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Chapter 1

Introduction

The Navier-Stokes equations, named after the Claude-Louis Navier (1785-
1836) and George Gabriel Stokes (1819-1903), were derived in the early
1800’s: Naviers original but inconsistent proof in 1822, later the equations
were rediscovered by Cauchy in 1823, by Poisson in 1829, by Saint-Venant
in 1837, and by Stokes in 1845 (see [5]). These equations are coupled partial
differential equations used in fluid mechanics to describe the motion of an
incompressible viscous fluid (for example water, oil, etc.). The Navier-
Stokes equations illustrate the relation between the velocity, pressure and
external force of a moving fluid (see [2]).

If we denote by  C R", n = 2,3, some domain and by [0,7") a fixed
time interval with 0 < T" < oo, then the full nonlinear Navier-Stokes system
in © x [0,7) has the form (see, e.g. [46])

w —vAu+u-Vu+Vp = f| x €,
diva = 0, x € €, (1.1)
ulpn = a, x € 09,
u(z,0) = ug(zr), z€.

Here u = u(z,t) = (u1(z,t), ..., up(x,t)) is the unknown velocity, p = p(z,t)
the unknown pressure, f = f(x,t) = (fi(z,t), ..., fu(z,t)) the given density
of the exterior force, v > 0 the viscosity coefficient (which depends on
physical properties of the fluid and is constant throughout the dissertation),
a=a(z,t) = (a1(z,1),...,an(x,t)) the given boundary value and ug(x) the
given initial velocity with ¢ € [0,T), z = (z1, ..., x,) € .

The Navier-Stokes equations are derived from the basic principles of
continuity of mass, momentum, and energy (see, e.g. [2]). The first equation
(1.1); describes the balance of forces. The second one (1.1)2 means that the
fluid is homogeneous and incompressible. The third and fourth equations
(1.1)3.4 give the boundary and initial conditions.
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The Stokes equations are in fact the linearized Navier-Stokes equations,
i.e. they can be described by the same system (1.1) without the nonlinear
term u - Vu:

w —vAu+Vp = f, x €,
divu = 0, x €, (1.2)
ulpn = a, x € 09,

u(z,0) = ug(zr), =€

The Navier-Stokes equations were (and still are) in the area of interest
of many acknowledged mathematicians (see, e.g. [9], [18], [47]). Never-
theless the Navier-Stokes equations are still the source of many interesting
problems, such as: Nawier-Stokes existence and smoothness problem stated
by the Clay Mathematics Institute on May 24, 2000, as one of the seven
Millenium Prize problems, or the so-called Flux Leray’s problem which was
open for more than 80 years and was only recently solved in two dimen-
sional and three dimensional axially-symmetric cases (see [15]) leaving the
general three dimensional case still open. There are also many useful and
interesting applications of the Navier-Stokes equations such as designing
aerodynamically stable footballs, predicting the weather or simulating the
fluids in computer animation.

Actuality and literature review

In order to solve the Navier-Stokes (1.1) or Stokes (1.2) equations one has
to find the functions u and p. However, practice shows that these equations
for most problems are too difficult to solve analytically. Therefore, it be-
came usual to look for certain approximations or/and simplifications of the
equations which could be solved!. Consequently, the asymptotic behaviour
of the solutions to the Stokes and Navier-Stokes equations became a very
important topic.

The asymptotic behaviour of the solutions to the Stokes and Navier—
Stokes equations in singularly perturbed domains become of growing interest
during the last fifty years. There is an extensive literature concerning these
issues for various elliptic problems, see, e.g., [23], [25], [26], [30]-[37], [49],
[12], [4], [3]. In particular, the steady Navier-Stokes equations are studied
in a punctured domain 2 = Qg \ {O} with O € Qy assuming that the point
O is a sink or source of the fluid [14], [44], [45] (see also [16] for the review
of these results). Although the steady Navier—Stokes equations in singulary

'Note, that nowadays these groups of simplified equations can be solved using the high
speed computers. To do so, computational fluid dynamics uses different techniques: finite
difference, finite volume, finite element, spectral methods.
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perturbed domains are well studied, there are few papers studying the initial
boundary value problem for the non-stationary Navier-Stokes equations in
such domains (e.g., [38]-[40]). We can also mention the recent paper [17]
where the Dirichlet problem for the nonstationary Stokes system is studied
in a three-dimensional cone.

There are many applications of source singularities in fluid mechanical
modelling. Point source-sink pairs are often of use as simple models for
driving flow through a gap in a wall. The use of localized suction to control
vortices around aerofoil sections is one of such problems. In oceanography,
it is common to use point sources to model the influx of fluid from channels
and holes. There are also applications of pulsed source-sink systems in the
study of chaotic advection and many others.

Constructing the asymptotic representation of the solution to the Stokes
problems near the cusp point O we use the ideas proposed in the pa-
per [33] where the asymptotic behaviour of the solutions to stationary
Stokes and Navier-Stokes problems was studied in unbounded domains with
paraboloidal outlets to infinity. In turn the method used in [33] is a vari-
ant of the algorithm of constructing the asymptotics for solutions to elliptic
equations in slender domains, see, e.g., [20], [21], [27], [22] for arbitrary el-
liptic problems, [28], [32] for the stationary Stokes and Navier—Stokes equa-
tions and [38]-[40] for the nonstationary and time-periodic Navier—Stokes
equations.

It is mentioned in [33] that for solutions of the stationary Stokes and
Navier—Stokes problems the asymptotic representation near a power cusp
point on the boundary can be constructed just by the same arguments as
for the case of a "paraboloidal outlet to infinity". The distinction between
the cusp point and the "paraboloidal outlet" is that in the first case the
asymptotic representation is constructed as x,, goes to 0, while in the second
case the problem is considered as x,, goes to infinity. In both cases the same
coordinate transformation is used. However, in [33] the explicit formulas
were not presented.

Figure 1.1: Domain €.

In the thesis we consider stationary, time-periodic and nonstationary



Stokes problems in domains Q = Qg U Qg having a singular point O on the
boundary (for more detailed description of the domain see Figure 1.1 and
Chapter Notation and auziliary results). We assume that there is a source or
a sink of the fluid in the cusp point O. Therefore, the solutions are necessary
singular. We prove the existence of singular solutions to stationary, time-
periodic and nonstationary Stokes problems in the case when the boundary
value a has nonzero fluxes.

Aims and problems

The main aim of the dissertation is the analysis of Stokes problems (sta-
tionary, time-periodic and nonstationary) in bounded domains having a
peak-type singularity (power cusp singularity). More precisely, our objec-
tive is to prove the existence of singular solutions for Stokes problems in
power cusp domains. In order to do that, we:

o construct the formal asymptotic expansion of the solutions to the
Stokes problems (stationary, time-periodic and nonstationary) near
the singular point of the boundary,

o prove the existence of singular solutions for the Stokes problems (sta-
tionary, time-periodic and nonstationary) in power cusp domains.

Methods

In the thesis we use methods of functional analysis, properties of Sobolev
spaces, both ordinary and partial differential equations theory. We ap-
ply matched asymptotic expansion ideas and techniques. We construct a
boundary-layer-in-time with the fast time depending on the space variable.

Novelty

All results obtained in the thesis are new. To our best knowledge, the
formal asymptotical representation for singular solutions of stationary, time-
periodic and nonstationary Stokes problems in a power cusp domain are
presented for the first time. The existence of such solutions was not known.
As far as we know, the construction of the boundary-layer-in-time with the
fast time depending on the space variable is new. We do not know any
papers considering fast time variable depending on spacial variables.



Structure of the dissertation and main results

The dissertation consists of five Chapters, Conclusions and Bibliography.
The first Chapter is an introduction to the area of research. It contains his-
tory and actuality of the problem as well as required information concerning
the dissemination of results presented in the thesis.

For the reader convenience in Chapter 2 we present the notation which
we use in the dissertation. Some auxiliary results are also given.

In Chapter 3 we consider the stationary Stokes problem. We construct
the formal asymptotic expansion of the solution near the singular point of
the boundary. Then we prove that a solution to the given problem exist as
a sum of the asymptotic expansion and the term with finite energy.

In Chapter 4 we consider the time-periodic Stokes problem. As before we
construct the formal asymptotic expansion of the solution near the singular
point of the boundary and then prove the existence of the solution which is
represented as a sum of the asymptotic expansion and the term with finite
energy.

In Chapter 5 we consider the initial boundary value problem or the
Stokes system in a power cusp domain. We construct the formal asymp-
totic expansion of the solution near the singular point of the boundary. In
this case the asymptotic expansion consists of two parts: outer and inner
(boundary layer) asymptotics. We finish given chapter with the main result,
i.e. we prove that a solution to the given problem exists as a sum of the
asymptotic expansion and the term with finite energy.

Dissemination

The results of this thesis were presented at the following conferences

o Asymptotic Problems, Elliptic and Parabolic Issues, Vilnius, Lithua-
nia, June 1 - 5, 2015.

e C(Classical Problems and New Trends in Mathematical Fluid Mechanics,
Ferrara, Italy, September 29 - October 3, 2014.

o Advances in Mathematical Fluid Mechanics, Lisbon, Portugal, June
30 - July 5, 2014.

o 55th Conference of Lithuanian Mathematical Society, Vilnius, Lithua-
nia, June 26 - 27, 2014.

School
e 12th School "Mathematical Theory in Fluid Mechanics', Kacov, Czech
Republic, May 24 - 31, 2013.
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Chapter 2

Notation and auxiliary
results

For the reader convenience we shall first introduce some notation. In the

thesis vector-valued functions are denoted by bold letters. The vector valued

function u = (uq, ..., uy) belongs to a Banach space V,ifu; € V,i=1,...,n,
n

and [[ufly = 3 uly-

We use é’, Cj, 7 = 1,2,..., to denote constants whose numerical val-
ues or whose dependence on parameters is unessential. Therefore, these
constants may have different values in a single computation.

By |z] we denote the integer part of the number z.

Let G be a bounded domain in R™. In the thesis, we use usual notations
of functional spaces (e.g., [1]). By LP(G) and W™P(G), 1 < p < oo, we
denote the usual Lebesgue and Sobolev spaces, respectively. The norms in
LP(G) and W™P are indicated by || - ||z» and [| - [lym.», respectively, or, to

be exact,
1/p

lalloe = / u(a) Pt
Q

and
[ullwme@ = Y 1Dl
laj<m
Hlel
where DY = FITp T la| = oy + -+ - + ap. Space W™—1/PP(9@) is the

trace space of functions from W™P(G) on OG with the norm
lallyym-1/p0(5¢) = nf{|@flwms : @ = u on 0G}.

We denote by C*°(G) the set of all infinitely differentiable functions
defined on G and by C§°(G) the subset of all functions from C*°(G) with
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compact supports in G. By Vi/'k’q(G) we denote the completion of the C§°(G)
in the || - [lym» norm. We shall write u € W,.P(G) if u € WP(G’) for any
bounded subdomain G’ such that G’ C G. The space LP(0,T; X) consists
of all measurable functions u : [0,7] — X with

1/p

T
lull o ozx) = / lu@Pdt| <o, 1<p<oc.
0

A vector field v is called solenoidal (or divergence free) if
V-v=divu=0.

If functions u, v € W12(G) then there holds the so-called integration by
parts formula:

Ou(x)
o0z v

x)dr = — /u(m) Ov(z) dx + /u(x)v(x)nk(a:) s, (2.1)

oxy,
G oG

where (here and below) n is the unit outward (with respect to G) normal
to G, ny = cos(n, xy) - cosine of an angle between normal n and xj-axis.
Domain ()

Let Q@ € R", n = 2,3, be a bounded domain described as a union 2 =
Qi U Qo (see Fig. 2.1), where Qp is the power cusp domain:

Qp = {z e R" : |2'| < p(an),z, € (0,H]},

©(xn) = Yox), 70 = const, A > 1, 2’ = (21,...,2,_1), O is Lipschitz and
the intersection ()€ is the plane x,, = H.

e
Oth s/

“ol|ls s s

0 Oh OHY 7 7 7
Yoo

‘ JS S
o Qy ey, X
7 Qo /S

Figure 2.1: Domain €.
We denote by o(h) the cross-section of Qp by the plane z,, = h (see Fig.

2.1):
o(h) ={x € Qy : v, = h = const}.
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In the thesis we also use notation
Qpjoa = {:U eR™: |2/ < p(xy), T € [H/Q,H]} U Q.

In the thesis we will use the cut-off function &

1 H/2
g(t):{ 0: gH/

Poisson problem
Throughout the thesis the same Poisson problem appears

—-vA'p = 1, ¥ ew,
o = 0, v € 0w,

where ¥ = (y1,...,Yyn—1) and
w = {y’ eR™ L ly/| < 70} .
The solution ¢ to (2.4) has the form

1

p(y) = m (’?Jl|2 - 78) .

Obviously the function ¢ obeys the estimates
o) <Cr, i=1,.,n—1, j=0,1,..

Moreover,

/w(y') dy = —V/ IV'o(y)Pdy' = ko <0

and

/y’ V'o(y)dy' = —(n — 1)/<P(y’) dy' = —(n — 1)k,

w w

2
where kg = _811/761 for n =3 and kg = —3—]/78’ for n = 2.

Auxiliary results

Let G be an arbitrary bounded domain in R".

14
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The Dirichlet problem for the Laplace operator
Consider the Dirichlet problem for the Laplace operator

—-Au = f, x2e@,

u = 0, z€0G, (2.9)

Definition 2.1. The weak solution of the problem (2.9) is a vector field
u € WH2(Q) satisfying the integral identity

/Vu(:n) -Vn(z)de = /f(m) -n(x) dx,
G G
for every function n € WLZ(G).

n

n
Here and in all dissertation by Vu-Vv we mean Vu : Vv = 3 >
j=1k=1

Ou; Ovj
Wk oxy *

There holds the following theorem (e.g. [8]).

Theorem 2.1. Let f € L?(G). Then the problem (2.9) admits a unique
weak solution u € WH2(G) and there holds the estimate

lallwi2e) < cllfllrze)- (2.10)
Moreover, if 0G is C* and £ € C*°(G), then solution u € C*(G).

The initial boundary value problem for the heat equation

Consider the initial boundary value problem for the heat equation

—Au = f, x € G,
u = 0, x € 0G, (2.11)
u(z,0) = up(z), ze€d.

