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Abstract

In this paper, we show that for each sufficiently large integer H, there is a real cubic number « and a rational number r,
both of height smaller than H, such that 0 < @ — r < 272/H*. The exponent 4 of H in this inequality is best possible.
The numbers o and r are both constructed explicitly. We also show that a necessary and sufficient condition on (u, v)
under which there is a positive constant ¢, = ¢,(d, u, v) such that the inequality |« — 8| > ¢,H(«) “H(8) " holds for
all real algebraic numbers « of degree d > 2 and all real algebraic numbers § of degreed — lisu>d — 1l andv >d.

1. Introduction

A typical problem in Diophantine approximation is to evaluate the distance between the elements lying
in two distinct sets of complex numbers A and B. For example, if the set A consists of a single irrational
real algebraic number « and B is the set of all rational numbers Q, then Roth’s theorem asserts that for
every § > 0, there exists a constant ¢ = ¢(«, §) > 0 such that
p c
A (1)
for all coprime p € Z and g € N; see, for example, [12, 14, 16]. Generalizations of Roth’s theorem can
also be found in [6, 9] and most recently in [8]. On the other hand, by Hurwitz’s theorem [16, p. 28],
for any real irrational (algebraic or transcendental) number «, there are infinitely many pairs (p, ¢), with
coprime p € Z and g € N, satisfying

2
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(A weaker Dirichlet’s theorem asserts the same but without the factor /5 in the denominator.) A more
general version of the Hurwitz theorem is given in [13]; see also a very recent paper [10].

Much less is known in the case when A and B are the sets of all real algebraic numbers of some degrees
d and £ (where d > £), respectively. Recall that the height H(«) of an algebraic number « over Q is the
maximal modulus of the coefficients of its minimal polynomial in Z[x]. Since both above inequalities
(1) and (2) depend on the height H(p/q) = max (|p|, g) of the involved rational number p/g, the heights
of the involved algebraic numbers « of degree d and g of degree £ in such an estimate between « and
are expected as well.

A lower bound easily follows from an effective version of the Liouville theorem (see [4,
Theorem A.1], [17, Lemma 3.7]) or from a simple estimate on the resultant of two algebraic numbers
[7, Formula (15)]. For any positive integers d > £, there is a positive constant ¢, = ¢,(d, £) such that for
any real algebraic number « of degree d over Q and any real algebraic number S of degree £ over QQ, we
have

e=t< 2
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2 Artiiras Dubickas

Recently, in this direction, Badziahin [1] raised the following natural problem of possible extension of
the inequality (3). Given positive integers d > ¢, describe all pairs (i, v), u, v > 0, for which there exists
¢ =c(d, ¢, u,v) > 0 such that the inequality

g
= P1= gy @
holds for all pairs («, 8), where « and 8 are real algebraic numbers of degrees d and ¢, respectively. We
call such a pair (u, v) suitable with respect to (d, £).
Evidently, by (3), each pair (u, v), where u > £ and v > d, is suitable with respect to (d, £). (One can
take, for instance, ¢; = ¢,.) However, it is not clear if there are suitable pairs (u, v) other than those above.
From some known results, we will derive the following:

Proposition 1. If the pair (u, v) is suitable with respect to (d, £), where d > £, then

u>¢ and v>£+1. 5)

This settles the above problem in the case when d — £ = 1. Indeed, by Proposition 1, we see that then
u>{tandv> ¢+ 1=disalso anecessary condition on (u, v) to be suitable with respect to (d, £). Hence

Theorem 2. If d, ¢ are two positive integers satisfying d — £ = 1, then the pair (u,v) is suitable with
respect to (d, £) if and only if

u>¢ and v>d. (6

However, the question of whether there are other suitable pairs («, v) with respect to (d, £), other than
those satisfying u > £, v > d, remains open for d — £ > 1, as the situation is not clear in the case when
v e[€+ 1,d). For example, for (d, £) = (3, 1), unlike in Theorem 2, the paper [1] indicates that there
are certain series of examples of suitable pairs (u, v) with respect to (3, 1), where u > 1 and v € (2, 3).
Unfortunately, the corresponding results are conditional (see Theorems 2 and 3 in [1]). They depend on
Hall’s conjecture related to the difference between perfect squares and perfect cubes of integers or on
versions of the abc-conjecture; see [2, 14]. Roughly, following the method in [1], in order to confirm
any nontrivial suitable pair (u, v) with respect to (3, 1), we need an estimate for the nonzero difference
|x> —y?|, where x, y € N, of the form |x* — y*| > ¢(8§)x* with some § > 0 and c¢(8) > 0, whereas the best
known unconditional estimate is only |x* — y*| > (log x)'~* [15].

