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Introduction

In Quantum Field Theory (QFT), the gauge symmetries play a fundamental role in ensuring
consistency in interactions. However, in gauge theory, our description of gauge fields introduces
redundant (unphysical) degrees of freedom. In order to remove redundant degrees of freedom, one
gauge fixes the theory, which breaks the original gauge invariance. To address this, Becchi, Rouet,
Stora (BRS) [1,2] and Tyutin [3] showed that such gauge-fixed theory has a global symmetry —
BRST symmetry, that allows the consistent treatment of the gauge-fixed system.

Gauge fixing introduces an additional parameter to parametrize our choice of gauge. While
physical observables, such as pole masses, remain gauge independent, gauge fixing leads to inter-
mediate quantities (Green’s functions like self-energy) being dependent of the gauge parameter.
Thus we want to know how these intermediate quantities depend on gauge. One of the tools to
analyze the gauge dependence are Nielsen Identities.

BRST quantization (and so Nielsen Identities) finds applications in a wide range of theories
and extensions — string theory, higher derivative quantum theories etc. A particularly interesting
extension beyond-the-Standard-Model is the Grimus—Neufeld Model [4—6], in which we apply the
BRST quantization. This model is one of the various theories proposed to explain the small masses
of neutrinos. It employs the Seesaw mechanism, along with an additional Higgs doublet and a
right-handed neutrino singlet.

The goal of this thesis is to implement Nielsen Identities of the neutrino self-energy in the
Grimus—Neufeld model and automate them using computer algebra systems.

The concepts that are required to understand the BRST formalism and the Grimus—Neufeld
Model are discussed to some degree. In sections 1 and 2 we discuss the Faddeev—Popov proce-
dure [7], which indirectly leads to the symmetry mentioned above, as well as BRST formalism.
Generalized Ward—Takahashi Identities [8, 9] for non-Abelian theory are introduced, which in turn
leads to Nielsen Identities [10]. In section 3 we discuss the handedness of neutrinos in the Stan-
dard Model, neutrino mass generation, Seesaw mechanism; how, through spontaneous symmetry
breaking, gauge bosons acquire mass as well as the Grimus—Neufeld model. In section 4 we derive
BRST transformations for the Higgs and neutrino sectors in mass eigenstates and explicitly const-
ruct BRST Lagrangian, required for Nielsen Identities. Lastly, in sections 5 and 6 accordingly, we
provide confirmation of consistency of the Nielsen Identity implementation in the Grimus—Neufeld

Model, as well as work and insights towards automatizing via software.



1 BRST Symmetry

1.1 Over counting field problem and Faddeev—Popov ghost field
Consider a simple non—abelian gauge theory Lagrangian:

1 a
L= _Z(Fw>2= (1.1.1)
where

Fi, = 0,A5 — 0,A5 + gf " AL A, (1.1.2)

is the gauge boson field strength tensor, a denotes a gauge group index, A, = A7T* is the gauge
boson, T denotes generator(s) of the gauge group, ¢ — structure constants of the gauge group
algebra and coupling constant g; « is the gauge transformation parameter and (A%) = A7 +
éaﬂa“ +f “bCAZozC — gauge field after finite gauge transformation. Then for the quantization (to

derive Feynman rules), the path integral is of the form

/DAexp {—z’/d”‘x}l(ng)Q} : (1.1.3)

The problem arises is that the integral D A is counting in physically equivalent paths in phase space
of A field configurations (which correspond to local gauge transformations). We can remove these

unnecessary paths by constraining all gauge paths with a global gauge-fixing condition:
G(A%) =0, (1.1.4)

where it can take many forms, such as generalized Lorenz gauge (0" A, = 0), axial (n"Aj, = 0,
for fixed four-vector n*) or non-linear covariant gauges (the condition may not necessarily lead
to unique configuration either. There can be multiple gauge field configurations that satisfy the
same condition, which is known as Gribov Ambiguity [11]). Following Faddeev’s and Popov’s

method [12], we can impose this constraint with path integral identity

1 = [ Do) s(G(A") det  2EADY (1.1.5)
/ (5

Then, once we insert the condition into eq. (1.1.3), one can find that integral over parameter o can

be factored out from the eq. (1.1.3) as an overall normalization:

DA = o el “)) de oG(A” (1.1.6)
/ASH (/D)/DA S[]é(G(A))dt<G;;4))

det (5G(Aa>> = det (aVDV) , (1.1.7)

Yel g
where we picked G(A?) = 0" Af and D, is the gauge covariant derivative. Because D, = D, (A,),

and that

we aim for this “residual” term to be reflected in the new, re-canonicalized Lagrangian, which can



be achieved by introducing Grassmann numbers. Faddev and Popov defined this determinant as a

path integral for a new pair of anticommuting fields, ¢(x) and ¢(x), called ghost fields:

det GaﬂD#) _ / DIDIF exp {—i / iz (3}5)(1},@} | (1.1.8)

So, our re-canonicalized integral in eq. (1.1.3),

Da) [ DADeDE exp |—i [ diz (L(Fe)2 a0 D)e) | sGam))  (1.1.9)
(J?e) - [ (5 )

and new Lagrangian is of the form, including the typical gauge-fixing term and matter terms,

1
Enew =L+ Ematter + EGF + ﬁFP - Ematter - Z(FZ/)z +

1
26

where ¢ is a gauge parameter that arises from gauge-fixing procedure of gauge field (not a gauge

(" A2)?* — @9 Dadet, (1.1.10)

transformation parameter like @), Liatter = Lmatter (¢, D,,¢) and ¢ — matter field.

One thing to keep in mind is that while ghost fields are not physical, i.e. they are anticommuting
scalar fields that do not follow the spin-statistics relation of physical fields, but they can still appear
as virtual particles in specific Feynman diagrams and their computations.

Also, after re-canonicalizing the functional integral above in Faddeev-Popov way, we no longer
have invariance under local gauge transformation, after introducing Lo ¢ + Lrp. What is important
is that the new Lagrangian in eq. (1.1.10) can be invariant under new transformation, i.e. will have

a new symmetry that it obeys.

1.2 BRST Formalism

As it was mentioned at the end of previous section, the invariance of the Lagrangian can be
preserved by having a broader symmetry. Becchi, Rouet and Stora (and Tyutin later on) defined
new global gauge transformation, called BRST (BRS previously) transformation, under which the
Lagrangian stays invariant, using ghost fields as a tool. In upcoming sections we examine BRST
transformations on fields, BRST charge operator (its nilpotency) as well as Slavnov—Taylor Iden-

tities.

1.2.1 BRST transformations

The BRST transformation is defined as a set of transformations acting on the fields, with the
original gauge transformation parameter o expressed in terms of the ghost field and an infinitesimal
Grassmann parameter, e,

a’(z) = ec(x), (1.2.1)

for matter fields ¢;, gauge field A, ghost fields as well as auxiliary field B:

0A%(z) = EDszb<ZIZ'>, (1.2.2a)



56(z) = gec(a)*T¢(x), (1.2.2b)
5 (x) = —eg Fec(z)oe(z)e, (1.2.2¢)
5¢*(z) = eB(x), (1.2.2d)

§B%(z) = 0, (1.2.2¢)

where 9% is the structure constant of the gauge group. B(x) is an auxiliary field, i.e. field without
physical dynamics, introduced for specific constraint conditions as well as to ensure the nilpotency

of the BRST charge. Modifying the gauge-fixing Lagrangian term by auxiliary field B(z), we have

§

Ler = —(0"B)A, + 532. (1.2.3)

It can be shown that the Lagrangian remains invariant under BRST transformations. Matter and
gauge field strength terms in eq. (1.1.10) are invariant due to their gauge transformation. Gauge-
fixing term that involves auxiliary field B and gauge parameter is invariant due to § B%(z) = 0.
A bit more work is needed to show that the first gauge-fixing and ghost field terms are invariant
under eq. (1.2.2): ghost field term with transformed D¢

"8 (D) = —20” (DS + g fHe5 AL ce)
_ _Eaau(_%geay (Febdcbed) — %QQGfabddeeAz;clce (12.4)
- gef B, ) 4 gPe e e AL e ),
and since fade fbed  fbde fead 4 fede fabd — () (Jacobi identity), the eq. (1.2.4) is zero. And lastly, we

notice that transformation of ¢* in the same ghost field term in eq. (1.1.10), —c*0” D%c?, cancels

the first gauge-fixing term with transformed A,, i.e.
(0"B)(0A,) = —(5e")0" D™, (1.2.5)
hence making the Lagrangian invariant.

