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Abstract

We investigate the asymptotic behavior of the product of Gaussian random variables, with a
focus on tail probabilities. Although sums of normal variables are well understood through
classical limit theorems, their products exhibit significantly more complex behavior and
have no simple closed-form distributions. We analyze the extremes of such products by
deriving precise asymptotic expressions for the tail probabilities as the threshold tends to
infinity. The study covers both centered and shifted but independent Gaussian variables, as
well as cases with heterogeneous variances and nonzero expectations. Using transformation
techniques, geometric arguments in high-dimensional spaces, and asymptotic analysis
based on Gaussian measures, we establish general results describing the decay rate of tail
probabilities. The main theorems provide explicit asymptotic formulas that depend on the
number of variables, their shifts, and the variance structure. Several corollaries present
results for important particular cases, including the case of identically distributed random
variables. Three individual examples are provided at the end of the paper to illustrate the
resulting asymptotic formulas and compare them with Monte Carlo estimates.

Keywords: Gaussian distribution; product of random variables; tail function; asymptotic
formula

MSC: 60E05; 60E15

1. Introduction

In probability theory and statistical modeling, understanding the behavior of random
variables and their interactions is fundamental to a wide range of applications. Among the
many operations involving random variables, the products of independent random vari-
ables are an important and complex topic of study. Although the sums of random variables
have been extensively analyzed in various contexts—often due to their central role in the
Central Limit Theorem—the products of random variables, particularly those that are nor-
mally distributed, have received comparatively less attention. Theory for the products of
independent random variables is far less developed than the mature theory for the sums of
independent random variables. We mention the books [1,2]. The asymptotic behavior of the
product of random variables poses unique challenges and opportunities for understanding
the long-term behavior of multiplicative processes.

We say that a random variable (r.v.) ¢ has a normal distribution if its density function
has the form
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1 1/x—p\2
=7 -5 R
fe(x) ameXp{ 2( = )},xe ,
where the parameter y € R is the expectation, and ¢ > 0 is the standard deviation of ¢.
The distribution function (d.f.) of a normal r.v.  with parameters y and o is

Fe(x) =Pl <x) = . 127r /xooexp{ - ;(y;V)Z}dy.

In the case where E¢ = y = 0 and E¢? = ¢? = 1, this distribution is called the standard
normal distribution. In such a case,

2

1 X
fé(x> = mexp{_?

2

}, Fr(x) = \/127” /joo exp{ - y?}dy.

The normal distribution, or Gaussian distribution, along with various modifications of

this distribution is a cornerstone of probability theory and is widely used across disciplines
such as economics, finance, physics, machine learning, etc.; see, for instance, the classi-
cal [3-6] or recent sources [7-15]. For instance, in [7], the inverse Gaussian distribution is
employed to model the behavior of high-frequency cryptocurrency returns. In [8], the Gaus-
sian distribution serves as the reference error model, under which the proposed modal
regression approach retains efficiency while providing additional robustness against out-
liers and non-normal data. In [10], the Gaussian distribution is used to represent process
noise, measurement noise, and uncertainty in equality constraints, enabling probabilistic
modeling and state estimation. In [12], a novel one-class domain adaptation framework
is proposed that leverages only normal-class data from the target domain at test-time to
adapt ensemble models for anomaly detection. In [13], a generalized normal distribution is
introduced, which is constructed as a mixture of two generalized Gaussian distributions,
and which is suitable for modeling skewed data with strong skewness and high kurtosis.
While in [15], the asymptotic normality is considered for a mode-adaptive factor model.

The ubiquity of the Gaussian distribution is largely due to the Central Limit Theorem,
which states that, under certain conditions, the sums of independent and identically
distributed random variables approach a normal distribution as the number of variables
increases. However, when we consider the product of random variables, the situation
is more complicated. The product of normally distributed random variables, especially
as the number of factors increases, yields a complex distribution that cannot generally
be expressed in a simple closed form. Understanding the asymptotic behavior of such
products is therefore crucial in both theoretical and applied contexts, where multiplicative
processes often arise in the modeling of dynamic systems.

In particular, the asymptotic behavior of the products of normal distributions has
important implications in areas such as finance, signal processing, and statistical mechanics.
For instance, in the modeling of asset prices or stochastic processes that evolve multiplica-
tively over time, the products of random variables can capture the behavior of systems
under the influence of independent normally distributed shocks. The asymptotic analysis
of these products is critical for understanding long-term trends, volatility, and distribu-
tional convergence.

The products of normal random variables pose several theoretical challenges. Unlike
the sums of normal variables, which yield normal distributions, the products of indepen-
dent normal variables do not yield normal distributions, nor do they follow any simple
standard distributions. Moreover, multiplying normal distributions yields distributions
with increasingly heavier tails.
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We recall that a r.v. X together with its distribution function Fx is called heavy-tailed if
Ee®X = oo for all & > 0. In the opposite case, a r.v. X together with its d.f. is called light-tailed.
It is obvious that the Gaussian distribution ¢ is light-tailed because

Ee% = exp {yé + %2(52}

for all 6 > 0 and all values of the parameters # and o > 0. From the main results presented
in Section 2 it follows that by multiplying two independent standard normal distributions
¢1 and ¢» we obtain a light-tailed distribution ¢ = 1> with tail asymptotics

1

FE>x) x 500 27tx

whereas by multiplying three or more independent standard normal distributions
¢1,62,...,Cn, n = 3, we obtain a heavy-tailed Weibull-type distribution with tail asymptotics

P 271/271 —1/n n 2/n
(Clgz...§n>x)x:mﬁx exp{—Ex }
If we multiply nonstandard normal distributions, then the distribution of the product
also becomes heavier, but this phenomenon is not as clearly visible as when multiplying
standard normal distributions. The fact that the distribution obtained by multiplying
independent r.v.s becomes heavier has been observed in previous works as well [16-21].
Various published studies have derived exact formulas for the density of the product
or the distribution function of the product of independent normal distributions. Usually,
such formulas are written using special functions related to the set of Meijer G-functions;
see, e.g., [22-29]. For example, it was observed that for independent standard normal
r.v.s §1 and ¢, the density of the product ¢1¢> is

1
fgl@z(x) = EKO(|X|), x eR,

where o 5
Ko(x) = %/o y lexp { —y— z—y}dy, x = 0.
is the modified Bessel function of the second kind of order zero.