Definition 2.2. The weak solution of the problem (2.11) is a vector field u €
L2(0,T; WY2(G)) with u; € L?(0,T; L*(G)) satisfying the initial condition
u(z,0) = ug(x) and the integral identity

t

[ [u(z, (x,7)dzdT + ffVu z,7) - Vn(z,7)drdr

0G .
=/
0

for every function n € L?(0,T;C§°(Q)).

[ f(z,7)-n(z,7)dedr,
G
T
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There holds the following theorem (e.g. [8]).

Theorem 2.2. Let f € L?(0,T;L*(G)), up € WLQ(GO). Then the prob-
lem (2.11) admits a unique weak solution u € L*(0,T; W12(Q)) with v, €
L?(0,T; L*(G)) and there holds the estimate

max |u(, )le 2(@) —|—||u||L2 (0,T;W12(G)) + HutH%Q(O,T;LQ(G))

t€[0,7) (2.12)

< c||f[|L20,7;2(c))-
Moreover, if 0G is C*, f € C*(0,T;C>®(G)) and uy € C*(Q), then
solution u € C*(0,T;C*(G)).
The divergence problem
Consider the divergence problem

divu = g, z¢€G,

u = 0, z€0G. (2.13)

From integration by parts formula (2.1) we get

/Zn:agl;k dx—/Zuk

a k=1 aq k=1

i.e. there holds Stokes formula
/div u(z)dr = /u(m) -n(z)dS.
G oG

Hence, if u(z) is a solution of the problem (2.13), we necessarily have

/9(53) dr = /div u(z)dr = /u(x) -n(x)dS = 0.

G G oG
Thus, the condition
/g(x) dr =0 (2.14)
G

is the necessary for the solvability of the problem (2.13). There holds the
following theorem (see [19] for the proof).

Theorem 2.3. Let g € L?(G) and there holds the necessary solvability
condition (2.14). Then the problem (2.13) has at least one solution u €
WY2(Q) satisfying the following estimate

IVul[z2(q) < cllgllrz2(@)- (2.15)
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The steady Stokes problem with the homogeneous divergence
equation

Consider in G the steady Stokes problem with the homogeneous divergence
equation:
—vAu+Vp = f, x€G,

diva = 0, z€QaG, (2.16)
u = 0, x€0dG.

Definition 2.3. The weak solution of the problem (2.16) is a solenoidal
vector field u € WY2(G) satisfying the integral identity

/ Vu(z) - V(z) de = / £(x) - n(z) d,
G G

for every solenoidal i € WI’Q(G).

Solvability of (2.16) follows from well known results (the unique solva-
bility of the Stokes problem is proved for arbitrary domains G, see, e.g.,
[18]).

Theorem 2.4. Let f € L?(G). Then the problem (2.16) admits a unique
weak solution u € WH2(G) and there holds the estimate

Iz < cl€l26. (2.17)

Moreover, there exists a corresponding pressure function p € L*(G) such
that [ p(z)dx =0 and the following estimate holds
G

b2y < ellfll32(-

If 0G is C*, £ € C*°(G), then solution u, p € C*(G).

The steady Stokes problem with the nonhomogeneous divergence
equation

Consider in G the steady Stokes problem with the nonhomogeneous diver-
gence equation:
—vAu+Vp = f, x€G,

divu = g, z€G, (2.18)
u = 0, ze€dd.
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Definition 2.4. We look for a weak solution of the problem (2.18) in the
formu = V+v, where a function V is the solution of the divergence problem
(2.18)23 and v € Wl’Z(G) is a solenoidal vector field satisfying the integral
identity

V/VV-VT)dl':/f‘T[d.’L'—V/VV‘VT[dx
G
for every solenoidal n € WLQ(G).

From Theorems 2.3 and 2.4 follows

Theorem 2.5. Let f € L?(G) and g € L?*(G) satisfies the necessary sol-
vability condition (2.14). Then the problem (2.18) admits a unique weak
solution u =V + v and there holds the estimate

a6 < € (112 + 9132 ) - (2.19)

Moreover, there exists a corresponding pressure function p € L*(G) such
that [ p(x)dx =0 and the following estimate holds
G

P22y < e (€132 + 922
If 0G is C*, £, g € C*°(G), then solution u, p € C*°(G).

The time-periodic Stokes problem

Consider in G the time-periodic Stokes equations:

u —vAu+Vp = f, z € G,
diva = 0, x € G,
u = 0, x € 0G, (2.20)

u(z,0) = u(x,27), ze€dq,
Definition 2.5. The weak solution ofothe problem (2.20) is a time-periodic
solenoidal vector field u € L?(0,2m; W12(G)) with uy € L*(0,2m; L*(G))
satisfying the integral identity

ffutact xt)dxdt+yffVumt) Vn(z,t) dzdt

o%w

f n(x,t) dzdt,
G

for every time-periodic solenoidal function n € L*(0, 27; Wl’z(G)).

18



Theorem 2.6. Let f € L?(0,27; L?(G)) be a time-periodic function. Then
the problem (2.20) admits a unique time-periodic weak solutionu € L?(0, 2m;
W2(Q)) with us € L?(0,27; L?(G)) and there holds the estimate

sup [ u(, D)lfrzqy + 1020 ommwra@) + 1elli202m 2
e l0.27] wi2(@) L2(0,2mWh2(G)) L2(0,2mL*(G)) (2.21)

< lflL2 0 2mr2(c))-
Proof. This theorem is proved by standard methods, for example, fol-

lowing the ideas from [10] (see also [11], [48], [24]). However, for the reader
convenience, we present the sketch of the proof. The solution u can be found

N
as the limit of Galerkin approximations uy(z,t) = Y Yen(t)er(x), where
J=1

er € W2(Q)N T/VliCQ(G) are the eigenfunctions of the Stokes problem (the
existence of the eigenfunctions e is known for arbitrary bounded domains,
e.g., [18]) and ,n(t) are found as periodic solutions of the following system
of ordinary differential equations:

[ uni(z,t) - ex)de + uéVuN(:v, t) - Vey(z)dx

G
[ f(a,t) - e dr, = 1,2,..., N, t € [0,27] (2.22)
G
Multiplying (2.22) by v;n(t) and summing over [ we obtain
L N ey + VIV un e = [ £ unde. (2.23)
2 dt L2(G) L3 — 4

Using the Poincaré and Cauchy—Schwarz inequalities from (2.23) follows

1d
s lanliza) + collanlizze) < lIfllzz()- (2.24)

Multiplying (2.24) by e®! and integrating by ¢ gives after simple calculations

—4COT 1
[un (-, 27)[[ L2y < e 20 un (50l 22y + \/TTOHfHLQ(O,%;L?(G))-

Hence, the map M : uy(-,0) — upn(-, 27) is continuous and maps the ball
of L?(2) of radius \/§Hf”L2(O,27r;L2(G’))/\/% into itself, and, therefore, there
exists a smooth 27-periodic solution to the Galerkin approximations (2.22)
(e.g., [11]).

Integrating (2.23) by ¢ over [0, 27| and using the periodicity property of
uy we also derive the estimate

IVun 120 2m 2y < 20 2m12(c)- (2.25)
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Analogously, multiplying (2.22) by 7, (¢) and summing over [ yield

HuNtH%2( G)

HVuNH = [ undz, 2.26
2 2 (2.26)

and, therefore,

HuNt”%?(O,QW;L?(G)) = CHf“%?(O,QmL?(G))‘ (2.27)

Let us now multiply (2.22) by tyn(t):
,7<t||uNH%2(G)) — un2e) + v VU226 = i Uy da.

Integrating by ¢t and applying the Poincaré and Cauchy—Schwarz inequalities
and (2.25) we derive

T+1
lun (-, 2m) 226y < 113200 a2y + 1108 W20 22

2 2 2
< 122 (0,2m22(y) T ENVONIT2(0 2m 26y = ENENE2(0 2526
By the periodicity property of uy, we also get
HU.N(, 0) H%Q(G) S C”fH%2(072ﬂ'7L2(G)) (228)

Multiplying (2.22) by t~;,(t), using (2.25), (2.27) and arguing in the same
way yield

1
Hqu(‘aO)H%2(G) = [[Vun(-,2 )HL?(G) < 7= <||VuN||L2 0,2m;L2(G)) (2.20)

Hlunel 20 om2y + ||f||L2(0,2mL2(G))) < Cllf12 200 0m2(-

Consequently, integrating (2.23) and (2.26) by t from 0 to 7 € (0, 27| and
using (2.28), (2.29), we show

sup [lun(, )H 12( +||11NH22 W12 +”U-Nt||22 L2
re[0,2x] w L2(0,2mW12(G)) L2(0,2m;L2(G)) (2.30)

< CHfH%z(o,zw;LQ(G))'

Since the linear span of the eigenfunction {e;} of the Stokes problem is
dense in the space H(G) = {v € W'2(G) : divv = 0} and in view of (2.30),
we can pass to the limit as N — oo and to prove by standard arguments
that the limit function u is a weak solution to problem (5.77). For u holds
the estimate (2.33). The uniqueness of the solution is obvious. O
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The inverse problem for the heat equation

Now consider in G the following (inverse) problem for the heat equation

ut(z,t) — vAu(z,t) = q(t), (z,t) € G x(0,T),

u(z,t)|og =0, u(z,0)=wup(x), (2.31)
gu(x,t) dx = F(t).

Here T' € (0, +o0], ug and F are given functions, while u, ¢ have to be
found, i.e., we have to solve the heat equation with an unknown right-hand
side ¢ which has to be found so that u satisfies the additional flux condition
(2.31)s.

Definition 2.6. By a weak solution of the problem (2.31) we understand a
pair (u,q) € L2(0, T; WY2(G)) x L0, T) with dyu € L*(0,T; L*(G)) satis-
fying the integral identity

]

O-u(z (z,7)dxdr + foVu z,T) - Vn(z,7)dxdr

q(t f77 x,7)dxdr,  for every n € L2(0,T; WY2(G)), Vit e (0,T),

!
= foto

the initial condition u(z,0) = ug(x) and the flur condition

/ w(z, ) dz = F(b).

G

The theorem below is proved in [42] (see also [43]).
Theorem 2.7. Let ug € WY2(G), F € W2(0,00) and let the following

compatibility condition
F0) = / o) da (2.32)
G

holds. Then there exists a unique weak solution (u,q) of the problem (2.31)
such that

sup u(- t)|lwr2q) + [lull20,00:w1:2(G)) + 1000 L2(0,00;22 ()
t€[0,00) (2.33)
Hlallz2(0,00) < € (IF lw2(0,00) + w0llwrz()) -
Let Wﬁ’z(O, o0) be the space of functions with the finite norm
o0 1/2

1Flwpa0 = | [ exput) (IP@F +F/(0)7) de

0
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If 4 > 0, the elements of Wﬁ}’2(0, o0) vanish exponentially as t — 400.
The behavior of the solution of the problem (2.31) as ¢ — oo is described
by the following theorem (see [41], [43]).

Theorem 2.8. Let uy € Wl’z(G), F e WJ’Q(O, o0) with > 0 and there
holds the compatibility condition (2.32). Then the solution (u, q) of the
problem (2.31) satisfies the estimate

max) [exp Uyl (f lu(z, t |2dx+uf|Vu (x t)|2d:1:>}

te[0,00

+ [ exp(vst) [ |Opu( z,t)|? de dt + fexp (vit)|q(t)]? dt (2.34)
0 G 0

< e (I1FI2 1z g ) + 01126 )

where v, = min{A1,1,2u}. Here A1 is the first eigenvalue of the Dirichlet
problem for the Laplace equation

—vAu(z) = Mu(z), =€ G,
u(z)]ag = 0.

The non-steady Stokes problem with homogeneous divergence

equation and boundary condition

Let us now consider the non-steady Stokes problem

w —vAu+Vp=~£f+ Z oo, (2,t) € Gx(0,T),
divu =0, (2.35)

ulopg =0, u(z,0) = ug(x).

Definition 2.7. The weak solution of the problem (2.35) is a solenoidal
vector field u € L?(0,T; WH2(G)) with u, € L?(0,T; L*(G)) satisfying the
initial condition u(z,0) = ug(x) and the integral identity

[ Vu(z,7) - Vn(z,7)dzdr
G

t
J [ fi(z,7) an(az 7) dxdr,
0G

u,(z (x,7)dzdr + v

o o

M: o &

S
“
| [ f(=, n(x, 7) dedr +
0G

=1

for every n € L2(0,T; WY2(@)), Vt € (0,T).

There holds the following theorem (e.g., [18]).
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Theorem 2.9. Let f € L?(0,00; L*(@)), fi,f.: € L*(0,00; L*(G)),i =
L..., n, ug € WH2(G), divug = 0. Then the problem (2.35) admits a
unique weak solution u such that

2 2 2
o2 [l llgeqe) + lze o ccmwr 2@y + 10elz20,0022(@)

< C<||110H%,V1,2(0) + Hf”%?(o,oo;LQ(G)) (2.36)

fi

+§1 (€l 220 00z2(cy) T | %2(0,00;L2(G)))>'

Moreover, there exists a number vy > 0 such that if £ € Li(O,oo;Lz(G))
with p € (0,1vp), then

max [exp(,u,t) ((j;‘ (e, )2 dz + u(f; Vu(z, t))? d:c)]

te[0,00)

+ [ exp(ut) [ u(a, O dwdt < (|10o]31.6, (2.37)
0 G

n

HIFIZ: 0.00sz2(y) + 2= (IEillZ2 0,00i22(0y) T [IFit] 2L3(o,oo;L2(G)))>-

=1

The non-steady Stokes problem with the nonhomogeneous diver-
gence equation and boundary condition

Finally, consider the non-steady Stokes problem with nonhomogeneous di-
vergence equation and boundary condition

w —vAu+Vp==£, (x,t)eGx(0,T),
divu = d, (2.38)

ulpc =a, u(z,0)=uy(z)

and assume that the compatibility conditions

divug(x) = d(z,0), wup(x)|sc = a(z,0), (2.39)
/ d(z,t) do = / a(@,1)-n(z)ds it (0,T) (2.40)
G oG

hold.
We look for the solution of the problem (2.38) in the form u =V + v,
where a function V the solution to the following problem

divV =d,
{ (2.41)

Viog = a,
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while v is the solution to the following problem

vi—VvAv+Vp=f -V, +vAV, (z,t) e Gx(0,T),
divv = 0, (2.42)
vliepg =0, v(z,0) =up(x) — V(z,0).

