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Abstract: In the paper, we prove theorems in short intervals on approximation of analytic functions by shifts 

𝜁 (s + ikh, 𝛼), h > 0, k ∈ ℕ 0 , of the Hurwitz zeta-function. Two cases are discussed. In the first case, it is assumed 
that the set {(log( m + 𝛼 ) : m ∈ ℕ 0 ), 2𝜋∕h} is linearly independent over ℚ, and it is obtained that the set of 
the above shifts approximating every analytic function defined on the strip  = {s ∈ ℂ : 1∕2 < 𝜎 < 1} has a 
positive lower density (or density) in the interval of length H , h −1 (Nh) 27∕82 ≤ H ≤ (Nh) 1∕2 h −1 . The second case is 

devoted to arbitrary 0 < 𝛼 < 1, 𝛼 ≠ 1∕2. It is obtained that there exists a closed non-empty set  h,𝛼 of analytic 
functions defined on  such that, for every f ∈  h,𝛼 , the set of shifts 𝜁 (s + ikh, 𝛼) approximating the function 
f also has a positive lower density (or density) in the above interval. These results extend the known theorems 

proved for the interval of length N .
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1 Introduction

We preserve standard notations ℙ for the set of all prime numbers, ℕ of all positive integers, ℕ 0 of all non-
negative integers, ℝ of all real numbers, and ℂ of all complex numbers. By s = 𝜎 + it, 𝜎, t ∈ ℝ, we denote the 
complex variable.

In the paper, we consider approximation of a class of analytic functions by shifts of one and the same func-

tion defined by a Dirichlet series. We notice that approximation of analytic functions is an old and important 

problem of the function theory. There are various types of approximation of analytic functions, however, the 

main attention was devoted to approximation by polynomials, or more general rational functions. A type of 

approximation depends on the definition region of the considered analytic functions f (s), or used metric, pur-

poses of approximation, and, of course, on the function f , for results and references, see [1]. The most convenient 

and popular approximation by polynomials is uniform approximation on compact sets. This problem was com-

pletely solved by S. N. Mergelyan in 1952. He proved that a function continuous on compact set K ⊂ ℂ and 
analytic inside of K is approximated by polynomials if and only if the set K has a connected complement [2]. 

This result covers partial ones given by C. Runge [3] , M. A. Lavrent’ev [4] and M. V. Keldysh [5] .
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We focus on the approximation of analytic functions defined in the strip  = {s ∈ ℂ : 1∕2 < 𝜎 < 1} by 
shifts of the Hurwitz zeta-function. Let 0 < 𝛼 ≤ 1 be a fixed parameter. The Hurwitz zeta-function 𝜁 (s, 𝛼) was 

defined in [6] by Dirichlet series

𝜁 ( s, 𝛼 ) =
∞∑
m=0

1

( m + 𝛼 ) s , 𝜎 > 1,

and by meromorphic continuation elsewhere with the unique simple pole at the point s = 1 and Res 
s=1

𝜁 ( s, 𝛼 ) = 1. 
Recall that the first approximation results by zeta-functions was obtained by S. M. Voronin [7] for the Riemann 

zeta-function 𝜁 (s) = 𝜁 (s, 1). Roughly speaking, he proved that every non-vanishing analytic function in the strip
 is approximated uniformly on discs of  by shifts 𝜁 (s + i𝜏, 𝛼), 𝜏 ∈ ℝ. This approximation property of 𝜁 (s) 
is called universality because a large class of analytic functions is approximated by shifts of one and the same 

function. Here is the main difference with approximation of analytic functions by polynomials, where for every 

given analytic function a new polynomial is constructed. Many results on universality of zeta-functions were 

obtained, see original works [8]–[14], monographs [15] and [16] and a survey paper [17]. Universality property 

is used for investigations of the functional independence of zeta-functions [18]–[22], estimation of the number 

of their zeros [23], and moments [24]. In physics, universality is useful for modelling the chaotic behavior of 

particles [25], and estimation of quantum mechanics integrals [26]. By the way, Voronin had a plan to rewrite 

quantum mechanics in terms of universality of zeta-functions.

Universality of the Hurwitz zeta-function 𝜁 (s, 𝛼) is more complicated than of 𝜁 (s), and depends on arith-

metic of the parameter 𝛼. Moreover, the function 𝜁 (s), differently from 𝜁 (s, 𝛼), 𝛼 ≠ 1, 𝛼 ≠ 1∕2, has the Euler 
product over primes

𝜁 ( s ) = 
∏ 

p∈ℙ

( 
1 − 1

ps 

) −1
.

Voronin’s original proof of this universality theorem is based on approximation of 𝜁 (s) by finite products of 

Euler’s product, and application of a Riemann type rearrangement theorem in Hilbert space [27]. B. Bagchi in [9] 

proposed a new way for the proof of universality for zeta-functions involving probabilistic limit theorems in the 

space of analytic functions. In the both above methods, the linear independence over ℚ of the set {log p : p ∈ ℙ} 
occupies an important place.

Proof of universality of 𝜁 (s, 𝛼) with transcendental 𝛼 (𝛼 is not a root of any non-trivial polynomial with 

rational coefficients) is the simplest one. In this case, the set {log( m + 𝛼 ) : m ∈ ℕ 0 } is linearly independent over 
ℚ, and a certain analogy with 𝜁 (s) can be used.

If 𝛼 is a rational number, say 𝛼 = a∕q, 0 < a < q, (a, q) = 1, then a proof of universality for 𝜁 (s, 𝛼) reduces to 
joint universality of Dirichlet L-functions. Suppose that 𝜒 : ℕ → ℂ is a Dirichlet character modulo q, i.e., 𝜒 (m + 
q) = 𝜒 (m) for all m ∈ ℕ, 𝜒 (m 1 m 2 ) = 𝜒 (m 1 )𝜒 (m 2 ) for all m 1 , m 2 ∈ ℕ, and 𝜒 (m) ≠ 0 for (m, q) = 1, and 𝜒 (m) = 0 
for (m, q) > 1. The Dirichlet L-function L(s, 𝜒 ) with character 𝜒 is defined, for 𝜎 > 1, by the series

L( s, 𝜒 ) =
∞∑
m=1

𝜒 ( m )

m s
,

and admits analytic continuation to the whole complex plane if the character 𝜒 is not principal, i.e.,

𝜒 ( m ) = 𝜒 0 ( m ) =
⎧⎪⎨⎪⎩
1 if ( m, q ) = 1,

0 otherwise,

and

L( s, 𝜒 0 ) = 𝜁 ( s ) 
∏
p∈ℙ
p∣q

( 
1 − 1

p s 

) 
.
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Thus, L(s, 𝜒 0 ) has a simple pole at the point s = 1, and

Res 
s=1

L( s, 𝜒 0 ) = 
∏ 

p∈ℙ
p∣q

( 
1 − 1 

p 

) 
.