In [1], there is also an interesting example of an increasing sequence of positive integers v,,
n=1,2,3,..., such that for each n € N, there is a cubic algebraic number «, of height H(x,) < v,
and a rational number 7, of height H(r,,) < vi with distance between them satisfying |o, — 7,,| < 2/ v,’l(’.
Note that the exponent 10 here is best possible by (3) because (d, £) = (3, 1). This example is (condi-
tionally) sharp for all suitable pairs (u, v) with 2 < v < 3. Badziahin’s example relies on some nontrivial
identities that can be verified using computer algebra packages.

In this paper, we will give a more natural construction. The heights of both cubic number « and
rational number r are roughly of the same size and both are bounded above by a sufficiently large positive
integer, while the difference between « and r is still as small as possible.

Theorem 3. For each sufficiently large integer H, there is a real cubic algebraic number a and a rational
number r such that

H
3 <H(x)<H(r)<H ©)]
and
272
O<a—r< 7 (8)
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For o and r whose heights are bounded above as in (7), the exponent 4 for H in (8) is best possible
by the inequality (3) with (d, £) = (3, 1). To obtain a slightly better constant than ¢, in (3) that comes
from [4, Theorem A.1], note that the difference o — r is a cubic number itself whose Weil’s height is
bounded above as

Mo —r) <log2 + h(a) + h(r); )

see [17, Lemma 3.7]. Recall that the Weil height h(B) of an algebraic number 8 of degree n with conju-
gates B, =B, Ba, . . ., B, over Q and the leading coefficient of its minimal polynomial b € N is defined
as n~' log M(B), where M(B)=b ]_[_/'.l=1 max (1, |8;]). This quantity is called the Mahler measure of .
For any P € C[x] of degree n, we have

MP)<HP)Vn+1; (10)
see [11]. From (9), it follows that
M(o — r) < 8M(a)M(r)® = SM(a)H(r)?,

since M(r) = H(r). Next, by (10) with n =3, we get M(«) < 2H(w), so that M(a — r) < 16H(a)H(r)*.
So, if « is a cubic number satisfying H(a) < H and r € Q satisfies H(r) < H, then M(« — r) < 16H*.
Therefore, applying the trivial inequality |8|M(B8) > 1 to 8 =« — r, we obtain the lower bound
1 1
lo —r[= >
M(oe—r) 16H*

for any cubic number « and any rational r satisfying H(«), H(r) < H.

In the proof of Theorem 3, we will use the following result.

Theorem 4. Let k > 1 be an integer that is not a perfect square, and let 5 > 0. For each n € N, set
e =vk—"2r, (11)
n

where p,/q, is the nth continued fraction to the number k. Then there is ny = ny(k, 8) such that for
each integer n > ny, the polynomial

P,(x) = g,(x* = k) — p,(x* — x) 12)
has a real root o, that satisfies
V-1
(1= 8)&e? <o, — Vhk+ ~——e, < (1+ 8k, (13)
& NS &
with
_ 3k—4vk+1

=—— 14
= i 1y ()

In the next section, we will prove Proposition 1. As we already observed, the proposition implies
Theorem 2. Then in Sections 3 and 4, we will prove Theorems 4 and 3, respectively.

2. Proof of Proposition 1

To show that u> ¢, we will first investigate the case when £=1. For d > 2, we consider the
polynomial

fO=x'—Hx"" +.--+1) € Z[x].

We claim that f is irreducible in Z[x] for each H € N.
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Indeed, since f(H) <0 and f(H + 1) > 0, f has aroot § in the interval (H, H 4 1). It remains to show
that its other d — 1 roots all lie in |z| < 1. (If so, then f cannot be reducible, since the product of its
several roots excluding g is of modulus less than 1.) Consider the polynomial

) =f)(x— D =x""— (H+ Dx' + H.

