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Abstract

We consider the extension of the Standard electroweak Model through an SU(2) quadru-
plet of scalars with hypercharge either 3/2 or 1/2 (with an additional reflection symme-
try in the latter case). We establish, through exact analytical equations, the boundaries
of the phase spaces of the gauge-invariant terms that appear in the (renormalizable)
scalar potentials. We devise procedures for the determination of necessary and suffi-
cient bounded-from-below conditions on those potentials; we emphasize that one mostly
needs to scan the scalar potential over a few lines, instead of surfaces, in order to es-
tablish the boundedness-from-below; this fact allows one to reduce by three orders of
magnitude the computational time devoted to that establishment.
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1 Introduction

The Standard Model (SM) of the electroweak interactions has gauge symmetry SU(2) x U(1).
It has only one SU(2) doublet of scalar fields. It produces, upon spontaneous gauge-symmetry
breaking and the Higgs mechanism, one physical scalar boson. That boson has been discovered
in 2012 [1,2], providing a confirmation of the SM; still, the self-interactions of that boson [3]
remain untested. Up to now, no other fundamental boson has yet been discovered, despite
some hints [4,5].

There is no reason why there should be only one doublet of scalars in an SU(2) x U(1)
gauge theory. Physicists have entertained thoughts that there may be more SU(2) doublets,
and possibly also singlets—preserving the so-called custodial symmetry of the SM, i.e. the
tree-level relation my, = m; cos0,,, where my, and m, are the masses of the gauge bosons
W* and Z°, respectively, and 6,, is the weak mixing (or Weinberg) angle. One may con-
sider larger SU(2) multiplets, like triplets [6-9], quadruplets [10], and more [14-16], even
though they would violate the custodial symmetry if they acquired vacuum expectation values
(VEVs). Large SU(2) scalar multiplets bring about complicated scalar potentials (SPs) with
several SU(2)-invariant terms, and those terms may lead to phase spaces’ with unexpectedly
complex shapes [18,19]. (The same holds true if the gauge group is chosen to be larger than
SU(2)xU(1)[20,21].) The exploration of those shapes is relevant since SPs must be bounded
from below (BFB), lest the theory has no vacuum state. In order to establish that an SP is BFB
one must carefully scrutinize all its phase space, and just that phase space.

In this paper we deal on the addition of one SU(2) quadruplet of scalars to the SM. In
order to bring about interesting possibilities for its interaction with the doublet of the SM,
we consider two possibilities for their relative hypercharges:? either they are equal or the
hypercharge of the quadruplet is three times the one of the doublet. The purpose of this paper
is to show that, even in these very simple extensions of the scalar sector of the SM, phase
spaces with complicated shapes arise; fortunately, however, those shapes may be described by
exact analytical equations. The establishment of this fact and of those equations constitute the
groundbreaking achievement of this work.

It should be mentioned that scalar quadruplets like the ones that we envisage in this paper,
viz. with hypercharge either 1/2 or 3/2, may be useful—when accompanied by large fermionic
SU(2) multiplets—to construct effective extensions of the usual seesaw mechanisms for the
neutrino masses [ 15]. Extensions of the scalar sector of the SM will also bring about deviations
of the self-interactions of the SM’s scalar boson from their SM values, and it is relevant to check
how large such deviations may be [10]. Scalars in large SU(2) representations are also useful
to render the coupling of the Higgs boson to a pair of gauge bosons larger than what it is in
the SM, if the new scalars are allowed to have VEVs [11].2 Those VEVs do not necessarily alter
the p parameter [13].

The plan of this paper is as follows. In Section 2 we expound relevant material from
Ref. [14]. In Section 3 we determine the phase space for a quadruplet with hypercharge
3/2. In Section 4 we determine the phase space for a quadruplet with hypercharge 1/2 and
a reflection symmetry. In Section 5 we write down the main conclusions of this work and we
offer two suggestions for further research.

This paper has many appendices that, however, do not need to be read in order to un-
derstand the relevant computations. In Appendix A we display the expressions of quantities
defined in Sections 3 and 4. In Appendix B we discuss the method to discover whether a sur-

1Some physicists call them instead “orbit spaces”. In this context, this concept was first introduced in Ref. [17].

2In a recent paper of ours [22] the hypercharge of the quadruplet was left arbitrary, preventing additional
interactions with the doublet.

3See also Ref. [12].
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face is convex, concave, or has undefined concavity properties. In Appendix C we deal on a
further case, which however is of no practical interest because it is unstable under renormal-
ization. In Appendix D (which is not referred to in the main text of the paper) we display the
unitarity constraints on the various models.

2 Notation

In this section we collect relevant results from Ref. [14]. More detailed demonstrations and
justifications may be found in that paper.

@:(Z), (1a)

> (1b)

Multiplets: Let

o Qo

f

be a doublet and a quadruplet, respectively, of the gauge group SU(2). In Egs. (1), a,...,f
are complex scalar fields. Let I; be the third component of isospin, then ¢ has I3 = 3/2, both
a and d have I3 = 1/2, both b and e have I3 = —1/2, and f has Is = —3/2. Let I_ be the
lowering operator of isospin, then I_a = b/«/i, I c=+/3/2d,1.d = V2e,I e = Mf,
and I_b=1_f =0. We define A= |a|>, B=|b|*>, C =|c|>, D = |d|*, E = |e|?, and F = |f|*.
Note that

f*

& | @

*

[

—C

is also a quadruplet of SU(2), and that

V2(V/3ce—d?)

1
T1=(5®5)3=\g 3cf —de , (3a)
V2(vV3df —e?)
1 V6cd* ++v/8de* + V6ef*
TZ:(E®E)3:\% 3F+E—D—3C , (3b)
—V6c*d—v/8d*e—V6e*f
are triplets of SU(2).
Invariants: The following quantities are SU(2)-invariant:
F,=A+B, (4a)
F,=C+D+E+F, (4b)
A—B Clb* * * *
Fy=—— (8C+D—E—3F)+ T(«/§c d+2d*e+vV3e*f)+He. |, (40)
2 2 1
Fs== |[VBee—d?["+ = [VBdf —e2[ + < I3cf —def”. (4d)
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The quantities Fy, F,, and Fy are non-negative, while F, may be either positive or negative.
Note that F; is the norm-squared of the triplet T; in Eq. (3a). All the quantities in Egs. (4) are
invariant under separate rephasings of ® and Z, i.e. they are U(1)-invariant irrespective of the
hypercharges of the two multiplets.

Dimensionless parameters: We define

r=—, (5a)

) (5b)

Ys = —. (50

Both & and y5 are invariant under the re-scalings ® — p;® and 2 — p,=, where p; and p,
are arbitrary complex numbers; r is not invariant under those two separate re-scalings, but
it is invariant under the joint re-scaling ® — p®, = — pE, where p is an arbitrary complex
number.

