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Abstract. The paper extends the study of the modified Borwein method for the calculation of the Riemann zeta-function.
It presents an alternative perspective on the proof of the central limit theorem for coefficients of the method. The new
approach is based on the connection with the limit theorem applied to asymptotic enumeration.
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1 Introduction

Borwein’s method [3] to compute the Riemann zeta-function is based on the alternating series (1.2) conver-
gence. It applies to complex numbers s = o + it with o > 1/2.
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It is difficult to compute coefficients d,,;, for large n directly (note factorials in definition (1.1)), hence
in [1] we have introduced a modification of the algorithm (1.3)-(1.5) and proposed an asymptotic expression




for the coefficients of the method. The asymptotic modification of the Borwein algorithm proved to be more
than three times faster than the original one (see [1]).
Letc, =1 —dpk/dpn, k=0,...,n—1. Now
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Now we can calculate d,,;, recurrently, i.e. d,,x = dy, x—1 + Unk, dno = 1. This way we obtain that
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Let A,, be an integral random variable with the probability mass function
P(A,=k)=ank, k=0,...,n. (1.6)

and the cumulative distribution function F,,(z). In [1] we have established limit theorems for a,,;, coefficients.
Let us denote by ¢(x) the cumulative distribution function of the standard normal distribution, and by
&, »(x) the cumulative distribution function of the normal distribution with the mean y and the standard

deviation o,
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This paper is organized as follows. The first part is the introduction. In Section 2, we introduce limit
theorems for coefficients of the modified Borwein method. Section 3 is devoted to the presentation of the
alternative proof of the limit theorem.

Throughout this paper, all limits, whenever unspecified, will be taken as n — oo.

2 Limit theorems for coefficients of the modified Borwein method

n [1] we have received the following central limit theorem for coefficients of the modified Borwein method.

Theorem 1. (I. Belovas, L. Sakalauskas) Suppose that F,(x) is the cumulative distribution function of the
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uniformly with respect to x, © € R.
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The theorem was proved in a ’straightforward” way, using the Laplace method, plus it involved the Hwang
lemma [1,4]. Alternative perspective on the coefficeints of the modified Borwein method reveals the con-
nection with combinatorial numbers and calls for more subtle approach, taking benefits from the results of
asymptotic enumeration theory [5]. We will use a general central limit theorem by E. A. Bender (Theorem
2), based on the nature of the generating function > u,;2"w", to obtain a different proof of the central limit
theorem for coefficients (1.5) of the modified Borwein method (Theorem 3, (3.10)).

Theorem 2. (E. A. Bender [2]) Let f(z,w) have a power series expansion

flz,w) = Z Uz wF 2.1

with non-negative coefficients. Suppose there exists
(i) an A(s) continuous and non-zero near 0,
(ii) an r(s) with bounded third derivative near 0,
(iii) a non-negative integer m, and

(iv) €,6 > 0 such that

<1 _ z)m Fz,e8) — % 2.2)

is analytic and bounded for

|s| < e, |z| < |r(0)] + 4. (2.3)
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If0 0, then
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k<Y z+n,

holds with 1,, = nn and 9% = n>.

3 Alternative proof for the limit theorem for coefficients of the modified Borwein method

First we obtain an explicit formula (3.2) for the generating function for coefficients (1.4) of the modified
Borwein method, ) Uppz"wk (cf. (2.1)). To get this explicit formula, we construct and solve a certain linear
partial differential equation of the second order (3.6), satisfied by the generating function. Let us formulate an
auxiliary lemma identifying the generating function.

Lemma 1. Suppose that

1 n=k=0,
Upg, = {0 k>mn, (3.1

n% otherwise,
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then the generating function of coefficients (3.1)
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Here
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Proof The definition (3.1) gives us the recurrent expression
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It gives us the linear partial differential equation of the second order,
2%Syw — (Y + y*)Syy + xSy — (1/2 +y)S, = 0. (3.6)
Note that, in view of (3.5), we have initial conditions

1
1—=x

S(z,0) = . S,(z,0)=0. (3.7)

Introducing new variables

p=logx,
3.8
{r —log O(y) +log 2, 3.8)



and applying the chain rule,
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we reduce the original equation (3.6) to the wave equation S;, = S,,, with initial conditions

Sy = S:7y = 5:

1

S(p,0) = 17—

S-(p,0) =0 (3.9)

and d’ Alembert’s solution
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By (3.8), we have
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yielding us the statement of the lemma.
Now we can proceed with the alternative proof for the central limit theorem.

