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Abstract

In this paper, we consider the so-called Choulet sequence a,, n = 0,1,2,3,... For any com-
plex numbers ag, a1, k, 1, it is defined by the formula 4,1 = Z}i:o ajay_j+k(n+1)+1 for
n =1,2,3,... Wederive the recurrence formula of the form (n + 1)a, + Z?:l(uj +nvj)a,_; =0
for n > 5, where uj,vj, j = 1,...,5, are some constants that depend on ag,a1,k,1,
but not on n. In the case when k = 0, we obtain a shorter recurrence formula
(n+1)a, + Z;-Lzl (uj +nv;)a,_; = 0 for n > 4. Both these formulas correspond to the recur-
rence formulas presented in the OEIS (The On-Line Encyclopedia of Integer Sequences) for
many initial vectors (ag,a1,k,1) € Z*. Most of them are listed as conjectures. So here we
verify all of them using the same procedure by just inserting the values of ag, a1, k, [ into the
derived formulas. We also show that the Choulet sequence is a linear recurrence sequence
if and only if (k,I) = (—a?,2a% + ay — 2aay).
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1. Introduction

Consider the sequence of complex numbers a,, n =0,1,2,3,..., defined by
n
an+1:2ajan,j+k(n+1)+l, n=123..., 1)
j=0

where ag, a1, k, | are some fixed complex numbers. For various small ag, a1, k,I € Z these
sequences were introduced by Richard Choulet in [1]: see, for instance, the following entries:
A176604-A176607, A176609-A176612, A176645, A176648, A176675, A176677, A176678,
A176749-A176757, A176759, A176826, A177111, A177113, A177115, A177117, A177118,
A177127-A177131, A177168-A177172.

As is usual for the entries in [1], a combinatorial, a number theoretic or another
mathematical context of each such sequence is explained. In all the cases mentioned above,
a recurrence formula of the form

d
(n+1)a, + Z(u]- + nv]-)an_]- =0, (2)
j=1
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n=d,d+1,4d+2,...,with some explicit u jr U is provided in the respective entry for either
d =4 ord = 5 as a conjecture. Note that in the case when gy = 21 = 1and k =/ = 0 the
sequence (1) is the Catalan sequence Cyp = C; =1,

n
Cn+1 = C]'C?l*]'/ n=123,..., (3)
j=0

which itself is the sequence A000108 in [1]. A wide range of combinatorial interpretations
of Catalan numbers is described in Stanley’s monograph [2]. It seems that Catalan numbers
first appeared in 18th century [3]. See also [4,5] and some very recent papers [6-9]. It is

1 [2n
C”:n—i-l(n) @

well known that

and so the recurrence relation
(n+1)Ch+(2—4n)Cy_1 =0 ()

holds for each n > 1. On the other hand, in [10], it was shown that C,;, n = 0,1,2,3,...,
does not satisfy a linear recurrence sequence (the one with constant coefficients; see (10)
below). Note that (5) is also of the form (2) with d = 1.

Very recently, in [11], Niu considered the sequence (1) with (ag, a1,k,1) = (1,1,0, —1)
and proved for it the recurrence formula

(n+1)ay + (2 —6n)a,_1 + (9n —13)ay 2 — 4a,—3 + (16 —4n)a, 4 =0

for each n > 4 as it was conjectured in A176677 of [1]. (This formula is of the form (2)
with d = 4.) The proof in [11] involves some nontrivial calculations and computational
verification with the Python standard library plus SymPy 1.14. The aim of our note is to
prove this result for any sequence (1) (with arbitrary choice of ag, a1, k, ) and do it without
any computer assistance. Using this, we will establish all the formulas exactly as they are
conjectured in the above mentioned entries of [1].

In order to derive (2) for the sequence (1) with arbitrary ag,ay,k,I € C, we set

Q(z) = (1 —2)* —4apz(1 — 2)? — 4(ay — a3)z%(1 — 2)® —4kz® —4(k+ 1)2>(1 —z) (6)
and show the following;:

Theorem 1. There is a positive number § = 5(ap,a1,k,1) such that the generating function
G(z) = L% ajz) of the sequence (1) is analytic in the disc |z| < & and for each such z satisfies

q0(2)G'(z) + q1(2)G(2) = 92(2), (7)
where qo(z) = z(1 —2)Q(z),

_z2(1-2)Q'(2)
5 /

o) = LEE=D =200) o

q1(z) = (1-22)Q(z)

and where Q is defined in (6).

