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Abstract

We consider the extension of the Standard electroweak Model through an SU(2) quadru-
plet of scalars with hypercharge either 3/2 or 1/2 (with an additional reflection symme-
try in the latter case). We establish, through exact analytical equations, the boundaries
of the phase spaces of the gauge-invariant terms that appear in the (renormalizable)
scalar potentials. We devise procedures for the determination of necessary and suffi-
cient bounded-from-below conditions on those potentials; we emphasize that one mostly
needs to scan the scalar potential over a few lines, instead of surfaces, in order to es-
tablish the boundedness-from-below; this fact allows one to reduce by three orders of
magnitude the computational time devoted to that establishment.
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1 Introduction

The Standard Model (SM) of the electroweak interactions has gauge symmetry SU(2)×U(1).
It has only one SU(2) doublet of scalar fields. It produces, upon spontaneous gauge-symmetry
breaking and the Higgs mechanism, one physical scalar boson. That boson has been discovered
in 2012 [1,2], providing a confirmation of the SM; still, the self-interactions of that boson [3]
remain untested. Up to now, no other fundamental boson has yet been discovered, despite
some hints [4,5].

There is no reason why there should be only one doublet of scalars in an SU(2) × U(1)
gauge theory. Physicists have entertained thoughts that there may be more SU(2) doublets,
and possibly also singlets—preserving the so-called custodial symmetry of the SM, i.e. the
tree-level relation mW = mZ cosθw, where mW and mZ are the masses of the gauge bosons
W± and Z0, respectively, and θw is the weak mixing (or Weinberg) angle. One may con-
sider larger SU(2) multiplets, like triplets [6–9], quadruplets [10], and more [14–16], even
though they would violate the custodial symmetry if they acquired vacuum expectation values
(VEVs). Large SU(2) scalar multiplets bring about complicated scalar potentials (SPs) with
several SU(2)-invariant terms, and those terms may lead to phase spaces1 with unexpectedly
complex shapes [18,19]. (The same holds true if the gauge group is chosen to be larger than
SU(2)×U(1) [20,21].) The exploration of those shapes is relevant since SPs must be bounded
from below (BFB), lest the theory has no vacuum state. In order to establish that an SP is BFB
one must carefully scrutinize all its phase space, and just that phase space.

In this paper we deal on the addition of one SU(2) quadruplet of scalars to the SM. In
order to bring about interesting possibilities for its interaction with the doublet of the SM,
we consider two possibilities for their relative hypercharges:2 either they are equal or the
hypercharge of the quadruplet is three times the one of the doublet. The purpose of this paper
is to show that, even in these very simple extensions of the scalar sector of the SM, phase
spaces with complicated shapes arise; fortunately, however, those shapes may be described by
exact analytical equations. The establishment of this fact and of those equations constitute the
groundbreaking achievement of this work.

It should be mentioned that scalar quadruplets like the ones that we envisage in this paper,
viz. with hypercharge either 1/2 or 3/2, may be useful—when accompanied by large fermionic
SU(2) multiplets—to construct effective extensions of the usual seesaw mechanisms for the
neutrino masses [15]. Extensions of the scalar sector of the SM will also bring about deviations
of the self-interactions of the SM’s scalar boson from their SM values, and it is relevant to check
how large such deviations may be [10]. Scalars in large SU(2) representations are also useful
to render the coupling of the Higgs boson to a pair of gauge bosons larger than what it is in
the SM, if the new scalars are allowed to have VEVs [11].3 Those VEVs do not necessarily alter
the ρ parameter [13].

The plan of this paper is as follows. In Section 2 we expound relevant material from
Ref. [14]. In Section 3 we determine the phase space for a quadruplet with hypercharge
3/2. In Section 4 we determine the phase space for a quadruplet with hypercharge 1/2 and
a reflection symmetry. In Section 5 we write down the main conclusions of this work and we
offer two suggestions for further research.

This paper has many appendices that, however, do not need to be read in order to un-
derstand the relevant computations. In Appendix A we display the expressions of quantities
defined in Sections 3 and 4. In Appendix B we discuss the method to discover whether a sur-

1Some physicists call them instead “orbit spaces”. In this context, this concept was first introduced in Ref. [17].
2In a recent paper of ours [22] the hypercharge of the quadruplet was left arbitrary, preventing additional

interactions with the doublet.
3See also Ref. [12].
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face is convex, concave, or has undefined concavity properties. In Appendix C we deal on a
further case, which however is of no practical interest because it is unstable under renormal-
ization. In Appendix D (which is not referred to in the main text of the paper) we display the
unitarity constraints on the various models.

2 Notation

In this section we collect relevant results from Ref. [14]. More detailed demonstrations and
justifications may be found in that paper.

Multiplets: Let

Φ=

�

a
b

�

, (1a)

Ξ=







c
d
e
f






, (1b)

be a doublet and a quadruplet, respectively, of the gauge group SU(2). In Eqs. (1), a, . . . , f
are complex scalar fields. Let I3 be the third component of isospin, then c has I3 = 3/2, both
a and d have I3 = 1/2, both b and e have I3 = −1/2, and f has I3 = −3/2. Let I− be the
lowering operator of isospin, then I−a = b

�p
2, I−c =
p

3/2 d, I−d =
p

2 e, I−e =
p

3/2 f ,
and I−b = I− f = 0. We define A= |a|2, B = |b|2, C = |c|2, D = |d|2, E = |e|2, and F = | f |2.
Note that

eΞ=







f ∗

−e∗

d∗

−c∗






, (2)

is also a quadruplet of SU(2), and that

T1 = (Ξ⊗Ξ)3 =

√

√1
5





p
2
�p

3 ce− d2
�

3c f − dep
2
�p

3 d f − e2
�



 , (3a)

T2 =
�

Ξ⊗ eΞ
�

3 =

√

√ 1
20





p
6 cd∗ +

p
8 de∗ +

p
6 e f ∗

3F + E − D− 3C
−
p

6 c∗d −
p

8 d∗e−
p

6 e∗ f



 , (3b)

are triplets of SU(2).

Invariants: The following quantities are SU(2)-invariant:

F1 = A+ B , (4a)

F2 = C + D+ E + F , (4b)

F4 =
A− B

4
(3C + D− E − 3F) +

�

ab∗

2

�p
3 c∗d + 2d∗e+

p
3 e∗ f
�

+H.c.
�

, (4c)

F5 =
2
5

�

�

p
3 ce− d2
�

�

2
+

2
5

�

�

p
3 d f − e2
�

�

2
+

1
5
|3c f − de|2 . (4d)
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The quantities F1, F2, and F5 are non-negative, while F4 may be either positive or negative.
Note that F5 is the norm-squared of the triplet T1 in Eq. (3a). All the quantities in Eqs. (4) are
invariant under separate rephasings of Φ and Ξ, i.e. they are U(1)-invariant irrespective of the
hypercharges of the two multiplets.

Dimensionless parameters: We define

r =
F1

F2
, (5a)

δ =
4F4

3F1F2
, (5b)

γ5 =
F5

F2
2

. (5c)

Both δ and γ5 are invariant under the re-scalings Φ→ ϱ1Φ and Ξ→ ϱ2Ξ, where ϱ1 and ϱ2
are arbitrary complex numbers; r is not invariant under those two separate re-scalings, but
it is invariant under the joint re-scaling Φ → ϱΦ, Ξ → ϱΞ, where ϱ is an arbitrary complex
number.

Alternative notation: In this paragraph we make a digression from Ref. [14] and focus on
the notation used in Ref. [10]. The fields a, . . . , f are written in that paper as Hi and φi jk,
where i, j, k = 1,2 and

H1 = a , H2 = b , (6a)

φ111 = c , φ112 = φ121 = φ211 =
d
p

3
, φ221 = φ212 = φ122 =

e
p

3
, φ222 = f . (6b)

Then the quantities

p1 =
2
∑

i=1

|Hi|
2 , (7a)

p2 =
2
∑

i, j,k=1

�

�φi jk

�

�

2
, (7b)

p3 =
2
∑

k,n=1

ΦknΦnk , (7c)

p4 =
2
∑

k,n=1

ΦknH∗nHk , (7d)

are introduced in Ref. [10]. In Eqs. (7c) and (7d),

Φkn =
2
∑

i, j=1

φ∗i jkφi jn . (8)

Comparing the quantities (7) with the quantities (4), one finds that

p1 = F1 , (9a)

p2 = F2 , (9b)

p3 = F2
2 −

10F5

9
, (9c)

p4 =
F1F2

2
+

2F4

3
. (9d)
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Therefore, the parameters ζ and ξ of Ref. [10] are related to our parameters δ and γ5 through

ζ= 1−
10γ5

9
, (10a)

ξ=
1+δ

2
. (10b)

Gauge a = 0: There is an SU(2) gauge where the field a vanishes in all of space–time. In
that gauge,4

F1 = B , (11a)

δ =
3F + E − D− 3C
3 (F + E + D+ C)

. (11b)

The non-negative quantity Q1: We now define

Q1 = 9− 9δ2 − 20γ5 . (12)

This quantity is non-negative. This has been demonstrated in Ref. [14] in a general gauge; the
demonstration is much simpler in the gauge a = 0, wherein

Q1F2
2 = 9F2

2 − (3δF2)
2 − 20F5

= 9 (F + E + D+ C)2 − (3F + E − D− 3C)2

− 8
�

�

p
3 ce− d2
�

�

2
− 8
�

�

p
3 d f − e2
�

�

2
− 4 |3c f − de|2

= 2
�

�

�

p

6 c∗d +
p

8 d∗e+
p

6 e∗ f
�

�

�

2

≥ 0 .

