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Abstract
Tunable mid-infrared radiation in the range of 2.06–12 µm was generated in air via loose-
ly focused two-color femtosecond laser pulses. The emission spectra and beam profiles 
confirm its origin as four-wave difference-frequency mixing in a low-density air plasma 
filament. Near phase-matching due to low air dispersion opens possibilities for efficient 
energy conversion at high powers.

Keywords  Four-wave mixing · Mid-infrared radiation · Nonlinear optics · Femtosecond 
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1  Introduction

Sources of coherent mid-infrared (mid-IR) radiation, which, according to the international 
standard ISO 20473:2007 covers the wavelengths from 3 µm to 50 µm are of great inter-
est for a wide range of scientific and technological applications, such as ultrafast IR spec-
troscopy (Calabrese et  al. 2012), biomedicine (Jean and Bende 2003), infrared imaging 
(Israelsen et al. 2019), laser material processing (Werner et al. 2019), etc. In addition, due to 
the fact that the ponderomotive potential scales with the square of the laser wavelength, the 
long wavelength pump pulses are preferable for various strong-field physics and attoscience 
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applications, including the high-order harmonic and broadband terahertz (THz) radiation 
generation from laser-created plasmas (Brabec and Krausz 2000; Jang et al. 2019; Clerici 
et al. 2013).

Though there are many methods of coherent mid-IR radiation generation, each of them 
suffers from some inherent drawbacks. Thus, the lasers based on rare-earth doped fluoride 
fibers (Ma et al. 2019) and transition-metal doped chalcogenides (Mirov et al. 2018) as well 
as mid-IR supercontinuum generators in fibers and waveguides (Yu et al. 2013; Liu et al. 
2014) can not provide high output powers, while the quantum cascaded lasers (Yao et al. 
2012), in addition, have very limited wavelength tunability. Therefore, to obtain powerful, 
ultrashort mid-infrared radiation pulses, an optical parametric amplifier (OPA) combined 
with difference-frequency generation in nonlinear crystals can be used. These systems can 
provide moderately high output powers and peak intensities (Wilson et al. 2019) in very 
broad wavelength tuning ranges (Steinle et  al. 2016). When extremely high powers and 
intensities are required, optical parametric chirped pulse amplification (OPCPA) systems 
must be used (Dubietis and Matijošius 2023). However, powerful OPCPA systems have low 
wavelength tunability. Additionally, almost all of the aforementioned methods require mate-
rials (e.g., nonlinear crystals or active laser media) that are transparent in the spectral ranges 
of both the pump and the emitted mid-IR radiation. The choice of materials is very limited, 
since the wavelength difference between the pump and mid-IR pulses is usually quite large. 
Therefore, these materials are often expensive or lack the necessary properties such as high 
optical nonlinearity and good thermal conductivity. Conversely, common, readily available 
gases, including ambient air, have broad transparency regions in the ultraviolet (UV), vis-
ible, and infrared (IR) spectral ranges, which can be used for nonlinear optical frequency 
conversion. Note, however, that in gaseous media the lowest order optical nonlinearity is the 
third-order one, which is by a few orders of magnitude lower than the second-order nonlin-
earity present in non-centrosymmetric crystals (Boyd 2003). Therefore, in general, efficient 
frequency conversion in gases requires a much higher pump intensity than that required 
for nonlinear interactions in crystals. However, note that in resonant gaseous media, the 
frequency conversion efficiency could be comparably high even in the case of low pump 
powers (Gaižauskas et al. 2013; Lukin et al. 2000).