1.2.2 BRST charge

We know now, from previous chapter, that BRST transformations generates a continuous global
symmetry for gauge-fixed theory. By Noether’s theorem [13, 14], such symmetry will have its
associated conserved BRST current and charge.

If we take Lagrangian in eq. (1.1.10) with gauge-fixing term in eq. (1.2.3) and apply Noether’s

theorem, we have

oL oL 1 oL oL
-BRST __ v .a S(oa a iy - abd b _d - Da
Ju =D (Or(Av)a) T ¢)Ja(au¢j) 29(f ce >a(auca) +ib o(ore,) (1.2.6)

Since conserved charge is obtained by integrating the time component of the conserved BRST



current over the spatial coordinates,
QBRsT = / it (1.2.7)
it can be derived that the charge is
(BRST = /dgﬂlﬁ [Baﬁoca + gB Ay f®cbe + gaoéaf“elcbcd ) (1.2.8)

The BRST charge is the generator of BRST symmetry. Acting on a field through the commu-
tator (or anti-commutator, depending on the statistics), the charge generates BRST transformation
of the field:

i[eQprst, Y]+ = 03, (1.2.9)

where =+ indicates that the brackets can be either a commutator or an anti-commutator, depending
on the grassmann parity of X, which can be a ghost, matter or gauge field. One notable feature of

this generator is that it is nilpotent:

in(Qprst)’ = |:i€QBRST7 /d3€6 (BaDoca — 0B + %g@oéaf“bdcbcd)}
={6B* =0, §(Dyc*) =0, §(f*c’c’) =0} (1.2.10)

= /d?’x (—803“50“ + %80(56a)f“bdcbcd> =0.
The nilpotency of BRST charge in eq. (1.2.10) has implication on states: a state |¢) is physical if

Qprst |¢) = 0. (1.2.11)

That ensures physical states are BRST invariant and () grsr acting as projection operator on the

states, isolating the physical subspace from the broader Hilbert space.

1.2.3 Slavnov-Taylor Identities

Slavnov-Taylor Identities (STI) [15, 16] — generalized Ward-Takahashi Identities (WTI) for
non-abelian theory, are identities involving Green functions which are to ensure that physical ob-
servables are independent of the gauge we choose. The STI can be derived from the condition given
ineq. (1.2.11):

0 = (O[[inQprst, T {h (1) - - - () }]0)

n 1.2.12
= ZMT (1) - Q1 (1) 0% (20) Q1 (Thg1) -+ - () }0), ( :

where 7" {- - - } is time ordering operator and €2;;’s are field operators.

Consider an example of deriving STI for the generating functional of one Particle-Irreducible



(1PT) vertex functions, with a functional source 7:

I, K] = / d*z (J, A" + Jigi + Joc" + Jget

. (1.2.13)
+ JB® + KiD"c" + 1K (c"gT)i;5 — 3 K9 fereche),

where J and K are the appropriate sources and whether .J; and K; are commuting or anti-commuting
depends on type of matter terms (fermion, ghost, boson). Again, due to the nilpotency of BRST
charge (1.2.10),

6B = §(D,c") = §(f*cet) =0, (1.2.14)

so that we get
0 :<0|[inQBRST> T {eZJ[J’K]} |0>

—=ie / d*z (0T (J3 D" + 1Ji(c"gT*)i; (1.2.15)
1. ,
+ §Jggfabdcbcd . iJgBa)eZ][J,K] |O>,

and STI for simple field operators are obtained by differentiating with respect to sources. Since the

generating functional of connected Green functions IW|.J, K] is of the form
eI = (0|7 {77K1} |0y, (1.2.16)
and is related to the generating functional I' of 1PI vertices through the Legendre transformation,
Lo, K] =WI[J, K] — Jo® (1.2.17)

(where @ are fields and J4 are their associated sources), then the identity for the generating func-
tional of 1PI is derived from eq. (1.2.12):

T 6T 00 6T o0 6T 6T
4 (0L ol or OT )
/dx((SAu(SKM+5¢¢5Ki+§ca5Kg+lécaB > 0, (1.2.18)

where integration over space-time is shown explicitly. STI of generating functionals of 1PI vertices

are called Lee Identities and in such a form are independent of theory parameters.



2 Nielsen Identities

Another notable feature of STI is that we can derive identities, called Nielsen Identities (NI)
[10], that relate the generating functional I" to gauge parameter £, i.e. showing I gauge dependence.
NI can be a useful tool in investing gauge-dependence of quantities (or to make sure that physi-
cal quantities do not depend on gauge), such as self-energies of particles, in the Standard Model
(SM) and its extensions. In sections below, we provide derivations of NI in both QED and QCD
by following the derivation of Lee Identities (1.2.18), as well as providing an example of gauge

dependence of self—energies of the quarks.

2.1 Examples of Nielsen Identities in QED and QCD

Since Nielsen Identities are relating the generating functionals to gauge parameter £, we must
also extend the BRST symmetry by variations of this parameter. In general, gauge-fixing eq. (1.2.3)

with ghosts can be written in a form

Lrixs ghos = 0 (cﬂ (gB + G(A“))) . 2.L1)

Having transformations of gauge parameter, i.e.
0é = ey, (2.1.2a)
Sy = 6% =0, (2.1.2b)

where  is the BRST source of gauge parameter &, Lsix i ghost 10 €q. (2.1.1) becomes

Eﬁx—i—ghost =0 (Ea <5Ba + G(AG))>

(2.1.3)
_ 5 B¢ 2 —aX a 5 —a Aa
=SB - X B g6 (A)),
For QED, the second term becomes
_X _X X _
— 2B =2 G(A) = — 2 GO*A ). 2.1.4
‘CX 02 CQgG( ) 250(0 N) ( )
Now, focusing on the QED case, the generating functional is
Z = exp(W)
= /DA eXp {Z'/d4IL’£QED+JNAIL+J¢¢+77/_)J¢—‘r-BJB (215)

+1y00 4+ (80)n5 }

we also include the BRST—exact terms Lprsr = ), 17:0P;, that is, BRST transformations of fields
coupled to their associated sources, as we did with functional source 7 in eq. (1.2.13). Then we

10



can write generating functional I" for proper vertex functions,

F(AMJ/J,’QE,B,C’ EvXaSaﬁwvntz) =W (J;u J@a jzﬁa JB?”J))ﬁdMXaS)

. _ _ (2.1.6)
- /d ST A+ TpB o+ T+ $J5).

Since due to transformations (1.2.2) and (2.1.2), our Lagrangian remains invariant, the transforma-
tion of the generating functional I" is of the form

or or _or or or
I'=0=0A, —— —_ - o
) 0=9 “5Au+6¢(5¢+5¢61/}+5655+5585
or o' 61 or oT or or

MCE—F%dw—F%E—F %—1—)(8—5.

2.1.7)

Taking a functional derivative with respect to the BRST source y (then setting x = 0), we obtain
Nielsen Identities for QED:

or_ T FT O o0 8T
06~ Mo\6A, T X0, 00 bmy Sudx
n oI o' oI 6°T 5%

— _ B =
OX0UG 50 ong oxow | dyoe
_ T FT ST &T T
~ T éyoe dx0ny 6¢  dxong 5’

(2.1.8)

where some terms vanish in the second line due to one-point functions and ghost number conser-
vation.