Let 𝜑(q) stand for the Euler totient function, and 𝜒 denote the conjugate of 𝜒 . The functions 𝜁 (s, a∕q) and L(s, 𝜒 )
are connected by the equality

𝜁 

(
s, 
a 

q

) 
= qs

𝜑( q ) 

∑
𝜒 (mod q )

𝜒 ( a )L( s, 𝜒 ),

where the sum runs over all Dirichlet characters modulo q. Then application of the joint universality for Dirichlet 

L-functions leads to universality by 𝜁 (s, a∕q).
Denote by  a collection of all compact sets of the strip  with connected complements, and by H (K ), K ∈ , 

the class of continuous functions on K that are analytic in the interior of K . Moreover, let measA stand for the 

Lebesgue measure of a measurable set A ⊂ ℝ. Then the universality of 𝜁 (s, 𝛼) with transcendental and rational 
𝛼 is described by the following theorem [8], [9], [15], [28].

Theorem 1.1. Let the parameter 𝛼 be transcendental or rational ≠ 1∕2 or ≠ 1. Then, for every K ∈ , f (s) ∈ H (K ) 
and 𝜀 > 0,

lim inf 
T→∞

1

T
meas 

{ 

𝜏 ∈ [0, T ] : sup 
s∈K

|𝜁 ( s + i𝜏, 𝛼 ) − f ( s )| < 𝜀 } 

> 0.

Moreover, the limit

lim 
T→∞

1 

T 
meas 

{ 

𝜏 ∈ [0, T ] : sup 
s∈K

|𝜁 ( s + i𝜏, 𝛼 ) − f ( s )| < 𝜀 }
exists and is positive for all but at most countably many 𝜀 > 0.

If 𝛼 = 1∕2, or 𝛼 = 1, the statement of Theorem 1.1 remains true provided f (s) ≠ 0 on K .

For algebraic irrational 𝛼, a big progress was made in [29]. The authors of [29] indicated an explicitly given 

interval [T , 2T ] containing a value 𝜏 such that 𝜁 (s + i𝜏, 𝛼) approximate f (s) for all but finitely many 𝛼 of certain 
degree. This remark is the first effective universality theorem for the Hurwitz zeta-function. We observe that 

Theorem 1.1 is not effective in the sense that any approximating shifts, or at least interval containing 𝜏 are not 
known.

In Theorem 1.1, a density of approximating shifts is studied in the interval of length T . More precise theo-

rems in analytic number theory deal with so-called short intervals. We recall one result on density of non-trivial 

zeros of 𝜁 (s). Let N (̂ 𝜎, T ) denote the number of non-trivial zeros in the region {s ∈ ℂ : 𝜎 ≥ ̂  𝜎, |t| ≤ T }. Then, in 
[19], it was proved that, for H = T 𝛿 , 𝛿 > 27∕82 and 1∕2 < ̂  𝜎 < 1,

N (̂ 𝜎, T + H ) − N (̂ 𝜎, T ) = O 
(

H

̂ 𝜎 − 1∕2 

)

with implied constant independent on ̂𝜎.

The first universality in short intervals was obtained for the Riemann zeta-function in [30]. In [31], a con-

ditional universality theorem in short intervals for zeta-function of certain cusp forms was given. The theorem 

of [30] was improved in [32]. Recently, the best universality result in short intervals for 𝜁 (s), under Riemann 
hypothesis, was given in [33]. We state a such theorem for 𝜁 (s, 𝛼).

Theorem 1.2 ([34], Theorem 4). Let 𝛼 be transcendental, and T 27∕82 ≤ H ≤ T 1∕2 . Then, for every K ∈ , f (s) ∈ 
H (K ) and 𝜀 > 0,

lim inf 
T→∞

1

H
meas 

{ 

𝜏 ∈ [T , T + H ] : sup 
s∈K

|𝜁 ( s + i𝜏, 𝛼 ) − f ( s )| < 𝜀 } 

> 0.

Moreover, “lim inf ”, for all but at most countably many 𝜀 > 0, can be replaced by “lim”.
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Theorems 1.1 and 1.2 are of continuous type: 𝜏 in shifts 𝜁 (s + i𝜏, 𝛼) can take arbitrary real values. Also, 
there exist discrete universality theorems for 𝜁 (s, 𝛼): in that case, analytic functions are approximated by shifts 
𝜁 (s + i𝜏, 𝛼) when 𝜏 runs over a certain discrete set.

Denote by #A the cardinality of the set A, and, for N ∈ ℕ 0 , define

M N (· · · ) = 
1 

N + 1 #{0 ≤ k ≤ N : … },

where in place of dots a condition satisfied by k is to be written.

The first discrete universality theorem for 𝜁 (s, 𝛼) was proved by B. Bagchi in [9].

Theorem 1.3 ([9], Corollary 5.3.7). Let 𝛼 be a rational number. Then, for every K ∈ , f ( s ) ∈ H (), h > 0 and
𝜀 > 0,

lim inf
N→∞

M N 

( 
sup 
s∈K

|𝜁 ( s + ikh, 𝛼 ) − f ( s )| < 𝜀 ) > 0. (1.1)

The discrete case with transcendental 𝛼 is more complicated than that with rational 𝛼. Let, for h > 0,

L(𝛼, h, 𝜋 ) = 
{ 
(log( m + 𝛼 ) : m ∈ ℕ 0 ), 

2𝜋

h

} 
.

Theorem 1.4 ([35], Theorem 1.3; [36], Theorem 4). Suppose that the set L(𝛼, h, 𝜋) is linearly independent over ℚ. 
Then, for every K ∈ , f (s) ∈ H (K ) and 𝜀 > 0, the equality (1.1) holds. Moreover, “lim inf ” in (1.1) can be replaced 

by “lim” for all but at most countably many 𝜀 > 0.

It was observed in [35], one can take, for example, 𝛼 = 1∕𝜋 and rational h.
In [37] and [38], approximation of analytic functions by generalized discrete shifts 𝜁 (s + ih𝜑(k), 𝛼) with 

certain function 𝜑(k) also was studied. The paper [37] contains a theorem on approximation by composition 

F (𝜁 (s + ih𝜑(k), 𝛼)) with a certain continuous operator F : H () → H ().

The purpose of this paper is discrete universality theorems in short intervals for the function 𝜁 (s, 𝛼). We 

will prove the following theorems. For this, we will use the notation

M N ,H (· · · ) = 
1 

H + 1 #{N ≤ k ≤ N + H : … }

with a condition for k in place of dots.

Theorem 1.5. Let the set L(𝛼, h, 𝜋) is linearly independent over ℚ, and h −1 (Nh) 27∕82 ≤ H ≤ (Nh) 1∕2 h −1 . Then, for 
every K ∈ , f (s) ∈ H (K ) and 𝜀 > 0,

lim inf
N→∞

M N ,H 

( 
sup 
s∈K

|𝜁 ( s + ikh, 𝛼 ) − f ( s )| < 𝜀 ) > 0.
Moreover, the inferior limit can be replaced by a limit for all but at most countably many 𝜀 > 0.

The next theorem demonstrates good approximation properties of the function 𝜁 (s, 𝛼) independently of the 
arithmetic nature of 𝛼.