Alternative notation: In this paragraph we make a digression from Ref. [14] and focus on
the notation used in Ref. [10]. The fields q,..., f are written in that paper as H; and ¢y,
where i,j,k=1,2 and

H,=a, H,=b, (6)

d
P111=¢, Pr12=0@121 = P211 ==, P21 = P12 =P122= i, Poo2=f. (6b)

3
3

Then the quantities

2
p1= Z |H;|?, (7a)
i=1
& 2
P2 = Z |¢ijk| ) (7b)
ij k=1
2
P3 = Z cI)kncI)nk: (7C)
k,n=1
2
pa= ). S H:Hy, 7d)
k,n=1

are introduced in Ref. [10]. In Egs. (7c) and (7d),

2
<I>kn = Z ¢;kjk¢ijn . (8)

ij=1

Comparing the quantities (7) with the quantities (4), one finds that

p1=Fq, (92)
Do =Fy, (9b)
10F
ps=FZ— 95, (9¢)
F,F, 2F,
=12, =4 d
D4 5 3 9d)
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Therefore, the parameters ¢ and & of Ref. [10] are related to our parameters 6 and 5 through

c=1—109i, (10a)
1+6
g__z . (10b)

Gauge a = 0: There is an SU(2) gauge where the field a vanishes in all of space-time. In
that gauge,*

F1:B, (].].a)
3F+E—D-3C

= . (11b)
3(F+E+D+C)

The non-negative quantity Q;: We now define
Q1 =9—95*—20y5. (12)

This quantity is non-negative. This has been demonstrated in Ref. [14] in a general gauge; the
demonstration is much simpler in the gauge a = 0, wherein

QFZ = 9F2 —(36F,)* — 20F;
=9(F+E+D+C)*—(3F+E—D—3C)?
—8|vV3ce—d?| —8|vVBdf — | —4I3cf —def? (13)
2
:2‘\/gc*d+ V8dte+ V6ef

=0.

Notice that Eq. (13) indicates that the norm-squared of the triplet T, in Eq. (3b) is proportional
to a linear combination of the SU(2)-invariant quatities FZ2 and Fs, viz. 9F22 — 20F5.°> The
inequality Q; > 0 implies that the ranges of the dimensionless parameters (5) are r € [0, +00[,
6 €[—1,1], and y5 €[0,9/20].

Potential: The renormalizable and SU(2) x U(1)-invariant scalar potential V of & and = is
V =V,+V,, where V;, = ,u%Fl + ,u%FZ is bilinear in the scalar fields and
Moo Ao
V4: ?Fl +?F2 +A’3F1F2+A4F4+A'5F5+V4,extra) (14)
is quadrilinear in the scalar fields. In Eq. (14), A4, A,,..., A5 are real dimensionless coeffi-
cients; furthermore, V, ., is @ piece of V, that depends on the specific hypercharge of E; if
that hypercharge is neither 0, nor 3/2, nor 1/2 then Vj ¢y1a vanishes.®”

“Another interesting gauge is the one where a = b in all of space—time. We have re-done all our computations
using that gauge and we have found exactly the same results as in the gauge a = 0; in particular, we have obtained
in both gauges the same expressions for the quantities in Appendix A; but, computation times for gauge a = b are
significantly larger than for gauge a = 0.

>This property may be extended to the case where E is a larger multiplet of SU(2) [14]. Namely, the product
= x £ always contains a triplet of SU(2), and the norm-squared of that triplet always is a linear combination of
F22 (where F, is the norm-squared of Z) and of the norms-squared of all, except the one with the highest isospin,
SU(2) multiplets in 2 x Z. Moreover, the coefficients of those norms-squared have negative coefficients, while F,f
has positive coefficient, in the linear combination.

%We assume a normalization of the hypercharge where & has hypercharge 1/2.

"The case V eyra = 0 was studied in Ref. [22].
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3 Quadruplet with hypercharge 3/2

Extra term: Multiplying ® by itself twice and taking the fully symmetric part of the product,

one sees that
3

a
V3a®b
(‘I) ®Pe® q))fully symmetric & ‘/gabz 5 (15)

b3

is a quadruplet of SU(2). Therefore, if the hypercharge of Z is three times the one of ®, i.e. if
= has hypercharge 3/2, then
Y

V4,extra = E 13/2 + H.c. 5 (16)
where 1 is a complex dimensionless coefficient and
I3y = a’c* + V3a?bd* + V3ab?e* + b>f*, (17)

is SU(2) x U(1)-invariant. We define the dimensionless non-negative real parameter € as

I
LY as)
VF3F,
Note that € is invariant under the re-scalings ® — p;®, = — p,E. Then,
V4,extra = |’l/)| € V FEFZ Cos (argz/) + argIB/Z) > (19)
so that
A 3 Ay +2A
V= Fz2 [?1 r2+ |y ecos(argl,b + arglg/z) r3/2 4 (AB + ZA45) r+ ZTSYS} . (20)

Bounds on €2: In the gauge where a = 0 throughout space—time, I3 /2= b3f* and therefore
€*F}F, =B3F = F}F. Hence,
F
2

€l = (21)
F+E+D+C
Utilizing Eq. (21) together with Eq. (11b) for 6 in the same gauge, one finds that
4C +2D
2¢2—35+1=—"——, (22a)
F+E+D+C
2D+E
1+6—2€e*= , (22b)
3(F+E+D+C)
are both non-negative. Therefore,
36—1<2e*<1+56. (23)

Thus, the maximum possible value of € is 1 and it occurs only when & = 1. Moreover,
6=—1= e=0.
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Parameters x, y, and z: In order to find the phase-space boundary, it is expedient to assume
the fields c, d, e, and f to be real® and to define

c

X = R (24a)
V2 +d2+e2+ f2
d
y= ) (24b)
Ve2+d2+e2+ f2
e
@i lrei (24
Then,
2 42,2
2, 9, o c“td +e
EyTE _c2+d2+62+f231’ @)
and’ f
— 2 _y2_ g2
NEET T V1—x2—y2—32, (26)
Moreover,
5:1—2x2—gy2—§zz, (27a)
1 2
y5=g(3x\/1—x2—y2—zz—yz)
2 2
+§{(\/§x2—y2)2+[y \/3(1—x2—y2—22)—zz] }, (27b)
and
e=4/1—x2—y2—22, (28)
Boundary: Referring to Egs. (27) and (28), if
o5 25 25
dx Jdy Oz
dvs 9ys 9rs
d =0 2
l ax dy 0Oz ’ (29)
de O de
dx Jdy Oz

then one is at the boundary of the (8, y5, €) phase space. Equation (29) states that the gradients
of &, ys, and € are linearly dependent and thus span a surface—the border of phase space—
instead of a volume, as they do when the determinant in the left-hand side of Eq. (29) is
nonzero. Equation (29) is an equation among x, y, and z that one may convert into an
equation among 8, 75, and € by inverting Egs. (27) and (28). In this way we have obtained
the equation'®

Q:€%Q, =0, (30)

where Q; is the quantity defined in Eq. (12) and Q, is a polynomial function of 8, y5, and
€2 explicitly given in Appendix A. In practice, the border of the allowed volume is formed by
three sheets:

8In all the cases studied in this paper, we have worked numerically with complex fields and found that the
phase-space boundaries are the same for complex and real fields.

“Without loss of generality one may assume f to be non-negative.

1oWriting Eq. (29) in terms of &, v, and € is a non-trivial task that we were able to accomplish by having recourse
to the Grobner basis.
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1. Sheet 1 has equation Q; = 0.

2. Sheet 2 has equation € = 0.

3. Sheet 3 has equation Q, = 0.

Points:

ﬁl:

All these points are located on the boundary of phase space.

We define the points

§=-1,
5=1
3
o0=€e=1,
5o 343
13
6=0,

Ys

=%’

e=0,
, 11+643
€f=—",
26
1
e2==.

Q; = Q, = € = 0; the other three points have Q; = Q, =0 but € # 0.

Lines: We define three lines linking P, to P, through different paths:

* The blue line has equation Q; =€ =0.

(31a)
(31b)
(31c)

(31d)

(31e)

Both P, and P, have

* The purple line is given by Q, = € = 0. According to the expression for Q, given in
Appendix A, this means that for the purple line

256 (10y5)° —32(89 + 905 + 8152) (10ys5)?

+9(1129+28685 +46145% +33485% + 7295%) (1075)

—81(1+6)% (127 + 2255 + 40552 + 24353) = 0.