Special functions related to Meijer G-functions are usually expressed by rather compli-
cated integrals and do not have an explicit analytical expression. Therefore, it makes sense
to look for relatively simple analytical expressions that would sufficiently well approximate
the density or distribution functions of the product of normal distributions. In this work,
we find relatively simple analytical formulas that approximate the tails of the distributions
of products of independent normal random variables with sufficient accuracy. In the case of
independence, we obtain asymptotic formulas in the most general case, where the elements
of the product may have different means and variances.

To obtain asymptotic formulas for the tail of the product of independent random
variables, the so-called saddle-point method is usually applied. This method is described in
detail in books [30-32] and is applied to the asymptotics of products of various distributions
in [33-39]. For instance, in [33] (see Lemma 2.1), it is derived that for two independent
non-negative r.v.s with asymptotically Weibullian tail distributions

P(i > x) = Dix" exp { — Bix" } (1 + o(1)),
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where D;, B;,a; > 0,7; € R,i € 1,2, we have

P(§182 > x) = Dx"exp { — pr*}(1+0(1))

with constants D, «, B,y expressed in terms of D1, Dy, a1, a2, B1, B2, 71, 72 In [35] (see
Example 3), it is obtained that the density function ¢, of the product of n independent r.v.s
with standard normal distributions has the following asymptotic expression

Pn(x) = M X1/ Lexp { — Exz/"} (1 + O(xfz/”)>.
27n 2

Unfortunately, when multiplying a large number of normally distributed random variables
with nonzero means, the saddle point method becomes complicated to apply. The reason for
this is that normally distributed random variables with nonzero means are not symmetric
with respect to zero. There are currently no asymptotic formulas for the distribution of the
product of normal random variables when at least three random variables with nonzero
means are multiplied, whether dependent or independent. In the case where only two
normal random variables are multiplied, in the paper [40], an asymptotic formula was
obtained in the most general case, when the random variables are dependent and have
possibly different means and variances. However, the authors did not use the saddle-point
method in their work.

Another way to obtain asymptotic formulas for the tail of a product of normally
distributed random variables is to use exact expressions. As we have already mentioned,
those exact expressions are closely related to special functions, such as Bessel or Meijer
G-functions of appropriate order; see, for instance, [27,28,41,42]. In [40] (Theorem 2.3),
using the exact expression for the density of the product of two normally distributed r.v.s,
the following asymptotic formula is obtained

8

_ C(1+p)/rin Lil4py i p2? x
P@ﬁé>x>—mm.@@{ (Ti;)ﬁq_TE) _awﬂ1+p>}

X cosh(‘];i + 2’%) (1 +O(x71/2)),

where

1

2 2
_ _ Mo, W 2pmp
C= eXp{ 2(1— pz) <‘712 022 0109 ) }

and ¢y, ¢ are normally distributed r.v.s with expectations y1, 1o € R, standard deviations
01,07, and correlation coefficient p € (—1,1). Unfortunately, when the number of multipli-
ers 1 is large, the derivation of asymptotic formulas in the described way becomes very
complicated due to the complex structure of the special functions.

In such a situation, we use an alternative method to determine the asymptotics of
the tail probabilities of the product of normal random variables. Using transformation
techniques, geometric arguments in high-dimensional spaces, and asymptotic analysis
based on Gaussian measures, we establish general results describing the decay rate of tail
probabilities. Our method is suitable for the tail of the product of normal random variables
due to the specific density form, because for independent normally distributed random
variables ¢, ..., ¢y, we have

n -1 n _
P(&...¢p >u) = W(Hq) /.../exp{—;k_zl(xkakﬂk)z}dxl...dxn,

X1 Xp>U
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where E¢; = yy and Var(&;) = ‘Tk fork € {1,2,...,n}. Our proposed “geometric” method
may also be suitable in more general 51tuat10ns, when considering products of other
types of random variables, perhaps even dependent ones. Nevertheless, in this work, we
limit ourselves to independent normally distributed random variables, but possibly with
different means and variances.

The rest of the paper is organized as follows. In Section 2, we state the main results.
Section 3 is devoted to auxiliary statements. Detailed proofs of the two main theorems
are given in Sections 4 and 5. Section 6 is intended to show how to apply the resulting
asymptotic formulas to particular cases. In Section 7, we provide a brief review of the main
results and discuss possible further research.

2. Main Results

The main general result on the distribution tail of the product of independent normally
distributed r.v.s is formulated in Corollary 4. Its statement follows directly from Theorem 2,
which in turn follows easily from Theorem 1. Thus, the main result of our work is Theorem 1,
which describes the asymptotic behavior of the product of the shifted standard Gaussian
random variables with an additional positivity condition.

Theorem 1. Let {&1,¢o,...,8n}, n = 1, be a collection of independent normal r.v.s such that
E&, = 0 and EC,% =1forallk € {1,2,...,n}, and let {c1,c,...,cn} be a collection of real
constants. Then

IP’< TT (Gk—ck) >u";8 > ek € {1,2,...,71})

k=1
1 n 2 1
WS T2 T Tmexp{ 2u+c _1; ck—C) }, (1)
whereE:%Z,’j:lck.

In the case that all shift constants are zero, the following result follows directly
from Theorem 1.

Corollary 1. Let {&1,82,...,¢n}, n = 1, bea collection of independent standard normal r.v.s. Then

n
. —1/n 2/n
P<g§k>u/§k>0/k€{1/2/ }) LHoozn/ZF exp{ 2u }

For the standard normal r.v.s, we have
n n
IP’( ITé> x) :2”_1IP’( [1&f > x), x>0,
k=1 k=1

where a™ = max{0,a} denotes the positive part of a. According to this equality, the follow-
ing statement follows from Corollary 1.