Then, from the conditions (2.39) we have that
div (ug(z) — V(2,0)) =0, (ug(z) — V(z,0))[sc = 0.

Consider problem (2.41). First we consider the linear extension operator
E: WY22(0G) — W2(G) given by the formula Fa = w, where w|sg = a.
The operator E is bounded:

1BalPyise) = W2 < Clallsz oo (2.43)

see, e.g. [1].
If a = a(z,t) depends on t and a; € W/%2(9@G), then due to the fact
that the operator F is linear, we have Fa; = w; and

HEatHIZ/VlJ(G) < CHatHIQ/Vl/QQ(aG)- (2.44)

Ifa € L2(0,T; W'/>2(dG)) and a; € L?(0, T; W/22(0@)), then integrating
(2.43), (2.44) by t we get

IWlZa0,mwr2ay < Claliegrmwi ey (2.45)

IwellZo ravi 2y < ClladllZa o rawirze o) (2.46)

We look for the solution V to the problem (2.41) in the form V = w+z,
where the vector function z is the solution of the problem

divz =d — divw := h,
(2.47)

zlsc = 0.

Note, that the variable ¢ in the equations (2.47) plays the role of a parameter.
Thus, we can differentiate with respect to time variable ¢. Then, from (2.40)
it follows that [, hdx = 0and [, hy dz = 0 for all t. Therefore, the problem
(2.47) has a solution z satisfying the estimates

V2|2 0.mw12(c)) < ClIbl20,1;02(@)) 2.48)
< C (Ml + 12l 2o rwi/zaeay ) |

IVze|| 20w 2c)) < Cllhill 20 w2206y (2.49)
<C (HdtHLQ(QT;L?(G)) + lacll 20,mw1/22(069) ) » .
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(see [19] or the corresponding subsection about divergence problem in the
present chapter).

Note, that if d and a exponentially vanish as t — oo, then also the vector
function V = w + z exponentially vanishes.

Now consider problem (2.42). Function v is a solenoidal vector field v €
L2(0, T; WH2(G)) with v, € L2(0,T; L%(G)) satisfying the initial condition
v(z,0) = up(x) — V(z,0) and the integral identity

o o

¢
Jvi(z,7) -n(z,7)dedr + v [ [ Vv(z,T)  Vn(z,7)dxdr
G 0G

= [ [(t(z,7) = Vi(z,7)) - n(z,7)dedr — v [ [ VV(z,T) - Vn(z,T)dzdr,
0G 0G

for every € L2(0, T; W-2(@)), Vt € (0,T).
From Theorem 2.9 and estimates (2.45), (2.46), (2.48), (2.49) follows

Theorem 2.10. Let f € L%(0,00; L*(G)), d, d; € L*(0,T; L*(G)), a, a; €
L0, T;WY22(0G)), ug € WY2(G). Moreover, suppose that divug =
d(x,0), a(z,0) = ug(z)|sc and the compatibility condition (2.40) holds.
Then the problem (2.38) admits a unique weak solution u =V +v such that

2 2 2
tg[%)ax) a(-, )HW1,2 (@) + HUHL'Z (0,00;W12(G)) =+ ||utHL2(o,oo;L2(G))

< ¢ (€122 0,520 + 10130 sosnz(cy + 1961220005220 (2.50)
120122 0 v 2206y + 1261220 2o + 100l )
Moreover, there exists a number vy > 0 such that if £ € LZ(O, o00; L2(G)), p €

(0,v9), then

rr[Bax) [exp ut) <f\u z,t |2dac+1/f|Vu (x t)\%i:v)]
te

,O0

+ [ exp(ut) | [uy(z,t)|” de dt
f u)gl iz, 1) 2.51)
< ¢ (18125 0 sesz2(ey * 19125 0 sesrziay + 196122 0 sesrz(r

2 2
+ HaHLﬁ(O,T;Wl/?ﬂ?(@G)) + HatHLﬁ(O,T;Wl/Q’Q((?G)) + Hu0||W1,2(G)> .
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Chapter 3

The steady Stokes problem

Let us consider the boundary value problem for the steady Stokes system
in the domain  (see Fig. 1.1 or Fig. 2.1)

—vAu+Vp = f, z€qQ,
divau = 0, z€Q, (3.1)

u = a, x €

Here u stands for the velocity field, p stands for the pressure, v > 0 is the
constant kinematic viscosity. We assume that f € L2(Q), suppa C 92Ny,
ac W/22(9Q) and that

/a-ndS:—FyéO.
N

Thus we have to look for a solution (u,p) of problem (3.1) having a sink or
a source of the constant intensity F' in the cusp point. Such solution will
satisfy the following flux condition

/ u-ndS = F. (3.2)
a(h)

Here n is the unit normal to o(h).
The results of this chapter are presented in [6].

3.1 Formal asymptotic decomposition

In this section we discuss the construction near a cusp point of the asymp-
totics of solutions to the stationary Stokes problem.
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3.1.1 The leading-order term of the asymptotic decomposi-
tion

Consider first the homogeneous problem (3.1) with zero boundary condition
in the domain Q. Remind that u|po,nsn = 0. We change the variables as

follows ,

on) = (L) o= o)
and rewrite the problem (3.1) in the following form
—V(y, A+ DU +y, AV = 0,
—v(y, A + D, +Dp = 0,
y A divVa +Du, = 0, yell,
0, y € Jll,

y €11,
y €11,
(3.3)

u =

where IT = {y € R" : |[¢/| < 0, yn € (0,H)} and by OII we understand the
side of the cylinder Il ommiting the top and bottom bases,

0

u, = (u1,...,Un71)7 V, = (81, ...,877/,1)7 8k e 87yk’

k=1,..,n,

diV/ u/ — V/ . u’, A/ — v/ . v/’ @ — an o )\y;ly/ . v/'

We look for the approximate solution of (3.3) in the form

UO(yla yn) = (U{)(yla yn)v Un,O(ylv yn)) ’

(3.4)
Po(y' s yn) = qo(yn) + Qo(Y', yn)

with
Uno(ys yn) = Y200 (yn) (V). (3.5)

Substituting the approximate solution (3.4) into the equations (3.3) and
collecting the "most singular" terms as y, — 0 we get

~vy AU+, V'Qo = 0, Y €w,
divUy = Go(v,yn), ¥ €w, (3.6)
U, = 0, y' € dw,
and ) )
{ —vA'p = 1, y ew, (3.7)
e = 0, ¥ €ow,
where

w= {y’ eR™ L. ly/| < 'yo} ,
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Go(¥,yn) = 2D (y20nqo(yn) 0 (y)).

Poisson problem (3.7) has an exact solution which is described in Chapter
2 (see Subsection Poisson problem, Eq. (2.5)).
A solution (U, y;}Qo) exists if and only if the compatibility condition

/Godylzo

is satisfied (see [18] or Chapter 2). Using relations (2.7) and (2.8) we can
rewrite the compatibility condition in the following form

~ynOn [y?anqo(yn)} + A — 1)y 10,q0(yn) = 0.

Thus function gy satisfies the second order ODE which is equivalent to

On [yri\(n—’—l)an%(yn)} = 0.

Thus,
qo(yn) = Cryn 2D + Oy, (3.8)

Since the pressure is defined up to an additive constant and in the expression
of Uy, only the derivative 0,q0(yn) appears (see (3.4), (3.5)), we can set
Cs =0.

From (3.5), taking into account (3.8), we get

Uno(ysyn) = C1[1 = A(n + D]y, " Veo(y) (3.9)
and the function G takes the form
Go(yyn) = AC1(1 = A(n + 1)y, DAY, Ve(y), (3.10)

where the operator A is given by
Ay, V)Y=n—-1+4y V. (3.11)

Comparing the power exponents of y, in (3.6), (3.10) we conclude that
functions Uy (y', yn), Qo(Y¥',yn) can be taken in the form

UL, yn) = v 27U (), 3.12
QoY yn) = yn "1 (3.12)

and we can rewrite (3.6) as the following Stokes problem

—vA'UG+V'Qy = 0, Yy € w,
divuy = S0(¢), v €w, (3.13)
u, = 0, Yy € dw,
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with
So(y") = ACL(1 = AM(n + 1) A(y', V) (y).

Moreover, after simple computations we get

/Un’o(y/’y”) dy' = rkoCr(1 — A(n + 1))y, A=V

w

or, coming back to variables x,
/ ug - ndr’ = keC1(1 — A(n+ 1)),
a(t)
where kg is constant described by (2.7). Thus, taking
Ch = Flro(1—An+1)]7", (3.14)

we satisfy the flux condition (3.2).
Note, that the necessary solvability condition for the problem (3.13)

/90(?/) dy' =0
w
is satisfied due to the construction. Using Theorem 2.5 we can formulate

the following lemma concerning the solvability of the problem (3.13).

Lemma 3.1. The problem (3.13) admits a unique weak solution U{, € W2
(w) and there holds the estimate

U112y < €llSollZ2 (- (3.15)
Moreover, there exists a corresponding pressure function Py € L*(w) such
that [ Po(y') dy’ =0 and the following estimate holds
w
1P0ll72(y < €llSoll72-

Since Gy € C®(w), the solution W), Py € C®(w), i.e. is infinitely differen-
tiable up to the boundary.

Finally, the main approximation term is represented as follows

Uy, ym) = o 27U (),

F oy
Un,o(y/,yn)zﬁfoyn*( Yo(y), (3.16)
F —X(n —A(n—1)—
Po(y yn) = yp NHEDFL g 2D (),

ro(1 = A(n+1))
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Discrepancies

The discrepancies H{(y', yn), Hn0(y', yn) left by functions Uy, Py in the

equations (3.3)1, (3.3)2 can be written in the form

HY (' ya) = vDU(Y ya) = v®? (3" U ()

Hyuo(y,yn) = vD2Uno(y'syn) — D0 (v, yn)

= 122 (5" o)) — 0 (52" 20()

= 5"V 0.

Estimates of the leading-order term

(3.17)

Note, that in a bounded domain w with the smooth boundary dw and
smooth data solutions of the Stokes problem (3.13) are infinitely differen-

tiable up to the boundary and obey the estimates

UL ()] + 10y < Cj|F], i=1,.,n—1, j=0,1,... (3.18)
(see (3.13) and (3.14)). Therefore, for Uy, Qp we obtain

]G (Y )| < CIFly, "2 Gi=0,1,, (3.19)

10704 Un0(y yn)| < C|Fly, "X, G1=0,1, ..., (3.20)

18/0,,90(y/, yn)| < C|F|y,, "G = 0,1, (3.21)

Let us come back to the variables x and define

w’(z) = Up(2'[ap, an),  p'(a) = Po(a’ [ap, n),

where

Po(a' /2y, 0n) =

By construction

F

—(n+1)A+1 (n—1)A—1
no(l—/\(n+1))x +z, Qo(z'/x)).

divu’(z) =0 in Qf, u’(z)=0 on 90y NN,

and

/ u ndr =F.

o(h)
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Functions u®, p? satisfy the Stokes equations
—vAu’ +Vp! = H zeQy,
divu® = 0, =x¢€Qy, (3.22)
uw = 0, x € 00y NoSL.

where the right-hand side H°(z) = Ho(2'/z),z,) is defined by formula
(3.17). Moreover, the following estimates hold

’DQHO/(I.)‘ < C‘F’x;(n72))\71727(a1+.‘.+o¢n_1))\fan
T >
(3.23)
= C’|F|x;(71*2Jr\01|)>\*5’>+an()\*1)7
]DgHg(x)] < C’F’x;(n*1)>ﬁ27(a1+...+an—1)>\fan
(3.24)
where o = (o, ..., ), |a] = a1 + ... + ap.
Finally, by construction there hold the following estimates for the func-
tions u®, p°:

|D2u"(z)| < C|F|x;(n_2)A_1_(al+-~-+Oén—l)A_an, | >0, (3.25)
D2 (2)] < C|F |z, " DA (erttan-dzan ) >, (3.26)
|D§‘p0(:[:)| < O|F|xT—L(n+1)>\+1—(a1+...+an,1)>\—an’ |O£| >0, (3.27)

3.1.2 Higher-order terms of the asymptotic decomposition

In this section we will describe the formal procedure of constructing the
complete asymptotic series. In order to do this, first of all, we compensate
discrepancy terms in (3.17) and show that each new discrepancy appearing
after compensation has the similar form and is "smaller" than that com-
pensated. In fact our final goal is to construct the sufficient number of
asymptotical terms which guarantees that the discrepancy is in the L?(Q)
space.

System (3.3) with the right-hand sides having special form

Lets consider equations (3.3) with the right-hand sides having the special
form

[ (A DO+ VY = T, y el
(YN 4 D)u, +Dp =y VT, o (y), y T 59
y  diva' +Du, = 0, y €11, '
u = 0, y € o1,
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where functions F(, F, o are described in (3.17). We look for the solution
(Uy, P1) of (3.28) in the form

ULy, pn) =5 U ),
Un,l(yla yn) = y;A(n_3)_2un,1(y/), (329)
Pu(y, yn) = Coyn "V 44, 27730, (),

with
Un,1(y) = Co(=A(n — 1) = Do(y') + Uy 1 (), (3.30)

*
n?

where ¢ is the solution to (3.7), the function U} ; satisfies the equations

ne /
{ va ﬁ:i _ Zin’o’ z, i ;w (3.31)
and (U}, Q1) is the solution to
—vA'"U +V'Q = F, y € w,
divvl; = DAW,V) =20\ - DU, ¥ €w, (3.32)
u, = o, Yy € Ow.

The constant Co has to be determined from the solvability condition for the
problem (3.32)

[ DA ) =200 D] W)’ =0,

Indeed, we can rewrite the solvability condition as follows (see (3.30))

KoC2{An=2) = [-An=1) =1 == [AAQ/, ¥) =200~ D) dy
Since neither A\(n —2) —1# 0, nor —A(n —1) — 1 # 0 (remind that A > 1),
we can uniquely find constant C from the previous equation.

Compensation of the discrepancies

The discrepancies H) (v, yn), Hn1(y',yn) left by functions Uj, P; in the
equations (3.28)1, (3.28)2 can be written in the form

Hi (v, yn )= vO?UL(Y, yn) = vD? (yE A==y (y’))
= 5\ TTF (),
Hor (' yn)= vD?Una (Y yn) — D91/, yn) (3.33)
= vD? (yﬁ A(’Fz)’)*zun,l(y’)) -9 (yﬁ A("73)*391(?/))

—A(n—3)—4
— 5T ().
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Next we want to compensate the discrepancies H}, H, ;. It is easy to see
that the discrepancies H; has the similar form as Hy except for the decay
exponent y, which has changed by the following rule

p 2l o — 1), (3.34)

i.e.
_ H H _ _
(yﬁf“ 13"6,y53"n,o) oz, (yﬁ*?’(A D ypt2( 1)3"n,1).