Equation (32) implicitly gives, together with e = 0, the purple line.

* The magenta-green-brown line is given by Q; = Q, = 0. It has three segments:

— The magenta segment begins at ﬁl and ends at ﬁg. It has

€ —_— .

2

The point Ps lies between P; and P; on the magenta segment.

- The green segment begins at P, and ends at 134. It has

1+30
€2 =

4

- The brown segment begins at P, and ends at P,. It has

204863

6%:@5—nw5+m3

(32)

(33)

(34)

(35)
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All three segments have Q; =0, viz. y5 =9 (1 - 62) / 20. We note that at their meeting
point P, the green and brown segments have continuous first derivative

:%Vu—e@, (36)

de

do

P,

but different second derivatives:

Pegreen| _ 117426 (37a)
@) [;, s2(Vilvevs)

Pepomn| _ 2(9+7V3) degreen | 370
(d8)* |5, 9 (&) |,

On the other hand, at the point P, the magenta—green—brown line changes de /d5 . Re-
ferring to the inequalities (23) we note that the upper bound 2e2 < 1+ § is saturated at
the magenta segment of this line.

Bounding surface: The surface bounding phase space has the topology of the surface of a
sphere. The “poles” are P; and P,. The surface is formed by sheet 1, followed by the blue
line, followed by sheet 2, followed by the purple line, followed by the sheet 3, followed by the
magenta—green-brown line, then returning to sheet 1.

Auxiliary lines: It is useful to define two other lines, which have Q, = 0 but neither Q; =0
nor € = 0, i.e. they lie on sheet 3.

* The orange line is defined by

_9(6—1)
=770

€ 7 (38b)

(38a)

The orange line starts at P, and ends at P;. The lower bound 22 > 35 — 1 is saturated
at the orange line for 1/3 < § < 1; for —1 < § < 1/3 the lower bound on €? is simply
€2 > 0 and is saturated at sheet 2.

* The yellow line is defined by

Y5 =0, (392)
2 (1+6)°

3 (39b)

The yellow line starts at P; and ends at P;. It saturates the bound y5 > 0.

Figures: Figure 1 has two panels with different perspectives of phase space. Figure 2 is the
same as Fig. 1 but using the parameters £ and { of Ref. [10] instead of our parameters § and
s, ¢f Egs. (10a). Figure 3 shows two projections of the phase space on planes. On the left
panel of that figure, note the following.
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Figure 1: Two perspectives of the phase space for case Y = 3/2. The lines and the

points—except Ps—defined in the text are explicitly displayed. In the left panel the

phase space is displayed transparent, so that the lines may be seen behind each other;
in the right panel it is opaque.

Ly, 08 'f‘

Figure 2: The same as Fig. 1 but using the parameters &, {, and y of Ref. [10] instead
of our parameters 8, ys, and €. Note that y coincides with our parameter €.

. -1.0 -0.5 0.0 0.5 1.0
0

Figure 3: The projections of the phase space for case Y = 3/2 on the planes y5 vs.

0 (left panel) and € vs. & (right panel). See further comments on this figure in the
text.

10
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1. The magenta segment coincides with the union of the blue line, the brown segment, and
the green segment.

2. Sheet 1 is wholly projected on the blue line and on the brown and green segments.
Sheet 2 is the left part of the surface, between the blue and purple lines. Sheet 3 is the
whole space under the parabola.

3. The dashed lines (and the full purple line for ¢ = 0) display the contours of constant €
on sheet 3.

On the right panel of Fig. 3 note the following.
1. The purple line coincides with the blue line.

2. Sheet 2 is wholly projected onto the blue line. Sheet 3 occupies the whole triangle among
the blue and orange lines and the magenta segment. Sheet 1 only occupies the left part
of the triangle, between the blue line and the magenta—green—brown line.

3. Besides the full yellow line with y5; = 0, there are dashed lines of constant ys; they
are vertical on sheet 1 and curved on sheet 3, explicitly displaying the concavity of that
sheet.

Boundedness from below: The potential is BFB if and only if V, > 0 for any values of the
fields.!! Referring to Eq. (20) and taking into account that the fields may take phases such
that cos (argw +arg 13/2) = —1, we require that

—=c4(«/?)4+c3(ﬁ)3+c2(ﬁ)2+c020, (40)

for every /r > 0, where

_ M

3 Ag 4+ 2A5y
C4—2, C3=—|1/)|6, C2=A3+ZA46, Cozg.

7 (41)

Note the crucial facts that there is no term c;+/r in Eq. (40) and that c5 < 0 in Eq. (41). By
considering the cases /r — oo and 4/r — 0, condition (40) of course requires ¢, > 0 and
¢o = 0, respectively, i.e.

A1 20, (42a)

Since the left-hand side of condition (42b) is a monotonic function of ys, that condition holds
for all v if and only if it holds for the maximal and minimal s, i.e. if conditions

)(,2 = 0, (433)
9
A'Z"‘EASZO: (43b)

hold true. We next apply Theorem 2 of Ref. [24], which states'? that condition (40) holds
V+/r > 0 if and only if

1A stricter definition of boundedness-from-below requires V, to be strictly positive. In this paper we are a bit
sloppy; we do not pay much attention to the possibilities of strict equality, which are anyway meaningless under
renormalization.

12The theorem also applies to the case c; # 0, so we are using here a simplified version thereof.

11
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1. either
A<0, and X>0, (44)
2. or
either —2<3<6, and A;<0,
A>0, and (45)
or J>6, and A, <0.
Here,
A=4(2%+12)° —(22° =720+ 2782)% | (46a)
A =NX%2—-16R—-16(3+2), (46b)
J+2
Ay =R%—4X —16(3+2), (46¢)
2 VI—2
where
K=, (472)
Veico
=2 (47b)
1/C4C0

Since c3 < 0, X < 0 and possibility (44) may be discarded, so only option (45) remains. That
option necessitates J > —2, which is precisely the condition ¢, > —2,/¢,¢, that also applies
when c; = 0. Hence, the following necessary BFB conditions [22] apply:

3|24
A= 4 A, >0, (48a)
9
7L3+\J7L1 (Az+1—OAS)ZO. (48b)
Furthermore, one must impede the situation where
84145 < —517, (49a)

64/ 21 A5 < —54/23| 4|, (49b)

e (102, +925) (824415 + 5A2)
3 80As

s (49¢)

simultaneously. We next consider the constraints on X in condition (45). Since A > 0,
2 3 2 3
2—7[3( 6—2%)— (VI +12) | <2< - (36— +(vI+12) | 0

Furthermore, either

—2<3<6, and 02N2—4(\/3+6—2), (51)
or
J42
3>6, and 0>NR>-2 E(\/Sj—6—\/3+2). (52)

Since inequalities (51) and (52) effectively impose lower bounds on X, they must apply to
R = —2 |"~/)| €max (5: YS)
V23 Ay +22s75)

where €., (6, 75) is the maximum possible value of € for each 6 and ys; clearly, this is always
given by a solution of equation Q, = 0, hence the exact expression for Q, in Appendix A is
relevant.