Corollary 2. Let {¢1,8s,...,8n}, n = 1, bea collection of independent standard normal r.v.s. Then

211/2 1

n
~ —1/n 2/n
P<H§k>u> WS exp{ S }

We observe here that the asymptotic equalities of Corollaries 1 and 2 are aligned with
the results presented in [17,18,28,33,34,36,37,43].
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The following statement can also be easily obtained from the main Theorem 1. In the
statement, the asymptotics of the tails of normally distributed random variables with
possibly different variances are obtained.

Corollary 3. Let {¢1,82,...,Cn}, n = 1, be a collection of independent normally distributed r.v.s
with By = 0 and B¢Z = o > 0fork € {1,2,...,n}. Then

n/2-—1

" 5 " 1/n " " —2/n
IP( & > u) ~ Sy n Ok exp ——y/n O%
1131 U k=1 2 I<1:[1

We observe that the last asymptotic relation of Corollary 3 follows from Corollary 2
because the random variables ¢y / o} are distributed according to the standard normal law
fork € {1,2,...,n}.

The following statement can also be derived from Theorem 1. This statement yields
an asymptotic formula for the tail probability of the product of centered standard normal
random variables, but without additional positivity conditions.

Theorem 2. Let {&1,8o,...,8n}, n = 1, be a collection of independent normal r.v.s such that
E&, = 0and E@,% =1forallk € {1,2,...,n}, and let {c1,ca,...,cn} be a collection of real
constants. Then

IP’( ﬁ (Ck —cx) > u”)

k=1

N,X* _n _ 2_1 n B " . 2
uﬁmme){p{ E(M"‘Clx*) 4k:21(( ]) kCy Ca*) },

where Ty = 1Y (=1)%cy, a* = {aj, a3, .., a}} is a collection of elements from {0,1} such
that the sum Y/, af is even and the sum Zzzl(—l)"‘z cy is as small as possible, and Ny is the
number of collections a* such that number Y§_, (—1)%cy is the same. Equivalently, if
n
A, :=arg  min ) (—1)%c,

*e{01}" 5
Y i—q &k even

then
Ny = # A,.

Remark 1. We observe that the number N+ can be found according to the following rules:
(i) If some of the numbers cy are equal to zero, then

N, = 2t{ka=0}-1,

Indeed , in such a case, we must choose ay = 1 for ¢, > 0, a; = 0 for ¢ < 0, and for ¢, = 0, we
can choose af arbitrarily up to the condition that y ', af is divisible by 2.
(ii) If there are no zeros among {c1, ¢y, ..., cyn} and #{k : ¢ > 0} is even, then

Ny = 1.

Indeed, in such a case, we must choose ;. = 1 for ¢, > 0 and a;; = 0 for ¢ < 0.
(iii) If there are no zeros among {cy, ¢y, ..., cn} and #{k : ¢y > 0} is odd, then

Ny = #{k: |¢x] < |cj|, forall j € {1,2,...,n}}.

https:/ /doi.org/10.3390/axioms15060425
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Indeed, the optimal choice of a;; is obtained as follows: firstly, we set a; = 1 for ¢, > 0 and a; =0
for ¢ < 0, and then we change one such a;; under the condition |cx| < |cj| forall j € {1,2,...,n}.

Remark 2. The rules in Remark 1 give a simple procedure for computing Ny+. Indeed, it suffices
to scan the collection {c1,ca, ..., cn} once to count the zero and positive elements and, if needed,
find the smallest value of |c| and the number of times it is attained. Hence, the computational
complexity of this procedure is O(n), in contrast to checking all admissible sign vectors directly,
which would require considering O(2") possibilities.

The following statement can be directly derived from Theorem 2. In this statement,
the asymptotics of the tails of random variables are obtained for normally distributed
random variables with different expectations and variances.

Corollary 4. Let {&1,82,...,8n}, n = 1, be a collection of independent normal r.v.s such that
B¢y = py and Var () = of forall k € {1,2,...,n}. Then

P(’E[lgk )

1/n
Ng( T 0') " B ’ .
ﬁ( k=1 "%k n( 1 Vn 1 W
g or |50 () " om) Rl )

k=1

where jig = Ly (—1)k %’E, B ={B1,B2 ---,Bn} is a collection of elements from {0, 1} such
that the sum Y ', By is even and the sum Zzzl(—l)ﬁkg—}’: is as large as possible, and Npg is the
number of collections B such that the sum Yp_; (—1)Px ’;—’; is the same. Equivalently, if

n
B, := ar max -1 ﬁk&,
8 pe{0,1}" k;( ) Ok
Yi_1 Bk even

then
Ng = #B,.

The statement follows from Theorem 2 by noting that
= 1 Gk — pi + pk : 1)
P Ck>u :P< Y >u 0;
(TLex> ) =( I > «(11%)
: e (un S PR ))
=P m—(—=))>lu 0 ,
(TT0n (=129) > (s (FT2) ™)

where 7, are independent standard normal r.v.s.

In the last corollary, we consider the product of independent and identically distributed
normal random variables. Note that the form of the asymptotic formulas depends on
whether the common mean of the product terms is positive or negative. The corollary
directly follows from Corollary 4.

Corollary 5. Let {&y,&2,...,8n}, n = 1, be a collection of independent identically distributed
normal rv.s. If & =y > 0and Var(&;) = o2, then

L o noqy 2
P(gg" =) % ul/nzn/z\/ﬁeXp{ ~ oz 1) }

https:/ /doi.org/10.3390/axioms15060425
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IfE¢ = u < Oand Var(&;) = 02, then

i o n 2
B(Te =) s —ep ] — 2 7 4 )2)
kljlgk uSeo y1/mn72 o P 202 ( 1)
in the case of even n, and

n U'\/ﬁ n 1/n n—2\2 7’1—1]/{2
P([16>4) gz oo |~ o (0 ) =00

in the case of odd n.

