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1 Introduction

In order to unveil the detailed mechanism of electroweak symmetry breaking it is crucial

to measure the self-couplings of the boson with mass 125 GeV discovered in 2012 at the
LHC [1, 2]|. In this paper we call that boson h;. The Standard Model (SM) predicts hy to
be a scalar and predicts its cubic and quartic couplings g3 and g4, which we define through

L= —g3(h)®—ga()*,

(1.1)



to be ggM ~ 32 GeV and gEM ~ 0.032, respectively. However, in Nature the scalar sector
may be more complicated than in the SM [3] and then g3 and g4 might have very different
values. In this paper we survey the allowed values of g3 and g4 in three extensions of the SM:

e The SM plus two real, neutral scalar singlets and with a reflection symmetry on each
of those singlets. Let SM2S denote this model, which we treat in section 2.

e The two-Higgs-doublet model (2HDM), which is the focus object of section 3.

e The 2HDM with the addition of one real, neutral scalar singlet and with a reflection
symmetry of that singlet. This model, which we dubb the 2HDMIS, is dealt with in
section 4.

Our ingredients for bounding g3 and g4 in each of these models are:

e The bounded-from-below (BFB) and the unitarity conditions on the quartic part of
the scalar potential of each model. We apply those conditions directly in the basis
for the scalar doublets where only one of them has vacuum expectation value (VEV).

e The experimental bound on the oblique parameter T' [4].

e The (approximate) bound cos ¥ > 0.9 on the h; component cos ¥ of the scalar doublet
with nonzero VEV.

Other authors before us [5]-[9-12] have used the BFB and unitarity constraints in order to
bound the scalar masses and couplings of the 2HDM. However, they have done it in the con-
text of a constrained version of the model, viz. the 2HDM with a reflection symmetry acting
on one of the scalar doublets, leading to A\¢ = A7 = 0 in the scalar potential of equation (3.1).
In this paper we deal on the fully general 2HDM. We enforce the BFB and unitarity con-
straints in the so-called Higgs basis, i.e. the basis where only one of the doublets has VEV.
Since that basis exists for every 2HDM, we thus obtain results that apply to every 2HDM.

At present there are only indirect, very rough bounds on g3. Using the Standard Model
Effective Theory developed in refs. [13, 14] and experimental data [15], ref. [16] has found
that —8.4 < g3 / ggM < 13.4. From the contribution of g3 to the oblique parameters S
and T, ref. [17] derived —14.0 < g3 /g§™ < 17.4. The authors of ref. [18] obtained firstly
—94 < g3 /ggM < 17.0 and then [19] —8.2 < g3 /ggM < 13.7. The partial-wave unitarity of
hihi — hihy scattering has been used [20] to obtain ‘gg /ggM‘ < 6.5 and ‘94 /gEM‘ < 65.
In an analysis of a specific three-Higgs-doublet model, ref. [21] has found that in that model
—1.3 < g3 /g5™M < 20.0 and 1.05 < g4 /g§™ < 1.6.

The measurement of g3 should be possible at future colliders, and may even eventually
become possible at the LHC [22, 23]. Reference [24] concluded that one may be able to
measure gs provided —0.72 < g3 / ggM < 7.05. Unfortunately, measuring g4 is probably
more challenging [25, 26].



1.1 g3 and g4 in the SM

The Standard Model has only one scalar doublet ¢;. We write it

G+
%:<wMH+w%A@)’ (1.2)

where v is the VEV, which is real and positive, and G* and G are (unphysical) Goldstone
bosons. In the SM H coincides with the observed scalar hi. The scalar potential is

A 2
V=molor+ 5 (sar) . (1.3)
The minimization condition of V is p; = —A;v?. Therefore, in the unitary gauge where
G* and G do not exist,
)\11)4 2 2 /\1?) 3 )\1 4
V=- Mv'H*+ —H”>+ — H". 1.4
g tNH TS H (1.4)

The second term in the right-hand side of equation (1.4) indicates that the squared mass
M of the observed scalar is given by M; = 2\;v%. Therefore,

M1U2 M1 2 M1 3 M1 4
V=- — (h — (h — (h 1.5
T () g () 4 el () (1.52)
=+ g5V () + g™ ()" (1.5b)
Using the approximate experimental values
M, = (125 GeV)?, (1.6a)
v =174CeV, (1.6b)
one gathers from equation (1.5a) that
M
SM 1
= = 31.7GeV, 1.7a
93 2v/2v ( )
M
SM 1
= —— = 0.0323. 1.7b
94 1602 ( )

It should be noted that the sign of gs implicitly depends on the sign of h;. We fix that
sign by noting that the covariant derivative of ¢; gives rise to a term

g2 H\?
E:+2W;W”_<v+\/§> (18&)
_ 921) +1I7H—
=t 5 WIWH. (1.8b)

Thus, the coupling W, W#~hy, viz. g*v /V/2, is positive.



2 The Standard Model plus two singlets

We consider the Standard Model with the addition of two real SU(2) x U(1)-invariant scalar
fields S; and So.! We assume two symmetries S; — —S5; and Sy — —S>. We call this
model the SM2S.?2 The scalar potential is

V=1t (2.1a)
:U’l(blfbl + m151 + mQSQ, (21b)
- ?1 (cﬂ@) + ﬁ gt %2 P2 52 + 35255 + ¢1¢1 (&157 + £53) . (2.1¢)

2.1 Unitarity condidions

We derive the unitarity conditions on the parameters of V.2 We follow closely the method
of ref. [33]. We write

¢1=<a>’ dﬁ:(a*b*)a St =51, S3=25, (2.2)

where a and b are complex fields. Then,

¢1 )2

Vi = A; (a*a*aa + b*b*bb + 2a*b*ab) + — S} + —= 52 + 935252 (2.3a)
+ (a*a +b*b) (£157 + £53) . (2.3b)

There are seven two-particle scattering channels (@ is the electric charge, T3 is the third
component of weak isospin):

1. The channel Q = 2, T3 = 1, with one state aa.

2. The channel Q = 0, T3 = —1, with one state bb.

3. The channel ) = 1, 15 = 0, with one state ab.

4. The channel @ =1, T3 = 1, with one state ab*.

5. The channel Q =1, T3 = 1/2, with two states aS; and a.Ss.
6. The channel Q =0, T3 = —1/2, with two states bS; and bSs.

7. The channel ) = 0, T3 = 0, with five states S%, S%, 5159, a*a, and b*b.

In appendix A we treat the simpler case of the HSM, viz. the Standard Model with the addition of only
one real gauge singlet.

2The SM2S has already been mentioned in the literature as a model for Dark Matter, see refs. [27-30].

3Strictly speaking, the unitarity conditions derived and utilized in this paper are the ones valid in the
limit of infinite Mandelstam parameter s. For finite s one must take into account the trilinear vertices that
are induced from the quartic vertices when one substitutes one of the fields by its VEV. The unitarity
conditions then become s-dependent and may be either more or less restrictive than the conditions in the
limit of infinite s. See refs. [31, 32].



In order to derive the unitarity conditions one must write the scattering matrices for pairs
of one incoming state and one outgoing state with the same @ and T5. Let the incoming
state be zy and let the outgoing state by zw, where z, y, z, and w may be either a, a*, b,
b*, S1, or Sa. The corresponding entry in the scattering matrix is the coefficient of zyz*w*
in V4, with the following additions:

For each n identical operators in xyz*w™* there is an additional factor n! in the entry.

1/2

If x = y there is additional factor 27/¢ in the entry.

1/2

If z = w there is additional factor 27/ in the entry.

One finds in this way that the scattering matrices for the channels 1, 2, 3, and 4 are

()\1> : (2.4)

The scattering matrices for the channels 5 and 6 are

261 0 (25)
0 26 | '
The scattering matrix for channel 7 is

61 2y 0 V26 V24
203 612 0 V28 V28
0 0 443 0 0 |. (2.6)
V26 V26 00 20 N
V26 V26 00 A 2N

The matrix (2.6) is similar to the matrix

691 213 2§ 0
29p3 692 282 0
261 262 3\ 0
0 0 0 43 0
0O 0 0 0 X\

o O O

(2.7)

The unitarity conditions are the following: the eigenvalues of all the scattering matrices
should be smaller, in modulus, than 47. Thus, in our case,

[A1] < 4, (2.8a)
|€1] < 2, (2.8b)
|€a| < 2, (2.8¢)
lys| <, (2.8d)
and the eigenvalues of

691 2903 26

21h3 62 282 (2.9)

281 28 3\

should have moduli smaller than 4.