By analogy to QED, we can also derive NI for the QCD theory. Due to the non-abelian nature of
the theory, the ghost sector becomes non-trivial, giving ghost-gluon interactions at the loop level
due to ghost field term in eq. (1.1.8). Because of this, we now include their source terms in the

generating functional:

Z = /DA exp {i/d‘{r Lacp + JA* + Jpb + ¥ Jg + Jec+ EJ: + BJp

(2.1.9)
+ K 0A" + K b¢ + jy6 + (0¢)n; }
and by following the same procedure as we did for QED, we have
r ST X or T or r
0 o 4] O ) o’ ¢ o (2.1.10)

"9 T 5ok, oA, T oxon, 50 T axans o0 T U svee

We see that the identity in eq. (2.1.10) has an additional term that involves source K ,, which couples
gauge field A, and ghost field, as seen in eq. (2.1.9). So as we mentioned already, this makes the
ghost field not decoupled anymore, leading to ghost field contributions on loop level.

Then, as an example, one can obtain NI for the fermion 2—point function — propagator by

11



differentiating eq. (2.1.10) w.r.t. to quark fields (), ¥(y) and abiding the quark conservation,

9 e T 5'T or
O ov(y)ov(x)  OK,0x 09 (y)ov(x)d A" 09 (y)oy(x)dKudx GA*
LT FT 8T 5T Coin
0(y)onuox 5p(x)0y o (y)dr o (x)dngdx h
5T 5°T 5°T )

00 (y)omydx 5 ()0 " 51 (y) 6 64 () om0 X

where first and second terms vanish due to Lorentz invariance in zero momentum limit — terms
involve insertions of operators with a free Lorentz index that are not contracted; in more compact

notation,
—0elyg = Tyapx gy + Tyglgy (2.1.12)

Now, summing over quark generations, we have

_airwﬂzi - Z (ijﬁwerdjﬂbk + ij"z’krdjimzk)(> ) (2.1.13)
k=1,2,3

where k = 1, 2, 3. If we expand proper vertex functions in terms of loops, we have

a @
F iy = P x + i+ oo (2.1.14)
and
L0 L), @
Fll}iwj - F@id}j + Fl[)i’[l}j + FJ,“/,J. to (2.1.15)

where 3—point vertex function Iy 5 X vanish at tree level and F@a is self—energy of quarks. Since

byt
self—energy, at tree level, is an inverse propagator, that is Fq(f_)& = (p — my,)ds;, we can simplify
iV

the identity more,
1
_agrfp ]?J}i = Ty x (P = 1) + (B = 10, )P o (2.1.16)

So we end up with a rather simple expression of a gauge dependence of self-energy of quarks.
(1

Vi X
Lagrangians of the BRST source xy and BRST—exact terms for quarks [17].

We only need to calculate 3—point functions I and Fgg@x, which can be done easily using

Worth noting that if we’re looking specifically at the fermionic sector, we have

—0L =Y " [Ty, Ly, + Do Ty + (7 1)) (2.1.17)
1

where direction of funtional differentiation, due to anticommutation rules, is not shown explicitly.
From eq. (2.1.17) we obtain actual NI, as we did above, for proper vertex functions by differentia-
tion w.r.t to specific Standard Model’s field(s).

12



3 Neutrinos and 2HDM

3.1 Handedness of a Dirac spinor and Majorana neutrinos

With the weak sector within the SM, we know that only left-handed neutrino and the right-
handed antineutrino participate in the interactions. Let us define the Dirac spinor in a representation

given by

(1F7°) 2, (3.1.1)

N —

Vr

where 17, and i are two-component spinors, corresponding to the left-handed and right-handed

Y= (wL> , Yrr=PLrp=

components of the Dirac spinor. For a massless neutrino, the Dirac equation decouples into two

equations for v;, and Vg,

1540, — mpthr = 0 2= i510,4by, = 0, (3.1.22)
i0#0,00r — mptoy, = 0 2= igh9, b = 0, (3.1.2b)

which are equations that describe massless particles of half-spin. Substituting v;, as a plane wave

with u(p) for positive energy, into eq. (3.1.2a), we get (op + E) u(p) =0, i.e.

hu(p) = —u(p), (3.1.3)

where represents the helicity operator. The eigenvalue, —1, indicates that /7, which satisfies eq.
(3.1.2a), corresponds to left-handed neutrinos and right-handed antineutrinos. The case with Dirac
spinor component, ¢'r, corresponding to neutrinos and antineutrinos, of the opposite handedness,
have not been observed in experiments so far.

Above we made an assumption that neutrino is massless, hence assuming no distinction between
the so-called Majorana and Dirac neutrinos. However, it has been confirmed that neutrinos have a
mass, hence one possibility is of them being Majorana fermions, which are their own antiparticles,
ie.

Y =9 =Cy, (3.1.4)

where /¢ is the charge-conjugated field and C' is the charge-conjugation matrix.

3.2 Neutrino mass generation and seesaw mechanism

Fermion masses in the SM are generated through their interaction with the Higgs field via
Yukawa coupling,
Lyw = =y Li®glr +hec., (3.2.1)

when the Higgs field develops a vacuum expectation value following spontaneous symmetry bre-

aking. y; is the Yukawa coupling, @ is the Higgs field, L; and [ are fermion doublet and singlet

13



accordingly, representing the left-handed and right handed components of fields:

L = (”L) g (3.2.2)
I

As it was mentioned in previous section, the SM does not contain right-handed neutrinos. If we
allow lepton number violation, right handed neutrinos, as singlets under SU(2) x U(1), can be

included and we could write Yukawa term as
v = —ULi®yNg + hee., (3.2.3)

where Ny — right-handed neutrino. This would lead to a Dirac mass mp = y®Y% (@Y is the

expectation value), thus

LD, mass = _mD/T/RVL + h.c.

T (3.2.4)
= % {(Ng) C vy + vIC7INE + h.c} ,
where we used that
_ T 1T /enT
Nrry = (Ng) Clyy, = 3 {(NE) Clup + u{ClNg} : (3.2.5)

Another way is to add a Majorana mass term, at the expense of lepton number violation AL = 2.

Then the Lagrangian interaction term would be of form

L= L (Li®)TCH(LiD1) + ., (3.2.6)
giving
‘CK/faj. mass mLVgC_IVL + h.C-, (327)

where A is the high-energy scale beyond SM. Such mass generation also generates Majorana mass
to right-handed neutrino N,

LyE = mpNS)TCTINE +he. (3.2.8)

Maj. mass

Such mass terms are allowed by SM rules due to the fact that right-handed neutrinos are singlets
under SU(2)r, hence electroweak isospin 73 = 0. Looking at mass terms in eqgs. (3.2.4), (3.2.7)

and (3.2.8), one can write, in component form,

Lo = (v WvOy) ot (M ) () 329
(v w)r) (m_ mR) (N;‘) (3.2.9)

Diagonalizing mass matrix (3.2.9) in so called limit of the Seesaw mechanism [18], i.e. mg > mp

14



and m; — 0, we obtain,

VL—VL—W L
mp R (3.2.10)
R o= ve + Ng
R

where 1/} and N are basis after diagonalization. Finding the eigenvalues of the mass matrix (3.2.9),
we get neutrino masses:
my =~ meg,
) (3.2.11)
m
m, ~ —2

4mR'

So the seesaw mechanism essentially introduced a right-handed neutrino and coupling to left-
handed neutrinos in this case. That resulted in a mass matrix, which we then diagonalized to find

masses, leading to small mass for the left-handed neutrinos and heavy right-handed neutrino.

3.3 Spontaneous Symmetry Breaking

The generation of fermion masses, as explored in the case of neutrinos in the previous chap-
ter, hinges on spontaneous symmetry breaking (SSB), where the Higgs field acquires a non-zero
vacuum expectation value (VEV). In this section, we introduce SSB in the context of global and
local U(1) symmetry breaking, leading to the Higgs mechanism.

