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Emergent topological properties in spatially modulated sub-wavelength-barrier lattices
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We investigate topological phenomena in a spatially modulated Dirac-6 lattice, where the scattering potential
varies periodically in space. Changing the potential modulation frequency leads to Hofstadter’s butterfly-like
energy spectrum and enables the emergence of topological transport regimes characterized by nontrivial Chern
numbers. We show how the considered modulated system is connected to the Hofstadter model via the Harper
equation. By adiabatically varying spatial modulation parameters, we demonstrate controllable quantum trans-
port and verify the topological nature of these effects through Wannier center displacement and bulk invariant
calculations. We also propose an experimentally feasible realization of such a system using optically controlled
three-level atoms. Our findings showcase spatially engineered Kronig—Penney-type systems as versatile plat-
forms for investigating and exploiting different topological quantum transport regimes.
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I. INTRODUCTION

The Kronig—Penney model provides a paradigmatic de-
scription of crystalline solids with periodic potentials [1]. It
is a one-dimensional continuum model in which a particle
moves in a periodic array of short-range scatterers, often
represented by a Dirac comb potential. It serves as an an-
alytically tractable minimal description of low-dimensional
condensed-matter materials, capturing the physics of trans-
port [2], localization, and disorder [3—5]. Recent theoretical
and experimental developments in ultracold atomic systems
allow such toy models to be realized in precisely control-
lable environments, with individually tunable positions and
scattering strengths of the potential barriers. Ultracold atomic
systems offer a versatile platform where potentials with sub-
wavelength structure can be engineered by using the spatial
dependence of the nonlinear atomic response associated with
the dark state of a three-level system [6—10], Fourier-synthesis
of lattices utilizing multiphoton Raman transitions [11], op-
tical or radio-frequency dressing of optical potentials [12],
and trapping in near-field guided modes with nanophotonic
systems [13]. These potentials are also supported by photonic
crystals [14,15].

A central theme driving much of modern condensed-matter
physics is the profound role of topology. The discovery of
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the quantum Hall effect revealed that quantum states could
possess global properties, characterized by topological in-
variants, leading to robust phenomena such as quantized
conductance immune to local perturbations [16]. Thouless
pumping emerged as a powerful concept connecting the static
topological properties with dynamic response [17]. It demon-
strated that the adiabatic and periodic change of system
parameters could induce quantized transport, directly related
to a topological invariant known as the Chern number. This
provided another experimental avenue for probing topology
[18,19]. Crucially, Thouless pumping allows us to access
high-dimensional systems by interpreting periodically varying
parameters as synthetic dimensions. Thus, topological phe-
nomena governed by Chern numbers can be engineered and
studied even in systems that are effectively one-dimensional
[20-23].

Kronig—Penney-type models naturally lend themselves to
such topological engineering. Parameters controlling modu-
lation of the barrier positions or strengths can be mapped to
synthetic dimensions, realizing effective higher-dimensional
band structures with nontrivial topology. Moreover, these sys-
tems have been shown to support topological edge states
[24-27], demonstrating that nontrivial topology can be im-
plemented and controlled at the level of continuum scattering
potentials. The combination of analytical tractability, flexi-
ble tunability, and experimental accessibility therefore makes
Kronig—Penney-type models an ideal setting to investigate
topological transport.

In this work, we investigate the topological properties
arising in a spatially modulated Dirac-§ lattice, where the
scattering strengths of the equidistantly placed §-function po-
tentials vary periodically in space. Specifically, we show that
changing the frequency of this spatial modulation leads to
the emergence of Hofstadter-like energy spectra, reminiscent
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of electrons in a two-dimensional lattice under a magnetic
field. We demonstrate that this spatial modulation, coupled to
the adiabatic variation of the modulation parameters, enables
control over quantum transport due to the presence of nontriv-
ial topology in the system. We explicitly calculate the Chern
numbers of the spectrum, illustrating various possible trans-
port regimes depending on the filling of the energy bands. To
solidify the connection to established topological frameworks,
we compute the Wannier center displacement using different
pumping protocols, confirming that they match the results
obtained from the bulk topological invariant calculations and
highlighting the role of the spatial barrier modulation as an ef-
fective magnetic flux that controls the periodicity length scale.
Finally, we propose how to implement such a periodically
modulated sub-wavelength-barrier system in an experimen-
tally accessible three-level dark state lattice. Our work reveals
how spatially structured potentials in simple lattice models
can serve as a resource for engineering topological states and
controlling quantum dynamics.

