a 3 x 3 matrix,

(I)Oéacﬁac ©04rﬁy @aa:ﬁz
‘I)aﬂ = (I)ay/jz (I)ay,é’y (I)ay,é’z s (1.56)
QQZBZ (pazﬂy (pazlgz
where @5, is the force acting on nucleus a along Cartesian direction
¢ when nucleus 3 is displaced from its equilibrium position by a unit
vector along Cartesian direction j.
4

Neglecting anharmonic, higher-order terms in the expansion (u?,u?, ...
the nuclear Hamiltonian becomes

N,
. 1
Hy(R) =T + 5 Eﬁ u ®,5u;, (1.57)
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where

uI: [uaz Uq, uaz]

denotes the transpose of the displacement column vector of nucleus «.
This Hamiltonian represents the harmonic approximation of the general
nuclear Hamiltonian introduced in Eq. (1.19); it is obtained by expanding
the APES about the equilibrium geometry R and truncating at the
second order.

In this formulation, the system is composed of a set of coupled
harmonic oscillators. A direct solution is difficult because the nuclear
coordinates are coupled through the off-diagonal Hessian elements. How-
ever, a transformation to the normal-mode basis diagonalizes both the
kinetic and potential energy operators, yielding a set of independent
oscillators—the phonon modes of the crystal.

1.4.3. Vibrations in the classical description

In the harmonic approximation, the potential energy of the lattice is
expressed in terms of the force-constant matrix ®, which couples the
displacements of different nuclei. For a crystal containing Nges unit
cells, each labeled by a tuple m = (mq,m2,m3) and associated with
a Bravais lattice vector 1,, = mia; + moas + msas (where a; are the
primitive lattice vectors), and hosting ¢ nuclei per unit cell (so that
Ny = 0Neepis), the displacement of nucleus a € {1,2,...,0} in unit cell
m € {1,2,..., Nees} is denoted as u,,, (t). The classical equations of

motion are
Ncells g

Mo, (8) = = D) Byt (1), (1.58)
no B

which represents a system of 30 N¢es = 3Ny coupled second-order differ-
ential equations.

Because of the translational symmetry of the lattice, the displacements
can be expressed as collective plane-wave oscillations, analogous to Bloch’s
theorem [61]. The solutions of Eq. (1.58) can thus be written as

1

U, (t,q) = Wea(q)Aq(t) exp(iqly), (1.59)

Aq(t) = Aq exp(—iwgt),

where q is the vibrational wave vector in the first Brillouin zone, wq is the
angular frequency, e, (q) is the polarization vector of nucleus o, Aq4(t) is
the (mass-weighted) normal coordinate with dimension [A4(t)] = MY/2L,
and exp(igl,,) is the Bloch factor.
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Substituting Eq. (1.59) into Eq. (1.58) gives
wq eq(q ZDaﬁ (1.60)

where the dynamical matriz D(q) is constructed from the force constants:

cclls

Z \/M expliq(l

The matrix D(q) is Hermitian and of size 30 x 30, much smaller than
the full Hessian ®. Consequently, Eq. (1.60) reduces the problem to
finding 30 real eigenvalues wqyy and generally complex!? eigenvectors
eax(q) for each q, instead of solving 30 Neepis equations as in Eq. (1.58).11
Here A € {1,2,...,30} labels the vibrational branches. To obtain the
full vibrational spectrum, Eq. (1.60) is solved for all g-points in the first
Brillouin zone, whose number equals the number of unit cells Ngqs in
the crystal [68].

~1,)]. (1.61)

1.4.4. Normal modes and phonons

The solution in Eq. (1.59) describes the vibration of nucleus « in unit
cell m for branch A at wave vector q. Any vibrational motion of nucleus
« can be expressed as a superposition of such harmonic vibrations:

Neens

o Z Z %eax
cells

Ag(t) = Aq)\ exp(flqut).

Um

(@) Aga(t) exp(igln), (1.62)

Each pair (q, \) defines a normal mode of lattice vibration. A normal
mode is not the motion of a single nucleus but a collective pattern of
displacements'? across the entire lattice:

1

(q’>‘) _ 1
uy,’ (t) NcellsMa €al (q)Aq)\ (t) exp(lqlm)' (163)

0 Complex polarization vectors describe elliptically polarized nuclear motions. At the
I'-point (g = 0), however, the dynamical matrix D(q) becomes real, and consequently
the polarization vectors eq,x(q) are real as well.

HThis “reduction” is possible because the elements of the force-constant matrix
® depend only on the relative unit cell index (n — m), ensured by the translational
symmetry of the crystal lattice.