(53)

12
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Importance of the magenta line: By following the procedure described in Appendix B we
have found that sheet 3 has both a (rather small) concave part and a (much larger) part which
is neither concave nor convex; sheet 3 has no convex part. As a consequence, one needs
to check conditions (50)-(52) only along the boundaries of the surface, specifically along the
magenta and yellow lines. As a matter of fact, our numerical computations—performed with
10° randomly generated sets of parameters Aq, ..., As, |{)|—indicate that the scan along the
yellow line is superfluous: it is sufficient to scan the magenta line, i.e. it is sufficient to use

_ -IpIv20+95)
YA Ay + 9(1—62) A5/ 10]
9= 423+ 3240
2721 A+ 9(1—562)A;/10]
with —1 < & < 1. Thus, our practical recipe for ascertaining the boundedness-from-below of
V, consists of the following successive steps:

1. Checking the necessary conditions (42a), (43), and (48).

(54a)

(54b)

2. Discarding any case where conditions (49) apply.
3. Testing conditions (50)-(52) at the special points (31a).
4. Testing conditions (50)-(52) with X and 3 given by Egs. (54) for 6 € [—1,1].

Step 4 must, of course, be performed numerically and with sufficiently small steps of 6.

Efficiency of the method: In order to demonstrate the efficiency of our method, we have
compared it with the direct minimization of V,. We have randomly generated 10° sets of
couplings A3, A4, A5,y € [—10,10] and A, A, € [0,10], being careful to ensure that the dis-
tribution of each coupling over its respective range is uniform. The potential V, was then
minimized'® for each set of couplings. Alternatively, we have used our recipe given in the
previous paragraph. Our results were:

* The minimization of V, for the 10° sets of parameters required 39 516 seconds,'* pro-
ducing 256 179 quartic potentials that are bounded from below.

* Our scanning method completed the task in 29.2 seconds, yielding exactly the same
256 179 BFB potentials.

This comparison demonstrates that our method is approximately 1300 times faster than the
brute-force minimization of the potential and suggests that it is just as exact.

4 Quadruplet with hypercharge 1/2 and a reflection symmetry

Extra term: Multiplying the doublet & by itself one obtains the SU(2) triplet
2

a
T,=(®®®);=| +2ab |. (55)
bZ

3In order to ensure high accuracy, we have employed two minimization algorithms—specifically, the Nelder—
Mead method and the Differential Evolution method. The minimization was made over real fields a,b,...,f,
letting those fields vary over various ranges—for instance, from —1 to 1, from —100 to 100, and from —10° to 10°;
by doing this we aimed at not missing any minimum, independently of it having small or large values of the fields.

Our computations were performed on a desktop computer equipped with an Intel Core i9-13900K CPU fea-
turing 24 cores. All the cases being compared were evaluated under identical conditions by using Mathematica,
with calculations executed in parallel across all cores.
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Multiplying the quadruplet = by itself one also obtains (besides a seven-plet) the SU(2) triplet
T, of Eq. (3a). If the hypercharge of Z is the same as the one of ®, i.e. if Z has hypercharge 1/2,
then one may construct an SU(2) x U(1)-invariant quantity out of the triplets (3a) and (55):

2
Ly = \lg[a*z (V3ce—d?)+a*b* (3cf —de) + b**(V3df —e?)] . (56)
If moreover the Lagrangian is symmetric under £ — —&,'° then
_X
V4,extra - E Il/2 +H.c., (58)

where y is a complex dimensionless coefficient. We define the dimensionless non-negative
real parameter 7) as

n= % (59)
Then,
Vi extra = | x| NF1F5 cos (argy + arg[l/Z) ) (60)
so that
V4 =F22{% r+ [Ag + 3/145+ |x|ncos(arg)( +argIl/2)}r+ %} . (61)

Upper bounds on 7:  In the gauge wherea =0, I/, = +/2/5 b*2 (\/§df — ez) and therefore
n?F2F2 = (2/5) B2 |V3df —e*|* = (2/5)F2 |V3df —*|. Hence,

2
, 2|v3df—é?
_ _ (62)
5(F+E+D+C)
which should be used together with Eq. (11b). One then finds that
Q3 =9(1+6)*—40n? (63a)
4(3F —D)*+ 16 |d*e + v3e'f|”
= 5 (63b)
(F+E+D+0C)
>0. (63¢c)
Therefore,
9(1+5)>
2 2 64
"= (64)
Another upper bound on 7 is
n? <vs, (65)
which directly follows from Egs. (4b), (4d), (5¢), and (62).
15The extra symmetry is needed to remove the terms
[(EeE)se(20d),] , (57a)
[(e02)0(20d),] , (57b)

that in general are also present in the SP if = and & have the same hypercharge. In the expressions (57), ¢ and
= are the SU(2) doublet and the SU(2) quadruplet, respectively, formed by the complex conjugates of the fields
a,..., f.
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Boundary: We assume c, d, e, and f to be real instead of complex and we define the real
parameters x, ¥, and z through Egs. (24). Then,

2 2
=5y VB2 —y2 =) 2], (66)
which should be used together with Egs. (27). A point where
25 25 28
dx Jdy 0Oz
dvs 9vs 9vs
det ox 3y 9z =0, (67)
an? 9n? 9n?
dx Jdy Oz

is a candidate to lie at the boundary of the (6, y5,n) phase space. Equation (67) translates
into
Q1Q3Q4n* =0, (68)

where Q was defined in Eq. (12), Q; was defined in Eq. (63a), and Q4 is a polynomial function
of 5, ys, and n? that is explicitly written down in Appendix A. In practice, the boundary of
phase space is formed by four sheets:

1. Sheet 1 has equation Q; = 0.
2. Sheet 2 has equation Q; = 0.
3. Sheet 3 has equation Q4 = 0.

4. Sheet 4 has equation n = 0.

Points: We define the points

Py: 6=-1, Ys=n=0, (69a)

— 1 2

P . 6 = -, = 2 =T, 69b
2 3 Ts=1M"=¢ (69Db)

_ 1+ 242 9(10—v2 9(9+4v2

P polt22 00VE) L, sl

7 245 490

— 2 1 9

P, 6=2%, =-, ==, 69d
4 3 r5=7 =0 (69d)

Ps: o0=1, ys=n=0. (69¢)

All these points are located on the boundary of phase space. Point P; has

Q, = Q3 = Q4 =n = 0. Point P, has Q; = Q3 = Q4 = 0 but n # 0. Point Ps has
Q; = Q4 = n = 0 but Q3 # 0. Both point P5 and point P, have Q; = Q, = 0 but Q3 # 0
and 1 # 0.
Lines: We define two lines linking P, to P, through different paths:
* The magenta line is given by Q; = Q5 =0.
* The purple line is given by Q; = Q4 = 0, viz. by
_9(3-06)(1+5)

Y5 80 > (703)
3(1+906)

= — 70b

K 24/10 (70b)
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We furthermore define two lines linking P; to P5 through different paths:

* The blue line is given by Q; =n = 0.
* The yellow line is given by Q4 =n =y5 =0.

Finally, we define the green-brown line, which has Q; = Q, = 0 and connects P, to Ps. This
line has two segments:'©

* The brown segment goes from P, to P5. It has Q; = 0 and

3(1+56)
g2 Hor 1)
8v106
* The green segment goes from P to Ps. It has Q; = 0 and
3v(B36+1)(1—-6)
n= v . (72)

2410
The point P, lies on the green segment.

At the point P; where they meet, the green and brown segments have equal first derivative

d 3v5
dn) _ 35500, (73)
dé |3, 10
but symmetric second derivatives:
d? d*Ngreen 345
“Tbrown | _ L —=| = Y5 \faa—253. (74)
@67 |5, @8F |5 40

Bounding surface: The surface that bounds phase space has the topology of the surface of
a sphere. The three points P, P,, and Ps form a triangle on that surface. The sides of the
triangle are the purple, yellow, and green-brown lines. The magenta line and the blue line lie
inside the triangle. The whole surface outside the triangle has Q4 = 0, i.e. it is sheet 3. Inside
the triangle there is sheet 2 between the purple and magenta lines, sheet 4 between the yellow
and blue lines, and sheet 1 among the magenta, blue, and green-brown lines.