In the next section, we will prove Theorem 1. Using it, in Section 3, we will derive the
formula (2) with d = 5 for any sequence (1) (see Theorem 3). In Section 4, assuming that
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k = 0, we will derive the recurrence (2) with d = 4 (see Theorem 4). Finally, in Section 5
we will show that the Choulet sequence is not a linear recurrence sequence except for one
explicitly described case. Recall that a sequence s,, n =0,1,2,3,..., is a linear recurrence
sequence if for some d € N and some constants by, ..., b; we have

sn =bisp—1+ - +bgsu_q (10)
forn=d,d+1,d+2,... InSection 5, we will show that

Theorem 2. The sequence (1) is not a linear recurrence sequence except for the case when
(k,1) = (—a3,2a3 + a1 — 2apay). Then the sequence (1) is ag, ay, a1, a1, . . .

Note that ag, a1, a1, 41, . .. is indeed a linear recurrence sequence because of the rela-
tion (10), where s, = a,,n =0,1,2,3,..., holds ford = 2 and (b1, b;) = (1,0).

2. Proof of Theorem 1

We will first establish the following lemma.

Lemma 1. For the sequence a,, n = 0,1,2,3,..., defined in (1) there is a positive constant
p = p(ag,a1,k,1) such that |a,| < p" foreachn =1,2,3,...

Proof. Take
p > max{2,2(|k| +I]),laol, a1, \/ |aoas| + k| + |1} (11)
Note that (11) implies
1)+ 11 < (K + 1+ 1) < E8ED < gt < (12)
for n > 1. We claim that
|ans1] < Cn+1pn+l (13)

for each n > 0. Since C,, = %H(ZJ) < (") < 4" for n > 1 (see (4)), this will complete the
proof of the lemma with the constant 4p.

The proof of (13) is by induction on n. Since, by (11), |a1| < p = C1p and
|a2| = [2a0ay + 2k + 1| < 2|agay| + 2[k| +2[I] < 20> = Cap?,

the inequality (13) holds for n = 0 and n = 1. Fix n > 2. Assume that the inequality
|aj| < Cjp/ holds for j = 1,2,...,n. We will show that it then holds for j = n + 1 as well,
which will complete the proof of (13). Note that, by (1),

n—1
ay41 = 2apa, + Z ajdy_j + k(l’l + 1) + [
=1

Here, 2|aga,| < 20Cy0" = 2C,p" ! by (11) and the induction assumption. Hence,
by (3), (11), (12) and |aja,_j| < C;C,—;p/p"~/ = C;C,_jp", we deduce

n—1
|a,11| < 2C0" 1 4 p" 21 CiCuj+ k|(n +1) +1]
]:
= 2Cu0" ! + (Cpy1 — 2Ca)0" + [K|(n+ 1) + |1]
< 2Cup" !+ (Cugr = 2Cu)p" + " = 2Cu0" ! + (Cpr — 2Cu + 1)p".
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2Cn) = Cn+1 - 2Cn + 1/

Using C, 11 — 2C, > 1 for n > 2, we see that this is less than C,, 10" *! because

(Ci1 —2Ca)p > 2(Cp

which completes the proof of (13). O
We can now prove Theorem 1. By Lemma 1, the generating function G(z) of (1) is
absolutely convergent in the open disc |z| < p~!. In particular, the function G(z) is analytic

in |z| < p~!. Using (1) we immediately get
[e) [e9) n [e9)
Glz)—ag—mz=Y a1z =Y Y aa, 2" + Z n+1)+10)z"
n=1 n=1j=0 n=1
Here,
, o 2
= —akz+ z( ) a]-z]) = 2G(2)? — a3z
j=0

—ao—l— Z Za]z]an ]z

n=0;=0
(k+1)z2

<) n
Y ) oz
n=1;=0
and

c- n+1 2y, 01 2% i1 kz?