2.2 Bounded-from-below conditions

One may write

1 A& &2 X
V4=§ (XYZ> &1 1 Y3 Y (2.10)
§2 3 P2 Z

where X = gﬂqﬁl, Y = 8%, and Z = S? are positive definite quantities independent of
each other. In order for V; to be positive the square matrix in equation (2.10) must be
copositive [34]. A real symmetric matrix M is copositive if 27 Mz > 0 for any vector z with
non-negative components. A necessary condition for a real n x n matrix to be copositive is
that all its (n — 1) x (n — 1) principal submatrices are copositive too.? Thus, the matrices

() ) () (28) (25) (mw) e

must be copositive. A real 1 x 1 matrix (a) is copositive if a > 0; a real 2 x 2 matrix

(a g) is copositive if a > 0, b > 0, and ¢ > —+/ab. This leads to the six necessary BFB
c

conditions
AL >0, (2.12a)
b1 >0, (2.12b)
Wy >0, (2.12¢)
a1 =& + VAL > 0, (2.12d)
az =& + \/T?[)z > 0, (2.12e)
a3 = 13 + /111 > 0. (2.12f)

In order for the full 3 x 3 matrix in equation (2.10) to be copositive an additional BFB
condition is required [35]:

VM1 + E13/8b + Eov/tb1 + Y37/ M1 + V2arazaz > 0. (2.13)

2.3 Procedure

Let the VEV of S; be w; and let the VEV of Sy be ws.> Then, the vacuum stability

conditions are

p = —Av? — u? — Eul, (2.14a)
mi = —rwi — Pawi — &0, (2.14b)
m% = —1/)271)% - 1#310% - 621)2. (2.14(3)

4The principal submatrices are obtained by deleting rows and columns of the original matrix in a
symmetric way, i.e. when one deletes the 41,12, ...,ix rows one also deletes the i1, 1i2,...,7; columns.

5In appendix B we demonstrate that stability points of the potential with either w; = 0 or w2 = 0 have
a higher value of the potential and cannot therefore be the vacuum.



Using equation (1.2) with Gt = 0 and G° = 0, i.e. in the unitary gauge, together with
S1 = wy + o1 and Sy = wsy + 09, one obtains

A
V = —?1 vt — % ‘11 — %wz ¢5w1w2 —v (flwl +§2w2) (2.15a)
1 H
+§<H o1 02>M o1 (2'15b)
02
+ MY 3 4 9uw0® + 2w (2.15¢)
o3 ol .
\/5 1W107 2W205
+ & Hop <\@’UO’1 + le) + & Hoo (\/51)02 + w2H> (2.15(1)
+ 2¢30102 (w09 4 wa01) (2.15¢)
8 H4 ¢1 1 +% 4 gl H2 2+ 62 H2U§+¢30%0—§, (215f)

where
Mv? V260w V2&0ws
M =2 | V2&vun 2 w?  2pswiwe | . (2.16)
V26vwy 2pswiwe  2¢ow3

One diagonalizes the real symmetric matrix M as
M = RT diag (M, M, Ms) R, (2.17)
where R is a 3 x 3 orthogonal matrix that may be parameterized as

1 s1C3 5183
R =] —sicy cieacs + $983 ¢1c083 — so9c3 | . (2.18)
—S8182 €182€3 — €283 €15253 1+ C2C3

Here, ¢; = cos?; and s; = sin; for j = 1,2,3. One has

H hi
o | =R" | hy |, (2.19)
02 h3

where the h; are the physical scalars, i.e. the eigenstates of mass; the scalar h; has squared
mass M;. We assume that hq is the already-observed scalar. The interactions of the scalars
with WTW ™ are given by equation (1.8b), i.e

720

L=+ E W WHT (c1hy — s1cohe — s152h3) . (2.20)

We define the sign of the field k1 to be such that the coupling of hy to WTW ™ has the
same sign as in the Standard Model. Thus, we choose —7/2 < ¥; < 7/2.



According to equation (2.15),

v
g3 =3 A3 4 201w 5365 + 2wy s3 53 (2.21a)

V2
+ &1e18103 <\@vslcg + w101> + £5¢18183 (\/51)3133 + w201> (2.21b)
+ 2w38?6383 (w133 + 1UQC3) (2.210)

M 5, VU 55 V20 54

= cl + sjc; + ——s87s 2.21d
/20 ( (N b R ( )

= gM < 34 s + —s?sg , (2.21¢)

w1 w2

and
A1
g1=—=cl+ £ § + Y2 s‘llsg + &L C%s%cg + & C%s%sg + wgs%cgsg. (2.22)
8 2 2 2 2
The oblique parameter T is given by [36]
3s7 5
T = Tinglets = ————5— {F (M1, miy) — F (M1, m%) (2.23a)
167s mW
— ¢ [F (M, miy) — F (Ma, m%)] (2.23b)
—s5 [F (M3, miy) — F (M3, m%)]}, (2.23c)
where
r+y T
= In— < )
Flr,y)=¢ 2 z-y y shaks (2.24)
0 =z =y.

In our numerical work we use as input the nine quantities v, wy, we, My, Mo, M3, 91,
¥9, and 3, which are equivalent to the nine parameters of the scalar potential 1, m%, m%,
A1, U1, o, s, &1, and . We input equations (1.6) and choose arbitrary values for My > 0
and M3 > 0 such that My < M3 (this represents no lack of generality, it is just the naming
convention for hy and hg). We enforce no lower bound on My and Ms, in particular we
allow them to be lower than M; = (125 GeV)2. The VEVs w; and wy are chosen positive;
this corresponds to the freedom of choice of the signs of S; and So. The angle 9; is in
either the first or the fourth quadrant, with

cosv; > 0.9, (2.25)

so that the hy W W™ coupling is within 10% of its Standard Model value. The angle ¥ is in
the first quadrant; this corresponds to a choice of the signs of the fields he and h3. The angle
Y3 may be in any quadrant. We firstly compute 7" according to equation (2.23) and check
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Figure 1. The upper bound on the mass of the second-lightest scalar \/Ms wversus cost; in
the SM2S.

that it is inside its experimentally allowed domain [4] —0.04 < T" < 0.20. We then compute

1
A= 592 (Mlc% + Mysic3 + MgS%S%) ; (2.26a)
1
wl = 47w2 |:M1$%C§ + M2 (616203 + 8283)2 + M3 (018263 — 6283)2:| s (2.26b)
1
1
1/)2 = m |:M18?S§ + My (616253 - 8263)2 + My (018283 + 6263)2] R (2.26C)
2
1
51 = W [Mlclslcg — Mgclslcgc;), — M301$18303
Vw1
+ (M3 — Ma) s1c8283] (2.26d)
1
& = m [Mlclslsg — MQClslc%S;g — M361818383
2
+ (M2 — M3) s1cas2c3] (2.26¢)
1
Py = g [Mls%c;),s?, + Mo (c%c% — s%) c3s3 + M3 (c%s% — c%) 383
+ (M3 — Mg) C1C289 (C% — Sg)] . (2.26f)

We validate the input if the inequalities (2.8), (2.12), and (2.13) hold and if the moduli of
all three eigenvalues of the matrix (2.9) are smaller than 4.

2.4 Results

A remarkable result of our numerical work is that there is an upper bound on the mass \/Ms;
even if the VEVs w; and wo are allowed to be as high as 100 TeV — and, correspondingly,
the mass /M3 also grows to a value of that order — the mass v/Ms remains much smaller.
In figure 1 we depict the upper bound on v/M> as a function of ¢1; when ¢; — 1 the upper
bound disappears, i.e. it tends to infinity. We emphasize that the bound depicted by the
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Figure 2. Scatter plots of the four-Higgs coupling g4 versus the three-Higgs coupling g3 in the
SM2S. This figure was produced by randomly generating /Ma, /Mg, wy, we € [0TeV, 10 TeV].
The dashed lines mark the values of g3 and g4 in the SM. The left panel includes both red points
with M, < M, and grey points with My > Mj; the right panel depicts points that have /My larger
than either 1, 3, or 5 TeV. (In order not to overcrowd the left panel, we have used in it just a subset
of the set of large-M> points that we have generated.)

80F T
Mz [Gev]
60L 020

2500

®=1000

090 092 094 096 098 100 0.90

Figure 3. Scatter plots of the three-Higgs coupling g (left panel) and of the four-Higgs coupling
g4 (right panel) versus cos®; in the SM2S. The dashed lines mark the values of the couplings in
the SM.

solid line in figure 1 was obtained through a random scan of the parameter space; it is not
an analytical bound.