Assume that f has a root y # B satisfying |y | > 1. Select a small positive ¢ <min (|y| — 1, 8 — 1) for
which (H 4+ 1)(1 + &)* > H + (1 + &)**!, which is possible due to (H + 1)d > d + 1. Then, by Rouché’s
theorem applied to the disc with contour |z| =1 + ¢, g has the same number of roots in |z| < 1 4 ¢ as
(H + 1)x? does. Thus, g has d roots in |z| < 1 + &, which is not true, since the roots y, 8 of g of degree
d + 1 have moduli larger than 1 4 ¢. Consequently, all roots of f other than § must lie in the disc |z] < 1.
Assume that some root y of f has modulus 1. From (H + 1)y¢ = H + y“*!, by the moduli considera-
tion, we get H + 1 = |H + y“**'|, which yields y**' = 1. This implies y? = (H + y“*")/(H + 1) = 1, and
hence, y = y**!'/y? = 1. However, y = 1 is not a root of f, because f(1) < 0, a contradiction. Therefore,
fhasd — 1roots in |z] < 1 as claimed.

From the irreducibility of f, it follows that « = 87! is an algebraic number of degree d and height H.
From 8 > H, we get 0 < o < 1/H. Selecting r =0, we find that |@ — r| = « < 1/H. This shows that (4)
cannot hold if u < 1, since we can select H arbitrarily large. Hence, u > 1 for each (u, v) satisfying (4).

Assume now that £ > 2. The next lemma is a part of [4, Theorem 2.11]:

Lemma 5. Let d > € > 2 be integers, and let 8 be a real algebraic number of degree £. Then there is a
constant c; = ¢3(B, d) and infinitely many real algebraic integers o of degree d such that
C3
—Bl< .
= fl< G

As above, this shows that (4) cannot hold if u < £, since we can select H(«) arbitrarily large. Hence,
u > ¢ for each (u, v) satistying (4). This completes the proof of the first inequality in (5).

Now, we will prove the second inequality in (5), namely, v > £ 4 1. For this purpose, we can use the
following result of Bugeaud [5]:

Lemma 6. Let n > £ > 1 be integers, and let o be a real algebraic number of degree n. Then there is a
positive constant ¢ = c(«) and infinitely many algebraic numbers 8 of degree £ such that

|a _ '3| < H(IB)—Z—IJrz:(loglog(f&H(ﬁ))’l/(ZH(’)

Assume that the pair (u, v) is suitable with respect to (d, £). Then, by (4), for any fixed real algebraic
number « of degree d and infinitely many S of degree £ as indicated in Lemma 6, we deduce

C S H(ﬂ)tla _ ﬁl < H(ﬁ)vflfPrr(log log (3H(/3))’1/(2z+6)‘
H(a)u

Note that c(log log (3H(B))~ /¢ tends to zero as H(B8) — oo. So, if v < £ + 1, then the exponent on

the right-hand side of (15) for H(8) tends to the negative number v — £ — 1 as H(8) — oo. Consequently,

the right-hand side of (15) tends to zero as H(8) — oo, which is not the case. Hence v> ¢ + 1.

5)

3. Proof of Theorem 4
Fix an integer k > 1 that is not a perfect square and consider the polynomial
P(x,y)=x" —y(x* —x) —k. (16)

In particular, for y = Vk, the only real root of the polynomial P(x, \/E) is vk, while its two complex
roots are iv/k. Since the roots of P(x, y) as a polynomial in x can be found in terms of the Cardano
formulas in parameters y, k, the real root «(g) of P(x, Vk — ¢) for real ¢ of sufficiently small modulus
can be expanded as

a(g):a:«/%+B|8+BZEZ+B3E3+..., a7
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with some real numbers By, B, Bs, . . . depending on k.
By squaring this expression, we get

o =k +2vVkBie + 2VkB, + B + . . ..
Multiplying & and o, we further deduce
o = kv/k + 3kB,& + 3(VkB? + kBy)e* + . . . .