II. MODEL

We consider a one-dimensional system of equidistantly
spaced Dirac-§ scatterers (barriers) with spatially cosine-
modulated scattering amplitudes (heights). It is described by
the dimensionless Hamiltonian

d2 afy A
Hz—@-i-zhjy S(x—xjA), M
JjeEM
where
B = w1 bacos(apt )l @

Throughout the paper, energy is taken to be dimensionless
and is measured in terms of Ey = "2 /2ma2, where a is the
separation between neighboring barriers, m is the mass of the
particle, and 7 is the reduced Planck’s constant. The position
coordinate x and the jth barrier position x? = x; + A are
measured in units of a, where x; = x? and for numerical
calculations we set xo = 0. M C Z is the indexing set of the
barriers and the parameter A indicates a global translation of
all of the scatterers by distance A under the height modula-
tion function. The cosine modulation amplitude is @ € [0, 1],
and its spatial frequency and phase are 8 and y € [0, 27) (a
shift of y = 27 8 is equivalent to translating the whole lattice
by scatterer separation distance a). When the modulation is
turned off (o = 0), the height of all barriers is 4y. An example
spatial barrier configuration for 8 = 1/5 is shown in Fig. 1(a)
for two elementary cells of length b. The evolution of the
barrier positions and heights under periodic change of y and
A are shown in Figs. 1(b) and 1(c), respectively.

III. RESULTS
A. Band structure

One of the key properties required for topological transport
is the presence of isolated bands throughout the entire variable
parameter regime, i.e., throughout the range of y and A. To
determine their existence, controllability, and to identify their
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FIG. 1. (a) Equidistantly spaced sub-wavelength barriers with
scattering amplitudes h2**7* for modulation parameters B = 1/5,
A =0,y =0,hy = 10,and « = 0.5. The black dashed line indicates
the modulation envelope. (b) Evolution of the barrier heights h*f7
as y is changed while A = 0. (c) Evolution of the barrier heights and
positions as A is changed while y = 0.

bounds, we first calculate the energy-band structure of the
system.

The energy bands of the model are obtained by imposing
a periodic boundary condition (PBC) for the coordinate x and
solving the eigenvalue problem in quasimomentum k space
(see Appendix A). The system satisfies PBC only if 8 is
rational. For numerical calculations, we select 8 = p/q with
g €{2,3,...,30} and p being all coprimes of ¢ such that
0<pB<l.

We first calculate the set of energy eigenvalues E (k, v, )
and look at the band structure as a function of modula-
tion frequency B, for all values of k and y while A = 0.
The topological properties of the system will depend only
on the presence of band gaps throughout the parameter do-
main; therefore, the relevant information is encoded in the
projected bands E(B) ={E(k,y,B)lk € (—n /b, /D],y €
[0, 27)} for each B. It is important to note that E(k, A, B)
for y = 0 shares the same projected band structure E(8) =
{E(k, A, B)|k € (—m /b, /D], A € [0, 1)}, since varying ei-
ther A or y periodically covers the whole barrier configuration
space, albeit in a different manner, leading to the same gap
structure. The lowest projected energy band for different
modulation strengths « is shown in Figs. 2(a)-2(e). We see
that, as « increases, the band splits into sub-bands forming
a Hofstadter’s butterfly-like spectrum [28]. In this sense, «
plays a role analogous to the hopping anisotropy ratio in the
Hofstadter model, where gap formation emerges as the ratio
approaches unity [29]. The higher energy bands behave in a
similar fashion (see Appendix A). The number of sub-bands
in each band is numerically observed to be ¢. In the even-q
case, the ¢/2 and ¢/2 + 1 sub-bands touch at energies Eg" =

K,% where K, are the solutions of the equation 2}’70 sin(K,,) +
cos(K,) = 0 with ordering 0 < K| < K; < --- < K. These
are the eigenenergies of the system at k = £ /2 when all
barrier heights are equal, thus they do not depend on « and
the wave functions form standing waves (see Appendix B).
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FIG. 2. Emergence of the butterfly-like energy spectrum in the lowest projected energy band E(S) as the modulation amplitude « is

sup

increased. Panels (a)—(e) correspond to & = 0.1, 0.25, 0.5, 0.75, and 1. The energies of the upper bound E|™, standing-wave solution E,T("]id,
and the lower bound E™ are indicated by cyan, red, and magenta dashed lines, respectively, and their dependence on « is shown in panel (f).