(13)

Notice that Eq. (13) indicates that the norm-squared of the triplet T2 in Eq. (3b) is proportional
to a linear combination of the SU(2)-invariant quatities F2

2 and F5, viz. 9F2
2 − 20F5.5 The

inequality Q1 ≥ 0 implies that the ranges of the dimensionless parameters (5) are r ∈ [0,+∞[,
δ ∈ [−1,1], and γ5 ∈ [0,9/20].

Potential: The renormalizable and SU(2)× U(1)-invariant scalar potential V of Φ and Ξ is
V = V2 + V4, where V2 = µ2

1F1 +µ2
2F2 is bilinear in the scalar fields and

V4 =
λ1

2
F2

1 +
λ2

2
F2

2 +λ3F1F2 +λ4F4 +λ5F5 + V4,extra , (14)

is quadrilinear in the scalar fields. In Eq. (14), λ1,λ2, . . . ,λ5 are real dimensionless coeffi-
cients; furthermore, V4,extra is a piece of V4 that depends on the specific hypercharge of Ξ; if
that hypercharge is neither 0, nor 3/2, nor 1/2 then V4,extra vanishes.6,7

4Another interesting gauge is the one where a = b in all of space–time. We have re-done all our computations
using that gauge and we have found exactly the same results as in the gauge a = 0; in particular, we have obtained
in both gauges the same expressions for the quantities in Appendix A; but, computation times for gauge a = b are
significantly larger than for gauge a = 0.

5This property may be extended to the case where Ξ is a larger multiplet of SU(2) [14]. Namely, the product
Ξ × eΞ always contains a triplet of SU(2), and the norm-squared of that triplet always is a linear combination of
F2

2 (where F2 is the norm-squared of Ξ) and of the norms-squared of all, except the one with the highest isospin,
SU(2) multiplets in Ξ×Ξ. Moreover, the coefficients of those norms-squared have negative coefficients, while F2

2
has positive coefficient, in the linear combination.

6We assume a normalization of the hypercharge where Φ has hypercharge 1/2.
7The case V4,extra = 0 was studied in Ref. [22].
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3 Quadruplet with hypercharge 3/2

Extra term: Multiplying Φ by itself twice and taking the fully symmetric part of the product,
one sees that

(Φ⊗Φ⊗Φ)fully symmetric∝









a3
p

3 a2 bp
3 ab2

b3









, (15)

is a quadruplet of SU(2). Therefore, if the hypercharge of Ξ is three times the one of Φ, i.e. if
Ξ has hypercharge 3/2, then

V4,extra =
ψ

2
I3/2 +H.c. , (16)

where ψ is a complex dimensionless coefficient and

I3/2 = a3c∗ +
p

3 a2 bd∗ +
p

3 ab2e∗ + b3 f ∗ , (17)

is SU(2)× U(1)-invariant. We define the dimensionless non-negative real parameter ε as

ε=

�

�I3/2

�

�

q

F3
1 F2

. (18)

Note that ε is invariant under the re-scalings Φ→ ϱ1Φ, Ξ→ ϱ2Ξ. Then,

V4,extra = |ψ|ε
q

F3
1 F2 cos
�

argψ+ arg I3/2

�

, (19)

so that

V4 = F2
2

�

λ1

2
r2 + |ψ|ε cos
�

argψ+ arg I3/2

�

r3/2 +
�

λ3 +
3
4
λ4δ

�

r +
λ2 + 2λ5γ5

2

�

. (20)

Bounds on ε2: In the gauge where a = 0 throughout space–time, I3/2 = b3 f ∗ and therefore
ε2F3

1 F2 = B3F = F3
1 F . Hence,

ε2 =
F

F + E + D+ C
. (21)

Utilizing Eq. (21) together with Eq. (11b) for δ in the same gauge, one finds that

2ε2 − 3δ+ 1=
4C + 2D

F + E + D+ C
, (22a)

1+δ− 2ε2 =
2D+ E

3 (F + E + D+ C)
, (22b)

are both non-negative. Therefore,

3δ− 1≤ 2ε2 ≤ 1+δ . (23)

Thus, the maximum possible value of ε is 1 and it occurs only when δ = 1. Moreover,
δ = −1 ⇒ ε= 0.
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Parameters x , y , and z: In order to find the phase-space boundary, it is expedient to assume
the fields c, d, e, and f to be real8 and to define

x =
c

p

c2 + d2 + e2 + f 2
, (24a)

y =
d

p

c2 + d2 + e2 + f 2
, (24b)

z =
e

p

c2 + d2 + e2 + f 2
. (24c)

Then,

x2 + y2 + z2 =
c2 + d2 + e2

c2 + d2 + e2 + f 2
≤ 1 , (25)

and9

f
p

c2 + d2 + e2 + f 2
=
Æ

1− x2 − y2 − z2 . (26)

Moreover,

δ = 1− 2x2 −
4
3

y2 −
2
3

z2 , (27a)

γ5 =
1
5

�

3x
Æ

1− x2 − y2 − z2 − yz
�2

+
2
5

n

�p
3 xz − y2
�2
+
�

y
Æ

3 (1− x2 − y2 − z2)− z2
�2o

, (27b)

and
ε=
Æ

1− x2 − y2 − z2 . (28)

Boundary: Referring to Eqs. (27) and (28), if

det















∂ δ

∂ x
∂ δ

∂ y
∂ δ

∂ z
∂ γ5

∂ x
∂ γ5

∂ y
∂ γ5

∂ z
∂ ε

∂ x
∂ ε

∂ y
∂ ε

∂ z















= 0 , (29)

then one is at the boundary of the (δ,γ5,ε) phase space. Equation (29) states that the gradients
of δ, γ5, and ε are linearly dependent and thus span a surface—the border of phase space—
instead of a volume, as they do when the determinant in the left-hand side of Eq. (29) is
nonzero. Equation (29) is an equation among x , y , and z that one may convert into an
equation among δ, γ5, and ε by inverting Eqs. (27) and (28). In this way we have obtained
the equation10

Q1ε
2Q2 = 0 , (30)

where Q1 is the quantity defined in Eq. (12) and Q2 is a polynomial function of δ, γ5, and
ε2 explicitly given in Appendix A. In practice, the border of the allowed volume is formed by
three sheets:

8In all the cases studied in this paper, we have worked numerically with complex fields and found that the
phase-space boundaries are the same for complex and real fields.

9Without loss of generality one may assume f to be non-negative.
10Writing Eq. (29) in terms of δ, γ5, and ε is a non-trivial task that we were able to accomplish by having recourse

to the Gröbner basis.
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1. Sheet 1 has equation Q1 = 0.

2. Sheet 2 has equation ε= 0.

3. Sheet 3 has equation Q2 = 0.

Points: We define the points

eP1 : δ = −1 , γ5 = ε= 0 , (31a)

eP2 : δ =
1
3

, γ5 =
2
5

, ε= 0 , (31b)

eP3 : δ = ε= 1 , γ5 = 0 , (31c)

eP4 : δ =
3+ 4
p

3
13

, γ5 =
18
�

14− 3
p

3
�

845
, ε2 =

11+ 6
p

3
26

, (31d)

eP5 : δ = 0 , γ5 =
9
20

, ε2 =
1
2

. (31e)

All these points are located on the boundary of phase space. Both eP1 and eP2 have
Q1 =Q2 = ε= 0; the other three points have Q1 =Q2 = 0 but ε ̸= 0.

Lines: We define three lines linking eP1 to eP2 through different paths:

• The blue line has equation Q1 = ε= 0.

• The purple line is given by Q2 = ε = 0. According to the expression for Q2 given in
Appendix A, this means that for the purple line

256 (10γ5)
3 − 32
�

89+ 90δ+ 81δ2
�

(10γ5)
2

+ 9
�

1129+ 2 868δ+ 4 614δ2 + 3348δ3 + 729δ4
�

(10γ5)

− 81 (1+δ)3
�

127+ 225δ+ 405δ2 + 243δ3
�

= 0 .

(32)

Equation (32) implicitly gives, together with ε= 0, the purple line.

• The magenta–green–brown line is given by Q1 =Q2 = 0. It has three segments:

– The magenta segment begins at eP1 and ends at eP3. It has

ε2 =
1+δ

2
. (33)

The point eP5 lies between eP1 and eP3 on the magenta segment.