Theorem 1.6. Suppose that the parameter 0 < 𝛼 < 1, 𝛼 ≠ 1∕2, and h > 0 are arbitrary, and h −1 (Nh) 27∕82 ≤ H ≤ 
(Nh) 1∕2 h −1 . Then there exists a closed non-empty set  𝛼,h ⊂ H () such that, for every compact set K ⊂ , f ( s ) ∈
 𝛼,h and 𝜀 > 0,

lim inf
N→∞

M N ,H 

( 
sup 
s∈K

|𝜁 ( s + ikh, 𝛼 ) − f ( s )| < 𝜀 ) > 0.
Moreover, the limit

lim
N→∞

M N ,H 

( 
sup 
s∈K

|𝜁 ( s + ikh, 𝛼 ) − f ( s )| < 𝜀 )
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exists and is positive for all but at most countably many 𝜀 > 0.

The interval h −1 (Nh) 27∕82 ≤ H ≤ (Nh) 1∕2 h −1 comes from the contemporary mean square estimate for 𝜁 (s, 𝛼) 
in short intervals, see Lemmas 2.1 and 2.3 bellow. The main problem consists from the decreasing of the lower 

bound for H . Our conjecture that H ≥ N 𝜀 , ∀𝜀 > 0 is a very big problem.
For the proofs, we will apply the Bagchi probabilistic method based on limit theorems for weakly convergent 

probability measures in the space of analytic functions. In our case, the mean square estimates for 𝜁 (s, 𝛼) in short 
intervals play a crucial role for application of this method.

Theorems 1.5 and 1.6 will be proved in Section 5. Section 2 is devoted to mean square estimates in short 

intervals for 𝜁 (s, 𝛼). In Section 3, we will study the approximation in the mean of the function 𝜁 (s, 𝛼) by a cer-
tain absolutely convergent Dirichlet series. Section 4 is devoted to probabilistic discrete limit theorems in short 

intervals in the space H () for 𝜁 (s, 𝛼).

2 Mean value results

Let 𝜃 > 1∕2 be a fixed number, we will define it more precisely later. For m ∈ ℕ 0 and n ∈ ℕ, set

a n ( m, 𝛼 ) = exp 
{ 

− 
(
m + 𝛼
n

) 𝜃 } 

,

where exp{a} = e a . In this section, we will approximate the function 𝜁 (s, 𝛼) by the Dirichlet series

𝜁 n ( s, 𝛼 ) =
∞∑
m=0

a n ( m, 𝛼 )
( m + 𝛼 ) s .

The exponential decreasing with respect to m of a n (m, 𝛼) shows that the latter series is absolutely convergent 
in any half-plane 𝜎 > 𝜎 0 with finite 𝜎 0 .

The Mellin formula

e −a = 1 

2𝜋 i

𝜃+i∞

∫
𝜃−i∞

Γ( z )a −z dz, a > 0,

where Γ(z) is the Euler gamma-function, implies the representation

𝜁 n( s, 𝛼 ) = 
1 

2𝜋 i

𝜃+i∞

∫
𝜃−i∞

𝜁 ( s + z, 𝛼 )𝑤 n ( z ) dz (2.1)

with 𝑤 n (z) = 𝜃 −1 Γ(𝜃 −1 z)n z.
Now, we state a mean square estimate for the Hurwitz zeta-function in short intervals [39].

Lemma 2.1 ([39], Theorem 2). Let 0 < 𝛼 < 1, 𝛼 ≠ 1∕2, 1∕2 < 𝜎 ≤ 7∕12 be fixed, and T 27∕82 ≤ H ≤ T 𝜎 . Then, uni-
formly in H,

T +H

∫ 
T −H

|𝜁 (𝜎 + it, 𝛼 )| 2 dt ≪ 𝜎,𝛼 H .

Recall that the notation x ≪ 𝜀 y, x ∈ ℂ, y > 0, indicates that there is a constant c = c(𝜀) > 0 such that |x| ≤ cy. 
In order to pass from the continuous mean square for 𝜁 (s, 𝛼) to the discrete, we will use the following result.
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Lemma 2.2 ([40], Lemma 1.4). Let 𝛿 > 0, T 0 , T ≥ 𝛿 ,  ≠ ∅ be a finite set lying in the interval [T 0 + 𝛿∕2, T 0 + T − 
𝛿∕2], and

 𝛿 (𝜏 ) = 
∑
t∈|𝜏 −t|<𝛿

1, 𝜏 ∈  .

Suppose that a complex-valued function  ( t ) is continuous on [T 0 , T 0 + T ], and has a continuous derivative  ′ ( t ) 
on (T 0 , T 0 + T ). Then the inequality

∑ 

t∈
 −1

𝛿
( t )| ( t )| 2 ≤ 1

𝛿

T 0 +T

∫ 
T 0

| ( t )| 2 dt + ⎛⎜⎜⎝
T 0 +T

∫ 
T 0

| ( t )| 2 dt
T 0 +T

∫ 
T 0

| ′ ( t )| 2 dt⎞⎟⎟⎠
1∕2

holds.

Lemma 2.3. Suppose that 0 < 𝛼 < 1, 𝛼 ≠ 1∕2, 1∕2 + 𝜀 ≤ 𝜎 ≤ 7∕12, 𝜀 > 0, h > 0, h −1 (Nh) 27∕82 ≤ H ≤ (Nh) 1∕2 h −1 
and |t| ≤ log 2 Nh. Then

N +H∑ 

k=N
|𝜁 (𝜎 + it + ikh, 𝛼 )| 2 ≪ 𝜎,𝛼,h H (1 + |t|).

Proof. Limitations for 𝜎 and t are conditioned by an application of Lemma 2.1, and by needs for estimation of

N +H∑
k=N

| | | | 𝜁 
(
1

2
+ 𝜀 + ikh + i𝜏, 𝛼 

) ||||
2

with |𝜏 | ≤ log 2 Nh in the proof of Proposition 3.1.
In Lemma 2.2, take 𝛿 = 1, T 0 = N − 1∕2, T = H + 1. Then we have

 𝛿 ( k ) = 1.

This, an application of Lemma 2.2 with  = {k ∈ ℕ : k ∈ [N , N + H ]}, and  ( k ) = 𝜁 (𝜎 + it + ikh, 𝛼 ) gives

N +H∑ 

k=N
|𝜁 (𝜎 + it + ikh, 𝛼 )| 2 ≪ h

N +H

∫
N −1

|𝜁 (𝜎 + it + ih𝜏, 𝛼 )| 2 d𝜏

+
⎛⎜⎜⎝
N +H

∫ 
N −1

|𝜁 (𝜎 + it + ih𝜏, 𝛼 )| 2 d𝜏
N +H

∫
N −1

|𝜁 ′ (𝜎 + it + ih𝜏, 𝛼 )| 2 d𝜏⎞⎟⎟⎠
1∕2

. (2.2)

In view of Lemma 2.1, shifting t + h𝜏 to 𝜏 , for large N

N +H

∫ 
N −1

|𝜁 (𝜎 + it + ih𝜏, 𝛼 )| 2 d𝜏 = 1
h 

( N +H )h+t

∫
( N −1)h+t

|𝜁 (𝜎 + i𝜏, 𝛼 )| 2 d𝜏

≪ 𝜎,𝛼,h

( N +H )h+|t|
∫

( N −1)h−|t|
|𝜁 (𝜎 + i𝜏, 𝛼 )| 2 d𝜏 . (2.3)