128trictly speaking, the physically observable displacements correspond to the real
component of Eq. (1.63).
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o The polarization vector e, (q) is generally complex and dimension-
less, defining the relative motion of nucleus o within the unit cell.
It satisfies the following conditions [69]:

E ear(q)el v (a) = drv,

Z €aya( 66 (@) = 00y,
ear(q) = e, (—a),
ean(a+4d) =emr(a), q€G.

o The normal coordinate Agy(t) is a mass-weighted amplitude of
mode (q, A), oscillating harmonically with frequency wq.

o The Bloch factor exp(iql,,) ensures that the displacement pattern
is periodically reproduced across the lattice with the correct phase
relation between unit cells.

Thus, a normal mode (q,\) corresponds to the complete set of dis-

placements {um ( )}, with mq € {1,...,Ny}. The ensemble of all
such modes constitutes a complete ba81s for representing any possible
harmonic lattice vibration.

Using these definitions,'® the harmonic nuclear Hamiltonian (1.57)
can be expressed in terms of the normal coordinates Agy(t):

Neelns

Z Z [Aqr (D) Agp (1) + w2 Agr (1435 (1)]. (1.64)
Introducing real generalized coordinates

Qur(t) = ji(Aqw) +ALD), (1.65)

the Hamiltonian becomes

1= L3S [+ i) (1.66)
q A

3The derivation employs the symmetry and normalization properties of the dynam-
ical matrix D(q) and the polarization vectors eqx(q).
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This transformation diagonalizes both the kinetic and potential energy
terms, revealing that the set Q = {Qq\} constitutes a basis of mass-
wetghted normal coordinates, each describing an independent harmonic
oscillator.

The vibrational eigenfunctions of the Schrédinger equation corre-
sponding to the Hamiltonian (1.66) can be written as products of one-
dimensional harmonic oscillator eigenfunctions:

3N,
X(Q) = HXk(Qk)? mg € {Oa1a27"'}7 (167)
k

where k = (q, \) labels a normal mode, xx(Q%) is the eigenfunction of a
one-dimensional harmonic oscillator with frequency wy, and my is the vi-
brational quantum number specifying the excitation level of mode k. The
complete vibrational state of the lattice is thus characterized by the set
{my} and can be represented by a Fock state vector |mq, ma,...,msn,).

In the quantum-mechanical description (and in Hartree atomic units,
where h = 1), each harmonic oscillator has energy eigenvalues

e = wip(mr+3), my €{0,1,2,...}. (1.68)

The quantum of energy wy associated with mode k defines a phonon.
When the oscillator is in its mg-th state, the mode k contains mj phonons,
i.e., mg quanta of lattice vibration k.

1.4.5. Defect vibrational modes

The quantization of lattice vibrations into phonons, introduced in the
previous section, assumes perfect translational symmetry of the crystal.
The presence of a point defect breaks this symmetry and modifies the
phonon spectrum. Although spatially confined, a defect can alter the
vibrational properties of nearby nuclei and lead to distinct types of
vibrational modes, generally classified into three categories [70, 71]:

1. Bulk-like modes—spatially extended, closely resemble vibrations
in the pristine lattice.

2. Localized modes—confined to the vicinity of the defect, typically
appearing outside the bulk phonon energy spectrum.

3. Quasi-localized (resonant) modes—hybrid modes lying within the

bulk phonon energy spectrum, resulting from coupling between
extended phonons and defect-induced distortions.

47



To quantify localization, mass-weighted polarization vectors v/ Myeq (k)
are used. The total contribution of nucleus o € {1,..., Ny} to phonon
mode k € {1,...,3N,} is given by [70]

wa(k) = Ma|ea(k)|2v (169)

which is proportional to the kinetic energy of nucleus «.
Using these contribution quantities, the inverse participation ratio
(IPR) is defined as [70, 71]

PRy, = £&—— (1.70)

> [wa (k)]

«

2 un)] 2

The TPRy represents the effective number of nuclei participating in
vibrational mode k. If only one nucleus contributes, IPR; = 1. If all Ny
nuclei contribute equally, IPR; = N,. For partial localization involving
P < Ny nuclei, IPRy &~ P. A truly localized mode is characterized by
an IPR that remains constant as the supercell size increases [71].

In defect calculations employing periodic supercells (Sec. 1.3.4), the
IPR is evaluated over the nuclei contained in the supercell. A comple-
mentary dimensionless quantity, the localization ratio, is defined as [71]

Ny

m:mm'

(1.71)

A larger f; indicates stronger localization and, consequently, a smaller
spatial extent of the defect-induced vibrational mode.

1.5. Electronic degeneracy and vibronic interactions

Electronic degeneracy is a characteristic feature of point defects in solids,
especially those with high-symmetry atomic arrangements. The most
common case is an orbital doublet, conventionally denoted as E, which
appears, for example, in trigonal or tetrahedral environments. Such
degeneracies give rise to non-adiabatic interactions between electronic
states and symmetry-lowering vibrational modes, a phenomenon known
as the Jahn-Teller (JT) effect [72-75].