The following subsections are based on [19,20]

3.3.1 Global U(1) symmetry breaking

Consider a Lagrangian of complex scalar bosons ® and ® that has a U (1) symmetry:

1 M?
£:§w@@@—7?@¢

1
=§W@@@—V@%

(3.3.1)

where V (®) = MTQQVD is the potential with a minimum at |#|* = 0. Now consider replacing the
potential V' with a potential V"’ of form
kM?

V(@) = 2(@@—&% (3.3.2)

where x and ¢ — real valued constants. Such vacuum of this potential at |®| = ¢ is parameterized
by a global U(1) and represented as a circle at |®| = ¢, leading to infinite number of vaccua. Hence
one has to pick a vacuum. The Lagrangian (3.3.1) is invariant under e'®, so we pick a specific a to
have our vacuum at |®| = ¢. We have therefore gauge-fixed the symmetry in the Lagrangian, and
the U(1) symmetry is no longer explicitly present.

We can now rewrite the Lagrangian (3.3.1) in terms of the new vacuum, by expanding around
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the vaccuum value with a new field n + iA:

O = ¢+ 1+ i), (3.3.3)

where 7 and A are real fields. Then Lagrangian in eq. (3.3.1) becomes

1 M?

£ == 50"l — Nl +iN = S (& + 0 —iN)(@+n+iX) — ¢*]°
:—%&m@n—mmﬁﬁﬁ—%&umx (3.3.4)

M2
-k [46n® + 4gnX* + ' + 20> 2% + X1 .

So the Lagrangian above describes the dynamics of a scalar field 77 and massless scalar field \. It
is worth noting that breaking global continuous symmetries, like U(1), will result in a massless

boson.
3.3.2 Local U(1) symmetry breaking and Higgs mechanism

Now let’s assume we have already gauged U (1) symmetry and have a Lagrangian of form

1 1
L=—F"F, - §(D’@)TD,L<I> —V(®'®). (3.3.5)

Again, we “shift” the potential like in eq. (3.3.2) and then fix gauge parameter « = «(x) so that
the vacuum at |®| = ¢ is real, and expand around vacuum value ¢ with real field H,

o=+ I (33.6)

Then the Lagrangian in eq. (3.3.5) becomes

1 1
L=- ZFIWF/W 3 (0" —igA") (¢ + H)] [(0, +igAL) (¢ + H))
M2
— 5k (0+H)(p+H)— ¢2}2
: | ' (33.7)
— = (P B = SO HOH = MG — SRR ANA,

1
—2M?*(pH?® + H*) — §QQ¢A“AMH + ...

So after breaking local U(1), we have dynamics describing scalar boson H with mass My =
2v/kM ¢ and gauge field A, that gained mass m4 = g¢. Such procedure of mass generation for

gauge bosons via spontaneous symmetry breaking is called Higgs mechanism [21].

3.4 The Grimus—Neufeld Model

Grimus—Neufeld Model (GNM) is a 2 Higgs Doublet Model (2HDM) that extends the Stan-

dard Model to explain small neutrino masses and mixing. It introduces a right-handed neutrino,
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which is a singlet under the Standard Model gauge group, and another Higgs doublet. The right-
handed neutrinos do not interact via the weak force, but couple to the Higgs field through Yukawa
interactions, enabling the generation of neutrino masses.

The overall GN Lagrangian can be written as
Lan = (D Hy)' D*Hy + (D, Hy)" D! Hy — Vauow + Ly + Low, (3.4.1)

where H, and H, are Higgs doublets and L¢,,— Lagrangian of the SM without Higgs doublet terms.
The general 2HDM potential [22] is of form

—

2 2
Vasowm =i HY Hy + o H Hy + (,ungTHg + h.c.) A (H H1> T (HgHQ)

+ A <H1TH1) (H;HQ) 4\ (HlTH2> (Hng) n ()\5 (HIHQ)2 +h.c.> (3.4.2)
+ HIH, <>\6 (HlT H2> + h.c.) v HH, ()\7 (H}HQ) + h.c.) ,

where couplings constants zi3, A5 6 7, are real if CP is conserved.
After symmetry breaking, we choose that only the first Higgs doublet H; acquires VEV ¢, thus
having Higgs doublets of form

= (\/Lﬁ ((;5 + hy + iGO))7 Hy = (\/Lﬁ (h2 + iU))’ (3.4.3)

where hy, hy are neutral scalar degrees of freedom and o — pseudo-scalar one; H ™ is a real charged
Higgs boson, G and G and neutral and charged Goldstone bosons accordingly. Having only one
doublet with vacuum expectation value v (VEV) is called Higgs basis and it is useful due to the
fact that it avoids mixing angle between Higgs doublets. Then the first doublet H; is identical to
SM Higgs doublet and contains all Goldstone Bosons.

Then the neutral scalar fields of both doublets (3.4.3) can be rotated to mass eigenstate basis

via orthogonal rotation matrix R,

R=1\|s, ¢co 0], 3.4.4)
0O 0 1
that is
hy h
ha | =R |H]|, (3.4.5)
o A

where ¢, = cos(a), s, = sin(a) and « is the mixing angle. Rotation matrix components R,
Rs32, R13 and Ro3 are zero due to non-mixing of pseudo-scalar and scalar fields (CP-conserving
Higgs sector). In case of stepping out of GNM and having additional Higgs doublets (with CP

conservation), rotation matrix R would be block-diagonal — one block mixing scalar fields and the
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other mixing pseudo-scalar fields (for example, in 3HDM case, R would be a 5 x 5 matrix with
3 x 3 and 2 x 2 mixing blocks for scalars and pseudo-scalars).

Going back to right-handed Majorana neutrinos \V, they enter the Lagrangian in eq. (3.4.1) with
a complex Majorana mass m (which becomes real once one adjusts phase of A') and a Yukawa
coupling Yj(i) to the SU(2) leptons L; doublets [5]:

1 .
Lan > —5mNN — Y LieH:N + hee., (3.4.6)

where € in the second term of eq. (3.4.6) combines the doublets to an SU(2) invariant product. When
Higgs H; acquires VEV due to symmetry breaking, eq. (3.4.6) will lead to the Dirac-Majorana mass
matrix. For its diagonalization, we rotate neutrino flavour eigenstates as well as Majorana neutrino

into mass eigenstates, which leads to
m = UT MU = diag(0,0, ms, M), (3.4.7)

The other non-vanishing small masses of SM neutrinos in GNM are generated via interactions of
H, at one-loop level [5].
As it was mentioned above, neutrinos v/ in flavour state, including the Majorana neutrino N

field, can be rotated into mass eigenstates,

vi\ v;
() -u(t). o

where index ¢ = 1,2, 3 labels generation and the rotation matrix {/ can be partitioned into two

blocks,
U,
U= ( L) . (3.4.9)
Ug

Up and Ug are 3 x 4 and 1 x 4 matrices mixing SM neutrinos and Majorana neutrino with all
eigenstates respectively. Then, in the mass basis defined above, the relation between the Majorana

neutrino mass matrix to the neutrino Yukawa coupling is given by

V2

b = 20z, UL, (34.10)

U}, and Ug, have restrictions on their products due to unitarity of ¢/,

ULUl = 15,3, (3.4.11a)

UnUL = O1xs, (3.4.11b)

UpUg = lixs, (3.4.11¢)

UlUL + ULU} = 11,4, (3.4.11d)
U UE =0, (3.4.11e)

UsmUl =0, (3.4.110)
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which could be useful when deriving BRST transformations of neutrino mass eigenstates in the

upcoming section.
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4 BRST transformations of the GNM

To be able to utilize NI for 2-point or 3-point correlation functions of GNM, the BRST Lag-

rangian [17], consisting of BRST—exact terms, that we used in section 2.1,
LprsT = Z Y0Py, 4.1)

must be extended with extra Higgs doublet and Majorana neutrino in mass eigenstates. In this
section, we explicitly repeat known BRST transformations for (which are essentially gauge trans-
formations with ghost fields as transformation parameter) SM Higgs doublet and neutrinos, as well
as deriving such transformations for the second Higgs doublet, and Majorana neutrinos in mass
eigenstates; we also explicitly show BRST-exact terms of scalar fields h and H, as well as pseudo-

scalar field A and neutrinos v.