Nevertheless, since the advent of picosecond and femtosecond lasers, gaseous media 
have been widely used for various types of radiation generation. Thus, the high harmonic 
and attosecond pulse generation in gas jets, as well as terahertz (THz) generation in air, 
have become routine processes used in many laboratories (Li et al. 2020; Kim et al. 2008; 
Vaičaitis et al. 2018). Other nonlinear processes, such as four-wave mixing (Vaičaitis 2000; 
Théberge et  al. 2006), third harmonic generation (Tamulienė et  al. 2020; Aközbek et  al. 
2002), and supercontinuum generation (Vaičaitis et al. 2018), are still being actively inves-
tigated. This includes mid-infrared radiation generation in air by femtosecond laser pulses, 
when the fundamental and second harmonics (FH and SH respectively) are mixed together 
to produce the broadband mid-IR radiation (Fuji and Suzuki 2007). Though this approach 
is very simple and efficient, to the best of our knowledge, narrowband and widely tunable 
mid-IR radiation generation has not yet been demonstrated using this method. Therefore, 
in this paper, we present a proof-of-principle experiment that demonstrates the generation 
of tunable mid-infrared radiation through the four-wave difference-frequency mixing of 
femtosecond laser pulses in air. In contrast to the experiments referenced above, we mixed 
the fundamental radiation (FW) of a femtosecond Ti:sapphire laser and the widely tunable 
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signal wave of an optical parametric amplifier (OPA) instead of the FH and SH pulses. This 
allowed us to generate mid-infrared radiation in the 2.06–12 µm range.

2  Experimental

The experiment was performed with the laser system located at the ELI Beamlines facil-
ity (Dolní Břežany, Czech Republic). The experimental setup is shown in Fig. 1. The pri-
mary source was an amplified Ti:Sapphire femtosecond laser with its fundamental mode 
at 800 nm and a repetition rate of 1 kHz (Coherent Astrella, 35 fs, max. 6 mJ). Part of the 
primary beam (∼ 1.5 mJ) was used to generate a signal wave (SW, tunable from 1.1 to 
1.6 µm) in an optical parametric amplifier (TOPAS Prime, Light Conversion). A dichroic 
mirror (R> 99% at 800 nm, T> 90% at 1100–2600 nm, Altechna) combined another part 
of the fundamental laser beam (FW, ∼ 3 mJ) with the SW beam to make them collinear.

The FW and SW beams were focused with separate lenses (L1 and L2) of different focal 
lengths (96 cm and 75 cm for the FW and SW beams, respectively). The initial beam diam-
eters were 13.5 mm (FW) and 3.5 mm (SW) at the 1/e2 intensity level. Timing of the FW 
and SW pulses was controlled by an optical delay line (DL), composed of a retroreflector 
(Omniwave  25-1  G, PLX) installed on a motorized linear stage (IMS-LM-S, Newport), 
while the spatial overlap of the beam waists along the optical axis was adjusted by varying 
the positions of the lenses L1 and L2. During most measurements, the SW power was kept 
maximal (constant at about 110 mW), while the FW power was varied within a wide range 
(from 22 mW to 3.1 W) using an attenuator composed of a half-wave plate and a wire-grid 
polarizer.

The pump and any residual radiations were blocked by an IR long pass filter (OD> 3 at 
200–2400 nm, T> 85% at 2520–4800 nm, Edmund Optics), while the generated IR radia-
tion was focused by an off-axis parabolic mirror (RFL = 6 inch) on the slit of the Czerny–
Turner spectrograph (SP–2150, Princeton Instruments) with IR grating (75 g/mm, 4.65 µ
m blazed). Dispersed light (or 0th order reflection) was detected by liquid nitrogen cooled 
mercury–cadmium–telluride detector (2DMCT Phasetech, 128 × 128 pixels, 1 kHz read-

Fig. 1  Experimental setup. BS – beam splitter, CH – chopper, DL – delay line, DM – dichroic mirror, 
F – IR long-pass filter, GR – IR grating, L1, L2 – quartz lenses, MCT – HgCdTe detector, OPA – optical 
parametric amplifier, P – polarizer, WP – half-wave plate
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out rate). An optical chopper was inserted into the beam path to interrupt the FW beam at 
500 Hz repetition rate. It enabled to reduce noise and to register the background-free radia-
tion signal. Polarizations of the FW and SW beams were controlled with the help of the 
half-wave plate inserted into the FW beam path.