In the adiabatic picture discussed in Sec. 1.2, the nuclear dynamics are
described as motion on a single potential energy surface (PES). When an
electronic state is orbitally degenerate, however, coupling to vibrational
modes of appropriate symmetry invalidates this adiabatic separation:
nuclear motion can “mix” different components of the electronic multiplet,
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and the PES develops a multidimensional structure with several minima.
The JT effect is therefore inherently vibronic, involving the simultaneous
treatment of electronic and vibrational degrees of freedom.

If the electron—phonon coupling is strong, the electronic degeneracy
is lifted statically and the system distorts to a symmetry-broken geomet-
rical configuration. If the coupling is weak or moderate, the electronic
degeneracy is preserved on average, but the vibronic states differ funda-
mentally from those of the simple adiabatic framework. This regime is
referred to as the dynamical Jahn-Teller (DJT) effect [74, 76]. The DJT
effect modifies effective low-energy Hamiltonians, such as spin—orbit and
Zeeman interactions [76, 77], and has important consequences for the
spectroscopic signatures of point defects.

The canonical model is the E ® e problem, in which a doubly de-
generate orbital couples to a doubly degenerate vibrational mode of
e-symmetry. Longuet-Higgins et al. [74] showed that optical transitions
involving such states exhibit characteristic double-peaked vibronic side-
bands. Later, O’Brien [78, 79] extended the theory by demonstrating
that for strong vibronic couplings the problem can often be mapped
onto effective single-mode Hamiltonians, whereas weak and intermedi-
ate couplings require multimode treatments [80, 81]. More recently,
Razinkovas et al. [39] developed a methodology to construct the full
E®(e®ed®---) Hamiltonian from DFT calculations, enabling realistic
modeling of defect centers where many vibrational modes contribute to
the JT effect. Their work highlighted the limitations of the single-mode
approximation and the adiabatic Huang—Rhys (HR) model in describ-
ing optical lineshapes when the final state is a degenerate JT-active
state. They applied this methodology to the absorption spectrum of the
negatively charged nitrogen-vacancy (NV™) center in diamond. In this
case, however, the JT coupling was relatively minor compared with the
contribution from symmetry-preserving, JT-inactive modes. While the
theory successfully reproduced the weight distribution in the absorption
lineshape, the DJT effect did not produce prominent features associ-
ated with the JT-active modes. In Chapter 5 of this thesis, a system
is addressed where JT coupling plays a more significant role than the
contributions from JT-inactive modes.

1.5.1. Vibronic states and the Jahn—Teller Hamiltonian

For a non-degenerate electronic state, the vibronic wave function factor-
izes into independent electronic and vibrational components [Egs. (1.18)

and (1.67)]:
Wpr(r, R) = X5 (Qa) X7 (Qe) ¥4 (r; R(O)), (1.72)
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where 4 (r; R(?) is the static electronic wave function [the solution
of Eq. (1.14)], while x5(Q,) and x;(Q,) are vibrational eigenfunctions
associated with symmetry-preserving (a) and symmetry-breaking (e)
mass-weighted normal coordinates, Q, and Q,, respectively. The indices
p and r enumerate the excitation levels of the corresponding harmonic
oscillators. In this representation, the electronic wave function v 4 (r; R(O))
depends only on the electronic degrees of freedom and remains decoupled
from the vibrational dynamics.

Inan F® (e ®ed® ---) system, the Hamiltonian describing the JT
interaction commutes with the Hamiltonian associated with symmetry-
preserving a-type modes. This allows the harmonic phonon states |x3)
to be treated separately, while the JT-active subsystem involves the

e-symmetry vibrational coordinates coupled to the degenerate electronic
doublet {|E,), |Ey)}.

For this JT-active subsystem, the degeneracy of the electronic doublet
necessitates the inclusion of electron—phonon coupling terms that mix
the two components through nuclear displacements, that are absent in
Eq. (1.19). The general vibronic wave function can therefore be expressed
as [75]

\IISt(rv R) = X?(Qa)@t@‘, R), (1.73)
Py (I‘, R) = sz (Qe)wEw (I‘; R(O)) + Xfy (Qe)wa (r; R(O)) ,

where x;7(Q,) (v € {z,y}) are vibrational coefficients obtained by solving
the JT problem, and the quantum number ¢ enumerates the vibronic
excitations of the coupled system.