Since A > 1, the rule (3.34) provides that after constructing a finite number
of terms Uy, P, k=0,1,...,J* — 1, we will reach our goal, i.e.

( /J*—laHn,J*—l) € Lg(Q)v (3'35)

where number J* is described in Section 3.2.

Therefore, repeating the above described procedure we obtain the ap-
proximate solution (U], Pl) of the problem (3.3) in the form of series in
powers of y,:

J
Uy, ) = 32 g 722020 (),
k=0
J
[J]( / _ —(n—2k—1)A—2k ,
n (Y Yn) = 20 YUn Un ke (y'),
) P (3.36)
plLJ] 2 y”):kz (Ck+1y;(n+1—2k)>\+1—2k+y;(n—2k—1)>\—(1+2k)Qk(y,)) ’
=0
where
—-vA'UW, +V'Q, = F_q, Y € w,
AW, = A, V) 26—~ D ' €w,  (3.37)
w, = 0, Yy € Ow,

WUk (y') = Crpr [—(n+1=2k)X + 1 = 2k o(y) + U;, 1.(¥/),

the function ¢ is the solution to (3.7), the functions Uy, ;. k = 1,2, ..., satisfy
the equations

_VA/u:;Jg = 3:"rl,k:—la y/ € w,
u, ., = 0, Yy € Odw, (3.38)
with
Fi (Y yn) = vD2UL(Y  yp) = y,, M2RFIDAI22( D g (),
Forl¥ yn) = vO Ui (s yn) — (s yn) = g, @122 D g (4,
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40(yn) = C1(1 = A(n + 1))y, A"V, Oy = F/ [mo(1 = A(n + 1))].

The constants Ci41, k= 1,2, ..., are determined from the solvability condi-
tion for the problem (3.37):

/ MA(Y, V') = 2k — DU k(v dyf =0, (3.39)

w

i.e.

= — . 4
Crt ro[l — 2k — (n+1—2k; / (340)
If1—-2k—(n+1-2k)X\ #0, the constants Cy41, k = 1,2, ..., are uniquely
determined from (3.40). However, if 1 — 2k — (n+ 1 —2k)A =0, i.e.,

A(n+1) —

S TPV

then Ck41 cannot be found from (3.40). Let us denote this particular k := k
(if such k € N exists; for example, this is not the case when A\ = 2). In this
case we look for (U, P;) in the form

Ui, yn) = Ur(¥/, yn),

—(n—(2k+1))A— (1+2E)Q’}(y,)' (3.41)

Br (' yn) = Cryaln yn + yn
For U, 1(y") = Cryae(y') + W 1 (y') and (Wi (y'), Q(y')) we get the same
equations (3.37), (3.38); the solvability condition for the problem (3.37) is
changed into

CinZFO = Do = [ VAW, ") = 260 = DI, (0')dy'

w

Using Theorem 2.1 we can formulate the following lemma concerning
the solvability of the problem (3.38).

Lemma 3.2. The problem (3.38) admits a unique weak solution U , €
W2(w) and there holds the estimate

G kllwr 2y < ellFnpllz2w)- (3.42)

Moreover, since by construction F, p_1 is infinitely smooth, the solution
U5, . @s infinitely smooth up to the boundary.

Note, that the necessary solvability condition (3.39) of the problem
(3.37) holds due to the construction. Using Theorem 2.5 we can formu-
late the following lemma concerning solvability of the problem (3.37).
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Lemma 3.3. The problem (3.37) admits a unique weak solution W), € W2
(w) and there holds the estimate

UGB oy < € (IFhoalay + il ) - (3.43)

Moreover, there exists a corresponding pressure function Py, € L*(w) such
that fﬁPk )dy' =0 and the following estimate holds

120320 < € (1Fho1 20y + NGl ) -

Since F,_1, Uy, . € C*(w), then solution W, Pr € C®(w), i.e. is infinitely
differentiable up to the boundary.

Finally, we get

UMYy yn) = 3 yn

[J]( 7(1’L72k71))\72kun7k(y/)’
=0 (3.44)

k
J

PUNY yp) = 3 | Cryryn "N
k=0

NYn —

Y, yn) =

+5l];€(y7(1n+1—2k)>\—1+2k1 1)]+yn(n 2k—1)A— (1+2k)Qk(y,)

)

where J € N.

Discrepancies
The discrepancies H';(y', yn), Hp 7 (Y, yn) left after J + 1 steps are

(4, yn) g (2 DASLI=2AT D gy

)

(3.45)
Hyy g (y yn) =y " 120220 g,

Estimates of the higher-order terms

Let us come back to the variables x and define
ul/l(z) = UV /2, x),
pHl(x) = PYI(a! fa, ).

By the construction

divul(z) =0 in Qf, ull(z)=0 on 90y N6Q,
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and
/ u’l .nds’ = F.
o(h)

Functions ul’!, pl/l satisfy the Stokes equations

—vAu/l + vpll = HI 2 e Qp,
divul/l = 0, z € Qp, (3.46)
u/l = o, x € 00y N oK.

where the right-hand side H/~!(z) = H/;(2'/z;)), x,) is described by formula
(3.45) and the following estimates hold

‘DO{H‘],l/(m_” < C’F‘x;(n—?J))\—1—2J—(o¢1+...+an_1))\—an
z >

3.47

’DQH‘],l(m)‘ < C‘F’x’;(7’L+1—2J)A—2J—((X1+---+Oén71))\—Oén
x n —

3.48
— C|F |z (MH1-27 oD A2 an (A1) (3.48)

Y

where o = (a, ..., ), |a] = a1 + ... + ap.
Finally, there hold the following estimates for the functions ul/!, pl/l:

D) ()| < O|F|a, "2 (et Fan-iAzan, (3.49)
D3l @)] < C|Ffa "INt an A, (3.50)
1D2pl) ()| < C|F|zy, PO (@t Fan-Dr-an (3.51)

where || > 0.

3.2 Existence of the solution

Let £ € C*[0,00) be a nonnegative cut-off function described by (2.3). We
look for the solution (u,p) of the problem (3.1), (3.2) in the form

(2, ) = E(zn)UY (@ /2) 2) + V(@ 20) + U@, 2n),  (3.52)
pla’,xn) = E(zn) PV (! J2, ) + P2/, 20), (3.53)

where (U1, PI"=1) is given by the formula (3.44). We put V = 0
for z, < H/2 and for x,, > H, while for z,, € (H/2,H) the function
Ve WLQ(QH/ZH) is the solution to the problem

divv = —¢ul x € Qpm, (3.54)
V = a, z € 0y 1,
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and we extend boundary value a by zero on z,, = H/2 (and denote by the
same letter a).
Finally, (U, P) is the weak solution of the problem

—vAU+VP = f*, zeq,
divU = 0, zeQ, (3.55)

~

U = 0, =xe€09Q,
where
£ =f+Hy-q +vAV +v(2Ve- VU1 L Acul/ -1 — ve. plv-1,

the discrepancy H«_1(2'/z), x,,) is described by the formula (3.45). More-
over, from (3.45) we compute that the inclusion Hj«_; € L?*(Q) holds (see
(3.35)) if

4 1A-1
Consider the divergence problem (3.54). Since

- / gul dg = - / Ul 4s = —F,
QH/Q,H O'(H/2)

1 9
J*Zmin{JeN: J>[n+ +n+3”.

the necessary compatibility condition
- / gul g = / a-ndS (3.56)
Quy2H Qp /2,1

is satisfied and the problem (3.54) is solvable. Indeed, there holds the
following lemma:

Lemma 3.4. Let a € W1/2’2(8QH/2,H), Ul e LQ(QH/ZH) be given
functions, £ € C*°[0,00) be a nonnegative cut-off function described by (2.3).
Then there exists at least one solution V & WLQ(QH/ZH) of the problem
(3.54) and the following estimate holds

IVIlwr2(p5 1) < Cllallwirze oy, ) (3.57)

Proof. Since a € W1/2’2(3QH/2,H) and (3.56) holds, there exists an
extension w € Wl’Q(QH/ZH) such that

W00 n = & (3.58)

and
||W||W1’2(QH/27H) S C||a||W1/272(aQH/2’H)’ (3'59)
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see, e.g., [1]. We look for the solution V' of the problem (3.54) in the form
V = w + v, where the function v is a solution to

{ divy = _g/Ugj*fl] —divw :=h, x € Qg p, (3.60)

v = 0, $E@QH/27H.

From (3.56) and (3.58) it follows that

[ hde=— [ UV Vdr— [ divwdz
QH/Q,H QH/2,H QH/2,H
=— [ ¢uVlde— [ a-ndS=0.
Qp/o. g0 n

Therefore, the problem (3.60) has a solution v satisfying the estimate

Vvl L2 y S CllR|l 2 (3.61)

Qr/2,H Qu/o,m)

(for details see the corresponding subsection in Chapter 2 or [19]). Finally,
collecting estimates (3.50), (3.59), (3.61) we get (3.57) (note that the flux
F is the integral of the normal component of the boundary value a(z) and,
therefore, can be estimated by the L? norm of the function a).0]

Remark 3.1. Note that suppa C 0Qy NI and a =0 on x, = H/2 while

supp h = —f’UT[LJ*_I] — divw C Qg N Q. Therefore, the function V can be
extended by zero into Qpy/o.

From (3.57), (3.47)-(3.51) and the fact that the flux F' can be estimated
by the L? norm of the function a we conclude that the following estimate
for the right-hand side f* of the problem (3.55)

11320y < € (€130 + 122200, 0 ) (3.62)
holds.

Definition 3.1. A weak solution of the problem (3.55) is a solenoidal vector
field U € Wh2(Q) satisfying the integral identity

V/V[AJ-Vndm:
Q

/ [f+§HJ*_1+VAV+1/(2V£ vull g Acul T v P[J*—”] - ndz
Q

for every solenoidal n € W'2(Q).
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Since the right-hand side of the problem (3.55) belongs to L?(2), sol-
vability of it follows from well known results (the unique solvability of the
Stokes problem is proved for arbitrary domains €2, see, e.g., [18] or the cor-
responding subsection in Chapter 2). Therefore, the following lemma holds

Lemma 3.5. Let f* € L?(2). Then the problem (3.55) admits a unique
weak solution U € W12(Q) and there holds the estimate

101120y < CUE IR0y < C (181 20y + I 2200y, 1y ) - (363)

3.2.1 Existence theorem

Let f € L2(Q), a € WY22(9Q N Q).

Definition 3.2. By a weak solution of problem (3.1) we understand a
solenoidal vector fieldu € VV&)’CZ(Q) satisfying the boundary condition u|pq =
a and the integral identity

y/Vu-Vndx:/f-nda;, for every m € C3°(2), divp = 0.
Q Q

Theorem 3.1. Let f € L?*(Q), a € Wl/Q’Q(GQH/Q,H) be given functions,
suppa C 0 NOIQY C N9 g MNOQL. Then the problem (3.1) admits at least

one weak solution u € I/Vli)cz(Q) NW2(Qp 9 gr), which can be represented as

a sum (3.52), where U= is the constructed in Section 3.1 asymptotic ex-
pansion (see formulas (3.36), (3.44)), V is a solution to the problem (3.54),
and U is a weak solution to the problem (3.55). Moreover, the following
estimate

lu — €0 | yipg) < € <||f||L2(Q) + ||aHW1/2«2(8QH/2,H)> (3.64)
holds.

Proof. The difference u — (€U -1 4 V) = U is a weak solution of the
problem (3.55). Therefore estimate (3.64) follows from (3.63), (3.57). O
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Chapter 4

The time-periodic Stokes
problem

In this chapter we consider the time-periodic Stokes problems in domains
Q (see Fig. 1.1 or Fig. 2.1) having a power cusp (peak) type singular point
on the boundary

u —vAu+Vp = f, T €9,
divu = 0, T €,

u = a, x € 012, (4.1)
u(z,0) = u(zx,27), zell

As before u stands for the velocity field, p stands for the pressure, v > 0 is
the constant kinematic viscosity.

We assume that the external force f(z,¢) and the boundary value a(z, t)
are time-periodic functions with the period 2w, ie. f(z,0) = f(z,2n),
a(zr,0) = a(x,2m), and that suppa C 9Qp N 0. We consider the case
where the flux —F(t) of a(x,t) is nonzero:

/a ‘ndS =—F(t). (4.2)
o
Because of (4.2) the solution u of (4.1) has to satisfy the condition

/ u-ndS = F(t), (4.3)
o(h)

so that the necessary compatibility condition

/u-ndS+/a~ndS:0

o(h) o0
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holds.
The results of this chapter are presented in [6].

Remark 4.1. Time period 27 is not essential and other period may be
chosen.

4.1 Formal asymptotic decomposition

In this section we construct the formal asymptotic decomposition of the
solution near the singular point.