Since H ≥ (Nh) 27∕82 h −1 , it follows that Hh + |t| ≥ (Nh) 27∕82 . Moreover, for |t| ≤ log 2 N , Hh + |t| ≤ (Nh) 1∕2 + 
log 2 Nh ≤ (Nh) 𝜎 . This, (2.3) and Lemma 2.1 yield

N +H

∫ 
N −1

|𝜁 (𝜎 + ih𝜏 + it, 𝛼 )| 2 d𝜏≪ 𝜎,𝛼,h Hh + |t|≪ 𝜎,𝛼,h H (1 + |t|). (2.4)
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The latter estimate together with Cauchy integral formula imply the bound

N +H

∫ 
N −1

|𝜁 ′ (𝜎 + ih𝜏 + it, 𝛼 )| 2 d𝜏 ≪ 𝜎,𝛼,h H (1 + |t|).
This, (2.4) and (2.2) prove the lemma. □

3 Approximation in the mean

Recall a metric in the space H () which induces its topology. It is known that there is a sequence {K m : m ∈ 
ℕ} ⊂  of compact subsets such that

 = 
∞
∪ 
m=1

K m ,

K m ⊂ K m+1 for all m ∈ ℕ, and the inclusion K ⊂ K m holds with some m ∈ ℕ for any compact set K ⊂ . Then,

𝜌( g 1 , g 2 ) =
∞ ∑ 

m=1

1 

2 m
sup s∈K m | g 1 ( s ) − g 2 ( s )|

1 + sup s∈K m 
| g 1 ( s ) − g 2 ( s )| , g 1 , g 2 ∈ H (),

is the desired metric.

The main result of the section is the following statement.

Proposition 3.1. Suppose that 0 < 𝛼 < 1, 𝛼 ≠ 1∕2, and h > 0 are fixed numbers, and h −1 (Nh) 27∕82 ≤ H ≤ 
(Nh) 1∕2 h −1 . Then

lim 
n→∞

lim sup
N→∞

1 

H + 1

N +H∑ 

k=N
𝜌 
( 
𝜁 ( s + ikh, 𝛼 ), 𝜁 n ( s + ikh, 𝛼 ) 

) 
= 0.

Proof. The definition of the metric 𝜌 shows that the proposition follows from the equality

lim 
n→∞

lim sup
N→∞

1 

H + 1

N +H∑ 

k=N
sup 
s∈K

| | 𝜁 ( s + ikh, 𝛼 ) − 𝜁 n( s + ikh, 𝛼 ) | | = 0 (3.1)

with compact sets K ⊂ . Thus, fix a compact set K ⊂ . Then there exists 𝜀 > 0 such that all s = 𝜎 + it ⊂ K lie 
in the strip 1∕2 + 2𝜀 ≤ 𝜎 ≤ 1 − 𝜀. In (2.1), take 𝜃 = 1∕2 + 𝜀, and move the line of integration to (𝜃 1 − i∞, 𝜃 1 + i∞) 

with 𝜃 1 = 1∕2 + 𝜀 − 𝜎. Clearly, 𝜃 1 < 0, and 𝜃 1 > −1∕2 − 𝜀. Therefore, the integrand in (2.1) has a simple pole at 
the point z = 0, and a simple pole at the point z = 1 − s. This remark, the residue theorem and (2.1) give the 

equality

𝜁 n( s, 𝛼 ) − 𝜁 ( s, 𝛼 ) = 
1

2𝜋 i

𝜃 1 +i∞

∫
𝜃 1 −i∞

𝜁 ( s + z, 𝛼 )𝑤 n ( z ) dz + 𝑤 n (1 − s )

which is valid for all s ∈ K . From this, we get

𝜁 n ( s + ikh, 𝛼 ) − 𝜁 ( s + ikh, 𝛼 ) ≪
∞

∫
−∞

| | | | 𝜁 
(
1

2
+ 𝜀 + it + ikh + i𝜏, 𝛼 

) || | | sup s∈K

| | | | 𝑤 n 
(
1

2
+ 𝜀 − 𝜎 + i𝜏 

) | ||| d𝜏
+ |𝑤 n (1 − s − ikh )|.
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Now, shifting t + 𝜏 to 𝜏 yields

sup 
s∈K

|| 𝜁 n( s + ikh, 𝛼 ) − 𝜁 ( s + ikh, 𝛼 ) || ≪
∞

∫
−∞

| | | | 𝜁 
(
1

2
+ 𝜀 + ikh + i𝜏, 𝛼 

) || | | sup s∈K

| | | | 𝑤 n 
(
1

2
+ 𝜀 − s + i𝜏 

) | ||| d𝜏
+ sup 

s∈K
| 𝑤 n (1 − s − ikh )|. (3.2)

Truncate the integration in the above integral. For the function 𝜁 (s, 𝛼) the estimate

𝜁 (𝜎 + it, 𝛼 ) ≪ 𝜎,𝛼 
√ 
t, 𝛼 ≥

1 

2 
, |t| ≥ 2, (3.3)

is known [41]. Moreover,

Γ(𝜎 + it ) ≪ exp{−c|t|}, c > 0, (3.4)

uniformly in 𝜎 in any finite interval. Hence, for s ∈ K ,

𝑤 n 
(
1

2
+ 𝜀 − s + i𝜏 

) 
≪ 𝜀 n 

1∕2+𝜀−𝜎 exp 
{ 
− c

𝜃
|𝜏 − t| } ≪ 𝜀,K n 

−𝜀 exp{−c 1 |𝜏 |}, c 1 > 0. (3.5)

Therefore, this and (3.3) yield

⎛⎜⎜⎜⎝
− log 2 Nh

∫ 
−∞

+
∞ 

∫

log 2 Nh

⎞ ⎟ ⎟ ⎟ ⎠
| | | | 𝜁 
(
1

2
+ 𝜀 + it + ikh + i𝜏, 𝛼 

) || | | sup s∈K

| | | | 𝑤 n 
(
1

2
+ 𝜀 − 𝜎 + i𝜏 

) | ||| d𝜏

≪ 𝜀,𝛼,K n 
−𝜀
⎛⎜⎜⎜⎝
− log 2 Nh

∫ 
−∞

+
∞ 

∫

log 2 Nh

⎞ ⎟ ⎟ ⎟ ⎠
(√ 

kh + 
√ |𝜏 | ) exp{−c 1 |𝜏 |} d𝜏

≪ 𝛼,K ,h n 
−𝜀 
(√ 

kh + 1 
) 
exp 

{ 
−c 2 log 2 Nh 

} 
, c 2 > 0.