In figure 2 we display the predictions for g3 and g4. In order to produce that figure we
have randomly generated /My, v/Mz, and the VEVs w; and ws in the range 0 to 10 TeV.
One sees that g3 is always positive but below its SM value when Ms > Mj; when My < M,
the allowed range for g3 becomes much wider. When the masses of the new scalars get
higher, g3 takes values closer to the SM value. An important point is that gs remains of
the same order of magnitude as in the SM, but g4 may reach 15 times its SM value.

In the left panel of figure 3 one sees that when cos?¥; — 1 the coupling g3 necessarily
approaches its SM value. This behaviour is because of equation (2.21e) and ¢; > 0.9, which
implies |s1] < ¢1. On the other hand, g4 is not correlated with cosd;, as one sees in the
right panel of figure 3.

~10 -



3 The two-Higgs-doublet model

We next consider the model with two scalar gauge-SU(2) doublets ¢ and ¢2 having the
same weak hypercharge. This is usually known as 2HDM. The scalar potential is given by
equation (2.1a), where

Vo = ¢l g1 + paghon + <M3¢];¢2 + H-C-) ; (3.1a)
A A

Vi= 3 (olor) + 32 (ohen) + Msolordlon t ldagler  (3b)
# |5 (slo) "+ xaolon olon + reolon ol + . (3.1¢)

where p1 2 and A\ 234 are real. The ten (real) coefficients in V4 may be grouped as [37]

noo = A1+ A2 + 2A3, (3.2a)
m 2 %()\6 + )\7)
n=1m|=] 2306+ |, (3.2b)
73 A1 — A2
mi M2 M3 20 +2RXs 28X 2R(Ae — A7)
E= | n2mnamns | = —23 A5 204 —2RN5 23N — A7) |- (3.2¢)
713 123 133 2R(N6 — A7) —23(A6 — A7) A1+ A2 — 23

Under a (unitary) change of basis of the scalar doublets, 7gg is invariant while
n— On, E — OFEOT, (3.3)

where O is an SO(3) matrix. Only quantities and procedures that are invariant under the

transformation (3.3) are meaningful.

3.1 Unitarity conditions

We write

¢>1=<Z>, ¢2=<2>, ol = (a v7), b= (e a). (3.4)

- 11 -



Then,

Vi=M\ (a a4 aa;— broTbb + a*b*ab) (3.5a)
*c* d*d*dd
+ X (C c Cc; + c*d*cd) (3.5b)
+ (A3 + \g) (a*c*ac+ b*d*bd) (3.5¢)
+ A3 (a*d*ad + b*c*be) (3.5d)
+ Ag (a*d*be + b*c*ad) (3.5¢)
*a* b*b*dd
4 s (“ ¢ CC+ a*b*cd) (3.5f)
gy (c c aa+ d d*bb c*d*ab) (3.58)
+ Xg (a*a*ac+ b*b*bd + a*b*ad + a*b*bc) (3.5h)
+ A\g (a"c*aa + b*d*bb + a*d*ab + b*c*ab) (3.51)
+ A7 (a*c*ec+ b*d*dd 4+ b*c*ed + a*d*ed) (3.5))
+ A3 (c*cfac+ d*d*bd + ¢*d"be + ¢*d*ad) . (3.5Kk)

The relevant scattering channels are [33]:

1. The channel () = 2, T35 = 1, with three states aa, cc, and ac.

2. The channel Q = 0, T3 = —1, with three states bb, dd, and bd.
3. The channel ) = 1, T3 = 0, with four states ab, cd, ad, and bc.
4. The channel Q = 1, T3 = 1, with four states ab*, cd*, ad*, and cb*.

5. The channel Q = 0, T3 = 0, with eight states aa*, bb*, cc*, dd*, ac*, bd*, ca™, and db*.

Channel 5 produces the scattering matrix

2\ Al A3+ A A3 20§ g 26 A6
A1 21 A3 A3+ A\ )\g 2)\2 6 26
A3+ A3 2o A2 207 A7 2M\7 A7
A3 A3+ A 22 A7 207 A7 2)7 (3.6)
26 6 27 A7 A3+ Mg A4 25 A5 '
A6 2 A7 2\7 A4 Az + Mg A5 25
206 A6 207 Ay 2% D Y T LY
A6 206 A7 27 A% 2X% M A3+
A similarity transformation transforms the matrix (3.6) into the direct sum of two 4 x 4
matrices
L moo —21 n"
== 3.7
M 2< N E+2Ix 133 )’ (3.72)
L[ 3noo — 21 3nT
My = - . 3.7b
2 2< 37 3E+2I X L3y (3.7b)

- 12 —



Here,

_ moo — tr E

I=X—M\ 1

(3.8)

is invariant under a change of basis of the doublets. It is obvious that the eigenvalues of
the matrices (3.7) are invariant under such a change too.

Channel 4 produces the scattering matrix

A A AL e
A Az A A7
A6 A7 Az As |
A5 AL AL A3

(3.9)

which may readily be shown to be similar to M;. Channel 3 produces the scattering matrix

A1 A5 A A6
AL Ao AE A
AL A7 As Mg
A A7 A A

(3.10)

The matrix (3.10) is similar to

0
Mz 0
) 3.11
! (311
I

0 0 0

where

AMAs V2N
Ms=1 M A V2 |. (3.12)
V2AE V27 A3 + M\

Channels 1 and 2 also lead to the matrix Ms. Direct computation demonstrates that the
eigenvalues of M3 are invariant under the transformation (3.3).

Thus, the unitarity conditions for the scalar potential of the 2HDM are the following;:
the eigenvalues of the two 4 x 4 matrices (3.7) and of the 3 x 3 matrix (3.12), and [ in
equation (3.8), should have moduli smaller than 47. These conditions were first derived
in refs. [38, 39]. We emphasize that they are, as they should, invariant under a change of
basis of the two doublets.

~13 -



3.1.1 The case \¢ = A7 =0

If \¢ = A7 = 0, then 1, = 12 = n13 = 123 = 0 and this simplifies things considerably. The
unitarity conditions are then

|)\3 + )\4| < A4, (3.13&)
‘)\3 — )\4’ < A4, (3.13b)
A3+ |As|| < 4, (3.13¢)
A3 — |As|| < 4, (3.13d)
aty = A3+ 20 + 3| Xs]| < 4, (3.13e)
a_ = |)\3+2)\4—3‘)\5H < A4, (3.13f)
M+ o+ O = 2)? + 4| < 8, (3.13¢)
2 2
M+ e — 0 = A0)? + 422 < 8, (3.13h)
A+ g /O = 20)? + 43| < 8, (3.131)
A+ Az — /O = A2)? + 402 < 8, (3.13])
b, = ‘3/\1 + 3\ + \/9 (A1 — A2)2 + 4 (273 + \)?| < 8, (3.13k)
b_ = ’3)\1 + 33Xy — \/9 ()\1 — )\2)2 +4 (2)\3 + )\4)2 < 8. (3.131)

3.1.2 The case )\1 = )\2 = A3 = )\4 = )\5 =0

The case A1 = Ao = A3 = Ay = A5 = 0 is not realistic because it produces a potential
unbounded from below. Still, one may compute the unitarity conditions in that case and

VIel? + A7) < 2v/2m, (3.14a)

4
\/|A6|2+|A7|2+\A3+A$\ < ?ﬂ (3.14b)

one obtains

3.1.3 Consequences

We have numerically analyzed the unitarity conditions by giving random values to Ap,
A2, Az, Ad, |As], [ A6, [A7], arg (AfAeA7), and arg (AjA7) and then checking whether all the
unitarity conditions are met. We present in figures 4-6 scatter plots with more than 8,000
allowed points each. We have found that all the conditions (3.13) still hold even when A\ =
A7 = 0 is not true; also, the conditions (3.14) still hold even when A\; = Ay = A3 = Ay =
A5 = 0 does not apply. In particular, the upper bounds (3.13b), (3.13e), (3.13f), (3.13k),
and (3.13l) are sometimes attained, as illustrated in figures 6 and 5, respectively. For the
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Figure 4. Scatter plots of |A1| versus |A\s| and of |Ag| versus |\7| with the unitarity conditions
enforced. The dashed red lines indicate the bounds |\ 5| < 47/3 and |\e 7| < 2v/27/3, respectively.
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Figure 5. Scatter plots of ax and by — see equations (3.13e), (3.13f), (3.13k), and (3.131) — with
the unitarity conditions enforced. The red dashed lines indicate the bounds a4+ < 47 in the left
plot and b+ < 87 in the right plot.
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Figure 6. Scatter plots of A3 versus A4 with the unitarity conditions enforced. The dashed red
lines are given by the equations |A3 — Ag| = 4, |2A3 + A\g| = 4, and |A35 + 2)4| = 4.

individual parameters, the bounds

4
A2l <=5 (3.15a)
4
s < % (3.15b)
22
‘>\6,7’ < 3 (3.150)

hold and are illustrated in figure 4; the bound (3.15a) is suggested by inequality (3.13k)
when A3, A4, and either \; or Ay vanish; the bound (3.15b) is suggested by inequality (3.13e)
when A3 = Ay = 0, and the bound (3.15¢) is suggested by inequality (3.14b) when either
A¢ or A7 vanishes. Finally, (A3, A4) is always within the hexagon with sides |[\3 — A4| = 4,
123 + A\4| = 47, and |A3 + 2A4| = 4, as illustrated in figure 6.