3. Auxiliary Lemmas

In this section, we present and prove two auxiliary assertions of great importance for
the proofs of the main theorems.
Let

Br := {i = (x1,Xx2,...,xn) : ||X]| = (in)l/z < R}

k=1

be an open ball of radius R in R”, and let

n
Ho = {5(’: (x1,%2,...,%n) : Zxk = 0}
k=1

be a hyperplane in R". In addition, let
BI*Q = Br NHp.

Lemma 1. Suppose that n > 2, € € (0,1), and A > 0 are fixed numbers. Then, for sufficiently

large u,
*

82‘178)\/27\711/4 CEup C B(l+£)\/27n1/4’

where

. L . AVn A
Eup = {y: Wir-ooyn) iy >0, [ [k > u ,Zyk:unJr\[} - (u+ )ln
k=1

k=1 uy/n
= {i’: (xl,...,xn):xk+<u+u\)>ﬁ) >O,£I1 (xk+(u+u:\/ﬁ)> >u",éxk:0}

with 1, := (1,1,...,1).
Proof. We divide the proof of the lemma into several steps.
(i) For large u, uniformly for X in bounded subsets of R", we have
n

H (xk + (u+ u\);ﬁ )) =u"+ ( i xk) "4 ()t\/ﬁ—i- Z xixj> u" 2 4+ Oan (u”fg’).

k=1 k=1 1<i<j<n

If, in addition, }_j_; x; = 0, then

n A n 1 L 2 n—2 n—3
]H(xk—i—(u—i—m)):u —l—()x\/ﬁ—Ekak)u +O0p 0 (u"). )
=1 =1
(ii) First, let us prove that
Eur C By oy ()

https:/ /doi.org/10.3390/axioms15060425
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for large u.
Ifx = <x11x2/ oo /xn> € guz/\’ then

A Z L A
Xp+u+——=>0forke{l,...,n}, xr =0, and xk—l—(u—b—i) > u'
u\/n k; IE ( u\/n )
Before applying expansion (2), we first show that the components x; are uniformly bounded.

Set temporarily
Xk

A
= — toi=—, ke{l,...,n}
A uyn’ T a { nt
Then
n n U\ T
ty > —1fork e {1,...,n}, Ztk =0, and H(l—i—tk) > (7) ,
k=1 k=1 a
implying that
n
Y log(1+tx) > nlog(u/a).
k=1
Let us define two sets of indices Z; := {k : ty > 0} and Z_ := {k : f; < 0}. Using
the inequalities
12
log(1+1t) <t— 57—, 120,
og(1+) T

log(1+1t) <t, —1<t<0,

we obtain
ilog(1+t)<it 12 it 12 it
k) X k— 3 = -5 .
k=1 k=1 2 ke, LT+t 2 €T, T+t
The derived estimates imply that
t2 u A 6A\/1
k < 2nlog(—) < —2nlo (1— > <
kez, Ltk 5(z) < VAT

for large u because of the inequality
—log(1l—x) <3x, 0 <x<009.

Since ty > —1and }}_;f = 0, we have t; < n — 1, implying that 1 4, < n. Thus,

forke 7y,
£2
ti <n k ,
1+ ty
and therefore
Y, 8 =0pu(u?). 4)
k€I+

Set temporarily

S:=) th=—) k.

keIy keZ_

By the Cauchy-Schwarz inequality,

1/2 1/2
sep () (51) ouen

keZy keI, keI,

https:/ /doi.org/10.3390/axioms15060425
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Consequently,

2
Y #< ( ) <—tk>> =52 =0y, (u72). (5)

keZ_ keT_

The derived estimates (4) and (5) imply that

n n
) X2 =a? ) 2 =0y ,(1)
k=1 k=1
uniformly for X € &, , if u is sufficiently large. These relations and the asymptotic equal-
ity (2) imply that
Ly~ 2\ n-2 -3
(/\\/>_ E}(:lek)un +O/\1n(un ) > 0

if X € £, 1. Therefore, for some positive C, ,,
1 1
Y xf<2AVn+Cru—,
k=1 u

and for large u,

n
Y xp < (1+¢)%2A/n,

k=1
implying the desired relation (3).
(iii) Now let us prove that

le,g)mn1/4 - 5u,/\~ (6)

IfiZ(xl,Xz,..., )GB*

(1—e)vain 1/4- then

Zxk—Oand Zxk (1—¢)%2A/n.

According to (2), we have that

n

I (xk + (u+ ui\/ﬁ )) > u" (1+(1 —(1-e))A/nu? —Q—OAln(u%)) > u"

k=1

for sufficiently large u. In addition, the condition X € B’

(1-¢)

A
> _ _ 1/4 _ R
e = —(1—e)V2An/* > (u —+ NG )

forallk € {1,2,...,n} and for large u. Therefore, the inclusion (6) holds, and the lemma
is proved. O

Nt implies that

Lemma 2. Let by, and b be positive numbers such that hm b; =b.LetG, C{XeR":xqy > b},
> 2, be a family of Borel subsets such that Tz gy uj Lzcg) almost everywhere with respect
to the Lebesgue measure, where G is a Borel subset of R" of nonzero Lebesgue measure, and

* = (u 1 l) * (gu —buél)
=(u,1,..., 1)« {((x1 —bu),x2,...,xn) : (x1,%2,...,%n) € Gu}
={(u xl—b JXo, X)) s (X1, %0, X0) € Gu}

https:/ /doi.org/10.3390/axioms15060425
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with ; = (1,0,...,0), the symbol % denoting the Hadamard product (see Chapter 5 in [44],
for instance). Ifg',? = (81,82, ...,Cn) is a centered n-dimensional Gaussian vector with identity
covariance matrix, then

— ebe/Z 1 n ’
IP’(@,‘G Qu) u:;oo W /gexp {— bX1—§k:22xk}dX.
Proof. For u > 0, we have