The unmodulated height is fixed at sy = 10.

Each of the energy bands, independently of Ay, «, and B,
is bounded from above by E,"* = (7n)?, n € N, where n is
the energy band index. This corresponds to the case when the
eigenstates of the system effectively do not feel the Dirac-§
potential since the zeros of the wave functions coincide with
the positions of the barriers. Thus, only the kinetic-energy
contribution is present.

Finally, the lower energy bound Ei"f of the spectrum is de-
termined by solving the standard Kronig—Penney problem for
equal-height barriers of height 4p(1 — «), which is the lowest
possible energy configuration for a fixed set of parameters
(see Appendix B). These analytical bounds are depicted with
respect to « in Fig. 2(f).

The symmetry of the energy spectrum with respect to
B = 0.5 can be explained by noting that the barriers discretely
sample the modulation function A%#¥2. When the modula-
tion frequency is larger than the Nyquist frequency g = 0.5,
aliasing occurs since the barriers undersample the modulation
signal [30]. This means that frequencies § and 1 — 8 give
identical potential modulation up to a sign.

B. Topological properties

The topological properties of the modulated Kronig—
Penney system can be captured by treating each modulation
parameter as a quasimomentum of a synthetic dimension.
The real-space quasimomentum k and a selected modula-
tion parameter then form a closed torus in parameter space,
allowing us to define the Chern number of isolated energy
bands. This topological invariant provides information about
quantized charge transfer in one dimension and can be related
to the conductance of a two-dimensional system [31]. In this
section, we look at the different transport regimes hosted by
the modulated Kronig—Penney model and how they are related
to those observed in the Harper—Hofstadter model. The trans-
ported charge is obtained by evaluating the Chern number in
two ways: either by directly employing the definition, which
requires information about the states, or by using a version of
Stfeda’s formula [32], which requires only the knowledge of
the energy spectrum, thus allowing faster computation.

The first set of periodic parameters that we consider con-
sists of k and y. The Chern number associated with the nth

sub-band for a selected § value is then calculated as [33]

1 2
) — (n)
= /B dk fo dy F, 3)

where BZ specifies integration over the first Brillouin zone,
Fk(:) is the Berry curvature

u'™

k) (4)

(n)
F® _ i um auk?’ _ i u™
kv ok \ | ay ay\ | ok

and |u,(€')’/>) are the Bloch eigenstates of the sub-band. The
second set of parameters that forms a closed torus in the
parameter space is k and A, with the Chern number calculated
as

1 1
™ = — / dk / dAE®. 5
" 2mi BZ 0 kA ( )

The Chern numbers in each case can be evaluated using
Egs. (3) and (5), however, since the considered model ad-
mits a Harper equation representation (see Appendix C), a
numerically efficient way to obtain the transported charge is to
employ Stfeda’s formula [32,34,35]. The transported charge
of the completely occupied sub-bands for the (k, ) parameter
case is then given by

ng

c” = ZCIEV) —

n=1

ON(Er)
ap

where np indicates the highest occupied sub-band and N (Ef)
is the number of states below the Fermi energy Ep divided
by the total number of states in the band. The total charge
transfer C) of the lowest energy band is calculated numeri-
cally using the finite difference method and shown in Fig. 3(a).
The change of N(Ep) is divided by the change in modulation
frequency of the two closest sampled 8 points. As long as the
given Ep remains in the same energy gap between neighboring
B, the total charge is obtained accurately; however, due to
the finite sampling of g this condition is hard to maintain for
small energy gaps. This is especially prevalent for gaps above
E}gid as seen in Fig. 3(a), where only the charge transfer of
the major gaps can be discerned. Nevertheless, this approach
allows us to evaluate the Chern numbers for a large range of
quickly. In contrast, the transferred charge C*) = Y"* C(»)

n=1 “rn

) (6)
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FIG. 3. (a) The total Chern number C"” represented as an in-gap color, indicating the sum of Chern numbers of the sub-bands below Fermi
energy Er. (b) Same color scale is used to mark #,, obtained from Diophantine equation (8). The model parameters are o = 0.5 and Ay = 10.

in (k, A) space is obtained using Eq. (5) and is shown in
Fig. 4(a). Integrating the Berry curvature provides more ac-
curate results since the computation is performed for a fixed
B, however, numerical errors can still appear when the gap
between the energy bands is small and finer parameter dis-
cretization is needed.