3.2 Bounded-from-below conditions

Necessary and sufficient conditions for the scalar potential of the 2HDM to be BFB were
first derived in ref. [37]. Ivanov [40] and Silva [41] later produced other, equivalent condi-
tions to the same effect. We have implemented numerically both the conditions of ref. [37]
and those of ref. [41]. We have found that the Ivanov-Silva algorithm runs several times
faster than the one of ref. [37]. We have also checked that all the points produced by either
algorithm were validated by the other one.
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The points in our scatter plots were produced by using the algorithm of ref. [41]. That
algorithm runs as follows. One constructs the 4 x 4 matrix

T
Moo 7
Ap = 3.16
and one computes its four eigenvalues. Then the potential is BFB if all the following
conditions apply:
e All four eigenvalues are real.

e All four eigenvalues are different from each other.

o Call Ag the largest eigenvalue. Call the other three eigenvalues Aq 2 3. The eigenvalue
Ayg is positive; thus,
Ao > A1’273, Ao > 0. (317)

(Each of A1, Ag, and A3 may be either positive or negative.)

(A — A1 X Laxa) X (Ap — Ao X Laxa) X (Ap — Az X Laxa)lyy
(Ao — A1) (Ag — A2) (Ag — Ag)

> 0. (3.18)

It is possible to derive analytically some necessary conditions for boundedness-from-
below. Let us parameterize

ﬂgbl =r2sin?6, anﬁg =1r2cos? 0, (151(1)2 = ¢“r2hsin  cos 6, (3.19)
where 0 < 6 < /2 without loss of generality. Since, in the notation of equations (3.4),
(1 — h?) sin? @ cos® 6 = dlp1 hopn — ¢l o Bhd1 = |ad — bel? > 0, (3.20)

one concludes that h? < 1. Thus, without loss of generality 0 < h < 1 while the phase «
is arbitrary. Boundedness from below of V4 means that

A A .
?1 sin? 6 + ?2 cos* 0 + [Ag + Aah? + R(Ase**) h?] sin? 0 cos® 0 (3.21a)

+2h R(X6e™) sin® 0 cos 0 + 21 R(A7e") sin 6 cos® 6 > 0 (3.21Db)
for any 6, h, and a. From the cases # = 0 and 6 = 7/2 one derives

A1 >0, A2>0. (3.22)

Making o« — 7 + « in inequality (3.21), one concludes that

; A A
2hsin 6 cos 0 |R[(As sin 0 + A7 cos® 0) €] | < ?1 sin? 6 + ?2 cost 6 (3.23a)
+ [A3 + Aah? (3.23b)

—I—?R()\g,e%“) hQ] sin? @ cos? 6. (3.23¢)
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Therefore, the quantity in the right-hand side of inequality (3.23) must be positive for any
0, h, and «. It is easy to see that

osin? 0 + ¢cos* @ + esin®fcos® 0 > 0 VO € [O, g] < 0>0,¢>0, e>—-205. (3.24)

Applying the statement (3.24) to the case o = A\1/2, ¢ = X\2/2, € = A3+ \gh? +§)%()\562m) h?
for any h € [0, 1] and «, one concludes that

A3 > —V A1, A3+ N — |)\5| > —1/ A Ag. (3.25)

Inequalities (3.22) and (3.25) are necessary and sufficient conditions for boundedness-from-

below when \¢ = A7 = 0 [42, 43]; they are necessary conditions when \g and A7 are nonzero.
We may now return to inequality (3.23), which implies, in principle, many more nec-

essary conditions for boundedness-from-below. Setting for instance sin @ = cos# one con-

cludes that

A1+ A2

2h |R[(X6 + A7) €] < 5 At Aih? + R(As5e* ) h?, (3.26)
which must hold for any h and «. Therefore [44],
AL+ A
2|6 + Ar| < 12 2 - X3+ M+ A (3.27)

We have numerically analyzed the BFB conditions by giving random values to Aj,
A2, A3, A, [Asl, [Xel, [A7], arg (AfAeA7), and arg (AjA7) and then checking whether the
BFB conditions are met. We have confirmed that the conditions (3.22), (3.25), and (3.27)
always hold.%

3.3 Procedure

We consider the most general 2HDM and purport to find out its ranges for gs and g4. We
use the Higgs basis for the scalar doublets; in that basis only ¢ has VEV and therefore
¢1 has the expression (1.2), while

c+
b2 = ((01 +io) /\/§> . (3.28)

In equation (3.28), o1 and oy are real fields and CT is the physical charged scalar of the
2HDM. We emphasize that using the Higgs basis represents no lack of generality, because
both the unitarity and the BFB conditions are the same in any basis.

Since only ¢1 has VEV, the vacuum stability conditions are g1 = —A;v? and p3 =
—Xgv? [46]. The coupling us in equation (3.1a) is unrelated to the parameters of Vj; one
may trade it for the charged-Higgs squared mass Mo = o + A3v?. The mass terms of H,
o1, and o9 are given by line (2.15b), with [46]

2)\1112 2’1)2 §R)\6 —21)2 S)\G
M= 202RXs Mc + (A + RA5) 02 —02 35 : (3.29)
—2’1)2 S)\() —112 %)\5 MC + ()\4 - %)\5) U2

The matrix M is diagonalized through equations (2.17)-(2.19).

5The BFB conditions worked out in this subsection are, clearly, the ones valid at tree level. At loop
level the BFB conditions change, see ref. [45].
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The three invariants of M are
LI(M) = 2Mc +2 (M1 + M\g) 02, (3.30a)
I(M) = ME +2 (20 + ) v*Mc + (40da + X3 = s = 4Al”) ¥, (3.300)
(M) = 2002 M2 + 4 ()\1)\4 - |>\6|2> viMe
2 [)\1)\?1 O8] = 20 N6l £ 2 %(A;Ag)} WS, (3.30¢)
We input parameters A1 2... 7 that satisfy both the unitarity conditions and the BFB con-

ditions of subsections 3.1 and 3.2, respectively.” We also use the values of M; and v in
equations (1.6). The two equations

M3 — MEL (M) + MyIo(M) — I3(M) = 0, (3.31a)
[MPL(M) — 2M; I (M) + 313(M)] cos® ¥,
+Myy [MiI (M) = MP] — (M?),, My — I3(M) =0 (3.31b)

are quadratic in M¢. By affirming the fact that both quadratic equations (3.31) must hold
for the same value of Mc, one is able to compute both Mg and cos?¥;. We thus get to
know the full matrix M, hence its eigenvalues My and M3 and its diagonalizing matrix R.

We require cos 1 > 0.9. We also compute the oblique parameter

1
= ——— [s{F (Mo, My)+ (1—s1¢3) F (Mo, Ma)+ (1—s7s3) F (Mc, M3) ~ (3.32a)
16ms2m
w W
—iF (M, M3)—sies F (My, M3) —s3s5F (My, Ma)] +Tyinglets, (3.32b)

where Tiinglets is given by equation (2.23). We require —0.04 < T < 0.20.

We have applied the method devised in ref. [41] to guarantee that our assumed vacuum
state is indeed the state with the lowest possible value of the potential. The method may be
described as follows. Let the matrix Ag in equation (3.16) have four eigenvalues Ag 1,2,3. We
already know, from the BFB conditions, that those eigenvalues must be real and different
from each other; let us order them as Ag > A1 > Ay > As. Let the charged-Higgs squared
mass be M¢; define { = 2M¢ / v?. Then, the assumed vacuum state is the global minimum
of the potential if either ¢ > Ag, or Ag > { > Ay, or Ay > ( > A3. This test led us to
discard about 10% of our previous set of points.