Thus,

J 
def= 1 

H + 1

N +H∑
k=N

sup 
s∈K

| | 𝜁 ( s + ikh, 𝛼 ) − 𝜁 n( s + ikh, 𝛼 ) | |
≪ 𝛼,K ,h

log 2 Nh

∫

− log 2 Nh

1 

H + 1

N +H∑ 

k=N

| | | | 𝜁 
(
1

2
+ 𝜀 + ikh + i𝜏, 𝛼 

) || | | sup s∈K

| | | | 𝑤 n 
(
1

2
+ 𝜀 − s + i𝜏 

) |||| d𝜏

+ 1

H + 1

N +H∑
k=N

sup 
s∈K

| 𝑤 n (1 − s − ikh )| + n −𝜀 exp { −c 2 log 2 Nh } 1 

H + 1

N +H∑
k=N

( 
√ 
kh + 1)

def= I + S 1 + S 2 . (3.6)

Clearly,

S 2 = o(1), N → ∞. (3.7)

By the Cauchy-Schwarz inequality,

1 

H + 1

N +H∑ 

k=N

| | | | 𝜁 
(
1

2
+ 𝜀 + ikh + i𝜏, 𝛼 

) || | | ≤ 
(

1 

H + 1

N +H∑
k=N

| | | | 𝜁 
(
1

2
+ 𝜀 + ikh + i𝜏, 𝛼 

) ||||
2 
) 1∕2

,
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and the application of Lemma 2.3 gives

1 

H + 1

N +H∑ 

k=N

| | | | 𝜁 
(
1

2
+ 𝜀 + ikh + i𝜏, 𝛼 

) || | | ≪ 𝜀,𝛼,h,K (1 + |𝜏 |) 1∕2 ≪ 𝛼,h,K (1 + |𝜏 |) 1∕2
because 𝜀 depends on the set K . This together with (3.5) shows that

I ≪ 𝛼,h,K n 
−𝜀

log 2 Nh

∫

− log 2 Nh

(1 + |𝜏 |) 1∕2 exp{−c 1 |𝜏 |} d𝜏 ≪ 𝛼,h,K n 
−𝜀 . (3.8)

Again, in view of (3.4), we find, for s ∈ K ,

𝑤 n (1 − s − ikh ) ≪ K exp 
{ 
− c

𝜃
|t − kh| } ≪ K ,h exp{−c 3 kh}, c 3 > 0.

Therefore,

S 1 ≪ K ,h
1 

H

N +H∑ 

k=N
exp{−c 3 kh} ≪ K ,h exp{−c 3 Nh}.

This and (3.6)–(3.8) imply the estimate

J ≪ 𝛼,h,K n 
−𝜀 + exp{−c 3 Nh} + o(1), N → ∞,

and this proves (3.1). The proposition is proven. □

4 Limit theorems on weak convergence

In this section, we will prove limit theorems on weakly convergent probability measures in the space H (). 

Let ( X ) stand for the Borel 𝜎-field of the topological space X, and P, P n , n ∈ ℕ, be probability measures on
( X, ( X )). By the definition, P n converges weakly to P as n → ∞ ( P n 

w
← →

n ←→∞ 
P ) if, for every real bounded continuous

function x on X, 

∫ 
X

x dP n →
n→∞∫ 

X

x dP.

We will consider the weak convergence for the measure

P N ,H ,h,𝛼 ( A ) = M N ,H 
( 
𝜁 ( s + ikh, 𝛼 ) ∈ A 

) 
, A ∈ ( H ()).

We start with a limit lemma in a simpler space. Define the Cartesian product

𝕋 = 
∏
m∈ℕ 0

{ s ∈ ℂ : |s| = 1}.
The set 𝕋 , as a product of compact sets, is compact. Therefore, with the operation of pointwise multiplication 
and product topology, 𝕋 is a compact topological group. Hence, on (𝕋 , (𝕋 )), the probability Haar measure 𝜇 H 
exists. The measure 𝜇 H is invariant with respect to shifts by elements t = ( t m : m ∈ ℕ). This means that, for 
every A ∈ (𝕋 ), and t ∈ 𝕋 ,

𝜇 H ( A ) = 𝜇 H ( tA ) = 𝜇 H ( At ).

For A ∈ (𝕋 ), set
Q N ,H ,h,𝛼 ( A ) = M N ,H 

(( 
( m + 𝛼 ) −ikh : m ∈ ℕ 0 

) 
∈ A 

) 
,
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and consider the weak convergence for Q N ,H ,h,𝛼 as N → ∞.

Lemma 4.1. Suppose that 0 < 𝛼 < 1, 𝛼 ≠ 1∕2, and h > 0 are arbitrary numbers, and H = o(N )as N → ∞. Then,

on (𝕋 , (𝕋 )), there exists a probability measure Q h,𝛼 such that Q N ,H ,h,𝛼 
w
←→

N ←→∞ 
Q h,𝛼 .

Proof. A direct proof of weak convergence of probability measures using the definition is difficult and even 

impossible. There are so-called continuity theorems for some transforms of probability measures whose conver-

gence implies the weak convergence of the corresponding measures. Since the set 𝕋 is a group, it is convenient 
to utilise the Fourier transforms [42].

It is well known that characters of the group 𝕋 are of the form

𝜒 ( t ) =
∗∏

m∈ℕ
t l mm ,

where the star shows that only a finite number of l m ∈ ℤ are not zeros. Therefore, the Fourier transform 

F N ,H ,h,𝛼 ( l ), l = ( l m : m ∈ ℕ), of Q N ,H ,h,𝛼 is given by

F N ,H ,h,𝛼 ( l ) = ∫ 
𝕋

( ∗∏
m∈ℕ0 

t l m 

) 

dQ N ,H ,h,𝛼 .

Hence, the definition of Q N ,H ,h,𝛼 yields

F N ,H ,h,𝛼( l ) = 
1 

H + 1

N +H∑ 

k=N

∗∏
m∈ℕ 0

( m + 𝛼 ) −ikl m h

= 1

H + 1

N +H∑
k=N

exp 

{ 

−ikh
∗∑

m∈ℕ0 

l m log( m + 𝛼 ) 
} 

. (4.1)

Let, for brevity,

A( l , 𝛼 ) =
∗∑

m∈ℕ 0
l m log( m + 𝛼 ).

If

hA( l , 𝛼 ) = 2𝜋 r, r ∈ ℤ, (4.2)

then

exp{−ikhA( l , 𝛼 )} = 1.

Thus, for l satisfying (4.2),

F N ,H ,h,𝛼 ( l ) = 1. (4.3)

If there is not r ∈ ℤ satisfying (4.2), then

exp{−ihA( l , 𝛼 )} ≠ 1.

Thus, in view of (4.1),

F N ,H ,h,𝛼 ( l ) = 
exp{−iNA( l , 𝛼 )} − exp{−i( N + H + 1)A( l , 𝛼 )}

( H + 1)(1 − exp{−ihA( l , 𝛼 )}) .

Therefore, in this case,

lim
N→∞

F N ,H ,h,𝛼 ( l ) = 0. (4.4)
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This and (4.3) show that

lim
N→∞

F N ,H ,h,𝛼 ( l ) =
⎧⎪⎨⎪⎩
1 if hA( l , 𝛼 ) = 2𝜋 r with r ∈ ℤ,

0 otherwise.

Hence,

Q N ,H ,h,𝛼
𝑤
← →

N ←→∞ 
Q h,𝛼 ,

where the probability measure Q h,𝛼 is defined by the Fourier transform

F h,𝛼 ( l ) =
⎧⎪⎨⎪⎩
1 if hA( l , 𝛼 ) = 2𝜋 r with r ∈ ℤ,

0 otherwise.