The two charge-transfer regimes shown in Figs. 3(a) and
4(a) share the same butterfly-like projected bandwidth struc-
ture, although their topological properties are different. In
particular, the regimes are connected through the Diophantine
equation (see Appendix C)

pC" +qC'™ = ng, (7)

for ng filled bands. This allows us to establish a connection
between the one-dimensional Kronig—Penney model under
parameter variation and the charge transfer picture of the two-
dimensional lattice with electrons in a magnetic field. Such a
system is known as the Hofstadter model, and the information
about its transport is encoded in the Diophantine equation of
the form

®)

with conditions 2|t,,.| < g and s, € Z. It uniquely determines

the Hall conductance GIEI"F) = %IHF of a square lattice pierced

by a dimensionless rational magnetic flux ¢g,x = p/q for the
system occupied by particles up to the npth energy band

[31,36-38]. The integer s, is the gap label that fixes the

ptnp + qSnz = NF,

flux-independent part of the integrated density of states N (Ef)
once t,, is determined. It can be interpreted as a Chern number
associated with the charge transfer under the translation of
the periodic potential [39]. We map the calculated charge
t,, of the Hofstadter model to the energy gaps of the mod-
ulated Kronig—Penney model, assuming that 8 = ¢g.x. The
resulting gap-coloring based on the total Chern number ¢,,
corresponding to the Hall conductance of the lowest energy
band is shown in Fig. 3(b). Comparing it with the charge
transfer obtained from Stfeda’s formula at the well-resolved
gaps [Fig. 3(a)] we see that the predicted Chern numbers
of both models are in good agreement. Comparing C*) of
Fig. 4(a) to s, obtained from Eq. (8) and mapped to the gaps
of the modulated model [Fig. 4(b)] we get matching Chern
numbers up to numerical precision as well.

The origin of the topological similarity between the mod-
ulated sub-wavelength-barrier Hamiltonian and the Harper—
Hofstadter model lies in the underlying difference equa-
tion structure that both models share. The two-dimensional
(2D) Harper—Hofstadter lattice model can be mapped to a
one-dimensional (1D) Harper equation [40] (also known as
the Aubry-André model [41]) by a proper gauge choice
[42], while the modulated Kronig—Penney model reduces to
a modified Harper equation by employing the Bethe ansatz
(see Appendixes B and C). The energy spectra nevertheless
differ in detail. In the tight-binding Harper—Hofstadter model,
the spectrum is mirrored around zero energy due to the

10 A (a) g i ] (b) T ny Sy g 6
N )
° ] 2
0 =
N 6 i = | 0 O
il ;E;;:,. -2
Il By _a
] | T | -6
0.00 0.25 050 0.75 1.00 0.00 0.25 0.50 0.75 1.00

B

B

FIG. 4. (a) The total Chern number C'*) as an in-gap color, indicating the sum of Chern numbers Y " | C‘4) of the sub-bands below the
Fermi energy Ef. (b) Coloring given by s,,. obtained from Diophantine equation (8). The parameters used are @ = 0.5 and hy = 10.
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bipartite lattice hopping geometry. By contrast, the modified
Harper equation of the continuum Kronig—Penney Hamilto-
nian breaks this symmetry since energy-dependent on-site
terms arise [43], resulting in a butterfly-like dispersion that
is generally skewed. Despite these differences, the underlying
topological properties are retained as long as the energy gaps
do not close.

Two aspects of the modulated Kronig—Penney model go
beyond the standard Harper—Hofstadter setting. First, as a con-
tinuum system rather than a tight-binding lattice, its spectrum
is not bounded from above, providing access to topological
structure in higher-energy bands. Second, the model admits
an extended modulation parameter space: whereas in the Hof-
stadter problem the gap-labeling integer s, is fixed once the
band Hall response is specified, here the associated invariant
C™ is directly accessible experimentally through topological
pumps by changing the parameter A, as discussed below.
Together, these features enable transport responses that differ
qualitatively from the canonical lattice case, i.e., filling the
entire sub-bands of the lowest band, one can obtain a nontriv-
ial net charge C‘*) = 1, in contrast with the usual Hofstadter
model where filling all the bands yields C%) = 0.