Y (k(n+1)+ 12" =kz® Y "4 (k+1)z7 ) 2" = 5

n=1 n=1 n=1 (1 - Z) 1-z

Hence,
kz? k+1)z2
G(z) —agp— mz = zG(z)" —agz + A-2)p + ( 1_)2 ,
which yields
kz? (k+1)z2
ZG(Z)Z —G(z) = —ag — (a1 — ap)z — (1—z)2 I
In view of (6), we can rewrite the last equality as
2 _ _ Q@) -(1-2?_ Q) 1
2G(2)° - G2) = 4z(1-2)2 4z(1-2z2)? 4z
Thus,
20 ()2 _ Q=)
4z°G(z)" —4zG(z) +1 = A—27
The left-hand side of the above equality equals (2zG(z) — 1)?. So multiplying both
= Q(2). (14)

sides by (1 — z)2, we obtain
(2z(1-2)G(z) —1+2z)

Recall that the function G(z) is analytic in the open disc |z| < p~!. Take a positive

. )i
number 6 < p~! for which the polynomial Q is not vanishing in |z| < ¢. (Such ¢ exists due
to Q(0) =1 # 0.) Taking the derivatives of both sides of (14) and dividing the resulting

0
equality by (14), we get
2(2z(1-2)G'(z) + (2 —42)G(z) +1)
2z(1-2)G(z) —1+z ~ Q(z)

for any complex z satisfying |z| < J, and hence,
+((4-82)Q(z) - 22(1-2)Q'(2))G(2) = Q'(2)(z — 1) — 2Q(2).

£(1-2)Q()G'(2)
https:/ /doi.org/10.3390/math14122177
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Dividing by 4, we complete the proof of the theorem.

3. General Case
By the definition of Q in (6) and g¢(z) = z(1 — z)Q(z), we find that

q0(2) = z + c22% + 632 + cyzt + c52° + 628, (15)
with
Cr = —4{10 -3,
3 = 4a3+ 12a9 — 4a; + 3,
cg = —12ap(ap+1) +12a7 — 8k — 41 — 1, (16)
cs = 12a3 + 4ag — 12a; + 12k + 81,
6 = —401% + 4a, — 4k — 41.

Likewise, by (6) and (8), we deduce
q1(z) =1 — (34 2ag)z + 3(1 + 2a9)z* — (1 + 6ag — 4k — 21)z° +2(ag — 1)z*.
Thus,
71(2) = 1+ byz + byz* + b3z® + byz?, (17)

with
(b1,b,b3,by) = (—2ag — 3,6a9 + 3, —6ag — 1 + 4k + 21,2ay — 21). (18)

The polynomial g in (9) is of degree at most 4, since so is Q. Fix n > 5 and consider
the coefficient for z" in

90(z)G'(z) = (z+ 22 + -+ 062°) Y jajz .
i=1

Clearly, it is equal to
nay +cx(n—1)ay, 1+ -+ ce(n—5)a,_s.
The coefficient for z" in g1(z)G(z) = g1(z) Y20 ajzj equals
an +bray 1+ +bgay 4.
Since the coefficient for z”, n > 5, on the right hand side of (7) vanishes, we derive that

4
(n+1)a, + Z(b]‘ +cjy1(n—j))ay_j+cs(n—>5)a, s =0, (19)
j=1

where c3,¢3, ¢4, ¢s5,¢6,b1, b2, b3, by are given in (16) and (18). Note that they depend on
ag, a1, k,l but not on n.

In the sequence A176610 we have (ag,a1,k,1) = (1,0,1,1). So, by (18), we get
(b1,by,b3,by) = (—5,9,—1,0), while (16) implies

(ca,¢3,¢c4,¢5,¢6) = (—7,19,-37,36, —12).

https://doi.org/10.3390/math14122177
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Inserting these values into (19), we obtain
5
Z gn,]‘an,j =0 (20)
j=0

for n > 5, where (Cu, {n—1, Cn—2,Cn—3,{n—a, (n—s5) is equal to
(n+1,2—7n,19n — 29,110 — 37n,36(n — 4),12(5 — n)),

which is exactly the same as conjectured for that sequence.
In the sequence A176611 we have (ag,a1,k,1) = (1,1,1,1). Now, by (18), we get
(b1,by,b3,by) = (—5,9,—1,0), while (16) implies

(co,c3,¢4,05,¢6) = (—7,15,—25,24, —-8).

Inserting these values into (19), we obtain (20), where (n, {n—1,Cn—2,Cn—3,Cn—1,Cn—5)
is equal to
(n+1,2—7n,3(5n—7),74 — 25n,24(n — 4),8(5 — n)).

As above, this is exactly the same formula as it was conjectured for that sequence
in [1].

The next sequence A176612 is (ag,a1,k,1) = (1,2,1,1). As above, we get the rela-
tion (20) with (Z, Cn1,Cn2, {3 Cn4, Cu_s5) equal to

(n+1,2—7n,11n — 13,38 — 13n,12(n — 4),4(5 — n)).