The four-Higgs vertex is given by

Al dast (st A)efst sicd (6 s3) RN sfcfessy Shg
_ - 3.33
Nt T 1 - 1 2 (3:352)
5163 (c3 RA6 — s3 SXg) . sier (e3 A7 — 53 S)7) (3.33b)
2 2 '

"This method, where A1 2... 7 are used as input, tends to produce few points with either very low or
very high scalar masses. Therefore we have supplemented it by another search in which we have directly
used as input Mi,2,3,c.
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Figure 7. Scatter plots of A\ versus cost; in the 2HDM. The dashed line marks the value of \;
in the SM. The red points have My < M;.

The three-Higgs vertex is given by
v

g3 = E [

+3816% (03 R — s3 %)\6) + 8:1') (63 RA7 — 53 S)q)] . (334b)

e 4+ (A3 + \g) sep + stey (cg - s%) RAs — 252¢1c353 S5 (3.34a)

We also want to consider the h1CTC™ vertex, which may be relevant in the discovery
of the charged scalar. That vertex is given by

Vi=-+mC"C gicc, (3.35)
where, in the 2HDM,
gicc = \/§U (Cl)\g + s1c3 MA7 — 8183 %)\7) . (3.36)

3.4 Results

As we know from subsections 3.1 and 3.2, in general A; can take any value in between 0
and 47 /3. Once the constraint cos?; > 0.9 is imposed, however, A\; can be no larger than
~ 1; this is illustrated in figure 7. The closer cos is to 1, the closer Ay must be to its
SM value M; / (2112) = 0.258; note that A is almost always larger than its SM value when
cos ¥ > 0.9; the minimum value that we have obtained for A\q is 0.2135.

If cos?; < 0.99, then the masses of the new scalar particles of the 2HDM, namely
VMc, v/Ms, and /M3 can be no larger than ~ 700 GeV; if cos¥; < 0.95, they can be
no larger than ~ 550 GeV. When cos¢; becomes close to 1, the masses of the new scalar
particles may reach O(TeV); this is illustrated in figure 8.

One sees in figure 9 that /M¢ and /M; differ by at most ~100 GeV unless 200 GeV <
VMc < 500 GeV. (Remember that by convention M, is always smaller than M3, but they
may be smaller than M;.)
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Figure 8. Scatter plots of the masses of the extra scalars of the 2HDM wersus cos v .
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Figure 9. The difference between the mass of the charged scalar and the mass of the lightest
non-SM neutral scalar versus the mass of the charged scalar in the 2HDM.

We now come to the predictions for g3 and g4 in the 2HDM, which are depicted in
figure 10. One sees that g3 in the 2HDM has a range only slightly larger than in the SM2S,
while g4 in the 2HDM is much more restricted than in the SM2S; g4 /gEM < 4 in the
2HDM but g4 / gEM < 15 in the SM2S. An interesting feature is that g3 may be zero or
even negative, i.e. it may have sign opposite to the one in the SM. (We recall that the sign
of g3 is measured relative to the sign of ¢1; we arrange that ¢; is always positive.) On the
other hand, g4 is always positive because of the boundedness from below of the potential.

In figure 11 we depict the coupling gicc of the 125 GeV neutral scalar to a pair of
charged scalars in the 2HDM. One sees that that coupling is in between —200GeV and
1,700 GeV. The expression for gicc in equation (3.36) is strongly dominated by the first
term in the right-hand side because ¢; > s1. The preference for positive values of gic¢
observed in figure 11 occurs because —2 < A3 < 7 in the 2HDM with the constraint
c1 > 0.9 enforced.

- 21 —



| ©0.90<¢ <092 i
0.12f ©092<¢ <094 i
| ©0.94< <096 i
0.10/ ®0.96<c <0.98
| @0.98<¢<1.00

0.08+ 1
3 [
0.06] ]
0.04} 1
X%

T TR e ORI T

0.02] ]
0.00L ]
-20 0 20 40 60

93 [GeV]

Figure 10. Scatter plot of the four-Higgs coupling g4 versus the three-Higgs coupling g3 in the
2HDM, for various values of ¢;. The dashed lines mark the values of both couplings in the SM.
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Figure 11. Scatter plot of the hiCTC~ coupling gicc versus the mass of the charged scalars
C* in the 2HDM. The blue line with equation gicc/GeV = 48.5 + 0.54 (v Mc/GeV) +
0.0063 (Mc / GeVQ) marks the approximate boundary of the allowed region.

4 The two-Higgs-doublet model plus one singlet

We consider in this section the two-Higgs-doublet model with the addition of one real
SU(2) x U(1)-invariant scalar field S. We assume a symmetry S — —S. As a shorthand,
we shall dub this model the 2HDM1S (other authors use just 2HDMS [47]). The quartic
part of the scalar potential is

Vi= 2 (6l0r) + 22 (6hn) + Xs 661 6h6s + M o2 ol (4.1a)
+ [A; (6162)" + Ao 6101 0162 + Xr 6o 612 + H'c'] (4.1b)
N % 5t (4.1c)
+ 57 (€1 0l01 + €2 8l + &5 9100 + &5 0o ) (4.1d)

—99 _



4.1 Bounded-from-below conditions

Deriving necessary and sufficient BFB conditions for even a rather simple potential like the
one in equation (4.1) is a notoriously difficult problem [48]. If V4 were negative for some
possible values of S2, qSJ{gbl, gb;gﬁg, and gZ)J{ ¢2, then V4 would tend to —oco upon multiplication
of those four values by an ever-larger positive constant. Therefore, we want Vj to be positive
for all possible values of S2, ng{gZ)l, gb;gbg, and gZ)J{gbg In order to guarantee this, we proceed
in the following fashion.

Necessary condition 1. When S? = 0, equation (4.1) reduces to its first two lines, i.e.
to the quartic potential of the 2HDM. Therefore, one must require the fulfilment of the
conditions of subsection 3.2, viz. the four conditions in between equations (3.16) and (3.18).

Necessary condition 2. When gbigf)g =0,

Mo &\ (el
(6o dhon 52) | s 2o & | | ahen |- (4.2)
&1 &2 v 52

Vi =

DN | =

Since <Z>J{d>1, ¢;¢2, and S? are positive definite quantites, we must require [34, 35]

b >0, (4.3a)

AL >0, (4.3b)

A2 > 0, (4.3¢)

A =&+ VY >0, (4.3d)
Ay =&+ hoth >0, (4.3¢)
Az = A3+ vV Ada > 0, (4.3f)
)

VAU 4 EV A1 4§V Ag 4 Asy/1 + /241 A3 Ag > 0. (4.3g

After enforcing the necessary condition 1, we know that V; > 0 when only the first two
lines of the potential (4.1) exist; after enforcing the inequality (4.3a), we know that V4 > 0
when only the third line exists. If we guarantee that the fourth line of the potential (4.1)
is always positive too, then we will be sure that V} is always positive. We therefore have
the following®

Sufficient condition. If, besides the two necessary conditions,

§&1+& >0, (4.4a)
&6 — &7 >0, (4.4b)

then Vj is BFB.

Among the sets of parameters of the potential (4.1) that we have randomly gener-
ated, there were some that met both the two necessary conditions and the sufficient con-
ditions (4.4); we have used those sets of parameters. There were many other sets that

8We thank Igor Ivanov for pointing out this sufficient condition to us.
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satisfied the two necessary conditions but did not meet the sufficient conditions (4.4); for
those sets, we have numerically found the absolute minimum of V4. We have done this by
using S? = 1 together with equations (3.19) and by minimizing Vj in the domain 72 > 0,
0<60<7/2,0<h<1,and 0 < o < 27. If the minimum of V} is positive, then the set of
input parameters is good, else the set of input parameters is bad and one must discard it.

4.2 Unitarity conditions

There are the same five scattering channels as in the 2HDM, cf. subsection 3.1; but the
channel Q = 73 = 0 has an additional scattering state S?. Additionally, there are two

extra scattering channels:
e The channel Q =1, T3 = 1/2 with the two states aS and ¢S.
e The channel Q =0, T3 = —1/2 with the two states bS and dS.

Both these channels produce a scattering matrix

PN ESES
M4_2<€§ 52). (4.5)

Channels 1 and 2 of subsection 3.1 again produce the scattering matrix (3.12). Channel 3
produces that matrix together with the additional eigenvalue I of equation (3.8). Channel 2
produces the scattering matrix (3.7a). Finally, channel 5 has the additional scattering state
S? and therefore, instead of producing both the matrix M; of equation (3.7a) and the
matrix Ms of equation (3.7b), it produces M; together with

&1+ &

I 61/} ﬂg]’ = 2%53
My = <\@§ M ), where ¢ = o5t (4.6)

&1 — &

Thus, the unitarity conditions for the 2HDMIS are the following: both |I| and the moduli
of all the eigenvalues of the 2 x 2 matrix My, of the 3 x 3 matrix Mg, of the 4 x4 matrix M1,
and of the 5 x 5 matrix M5 must be smaller than 4.