C. Adiabatic transport in real space

The resulting nontrivial topology of the model leads to
quantized density charge transfer in real space under the
adiabatic change of y and A. This is known as Thouless
pumping, which has been observed in a variety of cold atom
and condensed-matter systems [17,19,21].

To illustrate transport in our system, we calculate the po-
sition expectation value of localized Wannier functions [44]
of the occupied bands during a single periodic evolution of
the parameters, i.e., a single pumping cycle. For systems with
PBC, the position operator X is not compatible with trans-
lational symmetry on a ring, making its expectation value
ill-defined and origin-dependent [45]. A suitable expression
that respects the translational symmetry can be constructed
using the unitary operator el T, defining the position up to
modulo of the system length [46],

L iZrs
(x) = > Im [ log ({e'=%))]. )

Here L is the length of a ring that consists of M. elementary
cells of length b. Evaluating this expression for the Wannier
functions gives the Wannier center position.

We select two modulation frequencies § = 1/3 and § =
2/3, which are numerically feasible and capture distinct trans-
port regimes during the variation of y and A, including
transport in opposite directions as well as the absence of net
transport. We focus on the lowest sub-band of the lowest
energy band and assume it is completely filled. The calcu-
lated Chern numbers for the considered cases are shown in
Table I.The accompanying Fig. 5 illustrates the spatial trans-
port of localized densities for these regimes. The dashed white
curves show the instantaneous Wannier centers, which can
exhibit small intracell oscillations during the evolution due to
the density redistribution as the barrier configuration changes.
Only the net displacement after one closed cycle is quantized.
In Figs. 5(a) and 5(c), the barriers remain in fixed positions,

TABLE I. Chern numbers of the first energy band for the param-
eter spaces (k, ) and (k, A) at selected 8. The labels (a)—(d) indicate
the matching transport cases of Fig. 5.

cw c®
B=1/3 1 (a) 0(b)
B=2/3 —1(0) 1(d)

and the density of Wannier functions wy(x) is transported
across the barriers with the lowest heights while varying y.
The transport in different directions for 8 = 1/3 and 8 = 2/3
is observed because the modulation envelope is offset by 27 /3
in Fig. 5(a) and —27 /3 in Fig. 5(c) for each subsequent
barrier, leading to the movement of the modulation minima
to either right or left during the pump cycle. In Figs. 5(b)
and 5(d), the barriers are shifted by A in space as well.
The Wannier centers are moved through the barriers with the
lowest heights, resulting in no net shift after the pumping
cycle in Fig. 5(b), whereas in Fig. 5(d) they are transported
to the neighboring elementary cell. In all of the cases, the
density of a selected Wannier function, after completing a
single pumping cycle, gets translated by an integer number
of elementary cells. This integer corresponds to the Chern
number, with the sign indicating the transport direction as
expected (see Table I).

In ultracold atom systems, the analyzed transport can
be observed using standard techniques such as measur-
ing the center-of-mass movement of an atom cloud under
pumping [21]. The Chern number can also be obtained
from density-profile measurements [47]. Specifically, for the
modulated Kronig—Penney model, it could be done by taking
bulk-density snapshots for different values of the modulation

2 0.8
Q =

0 0.0

2 15

g

o N
=1 10%
X kS

0 5

10 A 1

FIG. 5. Spatial transfer of localized Wannier function density
|wo(x)|?> under adiabatic change of y and A when the lowest-energy
sub-band is filled for modulation § = 1/3 in panels (a) and (b) and
B =2/3 in panels (c) and (d). Two elementary cells are shown
with barrier positions and heights indicated by A*#*2. The dashed
white curves are position expectation values of Wannier functions of
neighboring elementary cells.
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FIG. 6. (a) Lambda atom-light coupling configuration for ul-
tracold atoms. (b) Spatial dependence of the modulus of Rabi
frequencies €2; and €2, obtained from Eqgs. (14)—(17) for € = 0.1,
a=0.1,=1/3,y =0,k =1,0 = 0. (c) Position dependence of
geometric scalar potential ¢ for aforementioned €2; configuration,
obtained from Eq. (13) for the same parameters.

frequency and extracting the topological invariant from the
resulting density change, in direct analogy to Stfeda-type
protocols based on magnetic flux variation in the Harper—
Hofstadter model [48].