4.1.1 The leading-order term of the asymptotic decomposi-
tion

Let us consider the solution u of the problem (4.1) in a neighborhood of
the cuspidal point, i.e. in the domain Qp. Remind that u|spa,nen = 0.
Changing the variables

/

(2, 2p,t) — < $

a) Ty t) = (y/7 yn7 t)

we rewrite the problem (4.1) in the following form:

(W —v(y, A+ D) 4y, V' = 0, yell,
Uny — v(y; A +DHu, +Dp = 0, y eIl
y, Mdiva' + Du, = 0, y €1, (4.4)
u = 0, y € OII,
u(y, yn,0) = u(y,yn,2m), yell

where IT = {y € R™ : |y/| < 40, yn € (0, H)}. For the reader convenience we
remind that

, 0

u = (ul,...,un_l), V/ = (31, ...,8n_1), 8k = BT/;C’ k= 1, ceey 10,

divve' =V -u/, A=V .V, ©2=0,-\y, % V.
We look for an approximate solution (Up, Py) of (4.4) in the form

UO(y/7 Yn, t) = (Ué)(yla Yn, t)» Un,O(y/a Yn, t))

ot/ t) = d0(um)0(8) + Qo(/s s 1), (4.5)

with
Uno(Y s Yns t) = y220nq0 (yn) (¢, 1). (4.6)
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Substituting (Ug, Py) into the equations (4.4) and collecting the terms
with highest singularity at the cusp point O, we get the following systems
of equations:

—vy, PAUY + 4, V'Qy = 0, Y € w,
y, M ivU) = —DUno, V¥ €w,
U, = 0, Yy € dw,
and
—vO0nqo(yn) AP (Y, ) + go(t)Onqo(yn) = 0, ¥ €w,
o(y,t) = 0, ¥ € dw,

where w = {y € R"™: /| <~}. After the obvious simplifications these
problems can be rewritten as

—vA'Uy + V'ypQo = 0, y €w,
div'U, = Go(¢,yn,t), ¥ €w, (4.7)
U, = 0, Yy € Ow,
VA,q) y,7t = 90 t ) y/€w7
W) = ool s
o(y',t) = 0, Y € Ow,
where
GO (y/7 Yn, t) = _yzg (yi)\anQO (yn)q)(yla t)) .
The solution ®(y',t) to (4.8) has the form
o(y',t) = go(t)e(y), (4.9)
where ¢ is the solution to the Poisson equation
vA'p(y') = 1, ¥ cw,
(4.10)

ey) = 0, ¥ €ow,

and is described in Chapter 2 (see Subsection Poisson problem).
The solution (U}, y Qo) of the problem (4.7) exists if and only if the
following compatibility condition

/GO(y/a ynat) dy, =0

42



holds. Using relations (2.7) and (2.8) we can rewrite the compatibility
condition as follows

_yq)m\an [yiAanQO(yn)} gO(t) - )‘(n - 1)@2/\_1571(]0(%)90(75) = 0.

Thus, the function qg is a solution to the second order ODE:

On, [yé(n—’—l)an%(yn)} =0,

ie.,
qo(yn) = Cayp D + Cy. (4.11)

Since the pressure is defined up to an additive function depending only on ¢
and in the expression of Uy, o only the derivative 0,,qo(y») appears (see (4.5),
(4.6)), we can set Co = 0. Moreover, with no loss of generality, we can take
C1 =1 (Cy can be included into the definition of go(t) (see (4.17)). From
(4.6), taking into account (4.9) and (4.11), we derive

Uno(y's ynst) = [1 = A+ D]y, X Do () (y))- (4.12)
Now the function Gg can be expressed as
Go(y ynst) = A1 = An + 1)y, 2 g0 (DAY, Vely),  (4.13)
where the operator A is given by
A, V)Y=n—-1+y -V. (4.14)

Comparing the power exponents of y, in (4.7) and (4.13) we conclude
that functions Ug(y', yn,t), Qo(Y', yn,t) have to be taken in the forms

“AMn—2)—
U6(y/’yn’t):yn (” 2) lui](y,at%

(4.15)
“An—1)—
Qo(y/ sy t) =y " 00 (y 1),
and we rewrite (4.7) as follows
—vA'U, +V'Qy = 0, Yy € w,
divly = So(y',1), ¥ €w, (4.16)
u, = 0, Yy € dw,

with
So(y',t) = M1 = AMn +1))g0(t) Ay, V')e(y').
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Moreover, after simple computations we see that
/ Uno(y/s yns ) dy' = ro(1 = A(n +1))go (), "~
w

or, coming back to the variables (z,t),
/ wo(z, 1) - n(x) da’ = Ko(1 — A+ 1))go(t).
o(h)

Thus, taking
go(t) = F(t) [ko(1 = AMn+ 1)), (4.17)

we will satisfy the flux condition (4.3).
Note, that the necessary solvability condition of the problem (4.16)

/ Soy/ ) dy = 0

is satisfied due to the construction. The time variable ¢ is only a parameter
in the problem (4.16). Thus, using Theorem 2.5 we can formulate the
following lemma concerning the solvability of the problem.

Lemma 4.1. The problem (4.16) admits a unique weak solution W) € W2
(w) and there holds the estimate

HuE)H%/Vlz(w) < Cﬂgo”%z(w)- (4.18)

Moreover, there exists a corresponding pressure function Py € L*(w) such
that [ Po(y')dy’ = 0 and the following estimate holds
w

1Pl 720y < €lSollZ2()-

Since by construction the data is smooth, solution Wy, Py is also smooth,
i.e. s infinitely differentiable up to the boundary.

Remark 4.2. Since ¢ is a parameter in the problem (4.16) we can differ-
entiate the equation with respect to time variable ¢t and get the analogous
results for the time derivatives of the solution.

Discrepancies

Functions (Ug, Qp) leave in the equations (4.4)1, (4.4)2 the discrepancies
Hy (Y, Y, t)s Hoo(Y's yn, t):
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Hy(y, yn, 1) = vO*U(Y, ynst) — U (s yns t)
=y I TF ) 4y YT (),
Hoo(y'syn, t) = vD?Uno(y',ynt) = Unoa(y's yn, t)— (4.19)
D <y;)‘(n_1)_190(y’,t))
= 3V 0 ) + T ),
The dlscrepanmes in (4.19) split into two parts: terms with F and terms
with EF where F denotes the discrepancies appearing due to Ugy, and F

- the rest of the discrepancies. To go further, we have to compensate the
most singular terms in the expressions of the discrepancies, that is

2D BF (0 1),y 2025 (4 0) = (T s t), Fao(ys s 1))

Estimates of the leading-order term

Since time variable ¢ is only a parameter in the problem (4.16) we can write
down similar estimates to its solutions as in the stationary Stokes case (see
Section 3.1.1)

17Uy, )|+ [87Q0(y/, 1) < Cj|F(t)], i=1,..,n—1, j=0,1,.. (4.20)

(see (4.16) and (4.17)). We also get

78U (Y yn, t)] < CIF(8)]y, "2 G 1=0,1, ..., (4.21)
107 0L U0 (4 - t)| < CIE(8)]y, "~V Gl =0,1,. (4.22)
1070LQ0(y, s t)| < CIE () ]y WHAML G 1=0,1, ... (4.23)

Let us come back to the variables x, t and define

uo(:r:,t) = Uo(x'/az;\l,xn,t), po(x,t) = Po(x'/mﬁ,xn,t).
By construction

div u’(z,t) =0 in Qf, u’(z,t)=0 on 9Ny NIQ,

u’(z,0) = u’(z,27) in Qp, / u’-nds = F(t).
o(h)

Functions u?, p° satisfy the Stokes equations
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—vAu’ +Vp? = H° zeQy,
diva’ = 0, z€Qy, (4.24)
wW = 0, x€d0ynoN,
where the right-hand side HO(z,t) = Ho(2'/2)\, 2, ) is defined by formula
(4.19). Moreover, there hold the following estimates

g DR (2, 1)| < C (IF ()] + |F/ (1))

4.25
'x;(n72+|a|)/\73+an()\fl)’ ( )
D20/ HY ()] < O (I 0] + 15 (1)) o
o (P IHaDA=2 ke -1, '
where o = (v, ..., ), || = a1 + ... + ap, S €N
By construction there hold the following estimates for the functions u’,
0
p
DD} ()] < C|F} ()], 217D, (4.27)
IDXDPUO (2, )] < C|Ff ()|, " HoDAFan =) (4.28)

[DEDIP @, )] < O ()] " HHIDHH O
with |a] >0, 8 € N.

(4.29)

)

4.1.2 Higher-order terms of the asymptotic decomposition

Our next step is to find functions (Uy, P;) which satisfy equations (4.4);-
(4.4)4 with the right-hand sides f‘6, F\n,o. Functions (Uy, P;) leave some
new discrepancies H}, H,, 1 in the equations (4.4), etc. We shall keep con-
structing the functions (Uy, Py), k¥ € N, until the discrepancies belong to
the space L%(0,27; L3(Q)).

Problem (4.4) with the right-hand sides having the special form

Let us consider the problem (4.4) with the right-hand sides having the
special form

W, — v(y A + DO + i AV p =y T TF (1), y e,
Unt — V(Yp “2AN 4 D2 Yy +Op =yn Aln—1)= 2&"n70(y’,t), y ell,

y A diva’ + Du, =0, y ell,  (4.30)
u=0, y' €0ll,
u(y', yn, 0) = u(y’, yn, 2m), y eIl

46



~

where f;tz), Fn0 are described in (4.19). We look for the approximate solution
of (4.30) in the form

Piy ynst) = g1(Oyn Y 4500y (1),
UL t) = v U 1), (4.31)
Und (0 ymt) =y " U (o, 1),
with
Una(y',t) = g1()(=1 = A(n — 1)) (y) + U5 1 (', 1), (4.32)
where the function ¢ is the solution of the problem (4.10), U;, ; is the solu-
tion of the boundary value problem

VAW, = Fno, Y Ew,
! oy (4.33)
w1 = 0, Yy € Ow,
and (W}, Qq) is the solution to
—vA'"U +V'Q = f/f\'“g, Yy € w,
divlull = [)\A(yla v/) - 2(>‘ - ]-)]un,lv y/ € w, (434)
u, = o, Yy € dw.

The function g1 is uniquely determined by the solvability condition for the
problem (4.34):

[ AW =20 D] ) =

w
ie.,

1
91t = T A= 1)

U (1) dy'.

Note, that all functions in the problems (4.33), (4.34) depend on time
variable ¢ as a parameter. Thus, using Theorems 2.1 and 2.5 we can formu-
late the following lemmas concerning the solvability of these problems.

Lemma 4.2. The problem (4.33) admits a unique weak solution U, , €
Wl’z(w) and there holds the estimate

IUn 1 llwzwy < ellFnolln2ew)- (4.35)

Moreover, since by construction g"n,g is infinitely smooth, the solution Uy,
1s infinitely smooth up to the boundary.
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Lemma 4.3. The problem (4.34) admits a unique weak solution W, € W2
(w) and there holds the estimate

~/ %
G2 < ¢ (IF01300) + W0l ) - (4.36)

Moreover, there exists a corresponding pressure function Py € L?*(w) such

that [ P1(y')dy’ =0 and

-~/ *
11182 < ¢ (13001200 + NG ol22(ey ) -

Since by construction all the data is smooth, the solution Wy, Py is also
smooth, i.e. is infinitely differentiable up to the boundary..

Remark 4.3. Since t is a parameter in the problems (4.33), (4.34) we
can differentiate the equations with respect to time variable ¢ and get the
analogous results for the time derivatives of the solution.

Compensation of the discrepancies

The discrepancies HY, H, 1 can be written in the form

H) (v, yn,t) = vO>UL(Y, yn,t) — UL, yns )
A (n—2)—17 —ANr—4)—5 2/
" TETF () = 5 YT (1)
y TETF () 4y T TF () 0),

Hpa(y  ynst) = vD*Uno(y,ynst) — Unot (s Yn, t) (4.37)
- (5 "W ) + T o)
= 3T ) e T 0 )
Fyn MTIT2E ().

Since A > 1, H,1 does not belong to the space L?(0,2m; L*(Q2)) and
we have to construct more terms (Uy, P;). First we have to compensate
the most singular term in H,, ;. We distinguish three cases: for A € (1,2)

(n73)74§~

the most singular term is y, A n1(Y',t), for A > 2 the most singular

term is y;)‘("_l)g"n,o(y’, t), while for A = 2 these terms have the same power
exponents of y,.

To explain heuristically the algorithm of the asymptotics construction,
consider the equation (4.4)2. In order to compensate the term yﬁFnJg,l, we
construct a function yﬁ”’\umk which produces a new term in the discre-

pancy ﬁ+2(/\_1)Fn7k in the right-hand side, i.e. after every step the power
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exponents of y,, (describing the singularity) are changing by the following
rule:
p—r p+2(A—=1). (4.38)

While constructing U;, P, we have compensated the term (ﬁg,ﬁn 0)-
Now we have to distinguish the above three cases. If A > 2, we compensate

(F), Fpp), and if it’s still not enough, we continue with (Fl,Fn 1) and so
on, i.e., terms F and F alternate as it is shown below

Fo=Fiy=F =F,=.=>F,=>F,1=..

If A = 2, we compensate the sum 1~7‘0 + I'A“l (the terms ﬁo and f‘l have
the same power exponents of y,,) and continue doing so till we reach the
satisfactory discrepancy from L2(0,27; L2(12)), i.e.,

f‘o—l—f‘léﬁl—l—f‘gé...éﬁk—kf‘kJrlé...

If A < 2, then up to the number I the terms with (ﬁ’;,ﬁnk), k=0,2,..., f,
are "more singular" than (f‘;, ﬁ’nk) When we reach this number there are
two possibilities: either we compensate the sum F + F (these terms have

N +1
the same power exponents of y,, if 1 eN ie A= T+’ N=1,2,..)
N+1, .
or terms F' and F are alternating (if X # T)’ ie.,
f 1+F0:> = F; k+f‘k:>...,

~ ~ i1
F0:>...:>Ff:>{~ i

F0:>F1+1:> :>Fk:>FI+1+k:>

The number I is given by

1 _ N+1
17 A= N

A—1
] aee (4.39)

=~ 1
I'=minq{/eN:IT> ———-1;=
mln{ € ] }

_ N+1
Case \ = N

The right-hand sides which we have to compensate on the step k + 1 have
the form
—A(n—1)—2+(2k+1)(A— 1)3:/ ( )

Fi.(y', yn,t) = yp
Fn,k (y/a Yn, t) = Z/;A(nil)72+2k()\il)?n,k(y t)a

where .,
F.(v,1), k<1,
=] 0 .
Fi ) + Fp_ra (v 1), k>,
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and

IN
’*‘) ~

Tk (1), k
SFn,k: ~ ,
Fni(¥, )+3r W), k>

k =0,1,2,.... Therefore, we can look for the approximate solution (U], PI])
to the nonhomogeneous problem (4.30)1-(4.30)4 in the form of series in pow-
ers of y,:

U/[J}(y,t) :y;A(an)*lué( / t)+ Z —A(n—2—2k)—2k— 1u/( )

Uy, t) = kgt VR oy +z g NI ),

(4.40)
PY(y, 1) = [ko(1 — A(n + 1)) "' F(t)yn o “"“Hyn“" D70y, 1)

n

i A1 1-26) 41— ) yf,\(anzk)szkgk(y,,t)}’

where J € N, (W}, Q), k = 1,2, ..., are the solutions of the problems

VAW, +V'Q, = Fi_4, Y € w,
divly, = DAY, V) = 2k(A = D]Unk, ¥ €w,  (4.41)
w, = 0, Yy € Ow,

un,k(y,7t) = gk(t)(_A(n +1-— 2]45) +1-— Zk) ( ) + un k:(y t)

the function ¢ is the solution to the problem (4.10), u;k satisfy the equa-
tions

—VA’u;k = Fpp-1, ¥V Ew,

., = 0, Y € w, (442)
and the functions gx, k = 1,2, ..., are determined from the solvability con-
dition for the problem (4.41):

[ DA ) = 200 = D] Unay' )’ =0, (1.43)
ie.,
2kgr(t)ko(A — )[-A(n+ 1 — 2k) + 1 — 2k]
(4.44)

_ / NA(Y V') = 2k(A = D] U (4, 1) dy -

w

Notice that the functions g; can be uniquely determined from the equality
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(4.44) if there holds the relation
“A(n+1—2k)+1— 2k #0. (4.45)
If (4.45) is not valid, we have

An+1)—1

STy

(4.46)
Since k € N, it is easy to verify that (4.46) is true only for N = 2j, j = 1,2, ...
and n = 3 (then k = 2+ 2). Let us denote this particular k by k = 2+ 3X.
In this case we look for (Ug, P;) in the form

UE(ZI/,? Yns t) = Uk(ylv Yn, t);

e _1-9F 4.47
P/t ) = (0l g+ g2 gy D
For U, z(¢',t) = gr.(t)e(y') + U;}E(y’, t) and (U7, Qz) we get the same equa-
tions (4.10), (4.41), (4.42); the solvability condition for the problem (4.41)
is changed into

~gr®ONG+ D)~ tro = [ MG ) = 2RO = D] 0,0l (149

w

and we derive 1
9i(t) = —Ko/ulk(y',t) dy'.
w
Note that all functions in the problems (4.41), (4.42) depend on time

variable t as a parameter. Thus, using Theorems 2.1 and 2.5 we can formu-
late the following lemmas concerning the solvability of these problems.