Since P(at, vk — &) =’ — (Vk —e)(@® —a) —k =0, collecting the terms for & and & in equality
o — k= (Vk — &)(a® — @), we obtain

3kB, = —(k — Vk) + B, (2k — Vk)
and
3(VkB: + kB,) = —(2</k — 1)B, + (2k — Vk)B, + VkB:.
The first equality of the two above gives

k—1
B, = —f—, (18)
V41
while from the second, we get
(k+ VKB, = —(2vk — 1)B, — 2VkB-. (19)
Inserting B, from (18) into (19) multiplied by (v/k + 1), we obtain
3k — 4k + 1
B Vi+ 20)

B — T = = >
T VR 1)
which is equal to & by (14). Consequently, for real ¢ of sufficiently small modulus and for § > 0, by
(17), (18), (20), we derive that

a(e) = vk — %8 + Be?,

where B = B(k, ¢) € (1 — 8)&, (1 4+ §)&;). Using this formula for ¢ =¢, as in (11) and for the root
a, = a(e,) of P,, we deduce (13) for n large enough, because, by (11), (12) and (16),

an(x5 \/% - 8}1) = QnP(x, pn/qn) = Qn-x3 _pn(-x2 - x) - an = Pn(-x)~

4. Proof of Theorem 3

We will apply Theorem 4 with k = 2, integer n > n, and «, being the real root of P, defined in (12). Note
that the coefficients of P, are coprime, since so are the integers p, and g,. If P, were reducible, then it
would have a rational root, say u, € Q. Since two other roots of P, are complex for n large enough,
this root w, must be equal to «,. So «, > 0 is either rational (which will be ruled out below) or P, is
irreducible in Z[x]. In the latter case, «, is the cubic algebraic number with height
H(w,) =2q,,
because p, < 2g,. Note that py/qo = 1, p1 /g1 = 3/2, p2/q> = 7/5, etc. In fact, since v2 = [1,2,2,2, .. .1,
from the formulas
pn = 2pn—l +p1172 and qn = 26]}1*1 + qn72
forn=2,3,4,...,where py=qo =1, p, =3, g, =2 [16, p. 38]), we obtain
1+ ﬁ)ﬂ+l +(1— ﬁ)nﬂ
Pn=
2

21
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and
1+ ﬁ)n+l —(1- ﬁ)r&l

Gn = W . (22)

Multiplying (22) by +/2 and subtracting (21), we get
g2 —p,=—(1 -2y, (23)

Consider the rational number
2 n + 2 n

= ﬁ 24)

By the above, we see that the number p, is odd, so the denominator of r, is odd. The integers 2p, + 2q,
and p, + 24, are therefore coprime, since so are p, + ¢, and p, + 2g,. Hence

H(r,) =2(py + q.) > 2¢, = H(,).
Fix a small number € > 0. For each integer H > 10, take the largest n € N for which
2(py+4.) <H. (25)
Then H(w,) < H(r,) < H. We claim that
H(@,)=2q,> (1 —e)(¥2—1H (26)

for H large enough.
Indeed, if (26) does not hold, that is, 2¢g, < (1 — €)(+/2 — 1)*H, then for H (and so n) large enough,
by (21) and (22), we have

20, < 2(1 +V2g, < (1 — (V2 — 1)’V/2H.
Consequently,
20, +2g, < (1 — (V2 = 1’V2H + (1 — )(v/2 — 1’H < (1 — €)(v/2 — DH.
But then, since n is large enough, using (21) and (22), we find that
2Puir + 2¢us1 < (1 4+ €)1 +V2)2p, +24,) < (1 — €HH < H,

contrary to the choice of n in (25). Since W2-1?=0171...> 1/6, from (25) and (26), we deduce
(7) for the pair («, ) = (a,, 7;,).
It remains to prove (8) for the same pair. By (11), (13) with k =2 and (24), we deduce

2-1 2p,/q, +2
an_rn:\/__\/_—gn_i_ 2 p/L

”8)1
V241 )
2(W2—¢,)+2

=v2—-(3—-2V2)e, +C,e> — ,
2+ﬁ_8n

where (1 — 8)&, < C, < (1 + 8)&,. Therefore, the product
(=1 = CEN2+ V2= &,)
is equal to
V22 4+V2—¢6,)— (3 -2vV2)e,2+ V2 —€,) —2v/2 =2+ 2¢, = (V2 — 1)’