□

Corollary 4.1. Suppose that the set L(𝛼, h, 𝜋) is linearly independent over ℚ, and H = o(N ) as N → ∞. Then

Q H ,N ,h,𝛼
𝑤
← →

N ← →∞ 
𝜇 H .

Proof. We have

hA( l , 𝛼 ) + 2𝜋 r = h 
(
A( l , 𝛼 ) + 2𝜋 r

h 

) 
.

Since the set L(𝛼, h, 𝜋) is linearly independent over ℚ,

A( l , 𝛼 ) + 2𝜋 r 
h 

≠ 0

for l ≠ 0. Hence, for l ≠ 0,

exp{−ihA( l , 𝛼 )} ≠ 1,

and, by the same lines as above, we find that equality (4.4) is true. Obviously, for l = 0,

F N ,H ,h,𝛼 ( l ) = 1.

Thus, we obtain that

lim
N→∞

F N ,H ,h,𝛼 ( l ) =
⎧⎪⎨⎪⎩
1 if l = 0,

0 if l ≠ 0.

This shows that 𝜇 H is the limit measure of Q N ,H ,h,𝛼 . □

Lemma 4.1 is applied for weak convergence of the probability measure defined by means of the function 

𝜁 n (s, 𝛼). Let, for A ∈ ( H ()), 
̂ P N ,H ,h,𝛼 ( A ) = M N ,H 

( 
𝜁 n ( s + ikh, 𝛼 ) ∈ A 

) 
.

Consider the mapping u n,𝛼 : 𝕋 → H () given by

u n,𝛼 ( t ) = 𝜁 n ( s, t, 𝛼 ),

where

𝜁 n ( s, t, 𝛼 ) =
∞ ∑ 

m=0

t( m )𝑤 n ( m, 𝛼 )
( m + 𝛼 ) s .

Since |t( m )| = 1, the series for 𝜁 n ( s, t, 𝛼 ), as for 𝜁 n (s, 𝛼), is absolutely convergent in any half-plane 𝜎 > 𝜎 0 . Hence, 
u n,𝛼 is continuous, therefore, ((𝕋 ), ( H ()))-measurable.
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On ( H (), ( H ())), define the measure

̂ P n,h,𝛼 ( A ) = Q h,𝛼u −1n,𝛼( A ) = Q h,𝛼 
(
u −1
n,𝛼
A 
) 
, A ∈ ( H ()).

Lemma 4.2. Suppose that 0 < 𝛼 < 1, 𝛼 ≠ 1∕2, and h > 0 are fixed arbitrary numbers, and H = o(N ) as N → ∞.

Then ̂  P N ,H ,h,𝛼
w
← →

N ←→∞ 
̂ P n,h,𝛼 .

Proof. By the definitions of ̂  P N ,H ,h,𝛼 , Q N ,H ,h,𝛼 and u n,𝛼 , we have

̂ P N ,H ,h,𝛼 = M N ,H 
( 
u n,𝛼 

( 
( m + 𝛼 ) −ikh : m ∈ ℕ 0 

) 
∈ A 

)
= M N ,H 

( ( 
( m + 𝛼 ) −ikh : m ∈ ℕ 0 

)
∈ u −1

n,𝛼
A 
)

= Q N ,H ,h,𝛼 
(
u −1
n,𝛼
A 
)

for all A ∈ ( H ()). Therefore ̂  P N ,H ,h,𝛼 = Q N ,H ,h,𝛼u −1n,𝛼 . Hence, the continuity of u n,𝛼 , Lemma 4.1 and Theorem 5.1

of [43] on preservation of weak convergence under continuous mappings yield the relation

P̂ N ,H ,h,𝛼
w
← →

N ←→∞ 
Q h,𝛼u 

−1
n,𝛼

= ̂  P n,h,𝛼 .

□

Corollary 4.2. Suppose that the set L(𝛼, h, 𝜋) is linearly independent over ℚ, and H = o(N ). Then
P̂ N ,H ,h,𝛼

w
← →

N ← →∞ 
𝜇 Hu 

−1
n,𝛼 .

Proof. The corollary is a direct result of Lemma 4.2 and Corollary 4.1. □

Next, we will study the measure ̂  P n,h,𝛼 . We will prove that, for every 𝜀 > 0, there is a compact subset K (𝜀 ) ⊂ 

H () such that
̂ P n,h,𝛼 ( K (𝜀)) > 1 − 𝜀

for all n ∈ ℕ. The latter property of ̂  P n,h,𝛼 is called a tightness.

Lemma 4.3. The measure ̂  P n,h,𝛼 is tight.

Proof. Let K m be a compact set from the definition of the metric 𝜌. Denote by  m a simple closed contour lying 

in  and enclosing the set K m . Then, by the Cauchy integral formula, for s ∈ K m ,

𝜁 ( s + ikh, 𝛼 ) = 1

2𝜋i ∫ 
 m

𝜁 ( z + ikh, 𝛼 ) 
z − s dz.

Hence, for suitably chosen  m ,

N +H∑ 

k=N
sup 
s∈K m

|𝜁 ( s + ikh, 𝛼 )| ≪ K m ∫ 
 m

|dz|N +H∑
k=N

|𝜁 (Rez + iImz + ikh, 𝛼 )|
and, in view of Lemma 2.3,

N +H∑ 

k=N
|𝜁 (Rez + iImz + ikh, 𝛼 )| ≪ 

( 

( H + 1)
N +H∑
k=N

|𝜁 (Rez + iImz + ikh, 𝛼 )| 2 
) 1∕2

≪ K m ,h,𝛼 
H .



A. Laurinčikas and D. Šiauči¯ unas: Approximation of analytic functions by discrete — 691

Thus, we have
N +H∑ 

k=N
sup
s∈K m

|𝜁 ( s + ikh, 𝛼 )| ≪ K m ,h,𝛼 
H .

Now, the equality (3.1) gives

sup 
n∈ℕ

lim sup
N→∞

1 

H + 1

N +H∑ 

k=N
sup 
s∈K m

|𝜁 n ( s + ikh, 𝛼 )|
≤ sup 

n∈ℕ
lim sup
N→∞

1 

H + 1

N +H∑ 

k=N
sup 
s∈K m

|𝜁 ( s + ikh, 𝛼 )|
+ sup 

n∈ℕ
lim sup
N→∞

1 

H + 1

N +H∑ 

k=N
sup 
s∈K m

|𝜁 n ( s + ikh, 𝛼 ) − 𝜁 ( s + ikh, 𝛼 )|
≤ R K m ,h,𝛼 

< ∞. (4.5)

On a certain probability space (Ω, , 𝜈 ), define the random variable 𝜉 N ,H ,h by the distribution

𝜈{𝜉 N ,H ,h = kh} =
1

H + 1 , k = N , N + 1, … , N + H .