= 1 1 1 & -
P(¢e€Gu) = e /Qu exp {— Ex% —5 ) x%} dx

k=2

exp {— %(yu—l + bu>z - ;kéyi} dy

1
o u(27m)n/2 /g

—b2/2 2 n
e Yu bu yl 1 5 .
= —— —— Y1 — = —= T .
u(2m)n/2 /R eXP{ w2 2 k:Zzyk} {segi} Y
Since lim;, o by, /1 = b > 0, there exists u( such that for all u > u,

n

exp —;J/ 52 Ek:Z:zyk {yegi} S eXp _Eyl ) k;zyk {FeR™:y; >0} -

The dominating function is integrable since

b 1 & .
/R" exp{—zyl -5 ) y%}l{yQO} dy < co.
k=2

Therefore, the dominated convergence theorem applies since the limit integral is assumed
to be positive, and the integrand converges almost everywhere to

1 n
exps —by1 — 5 Y vi ¢ Ligegy
2 k=2
and the asymptotic equivalence follows. The lemma is proved. [

4. Proof of Theorem 1

If n = 1, then the statement follows immediately from the following well-
known bounds:
1 1 ]. 71/12/2 1 1 _ 2/2
— (- — = <P < ——=—e /7, ; 7
7l m)e (G1>u) < e u=0 @

see, for instance, [45] (Section 7.1).
Therefore, we can assume that # > 2 in the remaining part of the proof. Let us denote

E = (ClICZI s /Cn)/
n
£ = {5(’ = (x1, %0, ., %0) : x> 0, [ [ o > 1}.
k=1
Choose an orthonormal transformation I' : R” — R" such that

re; = 1,.

7
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If ¢ # ¢ 1, then in addition we choose T so that

- ¢—rcly
rez — T p— 7
€ —e1,]]
where &, = (1,0,...,0),é = (0,1,...,0), and ¢ defined in the statement of the theorem. If
¢ =1, then all terms below involving ||¢ — ¢1,|| are interpreted as zero.
Now we have

((fk—ck) >yt ‘:k > Ck,k € {1,2,...,1’1})

~
7N
E
Il 2

1
? >1:@ >0,k e {1,2,...,n}>

—p(fee) —pEeus g —PEeT I +0), ®

where the last equality follows from the invariance property of the multivariate stan-
dard normal distribution; see, for instance, [46] (pp. 383-385), [47] (Chapter 1), or [48]
(Proposition 3.3.1). We divide the rest of the proof into several parts.

(i) To obtain the asymptotic formula of the theorem, we will apply Lemma 2 with

Gy =T Yu€E+7¢) and b, = (u+72)yv/n.

To do this, we first get a suitable expression of the set G;; for this special case. Due to the
basic properties of the orthonormal transformation I'"!, we get

Gy —byé =T Y (uE +¢) — (u42)vné
I uE+@) —T 1 ((u+0)1,)
-

1(145 —uly) + r-! (c—7ly).

Therefore
Go=(u1,...,1) % (Gy — byey)
= (u,1,...,1) « T H(u€ — uly) + ||¢ — ¢l )
We observe that
n
yeul &y = (uxy,uxy, ..., uxy) x>0, [ax>1
kf

=1

n
<:>5;: (ylfer“-/yn) Yk > Olnyk >y,
k=1

By the AM-GM inequality, we have

n
Y vk = nYyi . Ya > un.
k=1

Hence

Yhoq Yk =nu+ )‘f for some A > 0,

yeul & {f’ = W1 y2-yn) Yk > 0, Tl v > u”,
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and, consequently,

A
u€ —ul, = Eur+—=1
n AL>JO{ u,A u\/ﬁ n}

according to the definition of the set £, ) in Lemma 1. Substituting this expression into (9),
we get

A
G = (u,1,...,1)*r—1<U Eupr+—=1, >+||E—c1n||é‘2. (10)
! A>0{ u\/ﬁ }

Now we observe that

F_lgul)\ C {S; = (yl,yz,...,yn) = 0}. (11)

Namely, from the definition of £, 1
n
Eur C {3(’ = (x1,%2,...,%) : Z X = 0}.
k=1

So for all vectors X € &, ), we have (X,1,) = 0, which yields the following equality for the
vector y = I 1%:

oo e - s 1
y1=(,8)=T'%&)=%T&)=——=(%1,) =0

vn

because the transformation I is orthonormal with the special requirements.
Equality (10) and inclusion (11) imply that

i= U A +ren ) + - el (12)
A>0

(ii) Inclusion (11) and the last expression (12) imply that for all

5; = (ylryZI--'/yn) S g:;/

we have y; = A > 0. Consequently,

g;: C {S; = (]/1/]/2/---/]/;1)}]/1 2 0}/

which is equivalent to the condition G, C {5’7 eR":y; 2 bu} of Lemma 2.
(iii) By Lemma 1 we get

n
r-lg,, c {yv =W Y2 - yn)iy1 =0,y yr < (1 +g)22A\/ﬁ} (13)
k=2

for large u and for any fixed A > 0and e € (0,1). Indeed, according to relation (11),
y e I’_lé’m = y1 =0.