Lemma 4.4. The problem (4.41) admits a unique weak solution W, € W2
(w) and there holds the estimate

Gy < € (IFhoa B2y + il - (4.49)

Moreover, there erists a corresponding pressure function Py € L?*(w) such

that [ Pr(y')dy’ =0 and

123200 < € (1Fho o) + Uil

Since by construction all the data is smooth, the solution W}, Py is also
smooth.
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Note that solvability condition (4.43) or (4.48) to the problem (4.41) is
satisfied automatically due to the construction.

Lemma 4.5. The problem (4.42) admits a unique weak solution U; , €
W12(w) and there holds the estimate

U7 kw2 w) < ellFnp—1llr2(w)- (4.50)

Moreover, since by construction F, p_1 is infinitely smooth, the solution
Wy . s infinitely smooth up to the boundary.

Remark 4.4. Since t is a parameter in the problems (4.41), (4.42) we
can differentiate the equations with respect to time variable ¢ and get the
analogous results for the time derivatives of the solution.

Finally, we get

J

U/[J] (yl’ Un, t) = yn )\(TL 2) 1 ( ) kz —)\(n 2— 2]{:) 2k— lu/ ( )
J
F(t) ~A(n+ ) A (4.51)

PYNy  yn,t) = + oy D0 )

ﬂ0(1 - )\(n ¥ 1))'”
J

where J € N, §, ;. is Kronecker’s delta.

Discrepancies. Case )\ = %

The discrepancies H';(y/, yn, t), Hn 7 (Y, yn, t) that are left after J + 1 steps

can be written in the form

“An—1)—2+(2J+1)(A—1) 5/
H (Y yn t) = ya VT EIATIF ()
J
—A(n—1 2k+1)(A\—1) &/
k=max{0,J—1I}
~ (4.52)
Hy gy ynt) = g "D OF 1)
J ~
k=max{0,J—1I}
Since A > 1, after final number of steps J* > 0 we arrive at
(. _y, Hypeo1) € L2(0, 27 L2(92). (4.53)
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From (4.52) one can see that (4.53) holds if and only if J* > I, since
otherwise there is the term y, An—Dg n,1(y',t) which is obviously not in

A 1
L?(0,27; L%()). Remind that in the present case I = o1 1. Thus
comparing the power exponents —A(n—1)—2+2(J*—1)(A—1) and —A(n—

1) +2(J* =1 —1)(A —1) of the most singular terms in (4.52), we conclude
that (4.53) is valid if the following relation

1 A
J*:min{JEN:J>4 (n+2)[+2n+5]} (4.54)

holds. It is easy to see that the number J* is greater or equal to 3. In
particular, J* = 3, when I = 0 (see (4.39)). This means that it is enough
to construct three terms (Uy, Py) in this case (i.e., to construct the approx-
imate solution (U, PR))).

Case \ # %

Now the right-hand sides have the form

g,\(n71)72+(2k+1)()\71)§_~;(y/jt)j k< A?
Bl (5 g, ) = { g DTG (g k=T+2j+1,
y;A(n71)72+(2(f+j+1)71)(A71)§%+j+1(y/, ), k=T+2j+2,
ygx(n—1)—2+2k(x—1)§n,k(y/’t)7 k<T,
For(f s t) = 4 g ORHODE () k=T+2j+1,
. A(n,nfm(mm(Afl)grnjﬂ“(yg t), k=1T+2j+2,

k=0,1,2,...,5=0,1,2,.... Welook for the approximate solution (U[J], P[‘]])
to the problem (4.30)1-(4.30)4 in the form

Uy yn, t) =y "2 U (1, 1)

min{J, L%fj} —A(n—=1)+(2k+1)(A=1)qqr /. 1
X m Wi (v, 1)
L"’TIA“J

n kz y;)\(nfl)+2+(2k+1)()\fl)ﬁ;(y,’t)’
=1

F(t) _xn_
Yy g t) = K(O)yn MDo(y)+
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min{J,| 25 |}
+ Z y;/\(ﬂ*l)#»?k()\fl)un’k(y/’ t)
k=1
| L=l

+ kZ g MTTOTERRASI ),
=1

F(t) 1-A(n41) 4y D100y 8)
Py gy t) = L Yn oy,
Wy t) = T AT 1)

+ Y gy, TN TIREENOSD 55

2
+ 3 ygx(n—l)—1+2k(,\_1)gk(y/’t)
J-T+1
. > | Go () X DAL= DA-D)
k=1
| 2=

=1

N/ ~
where J € N, functions (U, Qx), k = 1,2, ..., are solutions to the problems

AW, + V' = Fpy, Y € w,
AV, = DAY, V) +2-2k(A— D) U, ¥/ €w,  (4.56)

~/

uk = 0, y, € 3&},

Un k(1) = () (=A(n = 1) + 1+ 2k(A = 1)) + W, 1 (0, 0),

¢ solves (4.10), ﬁ;k, k = 1,2,..., satisfy the equations (4.42) with the
right-hand sides g"n’k_l, functions g, £k = 1,2,..., are determined from
the solvability condition for the problem (4.56) which is equivalent to the

equation
205 (t) ko[~ A(n — 1) + 1+ 2k(A — 1)][~1 + k(A — 1)]
= / MY, V') +2 = 26N — D] W, (v, t) dy - (4.57)

w

For all k£ € N the terms in brackets in the left hand side of (4.57) are
nonzero. It means that functions ¢, k = 1,2, ..., are uniquely determined
from (4.57).

The functions Wy, Ok, Uy, 5, & = 1,2, ..., are solutions to the problems

(4.41), (4.42) with the right-hand sides f/'f\";ﬂfl, f/f\”n,k,l. If =A(n+1-2k)+
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1 — 2k # 0, the functions g, k = 1,2, ..., are uniquely determined from the
solvability condition (4.44). If —A\(n+1—2k)+1—2k = 0 then, analogically
to Section 4.1.2, we look for (Ug, Pj) in the special form (see (4.47)).

Note that all functions in the problem (4.56) depend on time variable ¢
as a parameter. Thus, using Theorem 2.5 we can formulate the following
lemma concerning the solvability of this problem.

Lemma 4.6. The problem (4.56) admits a unique weak solution ﬁ; e W2
(w) and there holds the estimate

~/ ~/ ~
A (P T (4.58)

Moreover, there exists a corresponding pressure function ﬁk € L*(w) such

that [ Pr(y')dy =0 and

D2 F 2 T (2
141320 < € (1Fict B + 1T i 3a))
Since by construction all the data is smooth, the solution f(;;, ﬁsk is also

smooth.

Note that solvability condition (4.57) to the problem (4.56) is satisfied
automatically due to the construction.

Remark 4.5. Since t is a parameter in the problem (4.56) we can differ-
entiate the equations with respect to time variable ¢ and get the analogous
results for the time derivatives of the solution.

Finally, we find the approximate solution (U], Pl/]):

min{J,| 251}
U/[J] (y/’ Un, t) _ y;)\(n—2)_lu6(y/7 t) + k¥12 y;)\(n—l)+(2k+l)()\—l)u;€(y/7 t)

LJ7T+1J
n i y;)\(n—l)+2+(2k+1)(/\—1)ﬁ;€(y,’t)’
k=1
F(t) _xn_ min{J,| 2L |} A 3
Ur[ij](y/,yn,t)—,gyn“ Yoy + kZl R A TN (V)
| LD
k=1
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F(t) 1—/\(n+1)+ 7/\(77,71)71Q ( /t)
P[J] , _ L Yn o\y,
min{J,LJiIAJ}
T S Rt
=1

_HS’];C(yé(n71)+172(k71)()\71)1n Y — 1)) i y;,\(n71)71+2k(,\71)gk(y,, t)}

| =L=1 )
+ >

[ﬁk(t)yﬁ)‘(n_l)ﬂwko‘_l) 4 y;/\(n—l)+1+2(k+1)(>\—1)’(:)k(y,’ t)],
k=1
where J € N.

Discrepancies. Case )\ # %

The discrepancies H';(y/, yn, t), Hyn 7 (y', yn, t) that are left after J + 1 steps
can be written in the form

J

H () oy, t) = 3y U TIERNOINE ()
k:min{J,[%J}
J ~
+ Z ) yg)\(nfl)+(2k+1)()\fl),3j;€(y/’t)7
=max J=Ixl
L= (4.60)
Hog(y oy t) = > g T UTERODE L)
k:min{],L%J}
J ~

k=max{0,[ £=L+L |}
By the same argument as in Subsection 4.1.2 one can prove that

J = J+J, (4.61)

n—2
[/\_1—1-714—3]},

n-+ 2
[A_1+n+3]}.

It is easy to see that the number J* is greater or equal to 4.

where

J:min{JEN:J>

== =

j:min{JEN:J>

Estimates of the higher-order terms

The estimates of this section are valid for both cases A = % and \ # %,
ie. for all A > 1.
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Let us come back to the variables x, t and define
ul/l(z,t) = UVI(@/ fap, a0, 1),
p[J] (.1‘, t) = pll (x’/xﬁ, Tn, t),

where U], P/l are defined by (4.51) or by (4.59) depending on the value
of A. By the construction

div ul’l(z,t) =0 in Qp, ull(z,t)=0 on 90y NN,
ﬂmam:ummﬂﬂinQH,L/uMJMf:F@.
a(h)

Functions ul’!, pl/! satisfy the Stokes equations

—vAul +vpll = HI 2 e Qp,
divul/l = o0, T € Qy, (4.62)
u/l = o, z € 9Oy NN,

where the right-hand side H/~!(x,t) = Hj(2'/2), z,,,t) is described by

formulas (4.52) or (4.60) depending on the value of A. Then by construction
we deduce s R
anByyJ-1/ 9 F(t

|D:L’DtH (:E’t)lgckzzjo Otk+8 ‘

A= LHa)—2+2I-) (A= D—an(A-1)

(4.63)

J 8k+BF(t)

anbB -1
‘Dth Hn (.%',t)‘ SCkZ::O otk+8 ‘
.$7A(n71+|a|)72+2(J71)()\71)7an()\71)

(4.64)

if A = ¥H . On the other hand, if A # 25, we have

|D3DEH‘]_1,($,7§)’ <C i ak+ﬁF(t)’ ( —A(n—1)=2+(2i+1)(A-1)
k=0

otk+8 n
(n—1)+(2j+1)(/\—1)) x;\alx\wn(k—l)

(4.65)
-l—:c,:/\

J 8k+5F(t)
Brri-1
|Dg Dy Hyy ™ (2, t)| < Ckz::() otk+8

n x;)\(nfl)+2j(/\fl)) x;\a|)\+an()\fl)

( —A(n—1)—2+2i(A—1)

n

(4.66)

)

where a = (a1, ..., ), |a| = a1 + ... + ap, B € N, i = min{J, L%IAJ} and
j = max{0, | ==}
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Finally, for all A > 1, there hold the following estimates for the functions
(] plJ]
us, p

J
|D2 D}V (2, 1) < 'Y

k
881;(75) ’ mT—L(n—2+|a|)/\—1+an(A—1)’ (4.67)
k=0
I |OFBEM)| (e _
a J n o) A tan (A
DEDfu o)) < € 3 | Tt (TN )

J k+3
’Dg‘Dth[J] (:[;’ t)‘ <C Z 8,F(t)‘ x_(n+1+‘o‘|)>‘+1+an(>\_1) (469)
k=0

N ’

where |a| >0, 5 € N.

4.1.3 Regularity conditions

Constructing the asymptotic expansion of the solution we have supposed
that all needed derivatives exist. Now consider the asymptotic expansion
(UL, PNy of order J € N (see (4.40), (4.55), (4.59)) and the corresponding
discrepancies H (v, yn,t) (see (4.52), (4.60)). In order to get the asymp-
totic representations we had to solve the problems (4.33), (4.42) and (4.16),
(4.41), if A = 2H (plus the problem (4.56) if A # ML) Analyzing the
right-hand sides of these equations we see that the regularity of asymptotic
expansions depends on the regularity of the flux F'(¢) in a recursive way,
i.e., one time derivative is "lost" on each step of the construction. Thus, if
we want to construct the asymptotic expansion up to the order J, we have
to assume that the flux F'(t) satisfies the following regularity condition

F e W/t2(0,27).