D. Experimental realization

Let us also propose a concrete experimental scheme to
realize the aforementioned Kronig—Penney-type model. For
this, we consider ultracold atoms in a A configuration with
two ground states |1) and |2) and an excited state |e), as
depicted in Fig. 6(a). In general, the excited state experiences
spontaneous emission, characterized by the decay rate I". The
low-lying states |1) and |2) are off-resonantly coupled (with
detuning A) to the excited state |e) by laser fields, which are
characterized by spatially dependent Rabi frequencies 2;(r)
and €2,(r), respectively. In what follows, we usually keep the
position dependence implicit.

Applying the rotating wave approximation [49], the stan-
dard atom-light coupling Hamiltonian can be written as

2

V/h= Z (%|e><j| +H.c.> - (A + %F)IE)(EI, (10)

J=1

which supports a dark state solution with eigenvalue 0, which
is given by [50,51]

1
D) = 5 (€fl) = €21[2)), an

where Q = (| 1% + |22)5)'/2.

When the amplitude of the Rabi frequencies is much larger
than the characteristic kinetic energy, the atoms adiabatically
follow the dark state, i.e., | (r)) = ¥p(r) |D(r)) [50,52-54].
Then, the dark state wave function ¥ is governed by the dark
state Hamiltonian

N d?
Hp = 2 + ¢, (12)
where ¢ is the geometric scalar potential [52,54]
V¢*-v
_ 5—242 (13)
(I+1z1%)

and ¢ = 1/, is the Rabi frequency ratio. Note that, for a
one-dimensional system, the vector potential can always be
gauged away and, thus, is not shown. Henceforth, we take the
Rabi frequencies to be purely real.

Looking at Eq. (13), we see that the amplitude of the scalar
potential depends on the spatial variation of the Rabi fre-
quency ratio. Consequently, a sub-wavelength Kronig—Penney
lattice can be engineered if one of the Rabi frequencies pe-
riodically goes to zero, while the other has a much smaller
constant amplitude [6,9]. To additionally obtain modulated
Dirac-§ scatterer heights, one may add an amplitude envelope
on one (or both) of the Rabi frequencies.

More concretely, consider the following class of configu-
rations:

Q1 (x) = Qo fi(x)sin (kx 4 0), (14)

Qo (x) = €Qo f2(x), (15)

where 2 is the Rabi frequency amplitude, € is the amplitude
ratio, k is the wave vector, 6 is the spatial phase, and f;(x) are
functions of order unity with no real roots (i € {1, 2}).

Then consider the vicinity of a zero of Q;(x) at x = x;.
One can show that the geometric scalar potential approaches a
Dirac-§ peak at x = x; with amplitude 76(x — x;)/2¢; as € —
0, where €; = € f2(x;)/ f1(x;) [4]. Since €2 (x) is periodic, one
obtains a sub-wavelength-barrier array with a spatial period
a=mn/k.

To obtain the considered Kronig—Penney lattice, given by
Eq. (1), one can take the following envelope functions:

[ix) = hP 2 /Ry, frx) =1, (16)
where

hPY2(x) = hol[1 4+ a cos2m Bx® — )], (17)

and x® = x + A. Of course, one has h*#72(x;) = h?ﬂ”A.

For clarity, the Rabi frequencies and the resulting ge-
ometric scalar potential are shown in Figs. 6(b) and 6(c),
respectively. Note that in principle, there are many possible
configurations to achieve the desired lattice since the Dirac-§
amplitude is determined only by the envelope function ratio at
x = x; and not the individual envelope function values.

IV. SUMMARY AND OUTLOOK

In this work, we have demonstrated that a spatially mod-
ulated sub-wavelength-barrier lattice exhibits nontrivial band
topology characteristic of Hofstadter-type systems. The mod-
ulation of the barrier strengths fragments the bands into
multiple sub-bands and produces a Hofstadter-butterfly-like
spectrum with analytically controllable bounds. Treating the
modulation parameters as synthetic dimensions, we identified
two pumping geometries, (k, y) and (k, A), which display
distinct quantized transport regimes under adiabatic varia-
tion. The associated Chern numbers, obtained from the Berry
curvature and a Stfeda-type relation, are linked by a Harper—
Hofstadter-like Diophantine equation, providing a connection
between the modulated continuum model and the quan-
tum Hall lattice problem. These bulk invariants are directly
reflected in real-space Thouless pumping, where Wannier
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centers shift by an integer number of elementary cells over
a pumping cycle.