The vibronic Hamiltonian describing the linear JT interaction be-
tween the orbital doublet and the e-symmetry vibrational modes can be
written in operator form!'* as [75]

H= FI() + I:IJT. (1.74)

In the basis of electronic states {|E,), |Ey) }, which transform as Cartesian
x and y vectors under point group operations, the zero-order term

MFrom this point onward, Dirac notation is adopted. Hamiltonians are expressed as
operators acting on abstract basis kets, such as |E,) for the orbital doublet and phonon
Fock states for vibrational excitations, rather than directly on coordinate-space wave
functions.
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corresponds to harmonic vibrational motion [Eq. (1.66)]:

N,
1 < .
SIS (B el

k ~ve{zy}
Ne
A A I\ -
=3 ¥ an(alaun +5)1 (1.7
kE ~ve{zy}
where P, = —i 0/0Q}~ is the conjugate momentum of coordinate Q.,

wg is the angular frequency of mode k, with k running over all NV,
pairs of degenerate e-symmetry vibrations, and I is the two-dimensional
identity operator acting in the orbital subspace. The phonon creation
and annihilation operators are defined as

4wk Py A () Py
Ay = 2<ka 1w’:>a Ay = 2(ka+1w;>v (1.76)

where v € {z,y} distinguishes the two orthogonal components of each
e-symmetry doublet. The basis is chosen such that both the electronic
and vibrational states transform as Cartesian z and y vectors under
point group operations.

The linear JT coupling term is expressed as [39, 75, 77, 79]

Ne
Hir=> Y ViQuCo,

k ~ye{zy}

3>

k ye{zy}

\/7( —|—a;w>CE7, (1.77)

where Vj, are the wvibronic coupling coefficients and CA'E7 are Clebsch—
Gordan coefficient matrices. In the chosen Cartesian representation,

these are
N 1 /0 1 A 1 /1 0

1.5.2. Solving the Jahn—Teller problem

The solution of the DJT problem outlined above consists of three essential
steps. First, the harmonic vibrational states are computed within the
framework of the zero-order Hamiltonian in Eq. (1.75). Second, the
matrix elements corresponding to the linear JT coupling [Eq. (1.77)]
are evaluated within the basis of these vibrational states, employing a
basis cutoff of Ney total phonon excitations to maintain computational
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tractability while retaining accuracy. Finally, the complete Hamiltonian
in Eq. (1.74) is diagonalized to obtain the fully coupled vibronic states.

Even with a modest excitation cutoff Ngy, the numerical problem
quickly becomes intractable when the number of vibrational modes
exceeds a few. However, the linear JT Hamiltonian Hjp possesses an
additional continuous SU(2) symmetry, which can be exploited to reduce
the computational cost [39, 74, 79].

The zero-order Hamiltonian Hy commutes with both the generator
of SU(2) rotations in the orbital subspace,

. 1. o -1
Jel—QUy—2<1 0)7 (179)

and the generator that induces rotations in the subspace of degenerate
normal coordinates,

Ne
= ZLMI, (1.80)
k

where
L.k = QraPry — QiyPra = _i(&};x&ky - &]t;y&kx) (1.81)

represents the angular momentum operator associated with the degener—
ate vibrational doublet {Qyz, Qiy}. Therefore, the elgenstates of Hy can
be chosen to be simultaneous eigenstates of both Jel and Jph

The linear JT coupling Hamiltonian in Eq. (1.77) does not commute
individually with Jg or jph, but it does commute with their sum [74]:

A

J = Ja + Jon- (1.82)

This symmetry allows the zero-order basis to be labeled by the eigenvalues
of J. States with different total angular quantum numbers j are not
coupled by H JT, as J is a constant of motion.

We now seek states that are simultaneous eigenstates of H’o, jel, and
jph. The orbital eigenstates of jel are

1 .
|Ey) = %(|Ea:> +i|Ey)), (1.83)
with eigenvalues Jo = i%. These states transform as the spherical

harmonics Y7 +1. Knowing that Jg = je, the corresponding quantum
number jg = :t% is referred to as the electronic pseudospin. Since Hy
does not mix different electronic components, |E1) are also eigenstates
of Ho.
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The phonon eigenstates of jph correspond to circular phonons, de-
scribed in the second-quantization formalism by [39]

. . =
apt = E(akm T ilky), (1.84)

with right- and left-handed phonon number operators given by

fhe = @), Qg (1.85)

The total phonon angular momentum operator then becomes

Ne
Jon =D (g — )1, (1.86)
k

and the zero-order Hamiltonian can be rewritten as

Ne
Hy =Y wplfigs + fp— + 1)1, (1.87)
k

Comparing Eqgs. (1.86) and (1.87) shows that the common eigenfunc-
tions of Hy and Jpp, can be labeled by two quantum numbers for each
pair k of degenerate e-symmetry phonons:

e N = ngs+ + ng—: the total number of phonons of pair k,

e lp = ngpy — ni_: the angular momentum quantum number of
phonons of pair k.