In addition, by Lemma 1 we have

n
Xe€&y = Y xp < (1+e)2Avn
k=1
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for large u. Since the transformation I'~! preserves the norm, we have that ||y|| = ||X|| for
y = I'"!X. Hence

n n
y € Fflé’uﬂ = Z yi = Z y% < (14¢)%2Av/n,
k=1 k=2
and thus inclusion (13) holds. Similarly, we can derive that
n
| {y =LY yn)iy1 =0,y yr < (1- s)ZZA\/ﬁ} (14)
k=2
for large u and for any fixed A > 0Oand ¢ € (0,1).
(iv) The derived relations (13) and (14) and expression (12) imply that

Ig; (%) = 15(X) (15)

almost everywhere with respect to the Lebesgue measure, where

n
i=U {Aal+{yew:y1:O,Zyi@Aﬁ}}Hlﬁ—dnllé’z
A>0 k=2
1
=<{XeER" x> —— x2}+||6—c1 |I€,.
{ 2 '

Indeed, it is enough to check that

Ig; Je-erue®) 5 Lo e, e X)

for almost every X € R". It is clear that

‘ -

B

o~

'\\l)l" =
=
N

—

G—|¢—c1,& = {feR”:xl > -

It
0> — i X
1 "N /- kr
2yn =,
then we can choose ¢ € (0,1) such that

n
Y xf < (1-¢)%2xv/n.
k=2
Taking A = x1 and i = (0, x, ..., x,) in (14) and using expression (12) we get that

X € Gy — € —rclalfé

for all sufficiently large u. Hence, the corresponding indicators tend to 1 as u tends to
infinity. If

1 &,
< ——=Y x;
2\/n k;z
then either x; < 0, in which case
X ¢ Gy — ¢ —clyl[&

for every u, or x; > 0 and we can choose € € (0,1) such that
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{iERni xX1=>

n 2
L= xk}

=

—

n

Y x> (1+¢)%2xv/n.

k=2

In the latter case, if
X e g —|é—7c1,]é,

then necessarily A = x; and ¥ = (0,xp,...,%,) in (12), and (13) excludes this for all
sufficiently large 1. Hence, the corresponding indicators tend to 0 as u tends to infinity.
The remaining points of G — ||¢ — ¢1,||€&; satisfy

n
2

1
= — x,
2vn =7k

which is a graph over (x,...,x,) and therefore has zero Lebesgue measure. The fixed
translation gives the limiting relation (15). Therefore, applying Lemma 2 to probability (8),

X1

we get

o 2 (uto)?

o . 12 .
P(@' S F_l(u€+c)) u:oou(zn)n/z/exp{—\/ﬁxl —5 Zx,%}dx.
g

k=2
(v) To finish the proof of Theorem 1, it suffices to observe that
1E o e
/ expl —vVnx; — Ek;xk dx
g
k=3

1 L 1., _ 1 & R
exp{—\/ﬁxl — Ex% —||é —c1yjx2 — §||c—c1n||2 -3 ) x%}dx

14 L [ 3 %
exp{_<ﬁx1 -1 2x%> = Tyllxz - ¢~ 21 - Zx%}dx
k=2 k=2

{ie]R”: Vi =3yr, x,%}

1 L 1., _ 1 -
= / exp{—||c—c1n||x2—2||c—c1n||2—Zx,%}dx

NG

Rn—1 k=2

= e ilear exp{_(x2+1||6—c1n|l)2—f %}di
Vn 4 2 =

Theorem 1 is proved.

5. Proof of Theorem 2

If n = 1, then the statement of the theorem follows immediately from estimates (7). So
we can suppose that n > 2. First, we observe that

p(ﬁ (€ — o) > u")

k=1
n

= ) IP’(H (Ck—cx) >u"; (1) (& —ck) >0,k € {1,2,...,n}>.
aq,00,...,0,€{0,1}

k=1
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Since we consider only large u > 0,
n
P H(gk_ck) > u"
k=1

= 2 P(ﬁ (gk — Ck) > u”; (—1)“k(€k — Ck) >0,k € {1,2,.. .,7’1}),

aq,00,...,0,€{0,1} k=1
2! Yho1 %k

where the notation 2| Y i_q &, means that the sum }}'_; ay is even. If a r.v. { has a centered
normal distribution, then

P((—-1)*(f—c) >0) =P(f— (—-1)"c > 0)
foralla € {0,1} and ¢ € R. Therefore, by Theorem 1 we get
P(H ((;‘k - Ck) > u”)
k=1

- r P(ﬁ (& — (~1)%eg) > s & > (~1)ay, k e {1,2,...,n}>

aq,0,...,0n€{0,1} k=1
2’ k=1 %%
1 n _yv2 1 & _\2
~ exp — = (u+72)” — = ) ((—=1)%ck —Ta) }
ueo 1 21/23/7tn a1,uc2,...,2a,:16{0,1} { 2 44

2|ZZ:1“k
Nl’(* n — 2 1 1 ot _ 2
u:oomexp{_z(u‘Fca*) —Zkzzl((—l) ka—Ca*) },

where ¢, = %Zgzl(—l)"‘kck, and the quantities aj,k € {1,2,...,n}, ¢4+, and N,+ are
defined in the formulation of the theorem. Theorem 2 is proved.

6. Examples

In this section, we present three examples that illustrate the asymptotic formulas de-
rived above and compare them with Monte Carlo estimates for several parameter choices.
All computations, figures, and tables in this section were produced using Wolfram Mathe-
matica. Monte Carlo simulations were performed with SeedRandom[1234] and a sample
size of 10”. Since the probability of large values of normal random variables is very small,
a small number of simulation results can lead to excessively large errors.

The 95% confidence intervals in Tables 1 and 2 were computed by the nor-
mal approximation

M

ﬁM(M) = % Z 1{Xj>u}/ ﬁM(M) =+ 1.96\/?\M(u)(1j\2 ﬁM(u)),

where X; is the j-th simulated value of the product considered in the corresponding example,
and M = 107 is the sample size. This approximation becomes less reliable as the number of
exceedances decreases.
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Table 1. Numerical comparison of the Monte Carlo estimates and the asymptotic approximation
in Example 1.

u  Monte Carlo  Asymptotic  Absolute Difference  Relative Error  95% CI Lower  95% CI Upper