Orange line: The upper bound (64) on n? gets saturated at the magenta line for
—1 <& <1/3. For 1/3 < § <1 the relevant upper bound on 7?2 is (65), which is saturated at
the orange line. This is defined by

»_9(1-56)

10 75

Ys=mn

The orange line goes from P, to P just as the green-brown line. It has Q, = 0 but Q; # 0,
Q5 # 0, and 1 # 0, so it is outside the triangle defined in the previous paragraph.

18The equations for the green segment and for the brown segment are distinct solutions of Q; = Q, = 0. Since
Q, is a high-order polynomial, it has various roots, out of which two are relevant for sheet 3.
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Figure 4: Two perspectives of the boundary of phase space for case Y = 1/2 with
reflection symmetry. The points and lines defined in the text are explicitly displayed.

Concavity and the red line: Sheet 2 is flat: it is on the plane 2+/101 = 3(1 + 6). Following
the procedure described in Appendix B, we have found that sheet 3 consists both of a convex

region and of a region that is neither concave nor convex. These two regions are separated by
the red line, defined by

5—+/7—186
Ys = 10 (76a)
8+36—+v7—186
n= 4 ) (76b)
44/10

for =1 < 6 < 1/3. The red line lies on the plane 44/10m = 3+ 36 + 10y5. The portion of
sheet 3 between the purple and red lines is neither convex nor concave; the portion of sheet 3
between the red and green-brown lines is convex.

Figures: The surface that bounds phase space is displayed in Fig. 4 from two different per-
spectives. In Fig. 5 we display the projection of that surface on the y5 vs. & plane; in this
projection, the blue line—which is not displayed in Fig. 5—coincides with the magenta line
for 6 < 1/3 and with the green-brown line for § > 1/3.

Black dashed line: Equation Q4 = 0 in general produces six solutions for ys, but only two
of those solutions are relevant for bounding the phase space. For 0 < n? < 9/40, sheet 3
is formed by solution ygl) (8,7); for 9/40 < n? < 2/5, sheet 3 is formed partly by solution
ygl) (6,m) and partly by solution Yg) (6,m); those two solutions are separated by, and coincide,
at the black dashed line. That line is given by

11-96
Ys = 20 B (773)
5—36
= ) (77b)
K 210

for 1/3 < 6 < 2/3. The black dashed line starts at P, and ends at P,, where it meets the
green segment of the green-brown line. As seen in Fig. 5, the black dashed line is the locus of
the points at the boundary of phase space with maximal & for a fixed given n, provided that

n>3/(21/1_0).
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Figure 5: Left panel: the projection of phase space for case Y = 1/2 with reflection
symmetry onto the y5 vs. & plane. The blue line, which is not displayed, coincides
with the magenta and green-brown lines, just as the whole sheet 1 of the boundary of
phase space. Sheet 2 is between the magenta and purple lines. Sheet 3 is among the
purple, yellow, and green-brown lines. Sheet 4 is the whole area under the parabola.
Dashed lines of constant 1 are marked in various colours. Right panel: the projection
of the same phase space onto the 1 vs. & plane. The blue line, which is not displayed,
coincides with the yellow line, just as the whole sheet 4 of the boundary of phase
space. The purple line, which is not displayed, coincides with the magenta line, just
as the whole sheet 2 of the boundary of phase space. Sheet 3 is the whole area under
the magenta line, black dashed line, and part of the green segment; sheet 1 is the area
under the magenta and green-brown lines. Dashed lines of constant y5 are marked
in various colours.

Boundedness from below: The necessary and sufficient conditions for the potential in
Eq. (61) to be BFB are conditions (42a), (43) and, besides [23],

3
At Aab—lxIn+ V21 Ay +22575) = 0, (78)

must hold for all possible values of , y5, and 7). Since the term |y | n appears in condition (78)
with negative sign, what matters in practice is the maximum possible 7 for each value of the
pair (8,y5). So, looking at Fig. 4, what matters are sheets 2 and 3 of the bounding surface.
On sheet 2, 1 is a function only of & while y5 increases monotonously when going from the
purple line to the magenta line. One therefore has two further necessary conditions for V, to
be BFB, namely

3 3(1+56) \J [ 9 ]
Az + — A6 — ————+\| A | A+ —=A:(1—-62)| >0, 79a
st M4 [x] 2710 1|2t 75 5( ) (79a)

3 3(1+56) \J [ 9 ]
Ax+— A6 — —+\| A [ A+ —=2A:(B3—-06)(1+6)|>0, 79b
3t g |x 2710 1|42t 35 5( )( ) (79b)

must hold V6 € [—1,1/3]. In practice one finds that condition (79b), relative to the purple
line, is superfluous; condition (79a), that follows from the magenta line, does matter.

Relevance of the orange line and green segment: We have randomly generated 10° sets
of parameters Aq,..., A5, ¥y and we have explicitly minimized V, for each of those sets. We
have found that the BFB conditions obtained in this way almost coincide with the ones that
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one finds if, besides conditions (42a), (43), and (79), one just imposes condition (78) both on
the orange line, viz.

_ _ 2
A3+3A45—3|X|(1 5)+\JA1[A2+—9A5(1 5)]20, V5e[%,1}, (80)

4 V10 10

and on the green segment, Vviz.

30,8 3ly|V/@B6+1)(1-5) \J [ 915(1—52)]
4 210 L 10

1422 1]
7

As
(81)
Vo e [

Only seven quartic potentials were incorrectly identified as BFB in this way. This occurred
because the region of sheet 3 between the red line and the green-brown line is convex, and
these lines are therefore unable to correctly locate the minimum for some potentials. Our
numerical analysis showed that one needs to re-scan the potentially mis-identified pottentials
by using 103 sets of parameters (8, ys,7n) uniformly distributed on sheet 3 between the red
and green-brown lines; this additional procedure allow one to exactly reproduce the BFB V,’s
obtained by the direct minimization.

Procedure: Our practical procedure for checking the boundedness-from-below of V, consists
of the following steps.

1. The necessary conditions (42a) and (43) are checked.

2. The condition (78) is tested at the special points (69).

3. Conditions (79a), (80), and (81) are enforced.

4. The selected points are scanned along the surface Q4 = 0 between the red and green—

brown lines.

Efficiency of the method: In order to demonstrate the efficiency of our method we have
compared it with the brute-force minimization of V,, following the same procedure as in sec-
tion 3. We randomly generated 10° sets of couplings A4, ...As, . Then:

* The direct minimization of the 10° V,’s required 62 157 seconds and yielded 381910
bounded from below V}’s.

* Our proposed method!” completed the same task in 36.6 seconds, identifying exactly
the same 381 910 BFB potentials.

This comparison demonstrates that our method is approximately 1 700 times faster than the
brute-force minimization of V.

17Since the lines in Egs. (79)—(81) depend on the single parameter & and are continuously differentiable, we
have employed for them an efficient bisection minimization method instead of a direct scan.
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5 Conclusions and discussion

The important findings in this work were the following:

* For the two models studied, there are analytical equations for the boundaries of the
phase spaces. Besides the trivial equations € = 0 in Section 3 and 1 = 0 in Section 4,
there are the equations

Q,=9(1-6%)—20y;=0, (82)

in both Sections 3 and 4, and
Q;=9(1+6)*—40n%=0, (83)

in Section 4. Most important of all, there are equations Q5 = 0 in Section 3 and Q4 =0 in
Section 4, where Q, and Q4 are polynomial functions explicitly displayed in Appendix A.
The latter equations have several solutions; usually, either two or three of those solutions
are relevant for the boundaries of the phase spaces, while the other solutions are to be
discarded.