Since niy and ng_ are integers, for a fixed ng, the allowed [, values are
lk:nk,nk—Q,nk—él,...,—nk.A . )

The common eigenstates of Hy, Jq1, and Jpy, can therefore be written
as [nily...nnIn,; E4) and |nily...nn,IN,; E—). Because these are also
eigenstates of J= jel + jph, each state can be labeled by the conserved
quantum number

Ne
J=dat+ > I (1.88)
k

The key advantage of this representation is that the Hjr matrix can be
constructed and diagonalized independently for each value of j, reducing
the original large matrix problem into several smaller, tractable subspaces.

In this new basis of electronic orbitals and circular phonons, the
linear JT coupling Hamiltonian becomes [39]

Ne ~ AT

~ 0 A+ +a
Hyr=Y K k= 1.89
JT - EWE <€Lk_ + &L+ 0 > ( )
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where

Vi

K = (1.90)

3
2wk

are the dimensionless vibronic coupling constants for each pair k of
degenerate e-phonons. Using these expressions and performing some
algebra, the matrix elements of Hyr in the new basis are [39]

1 g/ g ] 1 g/ g
(nily, ... sy U, B | Hyr | nily, . .. 771NJNE;E+>
Ne
= \/5 E Kk‘wk? 6l;€,lk+1 H 6n;,n]’51;,lj
k J#k

[ng —1 [y + 1 + 2
X [ k2 k(sn;f,nk—l—k kaén;,nk-i-l]' (191)

The zero-order Hamiltonian Hy is diagonal in both the orbital and
vibrational degrees of freedom, with matrix elements

(nily,...,nn.In,; B | fIO |nily,...,nN N, Ev)
Ne
= wi(ng +1). (1.92)
k

Egs. (1.91) and (1.92) constitute the final working expressions used in
the numerical solution of the vibronic Hamiltonian [Eq. (1.74)].

1.5.3. Extraction of Jahn—Teller parameters from DFT

Thus far, we have examined the formal structure of the E® (e®e® ---)
JT problem. However, we have not yet discussed how the vibrational
frequencies and normal modes entering the zero-order Hamiltonian H,
[Eq. (1.75)] are obtained from practical DFT calculations, nor how the
vibronic coupling constants K}, in Eq. (1.90) are determined.

The zero-order adiabatic Hamiltonian Hy is obtained by suppressing
all non-adiabatic effects associated with the degeneracy of the electronic
states. In practice, this can be achieved by modeling an ensemble that
equally occupies both components of the degenerate electronic doublet.
This ensemble is represented by the density matrix

p =SB B +|B)E). (199

The expectation value of any symmetrized operator OAM, where I' denotes
the irreducible representation and  labels its row, is given by

(Ors) = Tr (501, ). (1.94)
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This expectation value vanishes unless I' corresponds to the totally sym-
metric representation, which is invariant under all point group operations
of the electronic states. Since the orbital operators of the JT interaction
(e.g., C, and C’y) transform according to nontrivial irreducible repre-
sentations, the linear JT term Hyp and all higher-order coupling terms
vanish for the ensemble described by Eq. (1.93) [82].

In practical DFT calculations, this suppression is implemented by
constraining the Kohn—Sham single-particle orbital occupations to frac-
tional values. Here, an electronic configuration refers to the specific
assignment of electrons to the available set of single-particle orbitals. For
an orbital doublet state, such as the |3E> state of the negatively charged
nitrogen-vacancy (NV™) center in diamond shown in Fig. 2.1¢, multiple
single-determinant configurations can be constructed, such as alegey and
alezez. Individually, each of these configurations represents a single com-
ponent of the doublet that would typically lead to a symmetry-breaking
structural distortion.

Fractional occupancies involve a computational scheme where elec-
trons are distributed non-integrously and equally across the degenerate
orbitals—for example, by assigning 1.5 electrons to both e, and e, or-
bitals. This technique effectively models the system according to the
ensemble density matrix of Eq. (1.93), representing an average over the
degenerate electronic components. By occupying these orbitals fraction-
ally, the system is prevented from undergoing a Jahn—Teller distortion
and instead retains its highest geometric symmetry. Under these con-
ditions, the PES becomes harmonic, allowing for the application of the
methodology in Sec. 1.4.4 to compute the harmonic vibrational states
that define the zero-order Hamiltonian ﬁo.