3  Results

When the SW and FW pulses were combined spatially and temporally, clearly visible coni-
cal radiation emerged from the interaction zone (Fig. 2a). We identified this phenomenon 
as four-wave mixing, which occurs when two FW photons and one SW photon combine to 
produce a new photon with a different frequency.

	 ωvis = 2ωFW − ωSW,� (1)

where ωvis, ωFW and ωSW are the frequencies of the visible, FW and SW radiations, respec-
tively (Fig. 3a). Note that this type of interaction has already been analyzed in detail (Thé-
berge et al. 2006), therefore in this work we used it for the alignment of SW and FW beams.

Note that another type of four-wave mixing is also possible in air, when two SW photons 
and one FW photon are mixed together to produce the one in the mid-IR spectral range 
(Fig. 3b). The frequency of this radiation ωmid-IR is defined by the relation:

	 ωmid-IR = 2ωSW − ωFW.� (2)

Since both processes are the result of a common action of the FW and SW pulses and the 
visible and mid-IR radiations are generated only when both pump pulses are overlapped in 
time, first we have registered dependencies of the mid-IR radiation spectra as a function of 
the delay between the FW and SW pulses for various FW pulse energies. The results are 
presented in Fig. 4.

As one can see, the central wavelength was about 3.3 µm for the SW wavelength of 
1.29 µm, independently of the FW pulse energy. However, the spectral width of the gener-

Fig. 2  Typical angular distributions of the visible emission generated in air at SW wavelength of 1.29 µm 
and FW pulse energies of 0.1 mJ (a) and 1 mJ (b)

 

1 3

219  Page 4 of 12



Mid-infrared radiation generation in air by four-wave mixing of…

ated mid-IR radiation depended slightly on the pump power. Specifically, it decreased from 
approximately 215 to 200 nm (at the full width at half maximum (FWHM) level) as the FW 
pulse energy increased from 0.5 to 2 mJ. The time dependence of the signal was also almost 
independent of the pump power and consisted of a single peak of approximately 46 fs at the 
FWHM level. This corresponds to the third-order intensity cross-correlation of two pump 
pulses (one FW pulse of 35 fs and one SW pulse of 40 fs). However, at high FW pulse ener-
gies (above 1 mJ), a weak secondary peak appeared, separated by about 80 fs from the main 
peak (Fig. 4b). We believe that this peak results from temporal splitting of the FW pulse 
during propagation in air, a phenomenon that has been observed under similar experimental 
conditions (Gaižauskas et al. 2016). Note that this feature was more pronounced when for 
the pump focusing the shorter focal length lenses (30 or 50 cm) were used. Note also that 
the SW pulse was less susceptible to temporal broadening and splitting because its peak 
intensity was much lower than that of the FW pulse.

The wavelength dependence of the generated mid-infrared radiation corresponds well to 
Equation (2). Thus, when the SW wavelength varied from 1.15 to 1.5 µm, the wavelength of 
the mid-IR radiation increased from 2.06 to 12 µm (Fig. 5a). The maximum emission power 

Fig. 4  Spectra of the mid-IR radiation as a function of delay between the FW and SW pulses for the FW 
pulse energy of 0.5 mJ (a) and 2 mJ (b). SW wavelength was 1.29 µm

 

Fig. 3  Schematic diagrams of the four-wave mixing producing the visible (a) and mid-IR (b) radiations. 
ωSW, ωFW, ωVIS and ωmid-IR are the frequencies of SW, FW and generated visible and mid-IR radia-
tions, respectively
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was registered when the SW wavelength was set to 1.29 µm. However, the mid-IR power 
decreased sharply when the SW wavelength was detuned to shorter or longer values. This 
phenomenon can be partially explained by the fact that the energy of the SW pulse generated 
by the OPA was maximal at this wavelength, dropping by a factor of three or even more at 
the extremes of its tuning range.