4.1 BRST transformations of the Higgs sector

For the SM Higgs doublet, the gauge transformation under SU(2), and U(1)y is
H, — H +i {959 +¢'60YY | Hy, 4.1.1)

where ¢, ¢’ are couplings, 60 and 56" are gauge transformation parameters, o are Pauli matrices
and Y — hypercharge of field (in this case, Y = 1/2). Then, expanding SU(2), term, transforma-

tion (4.1.1) becomes

OH, = i {gaea% + g'(seyy} H,

(o ( o0 vaser a0” o
=1 — _—
2\vaso- —s0 ) T2 |\ (0 +iGY) 4.1.2)

0P G + /260" 5 (¢ + I +iGP) N iq 56Y G+
V260-G+ — 563 L i L (¢+h +iG%)) 2 \00V L (p+hy +iG0) )

where in second line, we wrote gauge parameters 02 in terms of lowering and raising operators,

56% = (50" F i00%)//2. Writing transformations for each field separately, we have

5G+ =" (565G 1 60" (¢ + Iy +iGY)) + (59YG+)

((5006" + ,007) G +60% (¢ + hy +iGP)) + ((cw(seA — 5,007) GT)

w|<g' w|<Q

A Sw = Cocpz) e, 1€ 0
= 6(59 ——5«9)6’ + —06 (gb—l—hl—HG),
SwCw 25,

(4.1.3)
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5G° = IRe(60G) — L66%(6 + ) + 60" (6 + )

- %Re(dQ*G+) - zi (5060 + cu307) (¢ + 1) + =— (w00 — 5,007) (¢ + hy)

Sw Sw 2Cw
+ + Z
23w (660G +60%G™) — — 00% (¢ + hy)
(4.1.4)
and
5hy = 9 (Im (56-G) + 60°G°) — L.50" G0
2 62 (4.1.5)
(59 Gt —607G™) + —507G°,
28w SwCuw
where relations
66 = 5,00" + ¢,00% (4.1.6)
and
50Y = ¢,00” — 5,007, 4.1.7)

as well as e = gs,, and e = ¢'c,,,, were used [23].

By the same analogy, the transformation of the second Higgs doublet,

‘ SOSH* + 50% (hy + i ¥ 50Y H*
6H2:%< 067 (hy +io) >+£<5 ) (4.1.8)

V260~ H — 663 L 75 (ha +i0) 2\ 00" 75 (ha + io)
where
52 —c? ie
5G = ie (59A w waez) H" 4+ —680" (hy + o), (4.1.9)
254 Co 28y
H+ +H Z
do = 2sw (60-H +060"H™) — Swade ho, (4.1.10)

50%0. 4.1.11)

Shy = 5— (60~ H* — 60" H™) +

Sw SwCuw
Since in BRST transformation case, the gauge parameters 66 are replaced by the corresponding
ghost fields ¢?, we have 60547 = 42,

Now, rotating the transformations of fields 64, dh, and 5GP into mass eigenstates 6h, H and

do, we have
oh h1 Co So O ohy
SH|l =R ' | h|l = -54 ¢ca 0 Ohs
0A o 0 0 1 oo

(4.1.12)
CoOh1 + 80,0hs

= —Sa5h1 -+ Ca5h2 X
do

were, as we already mentioned, due to CP-conservation, d A = do. Inserting field transformation

expressions of dh; and dhs into mass eigenstate transformations of dh and 6 H, we obtain
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=R <£ (Gt —c"G7) + ‘ CZGO)

284 25uCuw
(gt e —’
+ R, (25111 (cH—ctH )+23wcwc U) e
e - _
- 284 Cy a (Rano + R1210)
+ % [ (RU\GT+REHY) — ¢ (R{\G™ + R H)]
and
0H = R2_115h1 + R2_215h2
o B _
T 25uCe ? (R3'G° + R350) (4.1.14)
o [0 (R G+ Ry HY) — ¢ (Ry) G + Ry HY)].

We see that BRST transformations of fields ~ and H are almost identical — the difference lies in
components of the inverse rotation matrix R~ in eq. (4.1.12), which results in different mixing
angles for the fields o, G%* and H*.

Then the BRST—exact terms, excluding terms of Goldstone bosons, are

E%§€%¢{286<¥(REG”+R£0)
+£§[c(R;G++Rgﬂ+y—&(RgG+Rgﬁ'ﬂ}

€ _ _
+ fyH{ QSwa CZ (R121G0 + R2210)

+ % ¢ (R GY+ Ry HY) — " (R G~ + Ry H )] }
(& €
+ ’}/A {E (Cil‘lJr + C+H7) — 2chwCZ (Rth + RQQH)}
+ h.c., (4.1.15)
where we expressed 5, in terms of h and H as
hos = Ro1h + RooH, (4.1.16)

using eq. (4.1.12).

4.2 BRST transformations of the neutrino sector

Similarly to eq. (4.1.1), the transformation for the left—-handed fermion doublet is

gﬁg+¢@m%+ywﬁfm 4.2.1)
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Here, we relabel the fermion doublet from eq. (3.2.2) as

L= (”l L) (4.2.2)
lL7

where [ = e, i, 7 labels generations, for convenience. Then the transformation of L;,

SL; =i [959“ - g/(%’YY] L
g [ 60° V250" 00V | (v (42.3)
=15 95 E
2 \V200-  —60° 2 IL
v, =2 (5e3u;7L + ﬂaem) . %59%@

1 1
\/_SW 50t + 5 (5593 — aaey) VL (4.2.4)

\/_s 5071y + 23 © 5071,

where we again used relations (4.1.6) and (4.1.7) in second line.

leads to

Now we can rotate the left-handed transformations of SM and Majorana neutrinos into mass

eigenstates,
5V1 5Vé
o Yz
oyt | e (4.2.5)
5V3 (51/7/_
51/4 5./\/

since Majorana neutrino \ is a singlet, its gauge (BRST) transformation is zero. In more compact

form, we have
dvj = Ulj-él/l”L
. e e 5,
= Ulj (\/iswc ll + 2chwC VZ,L) (426)
1e
— \/55 Ul +ll+ 2Sw wUlJUhC Vi,

where 7,5 = 1,2,3,4 labels the neutrino mass eigenstates, elements U}; and Uj; are of Uy, and

its complex conjugate. The flavor states v/ were also rotated into the mass eigenstates, that is,
v, = UMVZ'.
Since v; are Majorana fields, they satisfy the condition v; = ()¢, and the right-handed com-

ponents are related to the left—-handed ones by charge conjugation, that is
vjr = (VL)% (4.2.7)
Then the full BRST transformation of v; can be written as
dv; = Prév;, + Pr(0v; )" (4.2.8)
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Thus, while Majorana neutrino A itself has no BRST transformation (as a singlet), its mass ei-
genstate v4 obtains non-zero BRST transformation through mixing with active neutrinos; typically,
in type-I Seesaw mechanism, the mixing elements Uy, are suppressed by small ratio of mp /Mg
(approximately zero), but to keep track of how full mass basis transforms, we set it as non-zero. In
the next section, we will see that non-zero U, allows v, to behave like a weekly coupled neutral
fermion at loop level.