To determine the linear JT coupling constants K}, for each e-symmetry
vibrational doublet k, the procedure described in Ref. [39] was followed. In
standard DFT calculations, ions are treated as classical, stationary point
charges, implying the absence of nuclear kinetic energy. Consequently,
the effective total Hamiltonian of the JT-active system corresponds
entirely to the potential energy, which, using Eqgs. (1.75) and (1.77), can
be expressed as

U:i[%k(@’ + Q) + 2w3Kk<Q’fy Q’“)]. (1.95)
. 2 ki ky k Qkaz _Qky
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Diagonalization of the electronic subspace yields two PESs,

Ne

1
Us = gon(Qh + @)
k
N. 1/2
+2 Z wiw i K Ky (Qra Qi + QiyQiry) : (1.96)
kK

In practice, ionic relaxation in DFT follows the lower branch, U_. The
minimum of this surface occurs at AQjr, which quantifies the relaxation
amplitude between the high-symmetry, fractional-occupation configu-
ration and the relaxed, symmetry-broken configuration, obtained from
calculations where the orbital occupation is constrained to represent a
single component of the degenerate electronic subspace. This displace-
ment is projected onto each degenerate pair k of vibrational modes, with
the projection defined as [75]

2
8GE = (AQu)? + (8Qw ) = 22E. (1.97)

Here, AQy~ represents the mass-weighted displacement along the v €
{z,y} component of the k-th vibrational doublet. Equation (1.97) thus
enables estimation of the vibronic coupling constants Kj, through the

relation )
wi (A

K2 = ’“(QQ’f) (1.98)
This expression is analogous to the definition of the Huang—Rhys (HR)
factor introduced later in Eq. (1.108), except that here AQy does not
connect the minima of APESs corresponding to different electronic states.
Instead, it quantifies the symmetry-breaking distortion between the high-
symmetry ensemble configuration and the JT-distorted minimum within
the same electronic manifold.

1.5.4. Few-mode approximation

Even with the simplifications introduced in Sec. 1.5.2; diagonalizing the
vibronic Hamiltonian in Eq. (1.74) remains computationally demanding
because a realistic supercell contains hundreds or even thousands of
pairs of e-symmetry vibrational modes. To make the numerical problem
computationally tractable, additional approximations are required. In
this work, we employ the few-mode approach proposed in Ref. [39], which
replaces the full set of symmetry-breaking modes with a smaller number
of effective modes that reproduce the essential vibronic coupling features.
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Analogous to the treatment of HR coupling in Sec. 1.6.1, we first
define the spectral density of JT coupling as

Ne
K (w) =Y K7d(w — wg), (1.99)
k

where K, is the dimensionless vibronic coupling strength [Eq. (1.90)]
for each symmetry-breaking vibrational mode pair k € {1,..., N.}, and
wg, is its frequency. Due to the discrete nature of this spectral function,
the Dirac §-functions are replaced with Gaussians of finite width, as
detailed at the end of Sec. 1.6.1. The resulting broadened function is
primarily used to visualize how the JT coupling is distributed across the
vibrational spectrum, identifying which phonon energy ranges are most
influential in the symmetry-breaking process.

This continuous distribution, constructed from the discrete function
in Eq. (1.99), is then approximated by an effective counterpart composed
of a sum of a limited number, N, of Gaussian-broadened modes:

Nett
Kg(w) = > K} go(w — @), (1.100)
k

where g, (w—@y) is a normalized Gaussian of width (standard deviation) o,
centered at the effective frequency wy. Each term represents an effective
symmetry-breaking vibrational mode pair characterized by an average
frequency @, and an effective coupling strength K. The parameters
K}, @i, and o are optimized so that Kgff(w) accurately reproduces the
original broadened coupling density K2(w). Within this framework,
Eq. (1.100) serves as a diagnostic tool to evaluate how well the reduced
set of effective modes approximates the original spectral density.

The ultimate goal of this procedure is to obtain the discrete set of
dimensionless vibronic coupling constants defined in Eq. (1.90), which
are essential for constructing the matrix elements of the linear JT Hamil-
tonian as given in Eq. (1.91). By reducing the number of active pairs
of e-symmetry vibrational modes to a small, manageable set Neg < N,
this few-mode approximation makes the numerical diagonalization of the
vibronic Hamiltonian [Eq. (1.74)] feasible while retaining the essential
physics of the JT interaction. To ensure the reliability of the resulting
vibronic spectral functions, convergence is verified with respect to the
number of effective mode pairs Nggt.

1.6. Optical spectra

Optical transitions in semiconductor defects correspond to electronic
excitations or relaxations induced by the absorption or emission of a
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photon, accompanied by changes in the nuclear configuration of the
lattice. Such transitions occur between the PESs of different electronic
states and are therefore inherently coupled to lattice vibrations. The
resulting optical lineshape reflects the overlap between vibrational states
of the initial and final electronic manifolds, incorporating both the
zero-phonon line (ZPL), corresponding to a purely electronic transition
without phonon involvement, and the accompanying phonon sideband
(PSB) arising from phonon-assisted processes. This optical signal provides
direct insight into the strength and character of electron—phonon coupling
in the defect system.

In the adiabatic approximation, and at 7' = 0K, the normalized
lineshape L(w) of a luminescence or absorption spectrum is given by [39,
71]

L(w) = Cw"A(w), (1.101)

where C' is a normalization constant, A(w) is the optical spectral function,
and x depends on the optical process: k¥ = 3 for luminescence and x = 1
for absorption. The function A(w) contains all information about the
transition amplitudes between vibrational states of different electronic
manifolds.