Again, this is exactly the same formula as it was conjectured for that sequence.

For the sequences A176645, where (ap,a1,k,1) = (1,4,1,1), A176648, where
(ag,a1,k,1) = (1,5,1,1), and A176759, where (ag,a1,k,1) = (1,0,1,—1), we get the re-
sult as claimed in OEIS. Similar sequences A177111, A177113, A177115, A177117, A177118
can be verified in exactly the same way. (Those five are claimed to be verified.) The
sequence A176826, with (ag, a1, k,1) = (1,1,1, —1), gives (20) with

(Cn,Cn-1,Cn-2,Cn-3,Cn-4,Cn-5) = (n+1,2—7n,3(5n —7),46 — 17n,4(2n — 7),0).
So, the recurrence is
(n+1)ay,+ (2—7n)ay_1+305n—7)a,_»+ (46 —17n)a,_3 +4(2n —7)a,_4 =0
as claimed in A176826 of [1]. Observe that it does not have the term with a,,_s, since
ce = —4a% +4ay — 4k —41 =0,

and that it holds for n > 4, because the polynomial g5 in (9) is cubic.
Using (16) and (18), we can write (19) in the following equivalent form:

Theorem 3. For the sequence (1) we have

(n+1)ay + Cp—18n-1 + Cn—20n—2 + {n—30y—3 + {pn—saay—4 + {n—5a,—5 =0 (21)

https:/ /doi.org/10.3390/math14122177
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forn=5,6,7,..., where

Cn-1 = —(4ag +3)n + 2ay,

Cnoo = (443 + 12ag — 4ay + 3)n — (8a3 + 1849 — 8a; +3),

Cn-s = (—12a2 —12a9 + 12a; — 8k — 41 — 1)n + (36a3 + 30ag — 36a; + 28k + 141 + 2),
Cn-a = (1243 + 4ag — 12ay + 12k + 81)n — (4843 + 14ay — 48ay + 48k + 341),

lns = —4(a% —a+k+1)(n->5).

4. The Case k =0
In the case k = 0 we have Q(1) = 0, so Q(z) is divisible by 1 — z, namely,

Fz) = 28 (1) C a1 - 2)ag — 42— 2) ey — ) — 4P € 2. (22)

Since k = 0, each of the polynomials g, 41,42 in Theorem 1 is divisible by 1 — z.
Therefore, we will consider the polynomials Q;(z) = g;(z)/(1 —z), j = 0,1,2, for which (7)
holds with polynomials Q; of smaller degree.

In particular, using (6) with k = 0, we find that

V4
Qo(z) = ZOE ; =20Q(z) = 2+ 2% + ©32° + c42* + ¢52°,
with

(ca,¢3,¢4,¢5) = (—4ag — 2,4a3 + 8ag — 4ay + 1, —8a3 — 4ag + 8ay — 41,443 — 4ay + 41).

Likewise, from (8) and (22), we get

1-2 ! !
Ql(z) _ Zlizi _ ( : i)ZQ(Z> _ ZQZ(Z> — (1 —2Z)P(Z) . ZQ2(Z)
Thus,
Q1(z) =1+ b1z + byz> + b32°,
with
(by,b2,b3) = (—2a0 —2,4a0 + 1,21 — 2ayp). (23)

This time, by (9) and (22),

_ 2F(2)+Q'(2)
1—z 4

is of degree at most 3. In fact,
Q2(z) = ag +2(ay — a3 — ag)z + (4a3 + ag — 4ay +31)z> +2(a; —a5 —1)z°.  (24)

So, from
Qo(2)G'(z) + Q1(2)G(z) = Qa(z), (25)

it follows that

3
(n+ 1)y + Y (b + aa (1 — ))an_j +cs(n — 4)a, 4 = 0
j=1

https:/ /doi.org/10.3390/math14122177
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for each n > 4. Inserting the values of ¢j as above and b]- from (23), we arrive at the
following recurrence relation:

Theorem 4. Ifa,, n=0,1,2,3,... is the sequence (1) with k = 0, then

(n+1Vay, + (—2(2a9 + 1)n + 2ag)a, 1

((4{10 —|— 8ag —4ay +1)n — (8&0 +12a9 — 8a1 4+ 1))a,—»
+ ((—8a3 — 4ag + 8ay — 41)n + (24a3 + 10ag — 24a; + 141))a, 3
+4

( _al+l)( 4)a,_4 =0

foreachn > 4.