Theorem 3. Coefficients ay. (1.5) satisfy a central limit theorem, i.e.,

lim sup > - 9(x)| =0 (3.10)
k<Lonx+in

holds with i, = nu and o2 = no?. Here

pn=1/V2, o2 =+/2/8. (3.11)
Proof By (3.2) of Lemma 1 and (2.1) of Theorem 2, the generating function of coefficients u,,; (1.4)
1 1 1 40%(s) —4z7tO(s) + 1
sy — 1 — = . .12
fze) =5 ( T 6 1 2:0(s) - 1> 2(2:-10(s) — 1)(220(s) — 1) (3-12)
Here
O(s) =€’ +Ves+e>+1/2. (3.13)

Crucial part of the proof is the selection of r(s) and A(s) functions. Let r(s) (cf. Theorem 2) be a root of the
function

h(z,e®) = (22710(s) — 1)(220(s) — 1).

This function has two roots, at z; = 20(s) and z = (20(s))~L.
Let us denote

ri(s) = 20(s), ro(s) = ) (3.14)
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Calculating the first derivative, we obtain

p 20(s)e®
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and
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= 1
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Thus,
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Noticing that
logra(s) = —logri(s),
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By Theorem 2, p, = nu and p = —r/(0)/7(0) (cf. (2.4))-(2.5)). Note that by definitions (1.4)-(1.5),
numbers u,,;, and, hence, numbers a,,j, are positive. Thus, to obtain positive mean i, we choose the root 75(s),
corresponding the negative ratio (3.17).

By (3.13) and (3.14), we have

r(s) =ra(s) = L _ L (3.18)

Next, by (3.15) and (3.16), we obtain

(s) e’
r(s) Ve +1 (3.19)
Thus,
r(0) = 3 — 2v2, 7;((8)) - —\2. (3.20)

Calculating the second derivative, we get

Hence,
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and

(0 1 2
o) _1_v2 (3.22)
r(0) 2 8
As E. A. Bender indicates [2], the easiest way for verifying (2.2)-(2.3) condition of Theorem 2 is to show that
f(z,€®) is continuous for s < € and z in the set

{l2 < Ir(0) + 6} N {[z = r(s)| = n} (3.23)
for some 7). Since this is a compact set, f and hence (2.2) are bounded here. For |z —r(s)| < 7 we can expand

f(z,e®) in a Laurent series about r(s) and show that the coefficient of the error term is bounded.
Let us consider the function A(s) from (2.2) of Theorem 2 as the limit

m+1
A(s) = lim f(z,e%) (1—Z> . (3.24)

z—r(s) ’I”(S)

Here m + 1 is the order of the pole. So, if the pole is simple, then m = 0. Calculating A(s) we obtain

Als) = zgg(ls); (1 + 22191(8) 1 22@(2) - 1) <1 B T(Zs)) -

(3.25)
. 1 14 1 1 ] z 1
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The function
z \" A(s) O(s)
1—-— %) — = 3.26
( r(s)) 1(z€) 1—2z/r(s) 260(s)—z (3.26)
is analytic and bounded for
Is|] <&, |z| < |r(0)|+8=3—2V2+0. (3.27)
Thus, conditions (i)-(iv) of Theorem 2 are satisfied.
Next, let us calculate the mean and the variance. By (2.4),
/ !
r'(0) 2 ,  1"(0) (3.28)

Taking into account (3.20) and (3.22), we obtain
p=1/v2,  o?=+72/8. (3.29)
We have o # 0, hence (2.5) yields us the statement of the theorem.

Remark. The local limit theorem by E. A. Bender (Theorem 3 in [2]) allows us to prove corresponding
local limit theorem, for coefficients uyj.
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