Finally, the Lagrangian BRST—exact terms of the neutrino sector,

e

e

e e
— Pg (\/—TSw(ULT)le i+

(UEUL)]@‘CZI/Z')

2ww

' wr U}i)jiczui> } +he, 4.2.9)

254 Cw

where U; = (Uf);1 and U;Ui = (ULUL) -
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5 Nielsen Identity and the neutrino self-energy of the GNM

Following section 2, we now provide the NI for the neutrino self-energy. Differentiating the NI

in eq. (2.1.17) with respect to v; and 7;, we obtain

B Z aﬁﬁrwﬁi = Z (Pﬁwkrwﬁukm +Fl‘/makxarl/jﬁk)- (5.1)

=W,z =W,z

At 1-loop level, this leads to

L _ 0) (1) ) (0)
- Z aﬁgrujﬁi — <Fﬁ vy, Flljn,, X3 + FVankXﬂFle_/k)
B=W,Z B=W,Z (5.2)
_ (1) 1
- <(p o mVi)FVjﬁuiXﬁ + vau X3 (p ml’a)) )
B=W,Z
where F,(, Z,k (p — my, )0j1. To evaluate NI for the neutrino self-energy in eq. (5.2), 3-point
functions of 1-loop F,(, X5 and Fl, ;X5 must be constructed. In the following, we provide the

Feynman rules obtained from the y- extended Lagrangian [17],

o = =2 (9,7 4 €4 My GO)
w2~ 2,
- ;§—W [ ("W, —itwMwG™) + ¢ (0"W,[ +ifw MwG")], (5.3)
w

as well as BRST-exact Lagrangian terms of the neutrino sector in eq. (4.2.9):

.z bwz
Y " J‘ _f mw img
,/J B {wa’ 26, } ; A = {:I:T, T}’ (5.4)
{w+, 7} cHZ {G7,G°%} A7
EZ

P = {%( DiPr, — ﬁ(Ug)ijR’ %Z <(U£UL)J'Z’PL - (ULTUI*,)jiPR)} ,
{l:F, I/i} 77Vj
(5.5)

where e/s,, = gw and e/(s,Cw) = gz-

. oo . . (1) (1)
The 1-loop Feynman diagrams, contributing to 3—point functions I', 5, \,, and I'; 7\ .

25



(5.6)

and

(5.7)

vy 77111' Xz =

where two Feynman diagrams in eq. (5.7) represent four diagrams (two possible ways of the fermion
flow); ngijW and I‘,%%D]_X , are constructed analogously to the 3-point vertex functions shown
above. Thus, we complete the setup for calculating NI of neutrino self-energy.

In the following sections, we aim to confirm the implementation of NI of the neutrino self-
energy by: 1) evaluating the 3-point vertex functions and inserting them into NI; 2) directly com-
puting the £z-dependent part of the neutrino self-energy via FeynCalc (and taking derivatives with
respect to £g), and comparing to the NI result. We express the results explicitly for the case 8 = W

For case § = Z, we provide some of the expressions explicitly, analogously to case 5 = W

5.1 ¢&p-dependent part of Nielsen Identity and neutrino self-energy
(1)

The constructed 3-point vertex function I', 7, from eq. (5.2) (see appendix A for full deri-

vation),

d'k _ (p= A+ 1w,) —my,

@m)* [(p = k)2 = mi, | [k = &wmpy (5.1.1)
+ (DU Pr 6 Ui (UrhmiPr) :

2
g
Vil Xw %(Uz)im(UL>ijL/

in case of ') we see that, diagrammatically, it corresponds to the same Feynman diagrams as

Vinﬁj Xw?
1)
of F,,jﬁyi s

we have pseudo—Hermiticity:

but with reversed fermion lines. This means that, below particle production threshold,
(1) _ 0@ 0.
Do = 1 Cogtin )7 (5.1.2)

Expressing the vertex function in eq. (5.1.1) in terms of Passarino—Veltman (PaVe) functions

[24] (see Appendix D for definitions), using FeynCalc, we have
) Giv (1t 4 2 )
Lo ow = —Tg(UL)im(UL)ijLE(p — 1, ) Bo(0, Swmyy, Ewmyy )
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2
9 ~
U)o Po 90, ) Bl i, iy

2
8 (UT)zm(UL)m]PL(i%ml +€WmW p )

m

X 00(07p27p275Wm12/V7§WmWa ml2m)
, i
g My,
4 T U] iUy P o, = G+ )
x Co(0,p?, p?, Ewmiy, Ewmiy, m? )

+ ((U )im (Ur)mi Pr. < (U], )]m(UL)mZPR) (5.1.3)

where 7 = i/(16m) is coefficient that we end up with from the definition of PaVe functions;
F(V;)?Dj v 18 expressed in PaVe basis analogously to 3-point vertex function in eq. (5.1.3).

To have a comparison, we also need to calculate neutrino self—energy part that depends on &y,
and take derivative w.r.t to this gauge parameter. The 1-loop Feynman diagrams, contributing to
this part of the neutrino self-energy,

W G- W G+
Vi 7T, v Vj Vi @
I I+ LI T,

where tadpole contribution is shown in appendix C. The first four Feynman diagrams of X (p, {w)

y [k gy Py(p — K) (4R — &wmiy) — (1 — EwkK))
Zﬂ(pv fW) D / (271_)4 9 (U )zm(UL)mJ [(p k)2 mlm] [/{:2 _ m%/V] [/{:2 _ £Wm12/l/]

2 d'k Primy, (=i, (p — K) + mi ) + Prmig, (7, — (p — ¥))
+ @(UL)im(UL)mj/ (271_)4 [<p _ k)2 _ mlzm] [k‘2 _ gwm%/v]
[ A% g Pr(p — K)(A(K* — swmiy) — (1 — Ewkk))

| ey O e e

2 d*k Ple/( mu (ﬁ m‘l’ml )+PLmlm(mV (Zﬂ_]{))
* W(UDJ‘"L(UL)’”"/ (2m) [(p— k)2 —m2 ] [k — &wm?] ’

(5.1.5)
Then, with the tadpole contribution (see Appendix B for tadpole contribution in PaVe basis), we

express it in PaVe basis using FeynCalc and take the derivative with respect to &y :

2
e Zji(p, §w) = TgTW <I”PL(UDim(UL)mj + %mwmeL(Ubjm(UL)mi

_PL(yl)jmi) X BO(07£Wm12/V7€Wm%/V)
+ Tg_W (pPL(UT>zm(UL) - Z%mujmeL(Uz)jm(UL)mi)
X BU(p 7mlma gme)

Gy

o (]” (3m7, + &wmiy — 1) Po(U})im(UL)m;
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B (i, = Gy %) PO (U)o
_2m[2mPL(yl)jmi) X 00(07p27p27 é—Wm%/Ih meIz/Va m12m>
+ ((Uz)im(UL)ijL & (Ui)jm(UL)miPR> : (5.1.6)

where, for convenience, we define factors

(yl)jmi = mV](Uz)]m(UL)mz + mVZ(Uz)zm<UL>m] (517)
and

(Vo) jmi = (UD) i (UL)mitivw, + (UL)im (UL ) g, (5.1.8)
Inserting the 1PI 3-point vertex functions F,(,,)7 X and F,(, Ty XW into the NI of the neutrino self-

energy in eq. (5.2) gives exactly the same gauge dependence of the neutrino self-energy as obtained

by direct computation of 0, ;i (§, &w) in eq. (5.1.6)

5.2 ¢y—dependent part of Nielsen Identity and neutrino self energy

Similarly to the previous section, the first two Feynman diagrams, with the same fermion flow,

that contribute to the vertex function Fl(, )n xz (see appendix A for full derivation):

<F(1)- ) _ 9z [ d'k (PLULUL)im,mj + PrlULUL)mi ) (BK — KK)
ViliXZ )19 4 (27)* [(p — k)2 — ml%m] (k2 — §Zm22]2
_ ﬁ d*k (PL(UzUL)im,jm + PR<U£UL>mi,mj>mum%
4] ot [(p—k)?—m2 ][k — gm)

n 97 [ d'k (PL(UiUL%m(J)z)mfj + PR(UT UL)mi(yl)mfj)(]” —K)
8 ) (2n)t [(p— k)2 —m2 ] [k — &zm2]°