– The green segment begins at eP3 and ends at eP4. It has

ε2 =
1+ 3δ

4
. (34)

– The brown segment begins at eP4 and ends at eP2. It has

ε2 =
(3δ− 1) (7δ+ 3)3

2048δ3
. (35)
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All three segments have Q1 = 0, viz. γ5 = 9
�

1−δ2
��

20. We note that at their meeting
point eP4 the green and brown segments have continuous first derivative

dε
dδ

�

�

�

�

eP4

=
3
p

2
8

Æ

11− 6
p

3 , (36)

but different second derivatives:

d2εgreen

(dδ)2

�

�

�

�

�

eP4

= −
117
p

26

32
�p

11+ 6
p

3
�3 , (37a)

d2εbrown

(dδ)2

�

�

�

�

eP4

=
2
�

9+ 7
p

3
�

9

d2εgreen

(dδ)2

�

�

�

�

�

eP4

. (37b)

On the other hand, at the point eP3 the magenta–green–brown line changes dε/dδ . Re-
ferring to the inequalities (23) we note that the upper bound 2ε2 ≤ 1+δ is saturated at
the magenta segment of this line.

Bounding surface: The surface bounding phase space has the topology of the surface of a
sphere. The “poles” are eP1 and eP2. The surface is formed by sheet 1, followed by the blue
line, followed by sheet 2, followed by the purple line, followed by the sheet 3, followed by the
magenta–green–brown line, then returning to sheet 1.

Auxiliary lines: It is useful to define two other lines, which have Q2 = 0 but neither Q1 = 0
nor ε= 0, i.e. they lie on sheet 3.

• The orange line is defined by

γ5 =
9 (δ− 1)2

10
, (38a)

ε2 =
3δ− 1

2
. (38b)

The orange line starts at eP2 and ends at eP3. The lower bound 2ε2 ≥ 3δ− 1 is saturated
at the orange line for 1/3 ≤ δ ≤ 1; for −1 ≤ δ ≤ 1/3 the lower bound on ε2 is simply
ε2 ≥ 0 and is saturated at sheet 2.

• The yellow line is defined by

γ5 = 0 , (39a)

ε2 =
(1+δ)3

8
. (39b)

The yellow line starts at eP1 and ends at eP3. It saturates the bound γ5 ≥ 0.

Figures: Figure 1 has two panels with different perspectives of phase space. Figure 2 is the
same as Fig. 1 but using the parameters ξ and ζ of Ref. [10] instead of our parameters δ and
γ5, cf. Eqs. (10a). Figure 3 shows two projections of the phase space on planes. On the left
panel of that figure, note the following.
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Figure 1: Two perspectives of the phase space for case Y = 3/2. The lines and the
points—except eP5—defined in the text are explicitly displayed. In the left panel the
phase space is displayed transparent, so that the lines may be seen behind each other;
in the right panel it is opaque.

Figure 2: The same as Fig. 1 but using the parameters ξ, ζ, and χ of Ref. [10] instead
of our parameters δ, γ5, and ε. Note that χ coincides with our parameter ε.

P
˜
1

P
˜
2

P
˜
3

P
˜
4

P
˜
5

-1.0 -0.5 0.0 0.5 1.0

0.0

0.1

0.2

0.3

0.4

δ

γ
5

ϵ = 0

ϵ = 0.3

ϵ = 0.5

ϵ = 0.7

ϵ = 0.8

P
˜
1

P
˜
2

P
˜
3

P
˜
4

P
˜
5

-1.0 -0.5 0.0 0.5 1.0

0.0

0.2

0.4

0.6

0.8

1.0

δ

ϵ

γ5 = 0

γ5 = 0.05

γ5 = 0.2

γ5 = 0.4

γ5 = 0.45

Figure 3: The projections of the phase space for case Y = 3/2 on the planes γ5 vs.
δ (left panel) and ε vs. δ (right panel). See further comments on this figure in the
text.
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1. The magenta segment coincides with the union of the blue line, the brown segment, and
the green segment.

2. Sheet 1 is wholly projected on the blue line and on the brown and green segments.
Sheet 2 is the left part of the surface, between the blue and purple lines. Sheet 3 is the
whole space under the parabola.

3. The dashed lines (and the full purple line for ε = 0) display the contours of constant ε
on sheet 3.

On the right panel of Fig. 3 note the following.

1. The purple line coincides with the blue line.

2. Sheet 2 is wholly projected onto the blue line. Sheet 3 occupies the whole triangle among
the blue and orange lines and the magenta segment. Sheet 1 only occupies the left part
of the triangle, between the blue line and the magenta–green–brown line.

3. Besides the full yellow line with γ5 = 0, there are dashed lines of constant γ5; they
are vertical on sheet 1 and curved on sheet 3, explicitly displaying the concavity of that
sheet.

Boundedness from below: The potential is BFB if and only if V4 ≥ 0 for any values of the
fields.11 Referring to Eq. (20) and taking into account that the fields may take phases such
that cos
�

argψ+ arg I3/2

�

= −1, we require that

V4

F2
2

= c4

�p
r
�4
+ c3

�p
r
�3
+ c2

�p
r
�2
+ c0 ≥ 0 , (40)

for every
p

r > 0, where

c4 =
λ1

2
, c3 = −|ψ|ε , c2 = λ3 +

3
4
λ4δ , c0 =

λ2 + 2λ5γ5

2
. (41)

Note the crucial facts that there is no term c1
p

r in Eq. (40) and that c3 ≤ 0 in Eq. (41). By
considering the cases

p
r →∞ and

p
r → 0, condition (40) of course requires c4 ≥ 0 and

c0 ≥ 0, respectively, i.e.

λ1 ≥ 0 , (42a)

λ2 + 2λ5γ5 ≥ 0 . (42b)

Since the left-hand side of condition (42b) is a monotonic function of γ5, that condition holds
for all γ5 if and only if it holds for the maximal and minimal γ5, i.e. if conditions

λ2 ≥ 0 , (43a)

λ2 +
9
10
λ5 ≥ 0 , (43b)

hold true. We next apply Theorem 2 of Ref. [24], which states12 that condition (40) holds
∀
p

r > 0 if and only if

11A stricter definition of boundedness-from-below requires V4 to be strictly positive. In this paper we are a bit
sloppy; we do not pay much attention to the possibilities of strict equality, which are anyway meaningless under
renormalization.

12The theorem also applies to the case c1 ̸= 0, so we are using here a simplified version thereof.
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1. either
∆≤ 0 , and ℵ> 0 , (44)

2. or

∆≥ 0 , and

(

either −2≤ ℶ≤ 6 , and Λ1 ≤ 0 ,

or ℶ> 6 , and Λ2 ≤ 0 .
(45)

Here,

∆= 4
�

ℶ2 + 12
�3 −
�

2ℶ3 − 72ℶ+ 27ℵ2
�2

, (46a)

Λ1 = ℵ2 − 16ℵ− 16 (ℶ+ 2) , (46b)

Λ2 = ℵ2 − 4ℵ
ℶ+ 2
p
ℶ− 2

− 16 (ℶ+ 2) , (46c)

where

ℵ=
c3

4
q

c3
4 c0

, (47a)

ℶ=
c2pc4c0

. (47b)

Since c3 ≤ 0, ℵ ≤ 0 and possibility (44) may be discarded, so only option (45) remains. That
option necessitates ℶ ≥ −2, which is precisely the condition c2 ≥ −2

pc4c0 that also applies
when c3 = 0. Hence, the following necessary BFB conditions [22] apply:

λ3 −
3
�

�λ4

�

�

4
+
Æ

λ1λ2 ≥ 0 , (48a)

λ3 +

√

√

λ1

�

λ2 +
9

10
λ5

�

≥ 0 . (48b)

Furthermore, one must impede the situation where

8λ1λ5 < −5λ2
4 , (49a)

6
Æ

λ1λ5 < −5
Æ

λ2

�

�λ4

�

� , (49b)

λ3 < −

√

√

√(10λ2 + 9λ5)
�

8λ1λ5 + 5λ2
4

�

80λ5
, (49c)

simultaneously. We next consider the constraints on ℵ in condition (45). Since ∆≥ 0,

2
27

h

ℶ
�

36−ℶ2
�

−
�p

ℶ2 + 12
�3i

≤ ℵ2 ≤
2
27

h

ℶ
�

36−ℶ2
�

+
�p

ℶ2 + 12
�3i

. (50)

Furthermore, either

−2≤ ℶ≤ 6 , and 0≥ ℵ ≥ −4
�p

ℶ+ 6− 2
�

, (51)

or

ℶ> 6 , and 0≥ ℵ ≥ −2

√

√ℶ+ 2
ℶ− 2

�p

5ℶ− 6−
p

ℶ+ 2
�

. (52)

Since inequalities (51) and (52) effectively impose lower bounds on ℵ, they must apply to

ℵ=
−2 |ψ|εmax (δ,γ5)
4
q

λ3
1 (λ2 + 2λ5γ5)

, (53)

where εmax (δ,γ5) is the maximum possible value of ε for each δ and γ5; clearly, this is always
given by a solution of equation Q2 = 0, hence the exact expression for Q2 in Appendix A is
relevant.
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Importance of the magenta line: By following the procedure described in Appendix B we
have found that sheet 3 has both a (rather small) concave part and a (much larger) part which
is neither concave nor convex; sheet 3 has no convex part. As a consequence, one needs
to check conditions (50)–(52) only along the boundaries of the surface, specifically along the
magenta and yellow lines. As a matter of fact, our numerical computations—performed with
106 randomly generated sets of parameters λ1, . . . ,λ5, |ψ|—indicate that the scan along the
yellow line is superfluous: it is sufficient to scan the magenta line, i.e. it is sufficient to use

ℵ=
−|ψ|
p

2 (1+δ)
4
q

λ3
1 [λ2 + 9 (1−δ2)λ5/10]

, (54a)

ℶ=
4λ3 + 3λ4δ

2
p

λ1 [λ2 + 9 (1−δ2)λ5/10]
, (54b)

with −1 ≤ δ ≤ 1. Thus, our practical recipe for ascertaining the boundedness-from-below of
V4 consists of the following successive steps:

1. Checking the necessary conditions (42a), (43), and (48).

2. Discarding any case where conditions (49) apply.

3. Testing conditions (50)–(52) at the special points (31a).

4. Testing conditions (50)–(52) with ℵ and ℶ given by Eqs. (54) for δ ∈ [−1,1].

Step 4 must, of course, be performed numerically and with sufficiently small steps of δ.