We have also outlined a concrete implementation based
on dark-state optical potentials in a three-level A configura-
tion, where position-dependent Rabi frequencies generate an
array of modulated Dirac-§ barriers. Such setups are compat-
ible with current ultracold atomic gas experiments, making
modulated Kronig—Penney systems a practical platform for
realizing Hofstadter-type topology in reduced dimensionality.
While our analysis focused on bulk properties, the flexibility
in engineering barrier configurations and band topologies sug-
gests straightforward extensions to topological interfaces and
edge-state physics. In future work, it will be of particular in-
terest to investigate how interactions and disorder modify the
topological transport identified here, and to develop controlled
nonadiabatic driving protocols for manipulating transport be-
yond the strictly adiabatic regime.
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APPENDIX A: HAMILTONIAN MATRIX ELEMENTS
OF PERIODIC BOUNDARY MODULATED
KRONIG-PENNEY MODEL

Let the height modulation frequency in Eq. (1) be rational,
i.e., B = £ where p and ¢ are coprime integers. In this case,
for a given B, an elementary supercell of length b exists. To
solve the eigenvalue problem, we use Bloch’s theorem, stating
that the eigenfunctions of a periodic system have the form
P (x) = eikxu,((")(x). Here 7 is the quantum number labeling
the energy bands, u,((")(x) = u,ﬁ")(x + b) is the periodic part
of the Bloch wave function, and k is the quasimomentum. If
periodic boundary conditions are imposed, the quasimomen-

tum takes discrete values k = A?[”fh with £ € {—A%, A% +

1,..., A% — 1}, with M being the number of supercells.
In the infinite-lattice case k is continuous. Acting with the

model Hamiltonian on the wave function ansatz, we get a set
of decoupled equations for each k with the periodic part of the
wave function as the eigensolution:

2
[(ldi - k) + V(ﬂ]”i”)(x) = Eu"(x),  (AD)
X

with V(x) = 3~ vy h?ﬁVAS(x — xjA) and energy eigenvalues

E,. We can write the matrix representation of this Hamiltonian
in the plane-wave basis ¢,,(x) = ﬁei%x, m € 7. The solu-

tions are then u!"(x) = Y00 ¢
cfr’f,z € C obtained by diagonalizing the Hamiltonian matrix.

The explicit form of the matrix elements is

¢m(x), with coefficients

’ * 2wl 2
Hml = / dx¢171(x)H¢l(x) = (k + —> (Sml
0

b
e
JEMcen

(A2)

where the sum is over the set M. of barriers indexed in a
single supercell.

For numerical calculations, the plane-wave number cut-
off is |meuwore| = 1000 modes. The dispersions E(k, y) and
E(k, A), for fixed @ and B, are computed by discretizing the
parameter ranges k € [—%, %), y €[0,27), and A € [0, 1)
into 50 evenly spaced points. The bandwidths of both dis-
persion spectra coincide, and the energy-band projections for
each B are shown for the two lowest bands in Fig. 7. The
second band retains the features of the first band, but the
fractalization of the gaps is less pronounced.

APPENDIX B: DETERMINING ANALYTICAL LIMITS
OF THE MODULATED KRONIG-PENNEY MODEL

We start with the Hamiltonian (1) of the main text,

d2
H=-—5+ > hid(x —x)). (B1)

jeEM
where we have dropped the indices indicating parameter
dependence for brevity. We assume that the wave function be-
tween the barriers supports a piece-wise plane-wave solution,
ie.,
¥(x) =Ajei“/Ex +Bje_i‘/Ex forx;_y <x<xj, jeM,
(B2)

given the eigenproblem Hv(x) = Ey(x). At the position of
the jth barrier, we use the continuity of the wave function
lim({y (x; + ) = ¥ (x; = £)] =0, (B3)

which leads to the following condition for the first derivative:

lim | 4Y &)
m

e—0 dx

Ay

dx ®4)

= ]’lj}/f(xj').

xjt+e Xj—¢&
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FIG. 7. Splitting of the two lowest-energy bands E () under the
change of modulation frequency for sy = 10, o = 0.5, A = 0. The
dependence on k and y is projected onto the energy axis for each
B. The number of elementary cells is taken to be M = 50 The
cyan dashed line indicates the upper bound of the energy E; P and
the red dashed line indicates the standing-wave solution energy E mid
for each band j € {1, 2}.
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Using these relations, one arrives at the relations of coeffi-
cients between neighboring regions