1.6.1. Transitions between non-degenerate states

When no electronic degeneracy is present, the optical spectral function
A(w) is expressed as [71]

Aw) = ZKXO,i } Xm,f>‘2 5 (EzpL T [ems — €0,1] —w), (1.102)

where Ezpy, is the ZPL energy of the optical transition, |xoi) and |Xm.f)
are vibrational eigenstates of the initial and final electronic states, re-
spectively, and €, ¢ is the energy of the m-th vibrational level in the final
state relative to its APES minimum [Eq. (1.68)]. The minus and plus
signs correspond to luminescence and absorption, respectively.
Evaluating the overlap integrals (xo;i|Xm.) in Eq. (1.102) is com-
putationally demanding due to the large number of vibrational modes
in realistic defect systems. Moreover, an electronic transition alters
the shape of the APES, leading to differences in both the vibrational
frequencies and polarization vectors of the two electronic states. To make
the calculation tractable, the equal-mode approximation is commonly
adopted [39, 83]. This approximation assumes that the vibrational modes
are identical for the initial and final electronic states. Typically, the
phonon modes of the final electronic state are employed—ground-state
modes for luminescence and excited-state modes for absorption [39, 71].
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Under this approximation, the generating function method introduced
by Lax [84], and by Kubo and Toyozawa [85] provides an efficient way
to compute A(w). The optical spectral function is obtained from the
generating function G(t) via a Fourier transform:

Alw) = % /_OO G(t) exp[—i(EzpL — w)t] exp(—~|t|) dt, (1.103)

where the phenomenological broadening factor exp(—~y|t|) accounts for
both homogeneous (lifetime-related) and inhomogeneous (environment-
related) broadening of the ZPL that are not captured within the zero-
temperature regime. In practice, the broadening parameter v is adjusted
to reproduce the experimental linewidth.

Within the equal-mode approximation, the generating function takes
the form [82]

3Nn

G(t) =exp|— Z Sk(1 — exp(Fiwgt)) |, (1.104)
k

where the plus sign applies to luminescence and the minus sign to
absorption. Here, Sy is the partial Huang—Rhys (HR) factor associated
with phonon mode k, and wy, is its frequency. The total HR factor is

3Nn
Stot = Y, Sk, (1.105)
k

which characterizes the overall strength of electron—phonon coupling and
thus the vibrational structure of the optical transition.

Neglecting the prefactor w? in Eq. (1.101) and assuming identical
vibrational modes for the two electronic states, the relative weight of the
ZPL is given by [71, 83, 84]

wzpr, = e, (1.106)

known as the Debye-Waller factor (DWF). It represents the ratio of the
integrated ZPL intensity to the total intensity of the spectrum. Since
wyzpr, can be measured experimentally, it provides an estimate of the
effective HR factor through

St = — In(wzpr,), (1.107)

where the tilde distinguishes this quantity from the theoretical Siot
defined in Eq. (1.105). The two differ slightly due to the assumptions
above, but both quantify the coupling strength between electronic and
vibrational degrees of freedom.
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Fach partial HR factor quantifies the average number of phonons of
mode k involved in the optical transition'® and is defined as [86]

2
Sp = W’C(A?Q’“), (1.108)
where AQ)j is the mass-weighted nuclear displacement along phonon
mode k between the equilibrium geometries of the two electronic states,
induced by the optical transition. It is obtained as the projection of
the total mass-weighted nuclear displacement vector £ onto the total
normalized phonon eigenvector e(k):

Nn
AQy = Zea(k)gaa (1'109)
&a = VMaARa, (1.110)

where e, (k) is the polarization vector of nucleus « for vibrational mode
k, €, is the mass-weighted displacement of nucleus a with atomic mass
M., and AR, is the Cartesian displacement of nucleus « between the
two electronic states.

To account for the continuum of vibrational modes contributing to
the electron—phonon interaction, the spectral density of electron—phonon
coupling (also known as the spectral function) is defined as [71]

3Nn
S(w) = Spb(wi — w), (1.111)
k

allowing the generating function in Eq. (1.104) to be rewritten in integral
form:

G(t) = exp |:_Stot + / S(w) exp(£iwt) dw|. (1.112)

To achieve realistic spectral resolution, the Dirac J-functions in
Eq. (1.111) are replaced with finite-width smoothing kernels selected
according to the localization properties of the vibrational modes. For
bulk-like and quasi-localized modes, Gaussian broadening is typically
applied to produce a smooth PSB, whereas for strongly localized modes,
a Lorentzian profile is often preferred, with the half-width at half max-
imum (HWHM) chosen to capture narrow vibrational features in the
optical spectrum.