4.3 Procedure

Just as in the previous section, we utilize the Higgs basis for the two doublets, i.e. equa-
tions (1.2) and (3.28). We also write S = w + o, where w is the VEV of the scalar S and
o is a field. The mass terms of the scalars are

H
1
V:-~-+MCC'7C'++§(H01 O'QO')M 71 ) (4.7)

02
o
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with

2102 202 R)g —20% 3¢ 2\/§vw§1
M= 202 RN Mo + (Mg + RA5) v? —02 3N 2v2vw Ré3 (4.8)
o =202 —02 35 M+ (M — RX5) 02 —2v20w &3 | '
2V 2vwé; 2/ 20w RE3 —2/20w &3 dopw?

cf. equation (3.29). One diagonalizes M as

M = RT diag (M, My, Mz, My) R, (4.9a)
H h1

| _gr| e, (4.9b)
o9 hs
o hy

where R is a 4 x 4 orthogonal matrix. The squared mass M; is given by equation (1.6a).
Without loss of generality, My < M3 < My. Just as in the previous sections, we require

Ri1=c¢ >0.9. (4.10)

The expression for the oblique parameter 7" is [36]

4

_ L 2 2

= 16ns2 m%/v {; [(sz) + (Rks) ]F(MC’ M) (4.11a)
3
Z RkQRklg — Rk/QRk;S)z F (]\4].;;7 Mk/) (411b)
k=1 k'=k+1
4
+3 Z Ry1)* [F (My, m%) — F (My, m¥y)] (4.11c)
=2

+3(8— 1) [F (My, m3) - F (M3, )] } | i

and we demand —0.04 < T < 0.20.

We input random values for the 15 real parameters Mc, A1 234, [A567], ¥, &1,2, €3],
arg (MiAe A7), arg (A\fA7), and arg (\;€3). We moreover input M; and v? given in equa-
tions (1.6). Then,

1. We require the input parameters to satisfy the BFB conditions of subsection 4.1 —
this may imply a numerical minimization of V4 to check that V4 > 0.

2. We require the input parameters to satisfy the unitarity conditions written after
equation (4.6).

3. We compute the VEV w from the condition that M; should be an eigenvalue of the
matrix M.
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4. We enforce the conditions in appendix C. They guarantee that the vacuum state with
v =174 GeV and w # 0 has a lower value of the potential than all the other possible
stability points of the potential.

5. We compute the full matrix M, its eigenvalues M 34, and its diagonalizing matrix
R; we choose the overall sign of R such that R;1 = c¢; > 0.

6. We impose both the condition (4.10) and the condition that the oblique parameter
T is within its experimental bounds.

7. We compute the couplings

_v 3 2 2
g3 = \/§ {)\1614-(/\3—1—)\4) 1 [(R12) +(R13) } (4.123)
+c1 [(R12)2— (ng)ﬂ RA5—2¢1 R12R13 S5 (4.12b)
363 (RiaRAs— RasSe) + [ (Ri2) + (Bip)?] (RsRAr—RisSAn) | (4.120)
4+ 29w (R14)3+5161R14 wcl+\/§vR14> +&wR4 [(R12)2+(R13)Q] (4.12(1)
V2R, (uR14+\/§wc1) (RiosR€3 — Ri33¢E3), (4.12¢)
ik A 2 A3+
gs = 1861 §2 [(R12)2+(R13)2} + 3 4 C% [(R12)2+(R13)2} (4.13&)
RA SA
—I-TS C% [(R12)2—(R13)2} —%C%RQRB (4.13Db)
& c1 [(312)2%—(313)2}
—|—§ (R12RA6— R13SNg) + 5 (R12RA7— R13 A7) (4.13c¢)
+% (R14)* (4.13d)
2
+(Rya)? {51201+522 [(Riz)*+ (Ris)? | 1 (Rio R — R %53)} , (4.13¢)
gicc = \/51) (Cl)\g + Ria RA7 — Ri3 S)\7) + 2w§2R14. (4.14)

4.4 Results

In figure 12 we have plotted the differences among the masses of the scalars against the
mass of the charged scalar. One sees that /M¢ and /M3 cannot be more than ~ 300 GeV
from each other, but /M> may be much smaller than both of them.

In figure 13 we present a scatter plot of the mass of the lightest non-SM neutral scalar
against c;. One sees that, contrary to what happens in the 2HDM (cf. figure 8), v/Ms may
reach 1TeV even when ¢; is as low as 0.9.

We depict in figure 14 the three- and four-Higgs couplings g3 and g4 in the 2HDM1S.
The main difference relative to the 2HDM (cf. figure 10) is that g4 may be much higher,
just as in the SM2S. In the 2HDMI1S there is no clear correlation between gs and g4.
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Figure 12. The differences between the masses of the two lightest non-SM neutral scalars and the
mass of the charged scalar versus the mass of the charged scalar in the 2HDM1S. Green points
have all the scalars with mass larger than 500 GeV; magenta points have all the scalars with mass
larger than 1 TeV.
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Figure 13. The mass of the lightest non-SM neutral scalar versus Ri; in the 2HDMI1S. Green
points have all the scalars with mass larger than 500 GeV; magenta points have all the scalars with
mass larger than 1 TeV.

In figure 15 we have plotted the h;CTC~ coupling gicc. That coupling in the 2HDM1S
may be more than two times larger than in the 2HDM; very large values of gic¢ occur
even for ¢; very close to 1. This is because the right-hand side of equation (4.14) may be
dominated by its fourth term when w > v. The first term displays the same behaviour
as the corresponding term in the 2HDM, viz. it is usually positive and no larger than
1,500 GeV, but it is often overwhelmed by the fourth term.

5 Conclusions

In this paper we have emphasized that both the bounded-from-below (BFB) conditions
and the unitarity conditions for the two-Higgs-doublet model (2HDM) are invariant under
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Figure 14. In the left panel, the four-Higgs coupling g4 versus the three-Higgs coupling g3 in the
2HDMI1S for various values of ¢;. The right panel contains the same points as the left panel but
with different colours depending on whether Ms is larger or smaller than M;. The dashed lines
mark the values of the couplings in the SM.
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Figure 15. Scatter plot of gicc versus the mass of the charged scalars C* in the 2HDM1S. The
blue line with equation gicc/GeV = 174.9 + 0.138 (\/MC/GeV) 4 0.0073 (MC/GeVQ) marks the
approximate boundary of the allowed region when /M¢c < 400 GeV.

a change of the basis used for the two doublets. Therefore, one may implement those
conditions directly in the Higgs basis, viz. the basis where only one doublet has vacuum
expectation value. This procedure allows one to extract bounds on the masses and cou-
plings of the scalar particles of the most general 2HDM, disregarding any symmetry that a
particular 2HDM may possess. We have focussed on the three couplings g3 (h1)3, g4 (h1)4,
and gicch1C1TC™, where hy is the observed neutral scalar with mass 125 GeV and C* are
the charged scalars of the 2HDM.

We have utilized the same procedure for two other models, namely the Standard Model
with the addition of two real singlets (SM2S) and the two-Higgs-doublet model with the
addition of one real singlet (2HDM1S), in both cases with reflection symmetries acting on
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Figure 16. Scatter plot of g4 / g™ wversus g3 / ggM in the three models that we have studied.
The dashed lines mark the SM values g3 / aM =g / gi™M = 1. The dotted line, with equation

ga /gEM = 2.06 (gg /g§M)2 —2.84 (g3 /ggM)3 + 2.44 (g3 /ggM)4 —0.67 (gg /g§M)57 marks the ap-
proximate boundary of the allowed region for —0.6 < g3 / M < 1.6.

each of the singlets. We have found, for instance, that:

e The coupling g3 may, in both the 2HDM and the 2HDM 1S, have sign opposite to the
one in the SM. On the other hand, in any of the three models that we have studied,
|gs| can hardly be much larger than in the SM.

e The coupling g4, which is always positive because of BFB, may for all practical
purposes be equal to zero in all the three models. (As a matter of fact, g3 = g4 = 0
is possible in all three models.) But it may also be much larger than in the SM. A
distinguished feature is that g4 may be much larger (up to g4 ~ 0.5) in the models
containing singlets than in the 2HDM, wherein it can at best reach g4 ~ 0.13.

e The coupling gicc may be of order TeV, but only when the mass of C* exceeds
300 GeV; in general, a positive g1cc may be larger for higher masses of C*, but g1cc
may also be negative for any C* mass. Moreover, gicc may be more than two times
larger (either positive or negative) in the 2HDMI1S than in the 2HDM.