It is necessary to assess the convexity or concavity of the (upper) boundary of phase
space'® in order to understand whether one must scan that surface fully, or just a few
lines thereon, when studying the boundedness-from-below of the scalar potential. Na-
mely, convex boundaries require a full scan (and the more convex they are, the more
detailed that scan must be), while for concave or indefinite-concavity boundaries the
scan over a few lines suffices. In order to correctly assess the convexity or concavity
one must write the quartic potential as a linear combination of the phase-space param-
eters, viz. of 0, ys5, and either € or 1, ¢f Egs. (20) and (61)—and employ just those
parameters—not, say, their squares—in the procedure explained in Appendix B.

* The bounded-from-below conditions on the quartic parts of the scalar potentials mostly
require, in practice, numerical scans over a few lines—not surfaces'!’—at the boundary
of the phase space of each model.2’ We have explicitly given those lines for each of the
two models.

We have found, by giving random values to all the scalar fields, that the phase spaces that
one obtains are the same, irrespective of whether one allows the fields to be complex—as they
in general are—or one restricts all of them to be real. The reason why this is so remains to be
investigated.

If the fields are taken to be real, then in both models that we have studied there are three
phase-space coordinates (0, ys, and either € or 1) to be determined by three relative field
values, viz. ¢/f, d/f, and e/f in the gauge where a = 0. This makes the models relatively
simple, because one just needs to set one determinant equal to zero; no ad hoc choices of field
directions are necessary. In other models that one may want to study things most likely will be
more complicated—with a number of relative field values larger than the one of phase-space
coordinates. This is another issue that remains to be investigated.

8The importance of the convexity or concavity of phase space for the determination of the minima of the scalar
potential was emphasized in Ref. [25]. Convexity or concavity of phase space is also important for constructing
sufficient and/or necessary conditions for boundedness-from-below of the potential; see for instance Ref. [21],
where the importante of constructing a “convex hull” of phase space was emphasized.

“In the case in Section 4 a scan over the surface with Q, = 0 is finally needed in order to eliminate a few
unbounded-from-below potentials.

20We formulate the hypothesis that this happens because of the concave, or partly concave, nature of the relevant
stretches of the boundary of phase space. When that boundary is distinctly convex—an example is displayed in
Appendix C—numerical scans just over a few lines are probably not enough.
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It must be stressed that the analytical methods that we have utilized did not dispense
with the confirmation of all the results by giving random values to all the scalar fields and
observing the phase spaces that get generated in this way. All our analytical phase spaces have
been numerically confirmed in this way.

Usually, checking the BFB conditions through a brute-force, high-precision minimization
of the quartic part of the potential demands substantial computational resources. Scanning
a few conditions along the specific lines identified in our analyses accelerates the computa-
tion by several hundred times. Employing efficient minimization techniques along those lines
may improve the computational performance by up to three orders of magnitude; that was a
significant achievement of this work.

The expressions in Appendix A, together with computational examples in Mathematica
notebook files, are available at https://github. com/jurciukonis/SM-quadruplet, en-
abling the reproduction of the results presented in this work.
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A The expressions of Q, and Q,

Q,: For the quantity Q, in Eq. (30) one has

6
Q2= b, (1075)" . (A1)
n=0
The coefficients by, ..., by are functions of & and €2:

bo=3%[(1+6)° —8¢2]"[ (127 +2256 + 40552 + 2435%)”
—4(28795 + 1646195 + 28107052 + 253 2065° + 1858955 + 98 4155°) €2
+12(49331 + 1677245 + 17454652 + 65 7725° + 546755) €*
—4096 (292 + 5855 + 5452 + 815%) €° + 1048 57668] , (A.2)
by =—2x3%[(1+6)° (127 + 2256 + 40552 + 2435°%) (1129
+28685 +46145% + 33485° + 7295*)
—8(241961 + 19217255 + 6748 7615% + 14553 7955° + 208151675*
+208466495° + 145798115° + 634400157 + 13034525° + 3936657 ) €
+4(3673191 4242615885 + 7759104052 + 128 209 7965° + 127 686 4385*
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b5:
b6:

Q4

+863103965° +401923445° + 842756457 —6393335%) *

—16(3786799 + 237747695 + 5166602152 + 56099 9835 + 33353 1695*
+144154955° + 28998995° — 37251957 ) €°

+512(350855 + 14049995 + 1906 13152 + 844 17357 + 304 1225*

+436805° —66245°) €®

—262144 (1041 + 24395 + 54652 + 1645°) €' + 201326 592¢ %], (A.3)

=3*[1998033 + 106592405 + 311146205 + 58 4555125° + 75 085 2545*

+657454325° + 37096 3805° + 1215972057 + 1791 1535°

—12(1405269 + 103754075 + 2792414552 + 45055 6995° + 45386 6075*
+289787495° + 10862 6675° + 170950557 ) €

+4(26754009 + 143 1436145 + 389331 18352 + 492368 4525° + 327 588 3275*
+1128330545° +235172975°) ¢*

— 64 (4988475 + 292628615 + 54 167 99452 + 46 168 0945>

+1288111556% +20683895°) €°

+1536(524649 + 19646825 + 251384952 + 5175125° +330725%) €®

—262144 (4056 + 102695 + 120052 — 325°) €'° + 805306 368¢*2 |, (A4
—25 x 32[219250 + 65 (133498 + 288 4695 + 369 42052

+2987015° + 1394825 + 255155°)

—2(573229 + 381755765 + 700235452 + 7473 6905°

+43857455% + 12896015°) €

+ (6285479 + 237248765 + 4911157852 + 390102845 + 14624 63154) €*
—2(6247069 + 299473955 + 3783567952 + 2426789753 €°

+32(752119 + 20768495 +24611705%) €® — 16384(1316 + 36215) €'°
+16777216€'?], (A.5)

=28[52006 + 185 (6428 + 96185 + 65885% +21875°)

—4(37645+2222916 + 21246352 + 1057055°) €2
+48(14963 + 307625 +3887152) ¢*

—28(28411 +884075) €® +1024009¢%] (A.6)
—213[2(89+ 905 +815%) —2(103 + 5315) €2 + 811€*], (A7)
516 (A-8)

For the quantity Q4 in Eq. (68) one has

6
Qs= > dyyl. (A.9)
n=0
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The coefficients d,, .. .,dg are functions of § and n?:

do =n*[104976R* +3732480(7 — 105 —5%) n* + 331776007*], (A.10)
d; = —n?[52488R>S + 466 560R (84 — 615 — 385% — 556°) n?
+8294400(29 — 1956 —452) n* + 147456 0001° ], (A.11)

dy = 6561R®S? +29 160R* (513 + 485 — 40052 — 765° — 135%) n?

+259200 (2241 — 14746 — 7856 + 1605° + 305*) n*

+4608000 (149 —365 — 145%) n° + 1638400001°, (A.12)
d3 =—14580R%S (117 — 65 — 5952)

— 64800 (8253 —33785 — 526052 + 12025 + 4635*) n?

—576000(2116 — 6236 —4875%) n* — 624640000 7°, (A.13)

dy =900[9(20601 — 14045 — 1837852 + 275657 + 32255%)
+80(13119—277056 —49456%) n* +102560070*] (A.14)
ds =—2'" x53[9(117— 65 —5952) + 244017 ] (A.15)
dg =28 x 5%, (A.16)

Here,

R=3-5, (A.172)
S=1+56. (A.17b)

B Concavity or convexity of the phase-space boundary

If a surface is the topological boundary of a set of points in three dimensions, then that surface
is said to be concave (or “concave up”) at a point if it bends toward the outer-pointing surface
normal at that point; the surface is convex (or “concave down”) if it bends away from the
outer-pointing normal.