9z d4k4 (P(ULUL)im (V1) s + PR(U UL)mz(yé)mfa)mum7 52.1)
8 J (2m) [(p— k)2 —m2 ] [k?—Ezm3]

where (U} UL)immi = (ULUL)im(ULUL) mj-
Feynman diagrams with reversed fermion flow orientation (contributing to F,(, T, xz) @re not

independent and are related to the first two diagrams in eq. (5.2.1) via charge conjugated transpose:

(FS%WXZ)M =C (( ijlxz>172)TC—1; (5.2.2)

then, the two remaining Feynman diagrams contribute

(F(l) > B é d*k (p]{—%%)(PL(UzUL)jm,mi + Pr(ULUL) i im)
34

Villv; X2 4 (2m)4 [(p — k)2 —m?2 ] k2 — &z m2z]2
[ A ML) i P
L) et -k ome ] - emy)
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+ g_Z d4k: Zj ]{) UT UL)mz(yl)mf] + PL(U UL)zm(yQ)mfj

8 J (2m)! [ k)2 —m2 ] [k? = &m3]?
—_ ﬁ d4k ( (UTU )zm(yl)mf] + PR(ULUL)mZ(y2)mf])me ] (5 2 3)
8 J (2n)! [(p— k)2 = m2 ] [k — Egm3]”
Feynman diagrams with reversed fermion propagation, (Fﬁ)n X Z) , were expressed in PaVe
TR/ 34
functions, in the same manner as (F,(, zmx Z) . . The second proper vertex function F,, "o, X2 is ob-

(1)

Vil X2
Again, to check the consistency of the implementation and construction of vertex functions abo-

tained using I’ via pseudo-hermiticity, as in eq. (5.1.2).

ve, we calculate the dependence of the neutrino self-energy on £,. The 1-loop Feynman diagrams,

which are part of neutrino self-energy and depends on £, are

Z GO
Vj m 2 RN 7 @
Su(p,E4) = + ' + . 5.2.4
ji(p: €2) \_J S 0T v (52.4)
Vm Vm &z

Due to the length of the expression, we provide the derivative of part of the neutrino self-energy
with respect to £ in the appendix C . The dependence of the neutrino self-energy on £, as obtained

by direct calculation, matches the result of the NI of the self-energy in eq. (5.2), in the case § = Z.
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6 Towards Nielsen Identity automatization in the GNM

As we see in section 5, calculations of 1PI 3-point vertex functions and NI at 1-loop are tedious
if done by hand, especially in the case § = Z. Also worth noting that, expanding NI to second

2 _ ©) () (2) (0)
- Z a&grujﬂi - Z <Fl7inFVjﬁkaB + FDmkaBFVjDk
B=W,Z B=W,Z

—|—F(1) F(l) +F(1) F(l) )

177;l/k l’jﬁVkXﬁ l_/i17,7kXB l/]'17k

order, 1i.e.

(6.1)

means that one has to evaluate more than two 3-point vertex functions! This leads to the necessity
of automating NI using FeynCalc [25-28] and FeynArts [29], to have a method to obtain these
results.

The initial concept is to complement the already existing GNM model files [6,22], so that we
could generate 1PI vertex functions by: 1) adding an additional class description file with all BRST
sources involved in LRy + L, ; 2) introducing the BRST transformations of the fields and gauge
parameters; 3) extending the Lagrangian of the GNM with the Lagrangians mentioned previously;
4) Generating the FeynRules model files, as well as topologies of the new Feynman diagrams
using FeynArts.

In the following, we provide the code example for defining BRST sources of the scalars h, H,

pseudo-scalar A and gauge parameter ¢:

MS$BRSTsources = {

(% BRST source for the scalar h field =)

Ul101] ==
ClassName —> BRSTgammah,
ParticleName —> ”gammah”,
QuantumNumbers —> {GhostNumber —> 1},
Mass —=> 0,
Width —> 0,
PropagatorLabel —> Subscript[”\[gamma]”, “h”],
SelfConjugate —> False ,
PropagatorType —> Double,
PropagatorArrow —> Forward,
InsertOnly —> External

5o

(% BRST source for the scalar H field =)

ul102] ==
ClassName —> BRSTgammaH,
ParticleName —> “gammaH”,
QuantumNumbers —> {GhostNumber —> 1},
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Mass
Width
PropagatorLabel —

—>

—>

0,

0,

Subscript [”\[gamma]”, “H”],
False ,

Double ,

Forward ,

External

(% BRST source for the pseudo—scalar A field x)

SelfConjugate —>
PropagatorType —>
PropagatorArrow —>
InsertOnly —>

5o

U[103] ==
ClassName
ParticleName —>
QuantumNumbers —>
Mass —>
Width —>
PropagatorLabel —>
SelfConjugate —>
PropagatorType —>
PropagatorArrow —>
InsertOnly —>

§ o

(xBRST source for

ul104] ==
ClassName —>
ParticleName —>
QuantumNumbers —>
PropagatorLabel —>
Mass —>
Width —>
SelfConjugate —>
PropagatorType —>
PropagatorArrow —>

5 s
Ul

gauge parameters

—> BRSTgammaA,

”gammaA”
{GhostNumber —> 1},
0,

0,

Subscript [”\[gamma]”, “A”],
False ,

Double ,

Forward ,

External

\ X1 %)

chiw ,

”chiw”,

{GhostNumber —> 1},
Subscript [’\[chi]”, "W’],
0,

0,

False ,

Straight ,

Forward ,

InsertOnly —> External

105] ==

ClassName —> chiZ ,

ParticleName —> "chiZ”,
QuantumNumbers —> {GhostNumber —> 1},
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PropagatorLabel —> Subscript[”\[chi]”, 7"Z”],

Mass —> 0,
Width —> 0,
SelfConjugate —> False ,

PropagatorType —> Straight,
PropagatorArrow —> Forward,

InsertOnly —> External

Code 1. Class description file example of BRST sources for the GNM

For the scalar sector, as shown above, we define each BRST source with a ghost field-type class
U[...] (substitute would be a scalar field-type S[...]) with a positive ghost number (such field
with negative ghost number would be anti-ghost). We ensure that these sources are auxiliary and
external by choosing SelfConjugate -> False.

The problem arises when it comes to defining BRST sources of neutrinos. Fermionic sources
must be defined as a ghost field-like class types that take into account the spinorial nature, which
it seems that neither fermion, nor ghost field-type classes frame it correctly (attempts based on
fermion and ghost field-type classes lead to unsuccessful implementation).

We also provide an example of defining the BRST transformation, y-extended and the BRST-
exact Lagrangian of the neutrinos, which, mentioned earlier, are needed to generate FeynRules

model files:

(¥BRST transformation of neutrinos in mass eigenstate basisx)
dbrst[F[1, j 1] :=
ProjMx(Ixe/( Sqrt[2]xsw)*xConj[UL[1, j]]*«U[31]«F[2, 1] +
I[xe/(2%swxcw)xConj[UL[1, j]]«UL[l, i]*«U[2]«F[1l, i]) —
ProjP x(Ixe/( Sqrt[2]xsw)«UL[l, j]«U[32]«CC[F[2, 1]] +
Ixe/(2%swxcw)*UL[1, j]%Conj[UL[]1, 1]]*«U[2]%xF[1, 1]);

(«BRST—exact Lagrangian term involving neutrinos )
LbrstExact :=
anti [U[101]][j]xdbrst[F[1, j]] + HC[anti [U[101]][j]*dbrst[F[1,
i1l

(«Chi—extended Lagrangian )
Lchi = -U[104]/(2% GaugeXi[Z])*
anti [U[2]]x(del[V[2][mu]] + GaugeXi[Z]«*MZxS[21]) —
U[105]/(2 %
GaugeXi[W]) %(anti[
U[31]]x(del[anti [V[3]][mu]] — IxGaugeXi[W]s«MWxanti[S
[22]]) +
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anti[U[32]]%(del[V[3][mu]] + Is*GaugeXi[W]+*MWxS[22]));

(¥ Combine everything %)
Ltotal = LbrstExact + Lchi ;

}

Code 2. Example of BRST transformation and the BRST Lagriangan definition

where ProjP and ProjM are chiral projectors P, g, F[...] is a fermion class and U[...] being
BRST sources and ghost fields — we keep the fermionic BRST source classified as a ghost field-
type source for the sake of example; We define BRST transformation of the neutrinos dbrst [F[1,
j11, as shown in eq. (4.2.8), as well as Ltotal, which is a sum of Lagrangians in eq. (4.2.9) and
(5.3).