A comparison of the predictions of the three models for g3 and g4 is depicted in figure 16.

We emphasize that our method may be used to obtain bounds and/or correlations
among other parameters and/or observables of these models. Unfortunately, it may be
difficult to generalize our work to more complicated models, both because they may contain
too many parameters and because it is very difficult to derive full BFB conditions for even
rather simple models.
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A The Higgs Singlet Model

The Higgs Singlet Model (HSM) is the Standard Model with the addition of one real scalar
singlet .S. We furthermore assume a symmetry S — —S. The scalar potential

Y

V= uoler +m?s?+ 3 (slon) + 2 5+ e5%0]0 (A1)

has just five parameters u, m?, A, ¢, and £. The bounded-from-below (BFB) conditions are

A>0, >0, &>—/M (A.2)

The unitarity conditions are

Al < 4m, €] < 2, ‘3)\+61/)+\/(3)\—6w)2+16§2

< 8. (A.3)

We assume that ¢1 has VEV v and S has VEV w. We write S = w + ¢ together with
equation (1.2). The mass matrix for H and o is

2202 2V 26vw _[c—s M; 0O c s
<2ﬂ§vw Apw? ) N (s c > ( O1 M2> <—s c)’ (A-4)

where ¢ = cos ¥ and s = sinv. We assume |c| > 0.9. The oblique parameter

3 2
r= 16% [F (My,miy) — F (My,mZ) — F (Mz,miy) + F (M2,m%)]  (A.5)
TS5, Miy,

must satisfy —0.04 < T < 0.20. The three- and four-Higgs couplings are given by

2
gg—:gM =+ \Zv 3 (A.6a)
3
g4 = §c4+ §s4+ 20252. (A.6Db)

In figure 17 we compare the predictions of the HSM and of the SM2S for g3 and g4. One
sees that there is no substantial difference between the two models.
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Figure 17. Scatter plot of g4 /gEM versus gs /ggM in the HSM and in the SM2S. The dashed
lines mark the Standard Model values g3 / M = g4 / g™ =1.

B Other stability points of the SM2S potential

In this appendix we consider more carefully the various stability points of the potential of
the SM2S in equation (2.1). The vacuum value of that potential is given by

Vo = (0|V]0) = p1v* + miw? + miw3 (B.1a)
Mot} daw)

B.1b

* 2 + 2 + 2 ( )

+ P3wiwd + Ev*wi + Eviwl. (B.1c)

Equations (2.14) follow from the assumption that v, wi, and wo are not zero. Defining

d = Mp1thy + 2h3&1& — M3 — 1&5 — ¥aéF, (B.2)
one obtains
Vo = )\122}4 Q,Z)12w1 . ¢2;U2 1/} w1w2 €1U wl 521} w% (B.Sa)
% [( — b)) 13 + (€2 = Maba) (m3)” + (€2 — Awn) (m3)’ (B.3b)
+ 2 (&2 — P3&o) pumi + 2 (Sothr — Y€1) primi (B.3¢)
+2 (Mg — &1é2) m1mg] : (B.3d)

The mass matrix M of the scalars is real and symmetric and is given in equation (2.16).
We assume that M has three positive eigenvalues My, Mo, and Ms. It follows that all the
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principal minors of M are positive.” (This is called ‘Sylvester’s criterion’ [49].) Thus,

A >0, (B.4a)

1 >0, (B.4b)

b >0, (B.4c)

Ay — & > 0, (B.4d)
Mtpy — &5 >0, (B.4e)
P1yp2 — 93 >0, (B.4f)
d > 0. (B.4g)

These inequalities display some resemblance to the BFB conditions (2.12), (2.13).
We now consider other stability points of the potential where either v or w; or

w9 vanish.

1. There is a stability point where w1 = wo = 0. At that point the potential has
the value

1 M%
W)Efﬁ? (B.5)

2. Similarly, there are stability points where either v = w; = 0 or v = we = 0. At those
two points the values of the potential are, respectively,

2
@) — (m%)
V¥ = Yy (B.6a)
2
@ - _(mi)
A= 20, (B.6b)

3. There is a stability point of the potential where v = 0 but w; and ws are nonzero.
At that point the potential takes the value
2 2
—2 (m)” — 1 (m3)” + 2¢gmim3

v = . B.7
2 (11hg — ¥3) (B.7)

4. Similarly, there is a stability point where wi; = 0 but v # 0 and wo # 0. At that
point the value of the potential is

—thopd — M\ (m§)2 + 2& M3

V6 = B.8

2 (Mtpg — €3) (B:8)
5. Finally, there is another stability point with value
2

2 (M1 — &)
of the potential.

9The principal minors of a square matrix are the determinants of its principal submatrices.
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From inequalities (B.4c) and (B.4f) it follows that V(% < V(?) is equivalent to
2 2 2
b | =t (md)” = vy (m3)” + 20smim3| < (vF — ) (md)*, (B.10)
which in turn is equivalent to
— (om —3m3)” <0, (B.11)

and this is obvioulsy true. One thus concludes that V® can never be larger than V(). In
similar fashion one finds that

v <y@), (B.12a)
v <y (B.12b)
VO <y (B.12¢)
Ve < y@) (B.12d)
VO <y (B.12e)
Ve <y, (B.12f)

Next consider the inequality Vo < V4. Because of (B.4f) and (B.4g), it is equivalent to

(Y12 — ¥3) [(lﬁ% — 1) 1+ (63— Maa) (m3)” (B.13a)
+ (82 = M) (m3)” + 2 (G102 — o) pam} (B.13b)

+2 (&t — 3é1) pm3 + 2 (M3 — E&) mim3| < d [—1/12 (m3)” (B.13c)

— 4y (m)” (B.13d)

+2¢3m%m§} . (B.13e)

Introducing the expression for d in equation (B.2), one finds that the inequality (B.13) is
equivalent to

(V11 — ¥3) [(¥5 — 1) 1d + 2 (Exnpe — Y3éo) pam (B.14a)
+2 (£t — ¥s€1) 3] — (m3)” (41 — ¥s3a)? (B.14D)
— (m3)” (1€ — 3€1)? — 2mIm3 (s — aa) (Yia — 361) <0.  (B.lde)

This may be written as

2
[(¥3 — 1ahe) p1 + (obs — 3&o) mi + (Y1&2 — ¥3&1) m3]” > 0, (B.15)
which is of course true. In similar fashion one obtains that
Vo< VW, (B.16a)
Vo < VO, (B.16b)
Vo<V, (B.16c)
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We have thus demonstrated that, because of our assumption that all three eigenvalues
of the matrix M are positive, Vp is smaller than V123456 viz the stability point of V
with nonzero v, wi, and ws is the vacuum.

This result may be easily understood in the following way. The potential (2.1) of the
SM2S may be rewritten

1
V=3 XTAX 4 Vi, (B.17)
where 1} is the vacuum expectation value of the potential given in equation (B.3a) and
Sl — v? A& &2
X = S% — w% 5 A - §1 wl wg . (B18)
S5 — w3 §2 P3 P2

T
We assume that the point X = (0, 0, 0) is a local minimum of the potential V. Then,
T
since the potential in equation (B.17) is a quadratic form is X, the point X = (0, 0, O)

must also be the global minimum of V.10

C Global minimum conditions for the 2HDM1S

In the 2HDMI1S, we define ¢ = gf)];gf)l, g = q{)ggbg, z = qSJ{gbg, Z* = gb;qﬁl,u and ¢3 = S2.
Note that
n>0, >0, [z <qq, ¢>0. (C.1)

T
We define the column vector X = (ql, q2, z, 2%, q3> . The scalar potential of the
2HDM1S may then be written as

V=YTX+ %XTA X, (C.2)
where
M1 A1 A3 A6 Ag &1
2 A3 A2 A7 A7 &
Y= |, A= XA A5 |- (C.3)
s A6 AT A A5 &5
fa §1 & §3 63 W

The coefficients pq, p2, ps, and pg contained in the column vector Y have squared-mass
dimension; p3 is in general complex while pi1, o, and g are real. The coefficients contained
in the symmetric matrix A are treated by us as an input, cf. section 4.3. Since we study
the 2HDMI1S in the Higgs basis, where ¢ has zero VEV, in the vacuum one has ¢ = 2z =
2* =0, ¢1 = v?%, and g3 = w?; the vacuum expectation value of the potential is

Aot pwd

Vb = <0 ‘V’ 0> = :UIUQ + ,U'4w2 + T + T + 51112’11)2. (04)

10We thank Igor Ivanov for presenting this argument to us.
1&ince we only analyze the potential at the classical level, we simplify the notation by treating the fields
as c-numbers instead of g-numbers.