Efficiency of the method: In order to demonstrate the efficiency of our method, we have
compared it with the direct minimization of V4. We have randomly generated 106 sets of
couplings λ3,λ4,λ5,ψ ∈ [−10, 10] and λ1,λ2 ∈ [0,10], being careful to ensure that the dis-
tribution of each coupling over its respective range is uniform. The potential V4 was then
minimized13 for each set of couplings. Alternatively, we have used our recipe given in the
previous paragraph. Our results were:

• The minimization of V4 for the 106 sets of parameters required 39 516 seconds,14 pro-
ducing 256 179 quartic potentials that are bounded from below.

• Our scanning method completed the task in 29.2 seconds, yielding exactly the same
256 179 BFB potentials.

This comparison demonstrates that our method is approximately 1 300 times faster than the
brute-force minimization of the potential and suggests that it is just as exact.

4 Quadruplet with hypercharge 1/2 and a reflection symmetry

Extra term: Multiplying the doublet Φ by itself one obtains the SU(2) triplet

T3 = (Φ⊗Φ)3 =





a2
p

2 ab
b2



 . (55)

13In order to ensure high accuracy, we have employed two minimization algorithms—specifically, the Nelder–
Mead method and the Differential Evolution method. The minimization was made over real fields a, b, . . . , f ,
letting those fields vary over various ranges—for instance, from −1 to 1, from −100 to 100, and from −105 to 105;
by doing this we aimed at not missing any minimum, independently of it having small or large values of the fields.

14Our computations were performed on a desktop computer equipped with an Intel Core i9-13900K CPU fea-
turing 24 cores. All the cases being compared were evaluated under identical conditions by using Mathematica,
with calculations executed in parallel across all cores.
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Multiplying the quadruplet Ξ by itself one also obtains (besides a seven-plet) the SU(2) triplet
T1 of Eq. (3a). If the hypercharge of Ξ is the same as the one of Φ, i.e. if Ξ has hypercharge 1/2,
then one may construct an SU(2)× U(1)-invariant quantity out of the triplets (3a) and (55):

I1/2 =

√

√2
5

�

a∗2
�p

3 ce− d2
�

+ a∗b∗ (3c f − de) + b∗2
�p

3 d f − e2
��

. (56)

If moreover the Lagrangian is symmetric under Ξ→−Ξ,15 then

V4,extra =
χ

2
I1/2 +H.c. , (58)

where χ is a complex dimensionless coefficient. We define the dimensionless non-negative
real parameter η as

η=

�

�I1/2

�

�

F1F2
. (59)

Then,
V4,extra = |χ|ηF1F2 cos

�

argχ + arg I1/2

�

, (60)

so that

V4 = F2
2

§

λ1

2
r2 +
�

λ3 +
3
4
λ4δ+ |χ|η cos

�

argχ + arg I1/2

�

�

r +
λ2 + 2λ5γ5

2

ª

. (61)

Upper bounds on η: In the gauge where a = 0, I1/2 =
p

2/5 b∗2
�p

3 d f − e2
�

and therefore

η2F2
1 F2

2 = (2/5)B
2
�

�

p
3 d f − e2
�

�

2
= (2/5) F2

1

�

�

p
3 d f − e2
�

�

2
. Hence,

η2 =
2
�

�

p
3 d f − e2
�

�

2

5 (F + E + D+ C)2
, (62)

which should be used together with Eq. (11b). One then finds that

Q3 = 9 (1+δ)2 − 40η2 (63a)

=
4 (3F − D)2 + 16

�

�d∗e+
p

3 e∗ f
�

�

2

(F + E + D+ C)2
(63b)

≥ 0 . (63c)

Therefore,

η2 ≤
9 (1+δ)2

40
. (64)

Another upper bound on η is
η2 ≤ γ5 , (65)

which directly follows from Eqs. (4b), (4d), (5c), and (62).

15The extra symmetry is needed to remove the terms
�

(Ξ⊗Ξ)3 ⊗
�

Ξ̃⊗ Φ̃
�

3

�

1
, (57a)

�

(Φ⊗Φ)3 ⊗
�

Ξ̃⊗ Φ̃
�

3

�

1
, (57b)

that in general are also present in the SP if Ξ and Φ have the same hypercharge. In the expressions (57), Φ̃ and
Ξ̃ are the SU(2) doublet and the SU(2) quadruplet, respectively, formed by the complex conjugates of the fields
a, . . . , f .
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Boundary: We assume c, d, e, and f to be real instead of complex and we define the real
parameters x , y , and z through Eqs. (24). Then,

η2 =
2
5

�

y
Æ

3 (1− x2 − y2 − z2)− z2
�2

, (66)

which should be used together with Eqs. (27). A point where

det

















∂ δ

∂ x
∂ δ

∂ y
∂ δ

∂ z
∂ γ5

∂ x
∂ γ5

∂ y
∂ γ5

∂ z
∂ η2

∂ x
∂ η2

∂ y
∂ η2

∂ z

















= 0 , (67)

is a candidate to lie at the boundary of the (δ,γ5,η) phase space. Equation (67) translates
into

Q1Q3Q4η
2 = 0 , (68)

where Q1 was defined in Eq. (12), Q3 was defined in Eq. (63a), and Q4 is a polynomial function
of δ, γ5, and η2 that is explicitly written down in Appendix A. In practice, the boundary of
phase space is formed by four sheets:

1. Sheet 1 has equation Q1 = 0.

2. Sheet 2 has equation Q3 = 0.

3. Sheet 3 has equation Q4 = 0.

4. Sheet 4 has equation η= 0.

Points: We define the points

P1 : δ = −1 , γ5 = η= 0 , (69a)

P2 : δ =
1
3

, γ5 = η
2 =

2
5

, (69b)

P3 : δ =
1+ 2
p

2
7

, γ5 =
9
�

10−
p

2
�

245
, η2 =

9
�

9+ 4
p

2
�

490
, (69c)

P4 : δ =
2
3

, γ5 =
1
4

, η2 =
9

40
, (69d)

P5 : δ = 1 , γ5 = η= 0 . (69e)

All these points are located on the boundary of phase space. Point P1 has
Q1 = Q3 = Q4 = η = 0. Point P2 has Q1 = Q3 = Q4 = 0 but η ̸= 0. Point P5 has
Q1 = Q4 = η = 0 but Q3 ̸= 0. Both point P3 and point P4 have Q1 = Q4 = 0 but Q3 ̸= 0
and η ̸= 0.

Lines: We define two lines linking P1 to P2 through different paths:

• The magenta line is given by Q1 =Q3 = 0.

• The purple line is given by Q3 =Q4 = 0, viz. by

γ5 =
9 (3−δ) (1+δ)

80
, (70a)

η=
3 (1+δ)

2
p

10
. (70b)

15

https://scipost.org
https://scipost.org/SciPostPhysCore.9.2.022


SciPost Phys. Core 9, 022 (2026)

We furthermore define two lines linking P1 to P5 through different paths:

• The blue line is given by Q1 = η= 0.

• The yellow line is given by Q4 = η= γ5 = 0.

Finally, we define the green–brown line, which has Q1 = Q4 = 0 and connects P2 to P5. This
line has two segments:16

• The brown segment goes from P2 to P3. It has Q1 = 0 and

η=
3 (1+δ)2

8
p

10δ
. (71)

• The green segment goes from P3 to P5. It has Q1 = 0 and

η=
3
p

(3δ+ 1) (1−δ)
2
p

10
. (72)

The point P4 lies on the green segment.

At the point P3 where they meet, the green and brown segments have equal first derivative

dη
dδ

�

�

�

�

P3

= −
3
p

5
10

Æ

3− 2
p

2 , (73)

but symmetric second derivatives:

d2ηbrown

(dδ)2

�

�

�

�

P3

= −
d2ηgreen

(dδ)2

�

�

�

�

�

P3

=
3
p

5
40

Æ

44− 25
p

2 . (74)

Bounding surface: The surface that bounds phase space has the topology of the surface of
a sphere. The three points P1, P2, and P5 form a triangle on that surface. The sides of the
triangle are the purple, yellow, and green–brown lines. The magenta line and the blue line lie
inside the triangle. The whole surface outside the triangle has Q4 = 0, i.e. it is sheet 3. Inside
the triangle there is sheet 2 between the purple and magenta lines, sheet 4 between the yellow
and blue lines, and sheet 1 among the magenta, blue, and green–brown lines.