5For non-degenerate case, vibronic coupling is negligible, and only symmetry-
preserving vibrational modes contribute to the electron—phonon interaction.
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1.6.2. Lineshapes for A to E transitions

For an optical transition in which the final electronic state is degenerate,
such as A — FE, the situation differs from the non-degenerate case.
Here, symmetry-breaking (e-symmetry) vibrational modes participate in
the electron—phonon interaction in addition to the symmetry-preserving
(a-symmetry) modes. Accordingly, the optical spectral function A(w)
in Eq. (1.101) is expressed as a convolution of the spectral function
contributions from the two symmetry classes [39]:

Alw) = /Aa (w—w')Ac(w') du', (1.113)

where A,(w) denotes the contribution from symmetry-preserving phonons,
as defined in Eq. (1.102), and A.(w) accounts for the contribution from
symmetry-breaking phonons, given by [82]
2
ol

Acw) =) U<x8,i xf,f;f>‘2 + |{xés
x O (F e — €he] —w), (1.114)

where X7 ;) and | ng7f> are the vibrational eigenstates associated with
the two components of the degenerate electronic doublet {|E,),|Ey)}.
The minus and plus signs correspond to luminescence and absorption,
respectively.

1.7. Embedding methodology

Accurate modeling of vibrational properties in point-defect systems is
often hindered by finite-size effects in periodic supercell calculations,
particularly when the supercell contains fewer than about 1000 atoms.
Under such conditions, the use of periodic boundary conditions artifi-
cially increases the defect concentration and suppresses long-wavelength
acoustic phonons. Furthermore, the limited number of atoms in the
supercell leads to a discrete and sparse sampling of the vibrational spec-
trum, reducing the resolution of the calculated electron—phonon coupling
data. To overcome these limitations, an embedding methodology is
employed [39, 71]. This approach constructs large Hessian matrices
[Eq. (1.56)] by combining force-constant data obtained from smaller,
computationally feasible supercells. It exploits the short-range nature of
interatomic force constants, enabling the vibrational properties of a much
larger effective supercell to be approximated by embedding information
from both defect-containing and pristine bulk environments.

The force-constant embedding procedure, illustrated schematically in
Fig. 1.2, follows the criteria below:
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Figure 1.2. Schematic illustration of the force-constant matrix embedding
methodology for a point defect in solid

o For atoms pairs separated by a distance smaller than the bulk
cutoff radius r},, the corresponding elements from the bulk Hessian
matrix are used; otherwise, they are set to zero.

e For atom pairs located within a defect cutoff radius r4 from each
defect center, the corresponding elements from the defect-containing
Hessian matrix are used.

This hybrid force-constant matrix preserves the local defect-induced
modifications near the defect site while maintaining accurate long-range
acoustic behavior characteristic of the bulk crystal.

A related complication arises when evaluating the structural relax-
ation profile associated with an optical transition. In small supercells,
long-wavelength components of the nuclear displacement vector AR,
[Egs. (1.109) and (1.110)] are artificially suppressed, which leads to
an underestimation of the total lattice relaxation. To recover the cor-
rect displacement in the dilute-defect limit, the mass-weighted normal-
mode displacements AQ)} are computed for each vibrational mode k of
the embedded supercell using the harmonic approximation and force-
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displacement relationship:

N,
1 < F,
AQ,CZW%%:\/E%(@, (1.115)

were F, is the force acting on nucleus « in the final electronic state,
while the nuclear geometry is fixed at the equilibrium configuration of
the initial state. The eigenvectors e, (k) are the polarization vectors
obtained from the embedded supercell calculation.

Because the atomic forces converge rapidly with increasing supercell
size, the combination of the embedding approach and the force-projection
method allows an accurate reconstruction of the relaxation profile and
the associated electron—phonon coupling parameters, particularly for low-
frequency, long-wavelength modes. As a result, this methodology provides
a robust framework for computing high-resolution optical lineshapes of
point defects entirely from first principles.

1.8. Computational details

All DFT calculations presented in this thesis were performed using
VASP [55, 56]. Spin polarization was included in all defect calculations.
The interaction between valence electrons and atomic cores was described
using the PAW method [65].

Defect modeling was performed using periodic supercells constructed
from conventional cubic unit cells of the host material. Phonon cal-
culations were carried out using the finite-displacement method, as
implemented in the phonopy software package [87, 88].

Several XC functionals were employed throughout the thesis, includ-
ing PBE [31], SCAN [28], rSCAN [29], r2SCAN [30], and HSE06 [32]
functionals. The specific choice of functionals and any additional compu-
tational parameters are detailed in the respective chapters.

Unless otherwise noted, excited electronic states were modeled using
the A self-consistent field (ASCF) method [46, 89, 90|, in which an
electron was promoted from an occupied localized orbital to a different
unoccupied orbital. The detailed orbital configurations and symmetry
considerations for the ground and excited states are provided in 