Note that the recurrence relation of Theorem 4 proves the corresponding recurrence for-
mulas in A176604-A176607, A176609, A176675, A176677 (the one proved in [11]), A176678,
A176749-A176757, A177127-A177131, A177168-A177172.

We remark that in the case of A176675, with (ag, a1,k,1) = (1,0,0, —1), Theorem 4 implies

(n+1)an + (2 = 6n)ay,1 + (13n —21)a, 5 +4(5 — 2n)a, 3 = 0 (26)

for n > 4. Here, the last coefficient for a,,_4 in Theorem 4 is 4(a3 — a; +1)(n —4) = 0. The
recurrence (26) also holds for n = 3, because the polynomial Q,(z) = 1 — 4z + 222 in (25)
(see (24)) is quadratic.

Moreover, if we consider the sequence (1) with (ag,a1,k,1) = (1,1(1+1),0,1), then
Theorem 4 yields the recurrence relation

(n+1)a,+2(1 -2+ n)ay,_1+ (4 +1)(n—1)a,_» =0

for each n > 4. This time, by (24), we have Qy(z) = [, so the above relation holds for n = 2
and n = 3 as well.

5. Proof of Theorem 2

From (14), we deduce that 2z(1 — z)G(z) — 1 + z is equal to ++/Q(z). By (6), we have
Q(0) =1, while 2z(1 —z)G(z) — 1+ z atz = 0 is —1. So, for some &y > 0, in the open disc
|z| < &p we must have

2z(1-2)G(z) =14z = —4/Q(2).

This implies the next representation for the generating function

_1-z2-0()

G(z) = 2z(1—z) @7)

for each z # 0, 1 satisfying |z| < do.
We claim the following:

Lemma 2. The polynomial Q defined in (6) is the square of a polynomial if and only if k = —a?
and | = 2a% + a1 — 2apa;.
Proof. By (6), the coefficients of Q for 1, z, 22,73, 7% are

1, —2(2a0+1), 1+8ag+4a3—4ay, —4(ag+2a3—2ay +2k+1), 4(a3 —ay +k+1),

respectively.
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Assume that Q is the square of a polynomial, say R. From Q(z) = R(z)? and Q(0) = 1,
we find that R(0) = %1. Replacing R by —R, if necessary, we can assume that R(0) = 1.
Next, by considering the coefficients for z, we immediately get R(z) = 1 — (2ag + 1)z + 122,
with some constant 7. Considering the coefficients for z2 in

Q(z) = (1— (2a0 + 1)z + 12°)?,

we deduce
27+ (2ag +1)% = 1+ 8ag + 4a3 — 4ay,

so T = 2(ag — a1). Using this expression for T and considering the coefficients for z*, we
find that
T2 = 4a3 + 4a3 — 8aga; = 4aj — 4ay + 4k + 41,

which implies
k+1= a% + a1 — 2apa;. (28)

The coefficients for z3 show that
—271(2a9 +1) = —4(ag — ay)(2ag +1) = —4(ag + 2a3 — 2a; + 2k +1).
This is equivalent to
201% —2apa1 +ag —a; = a0+2a% —2a1 +2k+1,

and hence 2k + | = a1 — 2aga;. Therefore, combining this equality with (28), we conclude
that the only possibility is k = —a? and | = 242 + a1 — 2aga;.
Conversely, with those values of k, I, the identity

Qz) = (1 — (2a0 + 1)z +2(ag — @1)z%)? (29)

holds. This concludes the proof of the lemma. O

We can now finish the proof of Theorem 2. As in [10] (see also Chapter 4 in [12]), we
note thata,, n =0,1,2,3,..., is a linear recurrence sequence only if its generating function
G(z) = Lo a]-zj is a rational function, namely, it satisfies G(z) = U(z)/V(z), where U, V
are some polynomials. By (27), this is the case only if 1/Q(z) is a rational function. The
latter happens only if the polynomial Q is the square of a polynomial. By Lemma 2, this is
never the case, unless (k, 1) = (—a2,2a? + a; — 2apay ). But in that special case, using (29),
we derive that

1—z—1+(2a9+1)z —2(ag — a7)z? _ap—apz+ a1z

G(z) = 2z(1 — z) N 1—z
a

_ 1z _ 2 3
—ﬂ0+m—ﬂo+ﬂ1z+ﬂlz +ﬂ1Z +....

Therefore, the sequence (1) is indeed ag, 41,41, 41, . . ., as claimed.
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