10 0.0020319 0.0023534 0.0003215 0.1582461 0.0020040 0.0020598
11 0.0014391 0.0016744 0.0002353 0.1634850 0.0014156 0.0014626
12 0.0010506 0.0012056 0.0001550 0.1475511 0.0010305 0.0010707
13 0.0007714 0.0008773 0.0001059 0.1372703 0.0007542 0.0007886
14 0.0005602 0.0006444 0.0000842 0.1502672 0.0005455 0.0005749
15 0.0004175 0.0004773 0.0000598 0.1432143 0.0004048 0.0004302
16 0.0003099 0.0003562 0.0000463 0.1494691 0.0002990 0.0003208
17 0.0002347 0.0002677 0.0000330 0.1406072 0.0002252 0.0002442
18 0.0001781 0.0002025 0.0000244 0.1367306 0.0001698 0.0001864
19 0.0001384 0.0001540 0.0000156 0.1127067 0.0001311 0.0001457
20 0.0001062 0.0001178 0.0000116 0.1089709 0.0000998 0.0001126
21 0.0000821 0.0000905 0.0000084 0.1025418 0.0000765 0.0000877
22 0.0000664 0.0000699 0.0000035 0.0526448 0.0000613 0.0000715
23 0.0000522 0.0000542 0.0000020 0.0384329 0.0000477 0.0000567
24 0.0000414 0.0000422 0.0000008 0.0195722 0.0000374 0.0000454
25 0.0000317 0.0000330 0.0000013 0.0408636 0.0000282 0.0000352

Table 2. Numerical comparison of the Monte Carlo estimates and the asymptotic approximation
in Example 2.

u  Monte Carlo  Asymptotic  Absolute Difference  Relative Error  95% CI Lower  95% CI Upper

10 0.0008726 0.0002357 0.0006369 0.7298950 0.0008543 0.0008909
11 0.0005911 0.0001653 0.0004258 0.7203362 0.0005760 0.0006062
12 0.0004077 0.0001172 0.0002905 0.7125056 0.0003952 0.0004202
13 0.0002841 0.0000839 0.0002002 0.7045857 0.0002737 0.0002945
14 0.0002004 0.0000606 0.0001398 0.6974428 0.0001916 0.0002092
15 0.0001436 0.0000442 0.0000994 0.6924674 0.0001362 0.0001510
16 0.0001010 0.0000324 0.0000686 0.6791391 0.0000948 0.0001072
17 0.0000735 0.0000239 0.0000496 0.6742023 0.0000682 0.0000788
18 0.0000550 0.0000178 0.0000372 0.6762143 0.0000504 0.0000596
19 0.0000414 0.0000133 0.0000281 0.6781885 0.0000374 0.0000454
20 0.0000313 0.0000100 0.0000213 0.6797668 0.0000278 0.0000348
21 0.0000230 0.0000076 0.0000154 0.6704150 0.0000200 0.0000260
22 0.0000162 0.0000058 0.0000104 0.6443643 0.0000137 0.0000187
23 0.0000114 0.0000044 0.0000070 0.6141144 0.0000093 0.0000135
24 0.0000078 0.0000034 0.0000044 0.5674669 0.0000061 0.0000095
25 0.0000057 0.0000026 0.0000031 0.5441767 0.0000042 0.0000072

Example 1. Let n = 3, and let &1, o, C3 be independent normal r.v.s with parameters
(1, 12, 13) = (0,0,0) and (01,09,03) = (1,1.2,1.5).
We present an asymptotic formula for P(&18283 > u).
In this case,

3
Hakzg, and &:&:&:O.
k=1 5 (%] (%) 03
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To derive an asymptotic formula for P(Cl CaCs > u), we can use Corollary 3 or 4. To use
Corollary 4, we observe that for every admissible B = (B1, B2, B3) such that 1 + B2 + B3 is
divisible by 2,

23: ﬁk P‘k

Therefore g = 0and Ng = 4 in Corollary 4. Consequently, by Corollary 3 or 4 we get that

1/3 —2/3

<H§k>u> N \/5(5) exp{—3u2/3(9> / }
u—oo y1/3, /371 2 5
In Figure 1, we can see how much the asymptotic formula values differ from the values of
P(&18283 > u) obtained by the Monte Carlo method. Figure 2 presents the corresponding
relative error, and Table 1 gives a numerical comparison of the Monte Carlo estimates,
asymptotic values, absolute differences, relative errors, and 95% confidence intervals for
selected values of u.

Tail probability asymptotic approximations
P(Product > u)

p#={0,0,0}
o={1,1.2,15}

0.0020

0.0015 - — Asymptotic formula

I ¢ Monte Carlo
0.0010 -

0.0005

15 20 25

Figure 1. Monte Carlo estimates and the asymptotic approximation for probability in Example 1.

Relative error of asymptotic approximation
|Asymptotic - Monte Carlo| / Monte Carlo

v =10, 0,0}
o={1,12,15}

0.15

-o— Relative error

0.05F

. . . . u
15 20 25

Figure 2. Relative error of the asymptotic approximation in Example 1.

Example 2. Let n = 4, and let {1, &2, C3, G4 be independent normal r.v.s with parameters
(u1, 2, 3, ma) = (1,0,—1,0) and (07,02,03,04) = (0.8,1.2,0.3,0.9).
We get the asymptotic formula for the probability P(&1828384 > u).

In this case, we can use only Corollary 4. We have
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4
162
=0.2592 = —.
[ 1 625
Moreover,
m_5 g _y Ma_ 10 p_
(%] 4’ (%) ! 03 3’ (] ’
The maximal value of A
Y (—1)k Hk
k=1 Ok

under the condition that 81 + B> + B3 + B4 is divisible by 2 is obtained for
g=1(0,011) and B =(0,1,1,0).

For both choices,
i(_l)ﬁk& _3_ 1_55
= o 43 12
Therefore 1 55 55

Pp=3 12 s NeT2

In addition,

4 2 2 2 2 2
etk g\ (5 _% 105 _DB\_4B
Z(( Rl "ﬁ> (4 ) " m) 3w 0w T

k=1

By Corollary 4 we get

1/4
4 (3%2) 162\ 4 55\° 475
1/4 _ -
P(Hgk > M) u:;wmexp —2|lu (625) - @ 256

In Figures 3 and 4, we can see how much the asymptotic values differ from the values
of P(¢1828384 > u) obtained by the Monte Carlo method. The corresponding relative error
and numerical values are reported in Figure 5 and Table 2. To achieve more stable relative
errors for larger values of u, the size of the Monte Carlo simulations should be increased.
Unfortunately, we are limited by technical possibilities. In this case, it remains to rely on
rigorously proven asymptotic formulas.