Since the flux F'(¢) is the integral of the normal component of the boundary
value a(x,t) over 0f), we have to assume the following regularity conditions:

al
07? e L2(0,2m; WY22(0Q)), 1 =0,1,2,...,J + 1. (4.70)

4.2 Existence of the solution

Let £ € C*°[0,00) be a nonnegative cut-off function, described in Chapter
2, Eq. (2.3). We look for the solution (u, p) of the problem (4.1) in the form

/
u(z, zp, t) = E(z,) UV 1 (x)\,xn,t> + V(2 zp,t) + U2, 2, t), (4.71)
xn

/
p(a’, xp,t) = 5(:1:n)P[‘]*_1] <$ a:n,t> + P2,z t), (4.72)

>
Tn
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where (U[J 1 plJ **1]) is the approximate solution, given by the asymp-
totic formula (4.51) with J* defined by (4.54) if A = 23! (in the case
A # %, (Ul"=1, pl7*=1y and J* are given respectively by (4.59) and
(4.61)), V(2/, zp,t) = 0 for z,, < H/2, while for x,, > H/2 the function V
is the solution of the following "divergence problem":
. _ [J*—1]
divV = _5, n , TE QH/2,H7 (4.73)
V = a, r € 0/,

where Q5 g is a Lipschitz domain described in (2.2) and a is extended on
the plane z, = H/2 by zero (and denote by the same letter a) (recall that

suppa C 08 N IN (see Figure 2.1)). Finally, (U, 13) is a solution to the
problem

ﬁt—VAﬁ+V]3 = f* T €9,
divU = 0, z€Q,
~ (4.74)
U = 0, x € 082,

A~ A~

U(z,0) = U(x,27m), z €,

where f* = f + H oy — V, + vAV + v(2VE - VU1 4 AcUl" 1)) —
veP =l H; is described by (4.52) (or (4.60), if A # ), and J* € N
is the number which ensures that Hj«_; belongs to L2(0,2m; L?(2)) (see
(4.54), (4.61) ). If the regularity conditions (4.70) with J = J* — 1 are
satisfied, all terms in the expression for f* — f are well defined.

Consider the divergence problem (4.73). Since

- / gul Vde = — / Ul lds = —F(t),
Q2 o(H/2)
the necessary compatibility condition
— / gul Vg = / a-ndS (4.75)
Quy2,0 /2,1
is satisfied and the problem (4.73) is solvable (e.g. [18]).

Lemma 4.7. Let a,a; € L?(0,2m; W1/272(OQH/27H)) and there holds the
compatibility condition (4.75). Then the problem (4.73) has at least one
solution V € W1’2(QH/27H) satisfying the following estimates

IVIIL202mw 1240 1)) < Cllall L2 2mw1/22(00 15 1)) (4.76)

Ve ||L2(072W§W1'2(QH/2,H)) < Cllay ||L2(0,277;W1/272(BQH/2’H))' (4.77)
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Proof. Consider the linear extension operator E : W1/22(9Q H/2,H) —
WI’Q(QH/ZH) given by the formula Fa = w, where W|8QH/2’H = a. The
operator F is bounded:

||Ea||12/Vl’2(QH/2,H) - HWH%/V1’2(QH/2,H) < CHaH%/VI/Q’Q(aQH/z,H)’ (4.78)

see, e.g. [1].
If a = a(x,t) depends on t and a; € W1/2’2(8QH/27H), then due to the
fact that the operator E is linear, we have Fa; = w; and

HEatH%[/L?( < CHatH%/VUz,Q( (4.79)

Qu/oH) = o m)’

If a, a; € L?(0, 27T;W1/2’2(8QH/27H)), then integrating (4.78), (4.79) by t
we get

2 2
HWHL2(0’27"§W1’2(QH/2,H)) < CHaHL2(0,2W§W1/2’2(3QH/2,H))’

2
)) S CHat||LQ(O,QW;W1/2’2(8QH/2YH)).

2 (4.80)
||Wt HL2(0727T;W1’2(QH/2,H

see, e.g., [1]. We look for the solution V' of the problem (4.73) in the form
V = w + v, where the function v is a solution to

divy = —glUT[LJ*iH —divw :=h, z € QH/Z,Hv
(4.81)

v = 0, xe@QH/ZH.

Note, that the variable ¢ in the equations (4.81) plays the role of a parameter.
Therefore, functions v and h depend on ¢ as a parameter. Thus, we can
differentiate with respect to time variable ¢. Then, from (4.75) it follows
that [ hdzx=0and [ hydx =0 for all . Therefore the problem

Qujom Qp/o.m
(4.81) has a solution v satisfying the estimates

IVVliz202mw 124 0. 00) < ClBI L2020 L2(Q4 0. 10))

IVVill202mw120p 0 1)) < Cllhell 2002002 (90 . 1))-

(see [19] or the corresponding subsection about divergence problem in Chap-
ter 2). Collecting the obtained estimates we get

HVHL2(O,27T;W1’2(QH/2,H)) < C(HaHL2(0,27r;W1/272(8QH/27H))
(4.82)

+||h||L2(O,27r;L2(QH/27H))) < C”aHL2(0,27T;W1/2’2((99H/2,H))7

IVell 20, 2mm 12000 10 ) < Cl2tl 220 2mw 1220020 15.10)) (483
4.83

Hlhell202m 220 )) < Clladl 2o 2mmw/22(00,,5 ) O
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Thus, it follows from the estimates (4.76), (4.63)-(4.69) and the fact that
the flux F can be estimated by the L? norm of the function a we have proved
the following estimate for the right-hand side f* of the problem (4.74)

*(|2 2 2

1132022y < (1130 222y 18030 i 220020
(4.84)
+ I;::l Hﬁ"L2(0,2W;W1/2,2(6QH/27H))>'

Then solvability of the problem (4.74) follows from Theorem 2.6, i.e. the
following lemma holds.

Lemma 4.8. Let f* € L?(0,2m; L%(Q)) be a time-periodic function. Then
the problem (47A4) admits a unique time-periodic weak solution U € L?(0, 27;
Wh2(Q)) with U, € L%(0,27; L2(Q)) and there holds the estimate

sup (O, 613120 + 1012200 2mmri2y) + 10¢1220.2m,
re (0.2 wi2(Q L2(0,2m;W1:2(Q)) L2(0,2m;L2(Q)) (4.85)

< C”f*HL2 0,2m5L2(R))"

4.2.1 Existence theorem

Definition 4.1. By a weak solution of problem (4.1) we understand a
solenoidal time-periodic vector field u € L*(0, 27; I/Vllof(Q) NW2(Qp 0 1))
with u; € L*(0,2m; LY () N L2(QH/27H)) satisfying the boundary condition

ulpg = a and the integral identity

2

//uTmT n(z, T)dxd7'+l///Vu:vT) Vn(z,7)dxdr

0

_ 7/ £(z,7) - m(z, 7) dadr,
0 Q

for every time-periodic solenoidal n € L* (0,2m; C§()).

From what was proved in Sections 4.1-4.2 follows the main result of the
paper concerning the solvability of the problem (4.1).

Theorem 4.1. Let f € L*(0,2m; L*(Q)), a, a; € L2(0,2m; WY22(0Q /2 17))
be given time-periodic functions, suppa C 9 N O C I/ g N O and
there hold the reqularity conditions (4.70). Then the problem (4.1) admits at
least one time-periodic weak solution u € L?(0, 27; VVZL? (Q)QWLQ(QH/Q,H)),
u, € L*(0,2m; L7 (Q) N L*(Qpjo. ) which can be represented as the sum
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(4.71), where U1 s the constructed in Section 4.1.2 asymptotic expan-
sion (see formulas (4.40), (4.51), (4.55), (4.59)), V is a solution to the
problem (4.73), and U is the weak solution of the problem (4.74). More-
over, the following estimate

sup [l 2) = EOUY 0,0y
te(0,27]
*_ J*¥—
Hlu = €U 012 orapragay + 0= €07 g 02

(4.86)
< C(IE12 200 2msz20 + 121220 21220231 )

T4 gka
T 1;1 HWHL2(0,27r;W1/2»2(8QH/2,H)))

holds.

Proof. The difference u — (€U =1 4+ V) = U is a weak solution of
the problem (4.74). Therefore estimate (4.86) follows from (2.33), (4.82),
(4.83). O
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Chapter 5

The nonstationary Stokes
problem

In this section we consider the initial boundary value problem for the Stokes
system in domains 2 (see Fig. 1.1 or Fig. 2.1) having a power cusp (peak)
type singular point on the boundary

w —vAu+Vp = f, x € €,
divu = 0, x € €, (5.1)
u = a, x € 09,

u(z,0) = b(x), ze€.
We assume that suppa C 029 N 9N and that the flux of a is nonzero, i.e.,

/a -ndS =—-F(t). (5.2)

[2/9]

Further, we suppose that the initial velocity b is represented as a sum
b('r) = C(xn)using(x) + u0($)7 (53)

where ( is a smooth cut-off function with {(¢) =1 for t < H/2 and ((t) =0
fort > H,

Uging (1) = (x;A(n—Q)—lu; (e, G (:n’xgk)) ’

and ul, u,s € Wl’Q(w), w=1{y € R : |¢/| <y}, uo € WH3(Q),
y =ax, A. Moreover, the initial velocity b and the boundary value a have
to satisfy the necessary compatibility conditions

divb(z) =0, b(z)laq = uo(z)|sn = a(z,0). (5.4)
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The singular part ug;y,g of the initial condition b is assumed to be solenoidal
and it is "responsible" for the flux in the cusp point O at the time moment
t=0:

div tiggmg = 0, / Ugimg -1 dS = F(0) Vhe (0,H/2).  (5.5)
o(h)
From (5.2) it also follows that
/ o - ndS = —F(0). (5.6)
o0
In coordinates y the flux condition in (5.5) takes the form

[ ey = F0). (5.7)

w

Note that the conditions (5.4) and (5.5) imply divug = 0 in Qp/5, and from

the inclusion ug € WH2(Q) it follows that [ wug-ndS = 0 Vh < H/2.
o(h)
Indeed, obviously,

/ ug-ndS — / u)-ndS=0 Vh<H/2.
o(h) o(H)
The flux of ug is constant, say Fy, i.e.

/ uo.ndS:Fo th H/2.
o(h)

2

F} = /uo-ndS < /u%ngcxi’\/|Vuo\2dS Vh < H/2.

o(h) o (h) o(h)
Hence
h h
/Fga:n”da;n < c/ / |Vug|?dS dx, < 0o VYh < H/2.
€ € a(h)

The integral on the left-hand side is diverging as € — 0. Therefore, Fy = 0.

64



We consider the case where the flux —F(¢) of a(z,t) is nonzero (see
(5.2)), and we look for a solution u(z,t) of problem (5.1) satisfying the
additional flux condition:

/ w-nds = F(#), (5.8)

o(h)

so that the following necessary condition

/u-ndS’—l—/a-ndS:O

o(h) o0

holds for any h € (0, H].
The results of this chapter were published in [7].

Remark 5.1. If u(z,0) = 0 and the functions f and a are equal to zero in
a neighbourhood of the point ¢t = 0 all results of Chapter 4 remain valid.

5.1 Formal asymptotic decomposition

In this section we construct a formal asymptotic decomposition of the so-
lution, which is the sum of the outer asymptotic decomposition and the
boundary-layer-in-time, needed to satisfy the initial condition. The outer
asymptotic decomposition is constructed in the same way as in the case
of time-periodic problem (see Chapter 4). Therefore, we mostly omit the
derivation of these formulas, but we construct in details the boundary-layer-
in-time decomposition. We consider the case of the homogeneous (f = 0)
equations (5.1).

5.1.1 The leading-order term of the asymptotic decomposi-
tion

The leading-order term for outer asymptotic decomposition

Let us remind shortly the construction of the main asymptotic term (for

details see Section 4.1.1). Consider the problem (5.1) with homogeneous

boundary conditions in the domain Qg (remind that u|sq,~o0 = 0). We
rewrite the problem (5.1) in coordinates y' = o'z, yn = T, t =1 :

((w — vy, A+ D)W +y, AV = 0, yell
Uny — v(y, 2N + DNy, +Dp = 0, yell,
y A diva +Du, = 0, yell, (5.9)
u = 0, yedll,
u u(y',yn,0) = 0, yell,
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where IT = {y € R™ : |y/| < v0, yn € (0, H)}. For the reader convenience we
remind that

_ 0
oy’

V' =(01,..;0n-1), divvu' =V .u, A'=V.V.

D=0, - -V, o= (up,.,un_1), Ok k=1, ..n,

It is shown in Chapter 4 that the leading-order asymptotic term has the
form

F(t) —xtm-
Uno 9, £) = 20D,

0
Uh(y ynrt) = v 27U (1), (5.10)
F(t) LA
ko(1—A(n+1))7"

Po(y, yn, t) = + oy DT 00 (1),

where the function ¢ is the solution to the Poisson problem

vA'p(y') = 1, ¥ cw,

A1
e(y) = 0, ¥ € ow, (5:11)
and is described in Chapter 2 (see Subsection Poisson problem), w is a
bounded domain: w = {y' € R : |y/| <~} and (U, Qo) is the solution
of

—vAUG (Y, t) +V'Q(y' 1) = 0, y €w,
divvuy(y',t) = So(v,t), ¥ €w, (5.12)
uy(y',t) = 0, y' € ow,

with
So(y/,t) = Mg ' F(t)(n—1+y" - V)e(y).

Note, that by construction, the following compatibility condition for the
problem (5.12)

/9o(y’,t) dy' =0

must hold. The solvability of the problem (5.12) follows from classical results
in [18]. Since time variable ¢ is only a parameter in the problem (5.12),
using Theorem 2.5 we can formulate the following lemma concerning the
solvability of the problem.

Lemma 5.1. The problem (5.12) admits a unique weak solution W[, €
Wh2(w) and there holds the estimate

UG i) < €llSollZ2 - (5.13)
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Moreover, there exists a corresponding pressure function Py € L*(w) such
that [ Po(y')dy’ =0 and the following estimate holds
w

||9)0H%2(w) < CH90||%2(U_,).

Since by construction the data is smooth, solution W, Py is also smooth,
i.e. s infinitely differentiable up to the boundary.

Remark 5.2. Since ¢ is a parameter in the problem (5.12) we can differ-
entiate the equation with respect to time variable ¢t and get the analogous
results for the time derivatives of the solution.