Orange line: The upper bound (64) on η2 gets saturated at the magenta line for
−1≤ δ ≤ 1/3. For 1/3≤ δ ≤ 1 the relevant upper bound on η2 is (65), which is saturated at
the orange line. This is defined by

γ5 = η
2 =

9 (1−δ)2

10
. (75)

The orange line goes from P2 to P5 just as the green–brown line. It has Q4 = 0 but Q1 ̸= 0,
Q3 ̸= 0, and η ̸= 0, so it is outside the triangle defined in the previous paragraph.

16The equations for the green segment and for the brown segment are distinct solutions of Q1 = Q4 = 0. Since
Q4 is a high-order polynomial, it has various roots, out of which two are relevant for sheet 3.
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Figure 4: Two perspectives of the boundary of phase space for case Y = 1/2 with
reflection symmetry. The points and lines defined in the text are explicitly displayed.

Concavity and the red line: Sheet 2 is flat: it is on the plane 2
p

10η= 3 (1+δ). Following
the procedure described in Appendix B, we have found that sheet 3 consists both of a convex
region and of a region that is neither concave nor convex. These two regions are separated by
the red line, defined by

γ5 =
5−
p

7− 18δ
10

, (76a)

η=
8+ 3δ−

p
7− 18δ

4
p

10
, (76b)

for −1 ≤ δ ≤ 1/3. The red line lies on the plane 4
p

10η = 3 + 3δ + 10γ5. The portion of
sheet 3 between the purple and red lines is neither convex nor concave; the portion of sheet 3
between the red and green–brown lines is convex.

Figures: The surface that bounds phase space is displayed in Fig. 4 from two different per-
spectives. In Fig. 5 we display the projection of that surface on the γ5 vs. δ plane; in this
projection, the blue line—which is not displayed in Fig. 5—coincides with the magenta line
for δ < 1/3 and with the green–brown line for δ > 1/3.

Black dashed line: Equation Q4 = 0 in general produces six solutions for γ5, but only two
of those solutions are relevant for bounding the phase space. For 0 ≤ η2 ≤ 9/40, sheet 3
is formed by solution γ(1)5 (δ,η); for 9/40 ≤ η2 ≤ 2/5, sheet 3 is formed partly by solution

γ
(1)
5 (δ,η) and partly by solution γ(2)5 (δ,η); those two solutions are separated by, and coincide,

at the black dashed line. That line is given by

γ5 =
11− 9δ

20
, (77a)

η=
5− 3δ

2
p

10
, (77b)

for 1/3 ≤ δ ≤ 2/3. The black dashed line starts at P2 and ends at P4, where it meets the
green segment of the green–brown line. As seen in Fig. 5, the black dashed line is the locus of
the points at the boundary of phase space with maximal δ for a fixed given η, provided that
η > 3
��

2
p

10
�

.
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Figure 5: Left panel: the projection of phase space for case Y = 1/2 with reflection
symmetry onto the γ5 vs. δ plane. The blue line, which is not displayed, coincides
with the magenta and green–brown lines, just as the whole sheet 1 of the boundary of
phase space. Sheet 2 is between the magenta and purple lines. Sheet 3 is among the
purple, yellow, and green–brown lines. Sheet 4 is the whole area under the parabola.
Dashed lines of constant η are marked in various colours. Right panel: the projection
of the same phase space onto the η vs. δ plane. The blue line, which is not displayed,
coincides with the yellow line, just as the whole sheet 4 of the boundary of phase
space. The purple line, which is not displayed, coincides with the magenta line, just
as the whole sheet 2 of the boundary of phase space. Sheet 3 is the whole area under
the magenta line, black dashed line, and part of the green segment; sheet 1 is the area
under the magenta and green–brown lines. Dashed lines of constant γ5 are marked
in various colours.

Boundedness from below: The necessary and sufficient conditions for the potential in
Eq. (61) to be BFB are conditions (42a), (43) and, besides [23],

λ3 +
3
4
λ4δ− |χ|η+
Æ

λ1 (λ2 + 2λ5γ5)≥ 0 , (78)

must hold for all possible values of δ, γ5, and η. Since the term |χ|η appears in condition (78)
with negative sign, what matters in practice is the maximum possible η for each value of the
pair (δ,γ5). So, looking at Fig. 4, what matters are sheets 2 and 3 of the bounding surface.
On sheet 2, η is a function only of δ while γ5 increases monotonously when going from the
purple line to the magenta line. One therefore has two further necessary conditions for V4 to
be BFB, namely

λ3 +
3
4
λ4δ− |χ|

3 (1+δ)

2
p

10
+

√

√

λ1

�

λ2 +
9
10
λ5 (1−δ2)
�

> 0 , (79a)

λ3 +
3
4
λ4δ− |χ|

3 (1+δ)

2
p

10
+

√

√

λ1

�

λ2 +
9

40
λ5 (3−δ) (1+δ)

�

> 0 , (79b)

must hold ∀δ ∈ [−1,1/3]. In practice one finds that condition (79b), relative to the purple
line, is superfluous; condition (79a), that follows from the magenta line, does matter.

Relevance of the orange line and green segment: We have randomly generated 106 sets
of parameters λ1, . . . ,λ5,χ and we have explicitly minimized V4 for each of those sets. We
have found that the BFB conditions obtained in this way almost coincide with the ones that
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one finds if, besides conditions (42a), (43), and (79), one just imposes condition (78) both on
the orange line, viz.

λ3 +
3λ4δ

4
−

3 |χ| (1−δ)
p

10
+

√

√

√

λ1

�

λ2 +
9λ5 (1−δ)

2

10

�

≥ 0 , ∀δ ∈
�

1
3

, 1
�

, (80)

and on the green segment, viz.

λ3 +
3λ4δ

4
−

3 |χ|
p

(3δ+ 1) (1−δ)
2
p

10
+

√

√

λ1

�

λ2 +
9λ5 (1−δ2)

10

�

≥ 0 ,

∀δ ∈
�

1+ 2
p

2
7

, 1

�

.

(81)

Only seven quartic potentials were incorrectly identified as BFB in this way. This occurred
because the region of sheet 3 between the red line and the green–brown line is convex, and
these lines are therefore unable to correctly locate the minimum for some potentials. Our
numerical analysis showed that one needs to re-scan the potentially mis-identified pottentials
by using 103 sets of parameters (δ,γ5,η) uniformly distributed on sheet 3 between the red
and green–brown lines; this additional procedure allow one to exactly reproduce the BFB V4’s
obtained by the direct minimization.

Procedure: Our practical procedure for checking the boundedness-from-below of V4 consists
of the following steps.

1. The necessary conditions (42a) and (43) are checked.

2. The condition (78) is tested at the special points (69).

3. Conditions (79a), (80), and (81) are enforced.

4. The selected points are scanned along the surface Q4 = 0 between the red and green–
brown lines.

Efficiency of the method: In order to demonstrate the efficiency of our method we have
compared it with the brute-force minimization of V4, following the same procedure as in sec-
tion 3. We randomly generated 106 sets of couplings λ1, . . .λ5,χ. Then:

• The direct minimization of the 106 V4’s required 62 157 seconds and yielded 381 910
bounded from below V4’s.

• Our proposed method17 completed the same task in 36.6 seconds, identifying exactly
the same 381 910 BFB potentials.

This comparison demonstrates that our method is approximately 1 700 times faster than the
brute-force minimization of V4.

17Since the lines in Eqs. (79)–(81) depend on the single parameter δ and are continuously differentiable, we
have employed for them an efficient bisection minimization method instead of a direct scan.
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5 Conclusions and discussion

The important findings in this work were the following:

• For the two models studied, there are analytical equations for the boundaries of the
phase spaces. Besides the trivial equations ε = 0 in Section 3 and η = 0 in Section 4,
there are the equations

Q1 = 9
�

1−δ2
�

− 20γ5 = 0 , (82)

in both Sections 3 and 4, and

Q3 = 9 (1+δ)2 − 40η2 = 0 , (83)

in Section 4. Most important of all, there are equations Q2 = 0 in Section 3 and Q4 = 0 in
Section 4, where Q2 and Q4 are polynomial functions explicitly displayed in Appendix A.
The latter equations have several solutions; usually, either two or three of those solutions
are relevant for the boundaries of the phase spaces, while the other solutions are to be
discarded.

• It is necessary to assess the convexity or concavity of the (upper) boundary of phase
space18 in order to understand whether one must scan that surface fully, or just a few
lines thereon, when studying the boundedness-from-below of the scalar potential. Na-
mely, convex boundaries require a full scan (and the more convex they are, the more
detailed that scan must be), while for concave or indefinite-concavity boundaries the
scan over a few lines suffices. In order to correctly assess the convexity or concavity
one must write the quartic potential as a linear combination of the phase-space param-
eters, viz. of δ, γ5, and either ε or η, cf. Eqs. (20) and (61)—and employ just those
parameters—not, say, their squares—in the procedure explained in Appendix B.