Let the H ()-valued random element X N ,H ,n = X H ,N ,n,h,𝛼 (s) be given by

X N ,H ,n = 𝜁 n ( s + i𝜉 N ,H ,h , 𝛼 ),

and X n = X n,h,𝛼 (s) have the distribution ̂  P n,h,𝛼 . Then, denoting by 


←→ the convergence in distribution, we have,

by Lemma 4.2,

X N ,H ,n


← →
N ←→∞ 

X n . (4.6)

This implies the relation

sup
s∈K m

| X N ,H ,n ( s )| 

← →
N ← →∞

sup 
s∈K m

| X n ( s )|. (4.7)

For a fixed 𝜀 > 0, set M m = 2 m 𝜀 −1 R K m ,h,𝛼 
. Then, taking into account (4.7) and (4.5) gives

𝜈 

{
sup 
s∈K m

| X n ( s )| ≥ M m 

}
= lim 

N→∞
𝜈 

{
sup 
s∈K m

|X N ,H ,n ( s )| ≥ M m 

}

≤ sup 
n∈ℕ

lim sup
N→∞

1 

( H + 1)M m

N +H∑
k=N

sup 
s∈K m

|𝜁 n ( s + ikh, 𝛼 )| ≤ 𝜀2 m . (4.8)

Let 

K (𝜀) = 
{
g ∈ H () : sup

s∈K m
| g ( s )| ≤ M m , m ∈ ℕ 

} 

.

Then the set K (𝜀) is a compact set in H (). Moreover, in view of (4.8),

𝜈{X n ∈ K (𝜀)} = 1 − 𝜈{X n ∉ K (𝜀)} ≥ 1 − 𝜀
∞∑
m=1

1

2 m 
= 1 − 𝜀

for all m ∈ ℕ. Thus, ̂  P n,h,𝛼 is tight. □
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Now, we are in position to prove weak convergence for P N ,H ,h,𝛼 . For this we will apply the following general 

result on convergence in distribution.

Lemma 4.4 ([43], Theorem 4.2). Suppose that ( X, d ) is a separable metric space, 𝜉 nm and 𝜂 n , m, n ∈ ℕ, are X-
valued random elements defined on the same probability space (Ω, , 𝜈 ), and the relations

𝜉 nm


← →
n ←→∞ 

𝜉 m , 𝜉 m


← →
m ← →∞ 

𝜉

hold. If, for every 𝜀 > 0,
lim 
m→∞

lim sup 
n→∞

𝜈{d(𝜉 nm , 𝜂 n ) ≥ 𝜀} = 0,

then 𝜂 n


← →
n ← →∞ 

𝜉 .

Proposition 4.1. Suppose that 0 < 𝛼 < 1, 𝛼 ≠ 1∕2, and h0 are fixed numbers, and h −1 (Nh) 27∕82 ≤ H ≤ (Nh) 1∕2 h −1.
Then, on ( H (), ( H ())), there exists a probability measure P h,𝛼 such that P N ,H ,h,𝛼 

w
←→

N ←→∞ 
P h,𝛼 .

Proof. Let 𝜉 N ,H ,h be the same random variable as in proof of Lemma 4.3. Define one more H ()-valued random 

element

Y N ,H = Y N ,H ,h,𝛼 ( s ) = 𝜁 ( s + i𝜉 N ,H ,h , 𝛼 ).

By Lemma 4.3, the measure ̂  P n,h,𝛼 is tight, therefore, by the Prokhorov theorem ([43], Theorem 6.1), it is relatively 

compact. Hence, then there are a subsequence ̂  P n r ,h,𝛼 and a probability measure ̂
 P h,𝛼 on ( H (), ( H ())) such

that ̂  P n r ,h,𝛼 
w
← →

r ← →∞ 
̂ P h,𝛼 . Since ̂  P n r ,h,𝛼 is the distribution of X n r ,h,𝛼 , this implies the relation

X n r = X n r ,h,𝛼


← →
r ← →∞ 

̂ P h,𝛼 . (4.9)

For every 𝜀 > 0, Proposition 3.1 implies

lim 
n→∞

lim sup
N→∞

𝜈 
{ 
𝜌( Y N ,H , X N ,H ,h ) ≥ 𝜀 

}
= lim 

n→∞
lim sup
N→∞

1

H + 1 
M N ,H 

( 
𝜌(𝜁 ( s + ikh, 𝛼 ), 𝜁 n ( s + ikh, 𝛼 )) ≥ 𝜀 

)

≤ lim 
n→∞

lim sup
N→∞

1 

𝜀( H + 1)

N +H∑ 

k=N
𝜌(𝜁 ( s + ikh, 𝛼 ), 𝜁 n ( s + ikh, 𝛼 )) = 0.

This equality, and the relations (4.6), (4.9) show that the hypotheses of Lemma 4.4 are satisfied. Thus we have 

the relation

Y N ,H


← →
N ←→∞ 

̂ P h,𝛼 ,

and this proves the proposition with P h,𝛼 = ̂  P h,𝛼 . □

Define, for s ∈ ,

𝜁 ( s, 𝛼, t ) =
∞ ∑ 

m=0

t( m )

( m + 𝛼 ) s , t ∈ 𝕋 .

Then, 𝜁 ( s, 𝛼, t ) is an H ()-valued random element on the probability space (𝕋 , (𝕋 ), 𝜇 H ), see Section 5.5.2 
of [28]. We notice, that the series for 𝜁 ( s, 𝛼, t ), for almost all t with respect to the measure 𝜇 H , is uniformly 
convergent on compact sets of the strip . Denote by P 𝜁,𝛼 the distribution of 𝜁 ( s, 𝛼, t ), i.e.,

P 𝜁,𝛼 ( A ) = 𝜇 H {t ∈ 𝕋 : 𝜁 ( s, 𝛼, t ) ∈ A}, A ∈ ( H ()).
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Corollary 4.3. Suppose that the set L(𝛼, h, 𝜋) is linearly independent over ℚ, and h −1 (Nh) 27∕82 ≤ H ≤ (Nh) 1∕2 h −1.
Then P N ,H ,h,𝛼

w
← →

N ←→∞ 
P 𝜁,𝛼 .

Proof. For A ∈ ( H ()), set

P N ,h,𝛼 ( A ) = M N (𝜁 ( s + ikh, 𝛼 ) ∈ A ).

Then, by the proof of Theorem 2.1 from [35], we have that

P N ,h,𝛼
w
← →

N ←→∞ 
P 𝜁,𝛼 , and ̂ P n,h,𝛼

w
←→

n ← →∞ 
P 𝜁,𝛼 .

Thus, in the proof of Proposition 4.1, the measure ̂  P n,𝛼 coincides with P 𝜁,𝛼 . □

5 Proofs of approximation results

We use the classical scheme of obtaining universality theorems from limit theorems in the space of analytic 

functions. This method also involves the mentioned in Introduction Mergelyan theorem on approximation of 

analytic functions by polynomials. Moreover, the support of the limit measures is an important ingredient of the 

proof.

Lemma 5.1 ([35], Theorem 3.1). Suppose that the set L(𝛼, h, 𝜋) is linearly independent over ℚ. Then the support 
of the measure P 𝜁,𝛼 is the whole of H ().

Proof of Theorem 1.5. By the Mergelyan theorem, there is a polynomial p(s) satisfying

sup 
s∈K

| f ( s ) − p( s )| < 𝜀 
2 
. (5.1)

Consider the set 

 𝜀 = 
{ 

g ∈ H () : sup 
s∈K

| g ( s ) − p( s )| < 𝜀 
2 

} 

.