Tail probability asymptotic approximations
P(Product > u)

0.0010 -
p={1,0,-1,0}
0.0008 - 0={08,12,0.3,0.9}
L]
0.0006 - . — Asymptotic formula
: e Monte Carlo
0.0004 | .
L]

L ° -
0.0002 .

L : ¢ * . . «
0.0000 I I I 1 I I I 1 I I I 1 1L 1L r— u

10 12 14 16 18

Figure 3. Monte Carlo estimates and the asymptotic approximation in Example 2, small u.
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Tail probability asymptotic approximations
P(Product > u)
0.00006 -
0.00005 | u={1,0,-1,0}
* 0={0.8,1.2,0.3,0.9}
0.00004} ° .
. — Asymptotic formula
0.00003 ¢
. ¢ Monte Carlo
0.00002 | .
0.00001
0.00000b——— bt v 1L L e u
18 20 22 24 26 28 30 32

Figure 4. Monte Carlo estimates and the asymptotic approximation in Example 2, large u.

Relative error of asymptotic approximation
|Asymptotic - Monte Carlo| / Monte Carlo

p={1,0,-1,0}
0.70 0={0.8,1.2,0.3,0.9}
0651 -e- Relative error
060
0.55
1 " " " " 1 " " " " 1 " " " " 1 " " u
15 20 25

Figure 5. Relative error of the asymptotic approximation in Example 2.

Example 3. Let n € {2,4,6}, and let {1,(s,...,¢n be independent normal r.v.s with com-
mon parameters
=1 oe=1 k=1,...,n

We compare the corresponding asymptotic approximations for different dimensions n.

In this case, Corollary 5 gives, for each n € {2,4,6},

1 1U—00 ul/nzn/Z\/% 2 ’

Figures 6 and 7 compare the Monte Carlo estimates with the corresponding asymptotic
approximations. Figure 6 contains the cases n = 4 and n = 6, whereas Figure 7 presents
the case n = 2 separately. Figure 8 presents the relative errors for all three dimensions.
For larger values of 1, the Monte Carlo sample size needs to be increased. However, we
can see that for fixed parameters in this example, the relative error increases as 7 increases;
this suggests that the remainder term in the asymptotic approximation may depend on the
number of multipliers 7.
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Tail probability asymptotic approximations
P(Product > u)
0.04 u_k =1
ok =1
0.03¢ — Asymptotic formula, n = 4
— Asymptotic formula, n = 6
0.02
Monte Carlo,n =4
0.01 \\ Monte Carlo, n = 6
. . . -
12 14 16 18 20

Figure 6. Monte Carlo estimates and asymptotic approximations for dimensions n = 4 and n = 6.

Tail probability asymptotic approximation

P(Product > u)
0.0008

u_k =1
0.0006 ok =1

0.0004 — Asymptotic formula, n = 2

[ ] =
0.0002 Monte Carlo, n =2

.

16 18 20

u

Figure 7. Monte Carlo estimates and asymptotic approximation for dimension n = 2.

Relative error of asymptotic approximation
|Asymptotic - Monte Carlo| / Monte Carlo

0.8+

u k =1
06 oo oo eooooooe ok =1

—— nN=2
04r

—— n=4
0.2+ ® n=6

1 I I I 1 I I I 1 I I I 1 I I I 1 I I I 1 u

12 14 16 18 20

Figure 8. Relative errors of the asymptotic approximations for dimensions n = 2,4, 6.

7. Conclusions

In this paper, we investigated the asymptotic behavior of the products of independent
Gaussian random variables, with particular emphasis on tail probabilities. Unlike sums
of normal variables, whose properties are well understood, products exhibit significantly
more complex distributional features, especially in extreme regimes. By employing trans-
formation techniques, geometric arguments, and asymptotic analysis based on Gaussian
measures, we derived explicit asymptotic formulas describing the decay of tail probabilities.
Several corollaries highlight important particular cases, including identically distributed
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References

variables and products without sign constraints. The theoretical findings were further
supported by numerical examples, which demonstrated the accuracy of the derived approx-
imations. To determine the accuracy of the obtained formulas, we compared the asymptotic
values of the tail of the product distribution P(¢; ..., > u) of normally distributed in-
dependent r.v.s {¢1, ..., Cn } with the corresponding values obtained by the Monte Carlo
method. We assumed that the tail probability values obtained by the Monte Carlo method
are accurate. Unfortunately, for large values of the argument, the tail values of the distribu-
tions of a normally distributed random variable are very small. Therefore, to find the exact
tail values of P(¢7 ... ¢, > u), an exceptionally large number of simulations are required.
In our work, we limited ourselves to 107 simulations. Therefore, in the examples, we did
not consider very large values of u in the expression P(¢1 ... &, > u). The results obtained
in Section 6 additionally confirm that our rigorously proven asymptotic formulas are true
for any number of multipliers, with any means and any variances. It is only important that
the normally distributed random variables being multiplied are independent. At the same
time, we note that our work is theoretical, and the tables and graphs are provided solely to
illustrate the theoretical result and the limitations of the Monte Carlo method. The used
Monte Carlo simulations are acceptable for illustration, but not as strong numerical evi-
dence of accuracy in the far tail.

Future research directions may include extending these results to dependent settings,
exploring higher-order asymptotic refinements, and applying the findings to practical
problems in finance, physics, and related fields where multiplicative processes play a
key role. Of course, to obtain more accurate or general asymptotic formulas, it may be
necessary to use not only our “geometric” method but also other methods, such as the
saddle-point method or expressions of product distributions of random variables via the
Meijer G-functions.
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