• The bounded-from-below conditions on the quartic parts of the scalar potentials mostly
require, in practice, numerical scans over a few lines—not surfaces19—at the boundary
of the phase space of each model.20 We have explicitly given those lines for each of the
two models.

We have found, by giving random values to all the scalar fields, that the phase spaces that
one obtains are the same, irrespective of whether one allows the fields to be complex—as they
in general are—or one restricts all of them to be real. The reason why this is so remains to be
investigated.

If the fields are taken to be real, then in both models that we have studied there are three
phase-space coordinates (δ, γ5, and either ε or η) to be determined by three relative field
values, viz. c/ f , d/ f , and e/ f in the gauge where a = 0. This makes the models relatively
simple, because one just needs to set one determinant equal to zero; no ad hoc choices of field
directions are necessary. In other models that one may want to study things most likely will be
more complicated—with a number of relative field values larger than the one of phase-space
coordinates. This is another issue that remains to be investigated.

18The importance of the convexity or concavity of phase space for the determination of the minima of the scalar
potential was emphasized in Ref. [25]. Convexity or concavity of phase space is also important for constructing
sufficient and/or necessary conditions for boundedness-from-below of the potential; see for instance Ref. [21],
where the importante of constructing a “convex hull” of phase space was emphasized.

19In the case in Section 4 a scan over the surface with Q4 = 0 is finally needed in order to eliminate a few
unbounded-from-below potentials.

20We formulate the hypothesis that this happens because of the concave, or partly concave, nature of the relevant
stretches of the boundary of phase space. When that boundary is distinctly convex—an example is displayed in
Appendix C—numerical scans just over a few lines are probably not enough.
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It must be stressed that the analytical methods that we have utilized did not dispense
with the confirmation of all the results by giving random values to all the scalar fields and
observing the phase spaces that get generated in this way. All our analytical phase spaces have
been numerically confirmed in this way.

Usually, checking the BFB conditions through a brute-force, high-precision minimization
of the quartic part of the potential demands substantial computational resources. Scanning
a few conditions along the specific lines identified in our analyses accelerates the computa-
tion by several hundred times. Employing efficient minimization techniques along those lines
may improve the computational performance by up to three orders of magnitude; that was a
significant achievement of this work.

The expressions in Appendix A, together with computational examples in Mathematica
notebook files, are available at https://github.com/jurciukonis/SM-quadruplet, en-
abling the reproduction of the results presented in this work.
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A The expressions of Q2 and Q4

Q2: For the quantity Q2 in Eq. (30) one has

Q2 =
6
∑

n=0

bn (10γ5)
n . (A.1)

The coefficients b0, . . . , b6 are functions of δ and ε2:

b0 = 38
�

(1+δ)3 − 8ε2
�2 ��

127+ 225δ+ 405δ2 + 243δ3
�2

− 4
�

28795+ 164 619δ+ 281 070δ2 + 253 206δ3 + 185 895δ4 + 98 415δ5
�

ε2

+ 12
�

49331+ 167 724δ+ 174546δ2 + 65772δ3 + 54 675δ4
�

ε4

−4096
�

292+ 585δ+ 54δ2 + 81δ3
�

ε6 + 1048 576ε8
�

, (A.2)

b1 = −2× 36
�

(1+δ)3
�

127+ 225δ+ 405δ2 + 243δ3
� �

1129

+2868δ+ 4614δ2 + 3348δ3 + 729δ4
�

− 8
�

241961+ 1 921725δ+ 6748 761δ2 + 14553 795δ3 + 20 815167δ4

+20846 649δ5 + 14 579811δ6 + 6344 001δ7 + 1303 452δ8 + 39 366δ9
�

ε2

+ 4
�

3673 191+ 24 261588δ+ 77 591040δ2 + 128 209796δ3 + 127686 438δ4
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+86310 396δ5 + 40 192344δ6 + 8427 564δ7 − 639333δ8
�

ε4

− 16
�

3786 799+ 23774 769δ+ 51 666021δ2 + 56099 983δ3 + 33353 169δ4

+14415 495δ5 + 2 899899δ6 − 372519δ7
�

ε6

+ 512
�

350855+ 1 404999δ+ 1906 131δ2 + 844 173δ3 + 304 122δ4

+43680δ5 − 6624δ6
�

ε8

−262144
�

1041+ 2439δ+ 546δ2 + 164δ3
�

ε10 + 201326 592ε12
�

, (A.3)

b2 = 34
�

1998 033+ 10659 240δ+ 31 114620δ2 + 58455 512δ3 + 75 085254δ4

+ 65745 432δ5 + 37096 380δ6 + 12 159720δ7 + 1791 153δ8

− 12
�

1405 269+ 10375 407δ+ 27 924145δ2 + 45055 699δ3 + 45386 607δ4

+28978 749δ5 + 10 862667δ6 + 1709 505δ7
�

ε2

+ 4
�

26754 009+ 143143 614δ+ 389 331183δ2 + 492368 452δ3 + 327 588327δ4

+112833 054δ5 + 23 517297δ6
�

ε4

− 64
�

4988 475+ 29262 861δ+ 54 167994δ2 + 46168 094δ3

+12881 115δ4 + 2 068389δ5
�

ε6

+ 1536
�

524 649+ 1964 682δ+ 2 513849δ2 + 517 512δ3 + 33 072δ4
�

ε8

−262144
�

4056+ 10269δ+ 1 200δ2 − 32δ3
�

ε10 + 805306 368ε12
�

, (A.4)

b3 = −25 × 32
�

219250+ 6δ
�

133 498+ 288469δ+ 369 420δ2

+298701δ3 + 139482δ4 + 25515δ5
�

− 2
�

573229+ 3 817557δ+ 7002 354δ2 + 7473 690δ3

+4385 745δ4 + 1 289601δ5
�

ε2

+
�

6 285479+ 23 724876δ+ 49111 578δ2 + 39 010284δ3 + 14 624631δ4
�

ε4

− 2
�

6247 069+ 29 947395δ+ 37835 679δ2 + 24 267897δ3
�

ε6

+ 32
�

752119+ 2 076849δ+ 2461 170δ2
�

ε8 − 16384 (1316+ 3 621δ)ε10

+16777 216ε12
�

, (A.5)

b4 = 28
�

52006+ 18δ
�

6 428+ 9618δ+ 6588δ2 + 2 187δ3
�

− 4
�

37645+ 222291δ+ 212 463δ2 + 105 705δ3
�

ε2

+ 48
�

14963+ 30 762δ+ 38 871δ2
�

ε4

−28 (28 411+ 88407δ)ε6 + 1 024009ε8
�

, (A.6)

b5 = −213
�

2
�

89+ 90δ+ 81δ2
�

− 2 (103+ 531δ)ε2 + 811ε4
�

, (A.7)

b6 = 216 . (A.8)

Q4: For the quantity Q4 in Eq. (68) one has

Q4 =
6
∑

n=0

dnγ
n
5 . (A.9)
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The coefficients d0, . . . , d6 are functions of δ and η2:

d0 = η
4
�

104976R4 + 3 732480
�

7− 10δ−δ2
�

η2 + 33 177600η4
�

, (A.10)

d1 = −η2
�

52 488R5S + 466 560R
�

84− 61δ− 38δ2 − 5δ3
�

η2

+8294 400
�

29− 19δ− 4δ2
�

η4 + 147 456000η6
�

, (A.11)

d2 = 6 561R6S2 + 29 160R2
�

513+ 48δ− 400δ2 − 76δ3 − 13δ4
�

η2

+ 259 200
�

2241− 1 474δ− 785δ2 + 160δ3 + 30δ4
�

η4

+ 4 608000
�

149− 36δ− 14δ2
�

η6 + 163 840000η8 , (A.12)

d3 = −14580R3S
�

117− 6δ− 59δ2
�

− 64 800
�

8253− 3 378δ− 5 260δ2 + 1202δ3 + 463δ4
�

η2

− 576 000
�

2116− 623δ− 487δ2
�

η4 − 624 640000η6 , (A.13)

d4 = 900
�

9
�

20 601− 1404δ− 18378δ2 + 2 756δ3 + 3 225δ4
�

+80
�

13119− 2 770δ− 4 945δ2
�

η2 + 1025 600η4
�

, (A.14)

d5 = −211 × 53
�

9
�

117− 6δ− 59δ2
�

+ 2 440η2
�

, (A.15)

d6 = 218 × 54 . (A.16)

Here,

R= 3−δ , (A.17a)

S = 1+δ . (A.17b)

B Concavity or convexity of the phase-space boundary

If a surface is the topological boundary of a set of points in three dimensions, then that surface
is said to be concave (or “concave up”) at a point if it bends toward the outer-pointing surface
normal at that point; the surface is convex (or “concave down”) if it bends away from the
outer-pointing normal.

Let z = f (x , y) represent the surface bounding above a volume in (x , y, z) space. Then the
local concavity is characterized by the definiteness of the Hessian matrix

H =









∂ 2 f
∂ x2

∂ 2 f
∂ x∂ y

∂ 2 f
∂ x∂ y

∂ 2 f
∂ y2









:=

�

fx x fx y
fx y f y y

�

. (B.1)

• The surface is locally concave if the Hessian is positive semidefinite, viz. if det H ≥ 0,
fx x ≥ 0, and f y y ≥ 0.