In view of Lemma 5.1, the polynomial p(s) is an element of the support of the measure P 𝜁,𝛼 . Therefore, the set

 𝜀 is an open neighbourhood of an element of the support of P 𝜁,𝛼 . Hence, by a support property,

P 𝜁,𝛼 
( 
 𝜀 
) 
> 0. (5.2)

Using Corollary 4.3 and the equivalent of weak convergence in terms of open sets, we find that

lim inf
N→∞

P N ,H ,h,𝛼 
( 
 𝜀 
) 
≥ P 𝜁,𝛼 

( 
 𝜀 
) 
.

The inequality (5.1) shows that if g ( s ) ∈  𝜀 , then g (s) also lies in the set

G 𝜀 = 
{ 

g ∈ H () : sup 
s∈K

| g ( s ) − f ( s )| < 𝜀 } 

.

Thus, by (5.2),

P 𝜁,𝛼 
( 
G 𝜀 
) 
> 0.

This inequality, Corollary 4.3 in terms of weak convergence using open sets yield

lim inf
N→∞

P N ,H ,h,𝛼 
( 
G 𝜀 
) 
≥ P 𝜁,𝛼 

( 
G 𝜀 
) 
> 0,

and the definitions of G 𝜀 and P n,H ,h,𝛼 prove the first statement of the theorem.
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For the proof of the second statement of the theorem, we will apply the equivalent of weak convergence in 

terms of continuity sets, i.e., sets G 𝜀 whose boundary 𝜕 G 𝜀 satisfies P 𝜁,𝛼 (𝜕 G 𝜀 ) = 0. By the definition of G 𝜀 , we see 
that the boundary 𝜕 G 𝜀 lies in the set{ 

g ∈ H () : sup 
s∈K

| g ( s ) − f ( s )| = 𝜀 } 

.

This implies that 𝜕 G 𝜀 1 ∩ 𝜕 G 𝜀 2 = ∅ for 𝜀 1 ≠ 𝜀 2 . So, P 𝜁,𝛼 (𝜕 G 𝜀 ) > 0 for at most countably many values of 𝜀. In other 
words, the set G 𝜀 is a continuity set of P 𝜁,𝛼 for all but at most countably many 𝜀 > 0. This remark and Corollary 4.3 
in terms of weak convergence using continuity sets give

lim
N→∞

P N ,H ,h,𝛼 
( 
G 𝜀 
) 
= P 𝜁,𝛼 

( 
G 𝜀 
) 
> 0

for all but at most countably many 𝜀 > 0, and the second statement of the theorem is proved. □

Proof of Theorem 1.6. Let

 𝛼,h = suppP h,𝛼 .

Then, clearly,  𝛼,h is a closed non-empty set. Since f ( s ) ∈  𝛼,h , the set G 𝜀 is an open neighbourhood of an element 
of the support of the measure P h,𝛼 . Thus,

P h,𝛼 
( 
G 𝜀 
) 
> 0,

and, by Proposition 4.1,

lim inf
N→∞

P N ,H ,h,𝛼 
( 
G 𝜀 
) 
≥ P h,𝛼 

( 
G 𝜀 
) 
> 0.

This proves the first statement of the theorem.

The second statement of the theorem, by the same arguments as in the proof of Theorem 1.5, follows from 

Proposition 4.1 and the equality

lim inf
N→∞

P N ,H ,h,𝛼 
( 
G 𝜀 
) 
= P h,𝛼 

( 
G 𝜀 
)

which is valid for all but at most countably many 𝜀 > 0. □

Acknowledgments: The authors thank the referees for a careful rewieving, and for useful remarks and

suggestions.

Research ethics: Not applicable.

Informed consent: Not applicable.

Author contributions: Both authors have accepted responsibility for the entire content of this manuscript and 

approved its submission.

Use of Large Language Models, AI and Machine Learning Tools: None declared.

Conflict of interest: The author states no conflict of interest.

Research funding: None declared.

Data availability: Not applicable.

References

[1] J. L. Walsh, “Interpolation and approximation by rational functions in the complex domain,” in American Mathematical Society 

Colloquium Publications, 3rd ed., vol. 20, Providence, RI, Amer. Math. Soc., 1960.

[2] S. N. Mergelyan, “Uniform approximation to functions of a complex variable,” Usp. Matem. Nauk, vol. 7, no. 2, pp. 31−122, 1952, 
(in Russian) ≡ Amer. Math. Soc. Translation 101 (1954), 1−99.

[3] C. Runge, “Zur Theorie der Eindeutigen Analytischen Functionen,” Acta Math., vol. 6, no. 1, pp. 229−244, 1885,.
[4] M. A. Lavrent’ev, “A fundamental theorem of the theory of quasi-conformal mapping of plane regions,” Izv. Akad. Nauk SSSR Ser. 

Mat., vol. 12, no. 6, pp. 513−554, 1948, (in Russian).
[5] M. Keldych, “Sur l’approximation en moyenne par polynômes des fonctions d’une variable complexe,” Rec. Math. [Mat. Sbornik] 

N.S., vol. 16/58, no. 1, pp. 1−20, 1945.



A. Laurinčikas and D. Šiauči¯ unas: Approximation of analytic functions by discrete — 695

[6] A. Hurwitz, “Einige Eigenschaften der Dirichletschen Funktionen F ( s ) = ∑ ( D

n

)
1

ns 
, die bei der Bestimmu ng der Klassenanzahlen 

binärer quadratischer Formen auftreten,” J. Appl. Math. Physics, vol. 27, pp. 86−101, 1882.
[7] S. M. Voronin, “Theorem on the “universality” of the Riemann zeta-function,” Izv. Akad. Nauk SSSR, Ser. Mat., vol. 39, pp. 475−486, 

1975, (in Russian) ≡ Math USSR Izv. 9 (1975), 443−453, https://doi.org/10.1070/im1975v009n03abeh001485.
[8] S. M. Gonek, “Analytic properties of zeta and L-functions,” Ph. D. Thesis, University of Michigan, 1979. 

[9] B. Bagchi, “The statistical behaviour and universality properties of the Riemann zeta-function and other allied Dirichlet series,” 

Ph. D. Thesis, Calcutta, Indian Stat. Institute, 1981. 

[10] J.-L. Mauclaire, “On some Dirichlet series, new directions in value-distribution theory of zeta and L-functions,” in Proc. of the 

Würzburg Conf., R. Steuding, and J. Steuding, Eds., Aachen, Shaker Verlag, 2009, pp. 171−248.
[11] J.-L. Mauclaire, “Universality of the Riemann zeta function: Two remarks,” Ann. Univ. Sci. Budap. Rolando Eötvös Sect. Comput., vol. 39, 

pp. 311−319, 2013,.
[12] Y. Lamzouri, S. Lester, and M. Radziwill, “An effective universality theorem for the Riemann zeta function,” Comment. Math. Helv., 

vol. 93, no. 4, pp. 709−736, 2018..
[13] Y. Lamzouri, S. Lester, and M. Radziwill, “Discrepancy bounds for the distribution of the Riemann zeta-function and applications,” 

J. Anal. Math., vol. 139, no. 2, pp. 453−494, 2019..
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