Under the undepleted pump and slowly varying envelope approximations of the four-
wave mixing, the evolution of the mid-IR radiation field Amid-IR with frequency ωIR along 
the interaction length z can be described by the following equation (Penzkofer and Lehmeier 
1993):

	
dAmid-IR

dz
= −i

3ωIR

2nIRc
χ(3)A2

SWA∗
FWei∆kz,� (3)

where ASW, AFW and ∆k = 2kSW − kFW − kmid-IR are the complex amplitudes of the 
SW and FW fields and wave mismatch, while nIR, c and χ(3) are the refractive index at ωIR, 
speed of light in vacuum, and the relevant third-order nonlinear susceptibility component 
of air, respectively.

The dependencies of mid-infrared radiation power on FW and SW pulse energies pre-
sented in Fig. 6 are consistent with predictions following from Eq. (3). Thus, the depen-
dence of the mid-IR pulse energy on the SW pulse energy was nearly perfectly quadratic 
(see the red dashed line in Fig. 6a). Also, as expected, at low FW pulse energies (below 
1 mJ), the mid-IR pulse energy increased nearly linearly with the FW pulse energy. Above 
this level, however, the linear dependence began to saturate, and for FW pulse energies 
above 1.25 mJ, the mid-IR pulse energy remained nearly constant, oscillating around 90 nJ. 
We believe that this abrupt saturation of the mid-IR power is caused by the onset of multiple 
FW beam filamentation and rapid plasma density growth in the interaction zone. This results 
in the absorption of the generated mid-IR signal (Vaičaitis et al. 2023) and modification of 
the FWM phase-matching conditions, which can be confirmed by the fact that, at high FWM 

Fig. 5  Wavelength and power dependence of generated mid-IR radiation on SW wavelength at maximal 
FW and SW pulse energies (a) and typical spectra of the mid-IR radiation (b), registered with orthogonal 
and parallel FW and SW polarizations (black and red lines, respectively) for the SW wavelength of 1.29 
µm
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pulse energies, the visible conical radiation–also resulting from FWM–became crest-shaped 
(compare Fig. 2a and b).

Note that the efficiency of mid-IR radiation generation was significantly higher (by a 
factor of almost 10) for parallel SW and FW polarizations than for orthogonal ones (see 
Fig. 5b). This also follows from Equation (3), since in the case of parallel polarizations the 

FWM is governed by the third-order susceptibility component, χ(3)
xxxx = χ

(3)
yyyy , which is 

three times larger than the component involved in mid-IR radiation generation with orthog-
onal pump polarizations (Dietze et al. 2009).

The spatial characteristics of the SW beam were examined using a moving knife posi-
tioned just before the collimating parabolic mirror (see Fig. 1). Figure 7a shows the power 
dependence of the mid-infrared radiation on the knife-edge position. As expected, when the 
knife is not blocking the beam (at coordinates less than −5 mm), the transmitted mid-IR 
power is maximal. It remains at this level until the knife edge begins to obstruct the beam 
and fully blocks it (at coordinates greater than 5 mm).

The obtained experimental data were fitted using a sigmoid function  (Khosrofian and 
Garetz 1983):

	
Itot(x) = A

2

[
1 − erf

(√
2(x − x0)

w

)]
,� (4)

where Itot is the total beam power, and w is the Gaussian beam radius at the 1/e2 level. The 
beam diameters were found to be 10.8, 11.1, and 9 mm for FW pulse energies of 0.1, 1, and 
2.5 mJ, respectively. Considering that the knife was positioned about 94 cm from the plasma 
filament’s center, these beam diameters correspond to divergences of less than 10  mrad 
(11.5, 11.8, and 9.6 mrad for the respective FW pulse energies), indicating that nearly dif-
fraction-limited beams were generated during the experiment. Thus, by comparing these 
values with the diffraction angle θ of the collimated beam, which is defined by the equation:

Fig. 6  Mid-IR radiation pulse energies as a function of FW (a) and SW (b) pulse energies for SW wave-
length of 1.29 µm, with a fixed FW pulse energy of 1 mJ (a) and SW pulse energy of approximately 0.1 
mJ (b). The red dashed line in (a) represents a quadratic fit of the experimental data
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θ = λIR

πw
,� (5)

where λIR is the wavelength of the mid-IR radiation (3.3 µm), one can find that the diver-
gence corresponds to an initial beam diameter of about 100 µm. This agrees qualitatively 
well with the FW beam diameter in the focal area (the source of the mid-IR radiation) reg-
istered under similar experimental conditions (Gaižauskas et al. 2016).