• The surface is locally convex if the Hessian is negative semidefinite, viz. if det H ≥ 0,
fx x ≤ 0, and f y y ≤ 0.

• The surface is neither concave nor convex if the Hessian is indefinite,21 viz. if det H ≤ 0.

The boundary between regions of definite concavity (either concave up or concave down) and
indefinite concavity may be found by solving the equation det H = 0.

In our specific cases, the concave and convex regions of the surface bounding the phase
space from above may be identified by scanning the surface over the parameters δ and γ5 and
using the following procedure:

21In this case, the surface may be concave in one direction but convex in another direction at the same point.
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1. Obtain analytical solutions of Q i = 0 for i = 2,4, 5, with respect to the relevant parame-
ters—either ε, η, or ϵ, respectively.

2. Determine which of the solutions corresponds to the surface at the given point.

3. Compute the Hessian matrix at that point by double-differentiating the relevant solution
with respect to δ and γ5.

4. Evaluate the concavity conditions at the given point, viz. determine the signs of det H,
fx x , and f y y .

C One further case

Potential: If the doublet Φ and the quadruplet Ξ have the same hypercharge and if there is
no symmetry under Ξ→−Ξ, then in general

V4,extra =
χ

2
T †

3 T1 +
ν

2
T †

4 T3 +
ι

2
T †

4 T1 +H.c. , (C.1)

where T1 is the SU(2) triplet in Eq. (3a), T3 is the SU(2) triplet in Eq. (55), and

T4 = (Ξ⊗Φ)3 =
1
2





p
3 bc − adp

2 (bd − ae)
be−
p

3 a f



 , (C.2)

is one further SU(2) triplet. In this Appendix we follow Ref. [10] and assume χ = ι = 0, even
if this is inconsistent because there is no symmetry that enforcs this and therefore nonzero χ
and ι are needed for renormalization.

Parameter ϵ: The dimensionless parameter

ϵ ≡

�

�T †
4 T3

�

�

q

F3
1 F2

, (C.3)

is non-negative by definition. Then (with χ = ι = 0),

V4,extra = |ν|ϵ
q

F3
1 F2 cos
�

argν+ arg T †
4 T3

�

, (C.4)

so that
V4

F2
2

=
λ1

2

�p
r
�4
+ |ν|ϵ cos
�

argν+ arg T †
4 T3

� �p
r
�3

+
�

λ3 +
3
4
λ4δ

�

�p
r
�2
+
λ2 + 2λ5γ5

2
.

(C.5)

Gauge a = 0: In the gauge where a = 0 throughout space–time, T †
4 T3 = (F1/2) be∗ and

therefore
ϵ2 =

E
4 (F + E + D+ C)

. (C.6)

From Eqs. (11b) and (C.6) we note that

3 (1+δ)− 16ϵ2 =
6F + 2D

F + E + D+ C
, (C.7a)

3 (1−δ)− 8ϵ2 =
6C + 4D

F + E + D+ C
, (C.7b)
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are both non-negative. There are thus two upper bounds on ϵ2:

ϵ2 ≤
3 (1+δ)

16
, (C.8a)

ϵ2 ≤
3 (1−δ)

8
. (C.8b)

It follows from them that the maximum possible value of ϵ2 is 1/4 and that it is attained when
δ = 1/3, viz. at the point that we shall call bP3 in Eq. (C.21c).

Boundary: Using Eqs. (27) and

ϵ2 =
z2

4
, (C.9)

we write the condition

det

















∂ δ

∂ x
∂ δ

∂ y
∂ δ

∂ z
∂ γ5

∂ x
∂ γ5

∂ y
∂ γ5

∂ z
∂ ϵ2

∂ x
∂ ϵ2

∂ y
∂ ϵ2

∂ z

















= 0 . (C.10)

We therefrom obtain
ϵ2 Q1Q5 = 0 , (C.11)

where Q1 is the quantity defined in Eq. (12) and

Q5 =
6
∑

n=0

en (10γ5)
n . (C.12)

The coefficients e0, . . . , e6 are functions of δ and ϵ2. Defining

R̃= δ− 1 , (C.13a)

S̃ = 9δ+ 7 , (C.13b)

one has

e0 = −36
�

3R̃ (δ+ 1)2 + 32ϵ2
�2 �

81R̃2S̃4 + 432R̃S̃2 (7δ+ 9) (21− 5δ)ϵ2

+576
�

56 841+ 81820δ+ 10998δ2 − 52452δ3 − 31671δ4
�

ϵ4

−218 × 3
�

172+ 183δ− 18δ2 − 81δ3
�

ϵ6 + 228ϵ8
�

, (C.14)

e1 = 2× 35
�

243R̃3S̃3 (1+δ)2
�

39+ 66δ+ 23δ2
�

+ 2592R̃2S̃
�

6209+ 26 546δ+ 40 720δ2 + 24 272δ3

+1 773δ4 − 1674δ5 + 458δ6
�

ϵ2

+ 1728R̃
�

975729+ 3 617501δ+ 4193 369δ2 + 606141δ3

−1 803301δ4 − 995 505δ5 − 223 269δ6 − 79 209δ7
�

ϵ4

+ 9216
�

1 506843+ 2 982015δ+ 68969δ2 − 2 724639δ3

−1 269563δ4 + 330 409δ5 + 203 799δ6 − 49 257δ7
�

ϵ6

− 217 × 3
�

171 715+ 238925δ− 8 745δ2

−146 049δ3 − 38 502δ4 + 14 560δ5 − 6624δ6
�

ϵ8

+228
�

717+ 637δ− 182δ2 − 164δ3
�

ϵ10 − 238ϵ12
�

, (C.15)
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e2 = 33
�

243R̃2S̃2
�

2481+ 8220δ+ 9350δ2 + 4060δ3 + 465δ4
�

+ 1296R̃
�

640633+ 2 533410δ+ 3215 487δ2 + 812348δ3

−927001δ4 − 202494δ5 + 219073δ6
�

ϵ2

+ 1728
�

6 014521+ 13113 034δ+ 940951δ2 − 11539 124δ3

−3255 977δ4 + 1 511370δ5 − 493 319δ6
�

ϵ4

− 212 × 32
�

1990 309+ 3 074189δ− 369486δ2

−1636 950δ3 − 91 351δ4 + 211785δ5
�

ϵ6

+ 217 × 3
�

790995+ 797218δ− 103565δ2 − 178168δ3 + 73616δ4
�

ϵ8

−228
�

2904+ 2051δ− 400δ2 + 32δ3
�

ϵ10 + 240ϵ12
�

, (C.16)

e3 = 26
�

729R̃S̃
�

641+ 1 820δ+ 1 510δ2 + 220δ3 − 95δ4
�

+ 972
�

74101+ 171 935δ+ 26162δ2

−148706δ3 − 36503δ4 + 44083δ5
�

ϵ2

− 648
�

1097 753+ 1761 596δ− 156 618δ2 − 756 868δ3 + 118 521δ4
�

ϵ4

+ 1728
�

2 284741+ 2537 353δ− 580 705δ2 − 622 573δ3
�

ϵ6

− 212 × 32
�

362107+ 203 059δ− 58878δ2
�

ϵ8

+223 × 3 (980+ 491δ)ϵ10 − 235ϵ12
�

, (C.17)

e4 = 29
�

81
�

723+ 1620δ+ 530δ2 − 620δ3 − 205δ4
�

− 216
�

4331+ 7 303δ− 271δ2 − 3683δ3
�

ϵ2

+ 1152
�

5 757+ 5 450δ− 1 295δ2
�

ϵ4

−1152 (19977+ 14 623δ)ϵ6 + 49 280128ϵ8
�

, (C.18)

e5 = −214
�

135+ 162δ− 9δ2 − (1236+ 1356δ)ϵ2 + 5224ϵ4
�

, (C.19)

e6 = 216 . (C.20)

It follows from Eq. (C.11) that the border of the (δ,γ5,ϵ) phase space has three sheets:

1. Sheet 1 has equation Q1 = 0.

2. Sheet 2 has equation ϵ = 0.

3. Sheet 3 has equation Q5 = 0.

It should be emphasized that the equation Q5 = 0 usually yields up to six real solutions for ϵ2,
for any given values of δ and γ5. (That equation may also have non-real solutions.) However,
not all of those solutions form the border of phase space. That border must be confirmed by
giving random (in general, complex) values to the fields c, d, e, and f and explicitly construct-
ing the phase space via Eqs. (5c), (11b), and (C.6).
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Points: We define the points

bP1 : δ = −1 , γ5 = ϵ = 0 , (C.21a)

bP2 : δ = 1 , γ5 = ϵ = 0 , (C.21b)

bP3 : δ =
1
3

, γ5 =
2
5

, ϵ =
1
2

, (C.21c)

bP4 : δ =
1
3

, γ5 = 0 , ϵ =
1
3

, (C.21d)

bP5 : δ =
1
9

, γ5 =
2
5

, ϵ = 0 . (C.21e)

Points bP1 and bP2 have Q1 = ϵ = Q5 = 0. Point bP3 has Q1 = Q5 = 0 but ϵ ̸= 0. Point bP5 has
ϵ =Q5 = 0 but Q1 ̸= 0. Point bP4 is solely on sheet 3.