At this point, the implementation to construct 1PI vertex functions needed to evaluate NI for the
neutrino self-energy is limited to what is shown above. Mainly because the classification of fermio-
nic BRST source being incomplete. A possible alternative would be to approach the construction

of the Feynman rules of the mentioned vertex functions via FeynArts directly.
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Conclusion

In summary, we conclude the following results from the final thesis work:

1. The topics and methods required to implement Nielsen Identities of neutrino self energy in
the Grimus—Neufeld Model were studied: derivation of Nielsen Identities from the BRST
invariance condition of the effective action; construction 1PI 3-point vertex functions, from

the derived BRST Lagrangian, required to evaluate Nielsen Identities.

2. Nielsen Identity of the neutrino self-energy explicitly evaluated and compared to the direct
computation of the neutrino self-energy dependence of gauge. The results confirm the imp-

lementation of the Nielsen Identity of the neutrino self-energy in the model.

3. The concept towards automating the Nielsen Identities. The full automatization of these iden-

tities in the Grimus—Neufeld model has not been achieved.
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1PI 3-point vertex functions of &£y and £, dependent cases
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As it was mentioned previously, one obtains F,(,% Xw using F,(, ),] W via a pseudo-hermitian

relation.
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B {-dependent part of the neutrino self-energy

Explicit derivation of the first four Feynman diagrams, contributing to the neutrino self-energy,

that depends on gauge parameter &y :

W, G- W, Gt
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Xji(p, &w) 3 + : (B.1)
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Tadpole Feynman diagrams, that depend on gauge parameter &y, are shown below:

Gt ct c
@ //—\\ E B o
1 \ R B N
: .

v; vi T .t + + S
3 Hi Vi Hi Vi Hi V;
v Vj Vj Vj
(B.3)
ct c” %74
+ + + Q
GOy GO vy Hi v
vj Vj Vj

Taking the derivative with respect to the gauge parameter, we get the following gauge depen-
dence of tadpoles in the PaVe basis:

2
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vj Vi 4
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2
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C ¢z-dependent neutrino self-energy

For convenience, we decompose the £-dependent neutrino self-energy,

e, Xji(P, §2) = O, (B5i(p, §2 )1 + i, §2)2 + i (P, §2)3)

= ¢, X5i (P, £2)1 + 0, C(5i(p. £2)1) " C ™ 4 0, S5(p, €2)3,

where
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O¢, 25 (p,€2)1 and O¢, X (p, z)3 expressed in PaVe basis as shown below:
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D PaVe reduction method

The amplitudes, as those derived and calculated in sections 5.1 and 5.2, are of the tensorial
integral form. One of the methods to evaluate such integrals faster (especially using mathemati-
cal software) is the Passarino-Veltman (PaVe) reduction scheme — reducing complex tensorial
integrals in terms of scalar integrals.

In general, integrals of the form
oy Cm) /de—q“ Akl (D.1)
h ) D . DN,1 ’ '
(where D is the dimension of the integral, 1 is the parameter of the mass dimension; Dy = ¢> —my,

Dy = (q+p1)? —my etc.), are defined in PaVe notation based on momentum in the numerator and

terms of the denominator:

omp)* P 1
Ag(mg) = (—/dD — D.2
Bo: By: B Buon (p1, m2, m?2) = (2mp)* ™" /qul;qmqnqy;qnquA (D.3)
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and so on. Then, tensorial integrals such as B, C,,, B,,, and C,,, can be reduced via tenzor basis

as follows:
Bu = pluBla (D.5)
By = 9 Boo + p1up1v B, (D.6)
Cyu = p1,C1 + p2, Cs, (D.7)
2
Ciw = guwCoo + Z PipPjvCij (D.8)
ij=1

where By, Bi1, C1, Cy ete. are expressed in terms of scalar integrals A,, By etc. by contracting

decomposed tensorial integrals with tensors, such as metric g**, p* or p”.
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Nielsen tapatybiy automatizavimas Grimus—Neufeld Modeliui
Nojus Danyla
Santrauka

Sito darbo tikslas buvo patvirtinti Nielsen tapatybés pritaikyma bei jas automatizuoti Grimus—
Neufeld Modelyje.

Apibrezimai ir savokos, BRST formalizmo bei Grimus—Neufeld Modelio supratimui, yra apta-
riami pirmoje baigiamojo darbo dalyje. Skyriuose 1 ir 2 yra aptariamas Faddeev—Popov metodas,
kuris lydi { BRST simetrija bei formalizma. Taip pat yra aptariamos modifikuotas Ward—Takashi
tapatybés neabelinése teorijose; esant BRST simetrijai, parodoma kaip iSvedimos Lee tapatybeés, i$
kuriy taip pat galima iSvesti Nielsen tapatybes (Sios tapatybés iSvedamos kvantinés elektrodinami-
kos (angl. quantum electrodynamics) ir kvantinés chromodinamikos (angl. quantum chromodyna-
mics) teorijose kaip pavyzdziai).

Literattiros apzvalgos pabaigoje, t.y. 3 skyriuje, aptariami neutrinai, kaip yra sugeneruojamos
ju masés, sverto (angl. seesaw) mechanizma bei Higgs mechanizma, t.y. kalibruotés bozony ma-
sés generavima per spontaniska simetrijos ltizj. Taip pat aptariamas Grimus—Neufeld modelis —
Standartinio modelio papildinys, skirtas paiSkinti mazas neutriny mases, ivedant papildoma Higgs
dubleta bei desinio chiraliSkumo Majorana neutrina.

4 skyriuje iSvedama skaliariniy lauky h, H, pseudo-skaliarinio lauko A bei neutring BRST
transformacijos masés tikriniy verciy bazéje, siekiant sukonstruoti tikslios BRST formos Lagran-
ziana, kuris yra reikalingas Nielsen tapatybiy skai¢iavimui Grimus-Neufeld Modelyje.

Paskutiniojoje darbo dalyje, iSreikstai iSvedame bei apskaic¢iuojame Nielsen tapatybg neutriny
savajai energijai bei iSreikSkiame rezultata per Passarino-Veltman funkciju bazg. Taip pat tiesio-
giai apskaiCiuojame neutriny savosios energijos priklausomybg¢ nuo kalibruotes bei palyginame
rezultatus su Nielsen tapatybés gauta iSraiSka. Rezultaty sutapimas tarp $iy nepriklausomy meto-
du patvirtina, jog neutriny savosios energijos Nielsen tapatybés implementacija Grimus—Neufeld
Modelyje buvo s¢kminga.

Taip pat nagrinéjama Nielsen tapatybiy automatizacija Grimus-Neufeld modelyje. Yra aptaria-
mas pradinis planas kaip automatizuoti 3-tasky funkcijas, pasinaudojus FeynRules paketu, kurios
yra reikalingos Nielsen tapatybés neutriny savajai energijai apskaiciuoti: apibréziamos skaliariniy
lauky bei kalibruotés parametro BRST sroviy lauky klasifikacija, aptariama problema dél fermio-
niniy lauky BRST sroviy apibrézimo; taip pat apZvelgiamas pavyzdys kaip apibréZti neutrino lau-
ko BRST transformacija bei tikslios BRST formos Lagranzianas, kuris yra reikalingas Feynman
taisykliy generavimui minétoms 3-taSky funkcijoms. Nielsen tapatybiy automatizavimas Grimus—

Neufeld modelyje nebuvo pasiektas.
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