(The choice of r, in (24) is such that here the constant term and the term with g, both cancel out.) For
fixed § > 0 and n large enough, this implies

V2 -1y e
ﬁ n

2 -1y

1-6
1=9) 7

<a,—r,—Ce. <(1+9) el 27
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By (14), we have

3.2-4v2+1 :(3ﬁ—1)(ﬁ_1):(3—1/«/§)N5—1)4,

TN T V22 4 1)

and hence
V2 -1y
+ ; —

1 4 (‘/5_1)3_ 1V
£ 5 _<3_ﬁ>(ﬁ_l)+—_4(ﬁ .

V2

Consequently,

W2-1
V2

V2 -1y
V2

=4(1 +8)(V2 — 1)'e2.

C,e2+(1+9) e <(1+8)& + )e,

It is also clear that
(V2 -1y
V2

Therefore, from (27), it follows that
0<a,—r, <41+ 8)(+2— 1)

)(ﬁ—1)3 s

e >0.
ﬁ n

C,e2+(1—8) &> (1—8)Ee2+(1—35

Observe that, by (23), we have

n n 2_ n _l_ 2n+1
B S e S
4n Gn qn

Thus, selecting small § = € > 0 and using (22), we derive that
41+ a2 -1 (1426)(v2 - 1)
< < .
q, 2q;
Using (26), we see that the latter expression is
8(1 +26)(v/2 — 1)* _8a+ 26)(v/2 — 1)* _8a+ 7e)V2 + 1)*
(2g,)* (1 —e)* (V2 —1)3H* H* '
This is less than 272/H* due to 8(+v/2 + 1)* =271.764 . .., which proves inequality (8) for the pair
(e, ) = (e, 1,). This completes the proof of Theorem 3 under the assumption that ¢, is irrational.

However, if «, were rational with minimal (linear) polynomial Q, € Z[x], then, by the multiplicativity
of Mahler’s measure and (10), we would get

H(a,) = M(at,) = M(Q,) < M(P,) < 2H(P,) = 4.

(28)

O<a,—r,

But then the denominators of the rational numbers «, and r, (see (24)) do not exceed 4gq,, so |, — r,| is
either zero or greater than 1/(4¢,)?, which contradicts (28) for n large enough. The proof of Theorem 3
is thus completed.

In fact, inserting r, as in (24) into the polynomial

P,(X) = g, = 2) = p,(x* —x)
and multiplying by (p, + 2¢,)°, we find that (p, + 2¢,)*P,(r,) equals
4n(2Py + 24,0 = 20 +24,)°) = Pr2pa +20.) (P + 240),
which is —2(p? — 2¢%)*. Thus
(Pn +29,)*Pu(r,) = =2(p; — 24,)°. (29)
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From (23), mapping V2 into —/2, we get
—qV2—po=—(1+v2)"".
Multiplying this equality with (23) yields p2 — 2¢*> = (—1)"*". Thus, by (29),
(Pn +24,) Po(r,) = 2.
Using this identity, we can give an alternative proof of the theorem. Indeed, from
(1, = @)1, = BT = v)(Po +24,)° = =2,
where «,, B, and y, = B, are the roots of P,, it follows that
oty — 1) = (Bu+ ¥)tu + Bu¥)Pn/ 40 +2)° = 2. (30)

The root «,, of P, tends to /2 as n — oo, and B, and y, tend to i~/2 and to —i~/2 or vice versa. Also,
r, —> V2asn— oo and p,/q, — /2 as n — oo. Thus

(7} = (Ba+ ¥+ Bu¥)(pa/da +2) = 2+ V2)' as n— oo,
For each ¢ > 0 and n large enough, this combined with (30) yields
2—e<q(a,—r)2+2) <2+

Therefore,

_U+e/W2- 1
2q; ’

which implies (28) with ¢ = 4e. This concludes the argument as above.

O<a,—r,

Acknowledgements. I thank the referees for some useful remarks.
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