Let z = f (x, y) represent the surface bounding above a volume in (x, y, z) space. Then the
local concavity is characterized by the definiteness of the Hessian matrix

orf o
Jx2 83('3}/ fxx fx

H: = Y . Bl
2 o (fxy fyy) -
oxdy dy2

* The surface is locally concave if the Hessian is positive semidefinite, viz. if detH > 0,
fxx 20, and f,, > 0.

* The surface is locally convex if the Hessian is negative semidefinite, viz. if detH > 0,
fxx £0,and f,, <0.

* The surface is neither concave nor convex if the Hessian is indefinite,?! viz. if detH < 0.

The boundary between regions of definite concavity (either concave up or concave down) and
indefinite concavity may be found by solving the equation detH = 0.

In our specific cases, the concave and convex regions of the surface bounding the phase
space from above may be identified by scanning the surface over the parameters 6 and y5 and
using the following procedure:

211 this case, the surface may be concave in one direction but convex in another direction at the same point.
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1. Obtain analytical solutions of Q; = 0 for i = 2,4, 5, with respect to the relevant parame-
ters—either €, 7, or €, respectively.

2. Determine which of the solutions corresponds to the surface at the given point.

3. Compute the Hessian matrix at that point by double-differentiating the relevant solution
with respect to 6 and 5.

4. Evaluate the concavity conditions at the given point, viz. determine the signs of detH,
fxx>and f,.
C One further case

Potential: If the doublet ® and the quadruplet = have the same hypercharge and if there is
no symmetry under 2 — —Z, then in general

A v _ . [
Viexua = % TS T, + 3 T T+ 3 TIT, +H.c., (C.1)
where T; is the SU(2) triplet in Eq. (3a), T5 is the SU(2) triplet in Eq. (55), and
v/3bc—ad
1
T,=(E®®);==| +v2(bd—ae) |, (C.2)
be—+V3af

is one further SU(2) triplet. In this Appendix we follow Ref. [10] and assume y =t = 0, even
if this is inconsistent because there is no symmetry that enforcs this and therefore nonzero y
and ¢ are needed for renormalization.

Parameter ¢: The dimensionless parameter

TIT.
€= | 4 3\ i (C.3)
VFF,
is non-negative by definition. Then (with y =t =0),
Vg extra = |7 € 4/ F2F, cos (arg v+ arg T;"TB) , (C.4)
so that v 2
F_; = ?1 (ﬁ)4 +|v|e cos(arg v +arg T, T5) (1/7)3
2 (C.5)
3 Ay +2A
+(%+ZA@)@Ff+4L3;ii

Gauge a = 0: In the gauge where a = 0 throughout space-time, T, IT 3 = (F;/2) be* and

therefore
2 E

= . C.6
C T 4(F+E+D+C) (€.6)
From Egs. (11b) and (C.6) we note that
6F + 2D
3(1+6 —1622—, C.
(1+0)=168" = T pr e (C.72)
6C D
3(1—-6)—8e%= ;4, (C.7b)
F+E+D+C
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2.

are both non-negative. There are thus two upper bounds on &

g2 < 3(11—26) 5 (C.8a)
g2 < @. (C.8b)

It follows from them that the maximum possible value of &2 is 1/4 and that it is attained when
6 = 1/3, viz. at the point that we shall call P; in Eq. (C.21c).

Boundary: Using Egs. (27) and

==, Cc.9
€ 2 (C.9)
we write the condition
25 25 a5
dx Jdy 0Oz
dys Jdys 9rs
det ox 3y 0= =0. (C.10)
dx Jdy Oz
We therefrom obtain
£2Q,Qs =0, (C.11)

where Q; is the quantity defined in Eq. (12) and

6

Qs =Y e, (1075)". (C.12)
n=0
The coefficients e, ..., eq are functions of § and £2. Defining
R=6-1, (C.13a)
$=95+7, (C.13b)

one has

eo=—3°[3R(6 +1)*+ 32(«92]2 [81R%3* + 432R5% (75 +9) (21 — 55>

+576(56841 + 818205 + 1099852 — 524525° —316715%) &*

—218 % 3(172+ 1836 —185% —815°%) £® + 2%8¢8 ], (C.14)
e; =2 x 3°[243R*3% (1 + 5)* (39 + 665 + 2352)

+2592R*5 (6209 + 26 5465 + 407205 + 24 2725°

+177356% —16745° + 4585°) &

+1728R (975729 + 36175016 + 419336952 + 606 1415°

—18033016% —9955055° — 2232695° — 7920957 ) ¢*

+9216(1506843 + 29820155 + 68 9695% — 2724 6395°

—12695635* + 3304095° + 203 7995° — 4925757 ) &°

—2'7 % 3(171715 + 2389255 — 8 74552

—1460495° — 385025 + 145605° — 66245°) £

+2%8 (717 + 6376 — 18252 — 16463 ) !0 —238¢12] | (C.15)
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ey = 3%[243R?5% (2481 + 82205 + 93505% + 406057 + 4655*)

+1296R (640633 + 25334105 + 321548752 + 8123485°

—9270015* —2024945° +2190735°) &

+1728(6014521 + 131130345 + 9409515% — 11539 1245°

—325597756% +15113705° —4933195°) &*

—2'% % 32(1990309 + 3074 1895 — 369 4865>

—16369505° —913515% +2117855°) &°

+2'7 % 3(790995 + 7972185 — 103 5655% — 178 16857 + 736165*) &8

—228(2904 + 20515 — 40052 + 325%) 10 + 2%012] | (C.16)
es = 2°[729RS (641 + 18205 + 151052 + 2205° —9557)

+972(74101 + 1719356 + 26 16252

—1487065° — 365035 + 44 0835°) &*

—648(1097753 + 17615965 — 15661852 — 756 8685° + 118 5215%) ¢*

+1728(2284741 + 25373535 — 580 7055* — 622 5735° ) °

—2!%2 % 3%(362107 + 2030595 —588785%) £®

+2%3 x 3(980 +4915) !0 —2%¢12] (C.17)
eq =2°[81(723 + 162065 + 5306% — 6205° — 2055*)

—216(4331+ 73035 —2716* —36835°%) &2

+1152(5757 + 54505 — 129556%) &*

—1152(19977 + 146235) £ + 4928012868 ] , (C.18)
es =—2"[135+ 16256 —95% — (1236 + 13565) e? + 5224¢* ], (C.19)
eg = 21°. (C.20)

It follows from Eq. (C.11) that the border of the (8, vs, €) phase space has three sheets:
1. Sheet 1 has equation Q; = 0.
2. Sheet 2 has equation ¢ = 0.
3. Sheet 3 has equation Q5 = 0.

It should be emphasized that the equation Qs = 0 usually yields up to six real solutions for £,
for any given values of 6 and y5. (That equation may also have non-real solutions.) However,
not all of those solutions form the border of phase space. That border must be confirmed by
giving random (in general, complex) values to the fields c, d, e, and f and explicitly construct-
ing the phase space via Egs. (5¢), (11b), and (C.6).
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Points: We define the points

P,: &6=-1, y5s=¢e=0, (C.21a)

P, 5§=1, ys=e=0, (C.21b)

~ 1 2 1

Py: 5=-, ==, ==, C.21
3 3 Y5 =< £=3 (C.210)

P 5= 0 L (C.21d)
: = -, =0, £=—, .

4 3 Ys 3

~ 1 2

Pc: o0=—, -, e=0. C.21e
5 9 Ys 5 ( )

Points P, and P, have Q; = ¢ = Q5 = 0. Point P; has Q; = Qs = 0 but ¢ # 0. Point Ps has
¢ = Qs = 0 but Q; # 0. Point P, is solely on sheet 3.