4  Discussion and conclusions

To further analyze the properties of the generated mid-IR radiation, we have estimated the 
phase mismatch ∆K and the coherence length Lc of the four-wave mixing process responsi-
ble for its generation. For the phase-matched process described by Eq. (2), the wave vectors 
of the SW, FW, and the generated mid-IR radiation (KSW, KFW, and Kmid-IR, respectively) 
are related by the following equation:

	 Kmid-IR = 2KSW − KFW.� (6)

Then, the phase mismatch ∆K can be expressed as:

	 ∆K = 2KSW − KFW + Kmid-IR� (7)

The coherence length Lc (or, more precisely, the coherent buildup length of the interaction) 
is inversely proportional to the magnitude of the phase mismatch ∆K:

	
Lc = 2π

|∆K| � (8)

Fig. 7  Power dependencies of the mid-IR radiation as a function of the knife edge position (a) and the 
corresponding angular spectra (b) for the FW pulse energies of 0.1, 1 and 2.5 mJ (black, blue and red 
curves, respectively)
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However, in many reports, a twice smaller parameter, π/|∆K|, is commonly used instead of 
Lc, since in the first half of the propagation length the nonlinear signal grows faster.

Based on air refractive index data (Ciddor 1996; Mathar 2007) and without considering 
plasma influence, we have plotted both parameters (∆K and Lc/2) as functions of wave-
length (Fig. 8).

One could see that the nearly phase-matched mid-IR radiation generation is possible in 
an extremely broad spectral range (at least from 2 to 14 µm). More specifically, within this 
spectral range the wavevector mismatch ∆K is less than 0.15 cm−1. Therefore, the minimal 
coherence length could exceed 22 cm. This means that, as was tested experimentally, effi-
cient mid-infrared radiation generation in air is possible using pump focusing lenses of long 
focal length. It is worth noting that, in principle, apart from the already demonstrated wide 
tunability of mid-IR radiation, ultrabroadband mid-IR pulses can also be generated using 
this process. Also, since the generated mid-IR beams have low divergence and high spatial 
quality, they can be used directly for various spectroscopic applications and as a seed for 
more powerful laser systems. In addition, we believe that this process can also be used for 
generation and direct amplification of ultrabroadband few-cycle mid-IR pulses if broadband 
pump pulses are applied.

Gaseous media, such as ambient air or laser-created air plasma, have some advantages 
over nonlinear optical crystals, including low optical dispersion, wide optical transparency, 
and a high optical damage threshold. Since the volume of nonlinear interaction in gases 
can be large, four-wave mixing is suitable for high-power applications using large femto-
second laser systems. However, the nonlinearity of gaseous media is usually smaller than 
that of nonlinear crystals, suggesting lower conversion efficiency, which, however, can be 
substantially increased by applying higher input laser intensities. Another disadvantage of 
gaseous media irradiated by intense laser beams is their tendency to self-focus and split into 
multiple plasma filaments, which can distort the phase-matching conditions and the spatial 
output beam parameters. This problem can be solved using cylindrical laser beam focusing, 
which, at high pump powers, can help avoid plasma-induced laser defocusing by creating a 
two-dimensional air plasma sheet (Kuk et al. 2016).

In conclusion, we demonstrated and analyzed four-wave mixing in air using loosely 
focused femtosecond bichromatic laser pulses. The results of the proof-of-principle experi-
ment show that this process can produce well-collimated mid-infrared beams within a wide 

Fig. 8  Dependencies of the four-
wave mixing phase mismatch 
∆K (black line) and half coher-
ence length Lc/2 (red line) on 
the mid-IR and SW wavelengths
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wavelength range, from at least 2 to 12 µm. Apart from its potential applications in high-
power laser systems, this method could be considered for various spectroscopic applications 
requiring high-quality mid-infrared pulses.
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