Main lines: We define three lines connecting point bP1 to point bP2:

• The blue line has Q1 = ϵ = 0.

• The purple line has ϵ =Q5 = 0; this gives

γ5 =















9 (1+δ)2

10
⇐ −1≤ δ ≤ −

3
5

,

−
9R̃S̃
160

⇐ −
3
5
≤ δ ≤ 1 .

(C.22)

Point bP5 is on the purple line.

• The magenta–brown line has Q1 = Q5 = 0. It has two segments, the magenta one from
bP1 to bP3 and the brown one from bP3 to bP2. Both segments have γ5 = 9

�

1−δ2
��

20; the
magenta segment has

ϵ2 =
3 (1+δ)

16
, (C.23)

while the brown segment has

ϵ2 =
3
�

27+ 36δ− 142δ2 + 68δ3 + 11δ4 +
Æ

−R̃5 (23δ+ 9)3
�

16384δ3
. (C.24)

At their meeting point bP3 the magenta and brown segments have derivatives dϵ2
�

dδ of
opposite sign. Notice that the magenta segment materializes the upper bound (C.8a) on
ϵ2.

Bounding surface: The surface bounding phase space has the topology of the surface of a
sphere. On that sphere lie the two points bP1 and bP2 connected by the blue line, the purple line,
and the magenta–brown line. Sheet 1 connects the magenta–brown line to the blue line, then
sheet 2 links the blue line to the purple line, and finally sheet 3 goes from the purple line to
the magenta–brown line.

Yellow line: The yellow line is on sheet 3. It is the line where the bounding surface has
minimal γ5 = 0. Setting γ5 =Q5 = 0 one obtains

ϵ2 =
3
�

1−δ2
�

(1+δ)

32
, (C.25)

which defines the yellow line together with γ5 = 0. That line connects bP1 to bP2 just as the
main lines. It attains maximum ϵ = 1/3 when δ = 1/3.
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Figure 6: Two perspectives of the boundary of phase space. The points and lines
displayed are defined in the text. The blue points in left panel indicate the convex
part of the surface Q5 = 0; green points correspond to the part of that surface that is
neither concave nor convex.

Red line: This line connects bP3 to bP4 and then proceeds to bP5 through the equations

δ =
3− 11ϵ2 + 5
p

ϵ2 (24− 47ϵ2)
27

, (C.26a)

γ5 =
54− 504ϵ2 + 2359ϵ4 −

Æ

ϵ2 (24− 47ϵ2)3

135
. (C.26b)

Between bP3 and bP4 this line gives, for each γ5, the point of maximum ϵ.

Orange line: This line is on sheet 3 and materializes the upper bound (C.8b). It goes from
bP2 to bP3 and is given by

γ5 =
9 (1−δ)2

10
, (C.27a)

ϵ2 =
3 (1−δ)

8
. (C.27b)

Figures: Figure 6 displays two perspectives of phase space. Unfortunately, on those perspec-
tives the purple line is barely visible and point bP5 is not visible at all, therefore Fig. 7 shows
the projection of phase space on the γ5 vs. δ plan.

Convexity of sheet 3: The upward-facing part of sheet 3, i.e. the one with maximum ϵ, is
almost entirely convex, except for a small region near the sheet’s top that is neither concave
nor convex, illustrated by the green area in Fig. 6. The red line lies close to, but outside, this
green region.

Boundedness-from-below: The potential in Eq. (C.5) is similar to the one in Eq. (20), so the
BFB conditions (50)–(52) once again hold, just as the necessary BFB conditions (42a), (43),
and (48); one must also discard all the situations where conditions (49) hold true. Of course,
in the second Eq. (41) one must make ψ→ ν and ε→ ϵ.

Relevance of the lines: We have randomly generated 106 sets of parameters λ1, . . . ,λ5,ν,
and we have explicitly minimized V4 for each of these sets. We have found that by applying
conditions (50)–(52) just along the magenta, red, yellow, and orange lines allows one to discard
the majority (up to 99.95%) of the potentials that are not bounded from below. In order to
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achieve exact agreement with the results of the minimization of V4, the selected parameter sets
should be re-evaluated by applying conditions (50)–(52) for every possible (δ,γ5,ϵ) on the
upper part of sheet 3. Since the convexity of phase space is stronger than in the case Y = 1/2
with reflection symmetry, a larger number of points must be used for the scan; we have used
105 points (δ,γ5,ϵ).22

Procedure: Our practical recommendation for establishing the boundedness-from-below of
V4 consists of the following steps.

1. The necessary conditions (42a), (43), and (48) are checked.

2. Cases satisfying conditions (49) are discarded.

3. Conditions (50)–(52) are tested for ℵ and ℶ defined through Eqs. (47) at the special
points (C.21).23

4. Conditions (50)–(52) are tested for ℵ and ℶ defined along the magenta, red, yellow, and
orange lines.

5. For full precision, the remaining points must be scanned through 105 points uniformly
distributed over the whole upper part of surface Q5 = 0.

P

1 P


2

P

3

P

4

P

5

-1.0 -0.5 0.0 0.5 1.0

0.0

0.1

0.2

0.3

0.4

δ

γ
5

ε = 0.1

ε = 0.2

ε = 0.3

ε = 0.4

ε = 0.45

Figure 7: The projection of phase space on the γ5 vs. δ plan. The points and lines
displayed are defined in the text. The blue line coincides with the magenta–brown
line in this projection. The iso-lines of constant ϵ on the upper part of sheet 3—
the part of that sheet that connects the yellow line to the magenta–brown line—are
marked by dashed lines in various colours.

22An alternative approach would be to firstly minimize the quantity∆ in Eq. (46a) over the upper part of sheet 3,
then to discard the points where ∆ is negative, and finally to apply condition (45).

23It is worth noting that steps 1 and 2 by themselves alone allow the elimination of up to 91.45% of the potentials
violating the BFB conditions. Complemented with the scan over the special points, up to 97.76% of the potentials
violating the BFB conditions are discarded.
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D Unitarity conditions

For the model in Section 3, viz. for the quartic potential given by Eqs. (14) and (16), the
unitarity conditions are

|λ1|< M , (D.1a)

|λ2|< M , (D.1b)

|λ2 + 2λ5|< M , (D.1c)
�

�

�

�

λ2 +
3λ5

5

�

�

�

�

< M , (D.1d)
�

�

�

�

λ2 +
9λ5

5

�

�

�

�

< M , (D.1e)

|λ3|+
3
4

�

�λ4

�

�< M , (D.1f)
�

�

�

�

λ3 −
5λ4

4

�

�

�

�

< M , (D.1g)

|3λ1 + 5λ2 + 3λ5|+
Ç

(3λ1 − 5λ2 − 3λ5)
2 + 32λ2

3 < 2M , (D.1h)
�

�

�

�

λ1 +λ2 −
11
5
λ5

�

�

�

�

+

√

√

√

�

λ1 −λ2 +
11
5
λ5

�2

+ 10λ2
4 < 2M , (D.1i)

�

�

�

�

λ1 +λ3 +
5
4
λ4

�

�

�

�

+

√

√

√

�

λ1 −λ3 −
5
4
λ4

�2

+ 24 |ψ|2 < 2M . (D.1j)

For the model in Section 4, viz. for the quartic potential given by Eqs. (14) and (58), the
unitarity conditions are conditions (D.1a), (D.1b), (D.1d), (D.1e), (D.1h), (D.1i), and

�

�

�

�

λ3 +
3λ4

4

�

�

�

�

< M , (D.2a)
�

�

�

�

λ3 −
3λ4

4

�

�

�

�

+
3
p

10
|χ|< M , (D.2b)

�

�

�

�

λ3 −
5λ4

4

�

�

�

�

< M , (D.2c)

�

�

�

�

λ3 +
5λ4

4

�

�

�

�

+

√

√5
2
|χ|< M , (D.2d)

|λ1 +λ2 + 2λ5|+
q

(λ1 −λ2 − 2λ5)
2 + 4 |χ|2 < 2M . (D.2e)

For the model in Appendix C, viz. for the quartic potential given by Eqs. (14) and (C.1),
the unitarity conditions are conditons (D.1a)–(D.1f), (D.1h), and

�

�

�

�

λ3 +
5λ4

4

�

�

�

�

< M , (D.3a)

�

�

�

�

λ1 +λ3 −
5
4
λ4

�

�

�

�

+

√

√

√

�

λ1 −λ3 +
5
4
λ4

�2

+ 2 |ν|2 < 2M . (D.3b)

Furthermore, the moduli of the three eigenvalues of the matrix




λ1 −
p

2 |ν|
p

5/2λ4

−
p

2 |ν| λ3 + (5/4)λ4 0
p

5/2λ4 0 λ2 − (11/5)λ5



 , (D.4)
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must all be smaller than M .
When V4,extra = 0 the unitarity conditions for all three models are identical, viz. condi-

tions (D.1a)–(D.1e), (D.1f), (D.1h), (D.1i), and

|λ3|+
5
4

�

�λ4

�

�< M . (D.5)

They coincide with the unitarity conditions for the case J = 3/2 in Ref. [14].
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