Main lines: We define three lines connecting point 131 to point P,:

* The blue line has Q; =& =0.

* The purple line has ¢ = Q5 = 0; this gives

1 2
- 1 (C.22)
’s ORS

160

Point P; is on the purple line.

* The magenta-brown line has Q; = Q5 = 0. It has two segments, the magenta one from
P; to P; and the brown one from P; to P,. Both segments have y5; = 9 (1 -0 2) / 20; the
magenta segment has

3(1+6)
R T 2
€ T (C.23)
while the brown segment has
3[27+366 —1425% +685% + 116* + /—R5 (235 +9)° |
g2 = : (C.24)

1638463

At their meeting point P the magenta and brown segments have derivatives de? / dé of
opposite sign. Notice that the magenta segment materializes the upper bound (C.8a) on

&2,

Bounding surface: The surface boundlng phase space has the topology of the surface of a
sphere. On that sphere lie the two points P; and P, connected by the blue line, the purple line,
and the magenta—brown line. Sheet 1 connects the magenta—brown line to the blue line, then
sheet 2 links the blue line to the purple line, and finally sheet 3 goes from the purple line to
the magenta—brown line.

Yellow line: The yellow line is on sheet 3. It is the line where the bounding surface has
minimal y5 = 0. Setting y5 = Q5 = 0 one obtains
, 3(1-8%)(1+86)

e°= ) C.25
3 (C.25)

which defines the yellow line together with y5 = 0. That line connects P; to P, just as the
main lines. It attains maximum ¢ = 1/3 when 6 = 1/3.
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Figure 6: Two perspectives of the boundary of phase space. The points and lines
displayed are defined in the text. The blue points in left panel indicate the convex
part of the surface Q5 = 0; green points correspond to the part of that surface that is
neither concave nor convex.

Red line: This line connects P; to P, and then proceeds to Ps through the equations

_ 3—11&%+5+/£2(24—47¢2)

27

_ 54—504e2 +2359¢* — 1/ £2 (24 — 47¢2)°

135

5 (C.26a)

Ys (C.26b)

Between Py and ﬁ4 this line gives, for each ys, the point of maximum &.

Orange line: This line is on sheet 3 and materializes the upper bound (C.8b). It goes from
P, to P; and is given by

_9(1-6)?
Ys = 10 )
8

(C.27a)

(C.27b)

Figures: Figure 6 displays two perspectives of phase space. Unfortunately, on those perspec-
tives the purple line is barely visible and point Ps is not visible at all, therefore Fig. 7 shows
the projection of phase space on the ys vs. 6 plan.

Convexity of sheet 3: The upward-facing part of sheet 3, i.e. the one with maximum ¢, is
almost entirely convex, except for a small region near the sheet’s top that is neither concave
nor convex, illustrated by the green area in Fig. 6. The red line lies close to, but outside, this
green region.

Boundedness-from-below: The potential in Eq. (C.5) is similar to the one in Eq. (20), so the
BFB conditions (50)—(52) once again hold, just as the necessary BFB conditions (42a), (43),
and (48); one must also discard all the situations where conditions (49) hold true. Of course,
in the second Eq. (41) one must make ¢) — v and € — ¢.

Relevance of the lines: We have randomly generated 10° sets of parameters A4, ..., As, 7,
and we have explicitly minimized V, for each of these sets. We have found that by applying
conditions (50)-(52) just along the magenta, red, yellow, and orange lines allows one to discard
the majority (up to 99.95%) of the potentials that are not bounded from below. In order to

28


https://scipost.org
https://scipost.org/SciPostPhysCore.9.2.022

e SciPost Phys. Core 9, 022 (2026)

achieve exact agreement with the results of the minimization of V,, the selected parameter sets
should be re-evaluated by applying conditions (50)-(52) for every possible (8,5, €) on the
upper part of sheet 3. Since the convexity of phase space is stronger than in the case Y =1/2
with reflection symmetry, a larger number of points must be used for the scan; we have used
10° points (5,75, £).22

Procedure: Our practical recommendation for establishing the boundedness-from-below of
V, consists of the following steps.

1.

2.

The necessary conditions (42a), (43), and (48) are checked.

Cases satisfying conditions (49) are discarded.

. Conditions (50)-(52) are tested for X and 3 defined through Egs. (47) at the special

points (C.21).%8

Conditions (50)—-(52) are tested for X and J defined along the magenta, red, yellow, and
orange lines.

. For full precision, the remaining points must be scanned through 10° points uniformly

distributed over the whole upper part of surface Q5 = 0.

Figure 7: The projection of phase space on the y5 vs. & plan. The points and lines
displayed are defined in the text. The blue line coincides with the magenta—brown
line in this projection. The iso-lines of constant € on the upper part of sheet 3—
the part of that sheet that connects the yellow line to the magenta—brown line—are
marked by dashed lines in various colours.

22 An alternative approach would be to firstly minimize the quantity A in Eq. (46a) over the upper part of sheet 3,
then to discard the points where A is negative, and finally to apply condition (45).

21t is worth noting that steps 1 and 2 by themselves alone allow the elimination of up to 91.45% of the potentials
violating the BFB conditions. Complemented with the scan over the special points, up to 97.76% of the potentials
violating the BFB conditions are discarded.
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D Unitarity conditions

For the model in Section 3, viz. for the quartic potential given by Egs. (14) and (16), the

unitarity conditions are
A<M,

Al <M,

Ay +2A5| < M,

345
5
9As
5

Ag + <M,

Ay + <M,

2ol + 2 2] <M,

51
__4 <M

A ,
4

137 + 54, +32s| +/(34; — 54, —345)? + 3242 < 2M,

11
A+ Ay — ?A5

Al+k3+2)\4

11, )2
+J(A1—A2+?A5) +10A3 <2M,

2
+\J(Al—13—zx4) +24|Y)* <2M.

(D.1a)
(D.1b)
(D.10)

(D.1d)

(D.1e)

(D.1f)

(D.1g)

(D.1h)

(D.11)

(D.1j)

For the model in Section 4, viz. for the quartic potential given by Egs. (14) and (58), the

unitarity conditions are conditions (D.1a), (D.1b), (D.1d), (D.1e), (D.1h), (D.1i), and

31,
A3+ ——| <M,
4
31, 3
Aog——2 + = |y| <M,
e A
51
As——2 <M,
4
54| 4|5
Aot 2 +\[2 |yl <M,
3 4 2|)C|

A1+ Ag + 2245+ /(A — Ay —245)2 + 4|y |2 < 2M.

(D.2a)

(D.2b)

(D.2¢)

(D.2d)

(D.2e)

For the model in Appendix C, viz. for the quartic potential given by Egs. (14) and (C.1),

the unitarity conditions are conditons (D.1a)-(D.1f), (D.1h), and

51
A+ — <M,
4
5 5. )? )
)Ll+7L3—ZrA4 + /11—13+Z/14 +2|v|* <2M.
Furthermore, the moduli of the three eigenvalues of the matrix
A‘l _\/Z|'V| '\/ 5/2%4
—V2[v] A3+ (5/4)Ay 0 ,

V5722, 0 Ay —(11/5) A5

30

(D.3a)

(D.3b)

D.4)
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must all be smaller than M.
When V, ¢xa = O the unitarity conditions for all three models are identical, viz. condi-
tions (D.1a)-(D.1le), (D.1f), (D.1h), (D.1i), and

|AS|+Z|A4| <M. (D.5)

They coincide with the unitarity conditions for the case J = 3/2 in Ref. [14].
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