~ 34—



It follows that

= —Av? — §u?, (C.5a)
pa = —&0° — Y. (C.5b)

Solving for v? and w? the system (C.5) and plugging the solution into equation (C.4), one

obtains
_ 2 2
Vo = Y (p1)” — A1 (pa) -|2-2€1M1M4' (C.6)
2 [vx - (@)’
Moreover, in the Higgs basis
pa = Mc — A3v® — &u?, (C.7a)
M3 = —)\61)2 - §3w2. (C7b)

In equation (C.7a), M¢ is the mass of the charged scalar; we treat it as an input, just as v
and w.'? By using equations (C.5) and (C.7) we find the values of u1, po, u3, and pg from
the input.

We want to check that, for each set of input parameters (i.e. A1, 7, 123, ¢, v, w,
and M¢) in our data set, the state that we assume to be the vacuum, characterized by
g2 = z = z* =0, is indeed the global minimum of the potential. In order to do this we must
consider all the other possible stability points of the potential and check that the value
of the potential at each of those points is larger than Vj in equation (C.6). The stability
points may either be inside the domain defined by equations (C.1) or they may lie on a
boundary of that domain. There is only one possible stability point inside the domain;
deriving equation (C.2) relative to X, we find that it is given by

X=xW=_A"ly, (C.8a)
v=vl= —% YTA~ Y. (C.8b)

For each set of input parameters, we have computed the column vector X by using
equation (C.8a). If that vector happened to be inside the domain, viz. if Xfl) >0, XQ(I) > 0,

2
’Xél) < Xl(l)Xél)7 and Xil) > 0, then we computed V() by using equation (C.8b). We

checked whether V(1) > V;: if the latter condition did not hold, then we discarded that set
of input parameters.

Next we have considered the various possible stability points on boundaries of the
domain. Firstly there is the boundary with g3 = 0 but ¢; > 0, g2 > 0, and |z|2 < q1q2- In

that case one has

1

V=¥TX 4 - XTAX, (C.9)

N |

2More exactly, we input v = 174 GeV and the squared mass M; = (125 GeV)2 of one of the scalars, and
we derive the value of w therefrom.

— 35 —



where

qQ M1 A1 A3 A6 Ag

x=|2| yo|r| Ao|MleMA] (C.10)
z 3 A6 A7 As Mg
2 s AL S A AL

There is one possible stability point with

X=X® = _A"ly, (C.11a)

V=v®=_-yTA Yy, (C.11Db)

For each set of input parameters, we have computed the column vector X2 by using

equation (C.11la). Whenever that vector happened to fulfil XI(Q) > 0, Xém > 0, and
_ 2 _ _

‘X§2)‘ < X£2)X§2), we computed V@& by using equation (C.11b). We checked whether

V@ > Vj: if that condition did not hold, then we discarded the set of input parameters.

Secondly we have checked a possible stability point with null ¢; (and z) instead of null
g2 (and z). In analogy with equations (C.5) and (C.6), in that case one has

a2 = m (C.12a)

- A
g3 = M (C.12b)
v=y® _ ¥ (12)* = Ao (pa)* + 28ap2ia (C.120)

2 [W\z - (52)2}

For each set of parameters, we have computed g2 and g3 through equations (C.12a)
and (C.12b), respectively. Whenever ¢o and g3 were both positive, we have computed
V®) through equation (C.12¢); if V) < V;, then we discarded the set of parameters.

Thirdly, we have considered the following possible stability points on boundaries of
the domain:

1. The point g1 = g2 = z = g3 = 0 has V = 0, Therefore, when Vj > 0 we have discarded
the set of parameters.

2. When g1 = ¢o = z = 0 but g3 # 0, there is a stability point featuring

g3 = _%7 (ClBa)
vy () (C.13b)
= o .

Whenever g3 in equation (C.13a) happened to be positive and simultaneously 1740
in equation (C.13b) was smaller then Vj, we have discarded the set of parameters.
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3. When g1 = g3 = z = 0 but ¢ # 0, there is a stability point featuring

Q2 = —%, (C.14a)

2
v=ye — ) C.14b
=V - U2 (C.14b)

Whenever g2 in equation (C.14a) happened to be positive and simultaneously v )
in equation (C.14b) was smaller then V{, we have discarded the set of parameters.

4. When g5 = g3 = z = 0 but ¢; # 0, there is a stability point featuring

m:-%, (C.15a)

1

vy )’ (C.15b)
- 2 '

Whenever ¢; in equation (C.15a) happened to be positive and simultaneously v (©6)
in equation (C.15b) was smaller then V{, we have discarded the set of parameters.

All the above tests are easily applied. The awkward tests involve the boundaries where
]z|2 = q1¢2. In that case one writes z = ¢?, /q1¢2 to obtain

V =Vo = puq + pago + 2 8?(/J@cew> V@192 + 11443 (C.16a)
A A ,
F 2@+ 2 @+ Y@ + et aat R(se) e (C16b)
+2 §R()\6€w> q1v/q192 + 2 %()\7€i9> q2+/91492 (C.lGC)
+ 819193 + §2G2q3 + 2 gce(éé,eié’)qs\/Q1Q2- (C.16d)
Deriving VO in equation (C.16) relative to q1, g2, g3, and 6 one obtains the stability equations
0=p + %(M36i9)1 /@ + g1 + [)\3 + M+ §R<>\562i9)} q2 (C.l?a)
q1
+3%(%aﬂV@M2+%(Maﬂq2 2 (C.17b)
q1
+&1g3 +§R(€36i9)Q31/q*2, (C.17c)
q1
0= s+ %(ugew), /@ + Aogo + [)\3 + M+ %<A5€2i9):| q1 (C.17d)
qz
+ %(Agei(’)q“ / ki +3 §R()\7ew) Va1q2 (C.17e)
q2
+&2q3 + %(§3€i9) a3y / n (C.17f)
q2
0= pa+ g+ &aq1 + §2g2 + 2 §R<§3€i9> V1q2, (C.17g)
0=9 u36i9> + %<A562i9)\/q1q2 (C.17h)
+ %(/\6€i6)(]1 + %()\76i9> qo + %(§3€i9> qs3. (C.l?i)
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For each set of parameters of the potential, we have searched for solutions, i.e. for ¢; > 0,
g2 > 0, g3 > 0, and a phase 0 satisfying the system (C.17) of four equations. (This proved
to be a highly nontrivial task.) Whenever we found a solution, we computed Vo through
equation (C.16) and checked whether Vo < Vo; when that happened for at least one solution
of (C.17), we have discarded the corresponding set of parameters.

2

One must also consider the domain border |z|” = ¢1g2 and g3 = 0. In that case one

must solve the simpler system of equations
0=p1+ %(ugew) \/Z? g+ [Ag T 3%()\5621'9)} 0 (C.18a)

+ 3%(A66i9)@+ %(Awi")qz\/g (C.18b)

0=ps+ a%(ugew) \/ZE + dogs + [Ag T 3%()\5621'9)} a (C.18¢)

+ §R</\6ei9)q1\/gz +3 afe(mw) VOB, (C.184)

0= s(ugew) n %(A562i9)@ n %(A6ei9)q1 n %(A7ei9)q2. (C.18¢)

For each set of parameters, whenever we found a solution g1 > 0, ¢o > 0, and 6 of
equations (C.18) we computed

Vo = a1 + page + 2 8%(;1,3@"9) V12 (C.19a)
A A .
+ 51 (@1)” + ?2 (q2)* + [)\3 + A+ %()\5621(9)} q192 (C.19Db)

n 2%(A66i9)q1\/@+ 23‘%(A7ei‘9)q2\/@. (C.19¢)

If V; < Vp for any solution of equations (C.18), then we discarded the set of input
parameters.

By applying all the tests in this appendix, we have eliminated about half of our initial
set of sets of input parameters. Thus, the tests in this appendix prove crucial in the correct
analysis of the 2HDMIS.

We have also applied the tests in this appendix, with the necessary simplifications, to
the case of the 2HDM [50]. In particular, in that case we do not have to solve the very
complicated system of four equations (C.17), we only have to solve the much easier system
of three equations (C.18). We have checked that the tests in this appendix yield, for the
2HDM, exactly the same result as the much simpler method described in the paragraph
between equations (3.32) and (3.33).
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