- . ih; - ih; -
B (1__1)/4.__13.,
J+l1 2\/— J \/— J

5 ivEa _ ih; ( ) -
Bjie + (1 B;. (BS)
Jj+1 \/— J 2\/_
Here, A; = A;eVE%, B; = Bje Vi, and a is the separation
between nearest barriers. Noting that ¢; = ¥ (x;) = A; + B,
Egs. (B5) can be expressed as

h; sin(~Ea)
2VE

A feature of the butterfly-like spectrum can be immediately
inferred where the barriers are equal for a given B during
parameter change. This corresponds to the formation of stand-
ing waves with zero group velocity, i.e., %(WHI +¥i-1) =0,
which leads to the condition }%\/‘/EE[” + cos(v/E,a) = 0 for
the nth band, when all barrier hei:ghts are equal to h. The
energy solutions correspond to E, oc ER¢ in the main text.
One can also recover the standard Kromg—Penney result by
Fourier expanding the coefficients y; = Y, e*%y, leading
to

1
S Wi+ ¥ = ¥ = cos(VEa)¥;. (B6)

hsin(vEa)

TE = cos(VEa). (B7)

cos(ka) —

Setting the quasimomentum value k = 0 and solving the equa-
tion allows us to find the lower bound Ei"f of the energy
spectrum for the butterfly-like structure.

APPENDIX C: RELATION TO HARPER-
HOFSTADTER EQUATION

The modulated Kronig—Penney Eq. (B6) derived in the
previous section can be rewritten as

Yir1 + Vi1 + g1(E)cosr Bx; — @)Y = g2(E)Y;, (C)

where we have denoted the modulation phase as

¢ =y —2nBA, (C2)
and the energy-dependent terms by
ahy sin(vEa)
E)y=———"F, (C3)
81 JE
ho sin(~ E
22(E) = 2 cos(VEa) + hosin(VEa) (C4)

VE

The obtained Eq. (C1) shares the discrete difference equa-
tion structure of the Harper—Hofstadter model with an
energy-dependent modulation coefficient. The modulation
frequency B plays an analogous role to the dimensionless
magnetic flux ¢g.x in the 2D Hofstadter model written in
the Harper equation form [39]. A Thouless pump cycle in
the Harper equation is realized by adiabatically changing the
phase parameter ¢ from O to 2mw. The charge transported
during such a period for a selected n band is equal to the Chern
number

1 21
c¥ = — / dk / dp F™, C5
" 2mi BZ 0 ¢ ke ( )

where the superscript indicates the pumping parameter con-
sidered. We immediately see that when A is fixed and the
pumping is induced by changing y, the pumped charge pre-
cisely coincides with the Hofstadter-model case, i.e., C,iy) =
C'). It is known that, for nr occupied energy sub-bands of the
Hofstadter model, the transported charge can be related by the
Stfeda-Widom formula

T Z C((p) L (C6)
T

where e is the electron charge, B is the magnetic field, and

p(Ep) =12 (EF) is the particle density with A being the el-
ementary cell area and N(Ef) the density of occupied states
per band, given that all energy levels below Ey are filled.
Expressing the equation in terms of dimensionless magnetic
flux ¢aux = cBAcen/2mh, we get

c¥ = ch’) 32\;@“. (C7)
flux

n=1

An analogous relation is valid for the Kronig—Penney model
if the dimensionless flux is replaced by the spatial modulation
frequency of the barriers, provided that the functions g;(E)
and g»(E) only smoothly deform the energy bands without
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closing the gap

ON(EF)
ap

This is Eq. (6) used in the main text.

If y is fixed and A is varied, the Chern number for a single
pump cycle is

cv = (C8)

1 1
Y=o / dk / dAER. (C9)
71 Jez Jo

For rational modulation 8 = p/q, the transported charge C*)
can be related to C) by noting that performing the A pump
cycle g times shifts the phase ¢ by —2m p and the barriers
are shifted by an elementary lattice cell. Shifting the barriers

transports ng charges corresponding to the filled number of
sub-bands [17], and the phase change contributes —pC),

leading to the total charge transport
gC™® = ng — pC»). (C10)

Rearranging gives the Diophantine equation for the consid-
ered modulated Kronig—Penney model
pC?) 4 gC™ = pp, (C11)
or alternatively
C™ 4 BCY) = N(Ep), (C12)

which can also be obtained by integrating Stfeda’s equa-
tion (6).
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