The leading-order term for the boundary-layer-in-time

Since in (5.12) the time variable ¢ is included only as a parameter, in general,
the vector function (Uj, U, o) does not satisfy the initial condition. In order
to compensate the discrepancy u(z,0) = us(z) — Ug(y/, yn, 0), we have to
construct a boundary layer near the point ¢ = 0'. Rewriting (5.1) in Qg in
new coordinates

y = a'w, Ny = T =t/
we get
Ul — vy, P A + DD + 1y, Vp = 0, y eIl
Y PMng = V(Y DA+ D} Jun + Dop = 0, y €11,
y A iva + Dyu, = 0, y € 11, (5.14)
u = 0, y € 01,
u(y,0) =us(y) — Uo(y,0), yell

where
Dy = 0n — My, 1y -V = 20y, 170,
Remind, that y = (¢/, ya) and us(y) = (v~ ul(0), 5" Vs ().
We look for the solution (UY, PS) of (5.14) in the form

UN (Y yn,7) = (UL 4, 7), UL o (4 9, 7))

1-A(n+1)

(5.15)
PY(Y  YnsT) = Un 98(1) + Q4(Y' yn, 7).

where An—2)-1
U/Db(y/7 y’n7 T) = yTL " u(]b(yla 7—)7

An—1)—
Qg(ylvynaT) = Yn (n=1) lgg(ylvT),
“A(n—
Uz,o (y/7 Yn, T) = Yn ( 1)u£)z,0 (y/7 T)7

'Note that on this step we satisfy only the singular part of the initial condition.
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with
Un oy, 7) = (1= A(n +1)) @4y, 7).
Substituting (U§, P¢) into equations (5.14) and selecting the leading
terms as y, — 0 terms, we get

y;2)\U6b,T _ Vy;Q)‘A/Ug) + y;)\v/Qg — 0’ y/ €w,
y, M ivUpP = _QbUg,m Y € w,
uy = o, Yy € Ow,
UP(W,yn,0) == uf(y,yn), ¥ €w,
and
_ _ —A(n+1
UL — vy AU+ (1= A+ 1) g gh
_ dqb
—2)\yn/\(n+1)7'ﬂ = 0, Yy € w,
dr
Uy = 0, y' € Ow,
Ug,o(yla ynv 0) = ug,o(yla yn)7 y/ € w,
where
uf (', yn) = (v, yn) — UG, yn, 0)
and

u?z,()(y,a yn) = un,S(y,y yn) - Un,O(y/a Yn, 0)-

Two previous problems can be equivalently rewritten as follows

Uy, — vA"UG + V' = 0, y € w,
divUG = AAy(y', 7, V', 00U (v, 7). ¥ € w, (5.16)
u6b = 07 y/ S 8&1,
Uy (y,0) = ug(y), Y €w,
and
Yy, 7) —v ARGy, T) = sj(1), Y ew,
h(y',7) = 0, Yy € dw,
oh(y,0) = wbo(y), ¥ €w, (5.17)
Jo4(,m)dy = 0,
where
Ay, 7, V', 0:) =n—1+y -V 4270, (5.18)
A dgf(7)
so(t) = —go(7) — 25 720 (5.19)

n+1)—1 dr
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and
ub oY) = Uns () — Uno(y',0).
b

Note, that (5.17) is the inverse problem, the function s}(7) is not known
and we have to choose it in order to satisfy the flux condition (5.17)4.
By construction the following compatibility condition

/ h(y,0)dy’ = / ub o(y') dy' =0 (5.20)

w w

holds (see (5.7) and (5.10)). Therefore, the solvability of the problem (5.17)
follows from Theorem 2.7. Behavior of the solution to (5.17) as 7 — oo is
described by Theorem 2.8, which states that the solution (@8, 38) is, in fact,
exponentially decaying. In other words there hold following lemmas.

Lemma 5.2. There exists a unique weak solution ((138,88) of the problem
(5.17) such that

sup [|B5( T)llwr2w) + 1Pl L2(0,00w1 2w
ref0,00) (5.21)
H0- 8| £2.0,00:L2(w)) + 15611 22(0,00) < €llupollwr2w)-

Lemma 5.3. The solution (®},s}) of the problem (5.17) satisfies the esti-
mate

o [eaptver) (bt 72 o+ v f Vb0 )|

T€[0,00) w

+ f EI[)(V*T)I ‘87.(1)8(3/’7—)‘2 dy dr + f ea;p(V*T)|38(7')|2 dr (522)
0 w 0
< CHUZ,O”%M@(W),

where v, = min{\,1}. Here \; is the first eigenvalue of the Dirichlet
problem for the Laplace equation

{ —vAu(x) = du(z), =€ w,
u(l‘)bw =0.

Solvability condition for the problem (5.16)

/ Ay, 7, V", 0. ) U o (y, 7) dy =0

is equivalent to

(1= A(n+1))270; / B(y ) dy =0
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and is satisfied automatically (see (5.17)4). Then the solvability of the
problem (5.16) and the exponential decay of its solution as 7 — oo follows
from Theorem 2.10.

Lemma 5.4. The problem (5.16) admits a unique weak solution ug’ such
that

H[lax)||u6b( )”Wl? +||u ”L2 0,00;W12(w +||u T||%2 (0,00:L2(w))

T ,O0

(5.23)
< ¢ (198l 20,00 2 + 102l 20 005120 >+\|uouwmw))

There exists a corresponding pressure function Py € L%(0,00; L?(w)) such
that [ P4(y') dy’ = 0 and the following estimate holds

IP12: 0 socrzery < (I8 lz2g0,c0mn2e)) + 105 @l 20 2200

w22 )

Note that solvability condition for problem (5.16)

//\Aby 7V, 0oy T dy =0

holds due to the construction.
The function g§ is the solution to the ODE (5.19) and has the form

) = MO/ b1 gt 4 ¢ | 7Mo, agy =
0

n+1 1

5 T on

We set the constant C' = 0 in order to have finite boundary layer pressure
Pé’ at point 7 = 0. Moreover, there hold the following properties

lim gj(7) = —s5(0), lim gj(r) = 0. (5.24)

T—0 T—00

The equalities (5.24) follow from Theorem 2.8 using L’Hospital’s rule.

Discrepancies

Functions Uy, Qo, U}, Qf leave in the equations (5.9)1, (5.9)2, (5.14)1, (5.14)2
the discrepancies H{ (v, yn,t,7), Hp oY, yn,t, 7):
H{ (Y, yn, t,7) = vD?Uf(y,t) — Up,(y, t) + vO; UL (y, 7)
—\ 2 -2 2)—17
= 3 OTF ) TR (5.95)

oy TATEFR (Y )

70



= FOW, unt) + LY yn, 7),
Hoo(y ,yn,t,7) = vD*Uno(y,t) — Unot(y, t)
—9( A lQo(y/>t)>
VDU (Y s yns T) — Do (Y, Y, T)
= 5 " TT 0 )+ T T a0 1)
TV ()
= Fo s yn,t) + B oy s Yn, 7).

The discrepancy Ho(y', yn, t, 7) is represented as a sum F§(y,t) + F§(y, 1),
where F§(y/, yn, t) is a collection of the discrepancies arising from the con-
struction of the leading-order term of the outer asymptotic expansion, while
Fg (¢, yn, 7) is the discrepancy arising from the boundary layer construction.
Moreover, F§(y', yn,t) consists of two parts: terms F denotes the discrep-
ancies appearing due to Ug;, and F - the rest of the discrepancies.

Our goal is to construct the asymptotic decomposition of the solution
so that the discrepancy belongs to the space L2(0,T;L?(f2)). However,
since A > 1, neither F§ nor F} belongs to L?(0, T} LQ(Q)) and we need to
construct higher-order terms of the asymptotic decomposition.

Estimates of the leading-order term

Let us come back to the variables z, t and define
u’(z,t) = Ug(a' /2, o, t) + UG (2! /2, 2, t )22,

po(x,t) = Po(x’/xz,xn,t) + Pg(x’/x,{‘b, xn,t/x%\).

By construction
div u’(z,t) =0 in Qy, u’(z,t)=0 on 9y NIQ,
u’(2,0) = uging(z) in Qp, u’ - ndd = F(t).

o(h)

Functions u?, p° satisfy the Stokes equations

ug —vAW+Vp? = H+ Ups, =€ Qp,
div 110 = 0, HANS QHa
(5.26)
u = 0, x € 00y N oL,
u’(z,0) = Uging (), r € Qg,



where function HO(z,t) = Ho(2'/2)}, 2, t,t/22}) is defined by formula (5.25).
Note that the function Ug; is included in the expression of the discrep-
ancy H? (see formula (5.25)) and therefore the right-hand side expression
H° + Uy, does not contain time derivatives.

By construction we get

HHOH%P(UJ) < Cy722)\(n71)74<Hg:OH%2(w) + Hg:'OH%Q(w) + H:}'OH%Q(LU))

5.1.2 Higher-order terms of the asymptotic decomposition

In order to obtain the discrepancy in L?(0,T;L?(2)), we have, first, to
compensate the most singular term in F§, that is

~/ ~ —~ ~
(i " DBF (1), y Y2 (0 1) = (Fo(y s Yns t), Fno(y s yn, 1))

So, we have to find functions (Uy, P;) which solve the nonhomogeneous
equations (5.9)1—(5.9)4 with the right-hand sides fé, F\MO, i.e. we compen-
sate the most singular terms f‘g, ]*Ajmo. Functions (Uy, P;) leave some new
discrepancies F{ in (5.9), etc. We shall keep constructing the functions
(Ug, Py), k € N, which satisfy the nonhomogeneous equations (5.9)1—(5.9)4
with the right-hand sides F)_,, F,, _1, until we get the discrepancies be-
longing to L2(0,T; L(9)).

To explain this algorithm heuristically, consider the equation (5.9)2. In
order to compensate the term y,J, 5 in the right-hand side, we construct
a function yﬁ”’\un,kﬂ which produces a new discrepancy yﬁfﬁ(/\_l)&"n,kﬂ,
i.e. after every step the power exponents p of y,, (describing the singularity)
are changing by the following rule

p— p+2(A—1). (5.27)

At every step of the construction we select the most singular terms in
the discrepancies F)?, F?,. The process of selecting right-hand sides can be
illustrated by the scheme

f‘f+1+f‘0$...:>f*‘f+li+f‘k:>..., A= DL (5.28)
{ﬁ0:>]/5\‘f+1:>...:>f‘k:>f'f+l+k:>..., A N
The number I is given by
f:min{JeN:I>1—1}: b A=A (5.29)
“ 3 _1 {ﬁJ’ )‘#NXIFI
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The analogous algorithm is used to construct the boundary layer asymp-
totic decomposition: at every step k£ we select the most singular term in the
discrepancies Fz(y’ ,Yn,T), k € N, and compensate it. Moreover, at every
step we compensate the corresponding discrepancies in the initial condition
(since obviously Ug(y', yn,0) # 0).

. _ N+1
Case: )\ = N

Outer asymptotics. Case \ = % IfA= M , then up to the number

I, given by (5.29), the terms with (Fk7 nk) k: = 0,1,...,[, are "more
singular" than (ﬁ‘;{, ﬁnk) When we reach the number I the terms f‘fﬂ and

ﬁo have the same power exponents of 1,, and so we compensate the sum
1~7‘0 +F 7+1 and continue doing so till we reach the satisfactory discrepancy
from L2(0,7T; L*()) (see (5.28)). Therefore, the "most singular" terms in
the discrepancies are:

FL(y un, ) = D 2RO () )

Fn,k (y/7 Yn, t) = y;)\(nil)72+2k(/\71)3:n,k(yl7 t)a

where

F (y/ t) (g;r/ (y/ t) T ) { g\:k(y/)t)a
k\Y,l) = k\Y,t),Ink) = ~ ~
gjk(y/, t) + H:k_f_l(ylv t)’

?r?r
IN

I,
> 1,

k=0,1,2,.... Thus, we can look for the approximate solution (U?l/], PO:l/1)
in the form of series in powers of y,,:

UM (y,t) = yf)\(n 21y U (y, 1) + i ~A(n—2—2k)—2k— 1u,( P,

k=1
F(t) - S (n—
E®) o) oy 4 3 ),

Un A(”“) +yn gy 1)

Uy, 1) =

o) (5.30)

Ko(l — A(n + 1))
J
Z [ “A(n+1—2k)+1— Zkgk(t) i y;k(nflf%)flf%gk(y/?t)],

POVl(y,t) =

where J € N and (W}, Qy), k = 1,2, ..., are solutions to the problems

VAW, +V'Q, = Fi_q, Y € w,
divly, = DAY, V) =2k =D]Unk, ¥ €w,  (5.31)
u, = o, y' € Ow,
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un,k(y/7t) = gk(t)(_)‘(n +1- 2]{) +1- 2k)(P( ) + un k(y t)

Ay, V') =n—1+19 -V, the function ¢ is the solution to the problem
(5.11), Uy, . satisfy the equations

—I/Alu:; A grn,kfla y/ € w,
7 5.32
u,, = 0, y' € dw, ( )
and the functions gx, k = 1,2, ..., are uniquely determined from the solva-

bility condition for the problem (5.31) with —A(n 4+ 1 — 2k) + 1 — 2k # 0,
ie.

glt) = = )\(n+1—12k)+1—2k /u""f vt dy' (5.33)

If —A(n+1—-2k)+1—2k =0, we have

n—i—l+ n .
2 200 —1)

_??‘I

k=

(5.34)

Note that such k not necessarily exists, since k € N (for example, it is easy
to verify that k does not exists when n = 2; in this case ﬁ is a natural
number (see (5.29))). However, if it does exist, we have to look for (Ug, Py)
in a special form (see Section 4.1.2). We were not able to solve the same

"k" problem for the boundary layer. Therefore, hereafter we assume that
—A(n+1—-2k)+1—-2k#0. (5.35)

Note that all functions in the problems (5.31), (5.32) depend on time
variable t as a parameter. Thus, from Theorems 2.5, 2.1 we get the following
Lemmas concerning the solvability of these problems.

Lemma 5.5. The problem (5.31) admits a unique weak solution W), €
Wh2(w) and there holds the estimate

W10 < € (1FhaalBa + NG a2y ) - (5.36)

Moreover, there exists a corresponding pressure function Py € L?(w) such
that fiPk )dy' =0 and the following estimate holds

1241320 < € (1Fa B + G4 3a)) -

Since by construction all the data is smooth, the solution W}, Py is also
smooth.
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Note that solvability condition (5.33) to the problem (5.31) is satisfied
automatically due to the construction.

Lemma 5.6. The problem (5.32) admits a unique weak solution W} . €
W2(w) and there holds the estimate

U7 kw2 @) < ellFnk—1ll22w)- (5.37)

Moreover, since by construction F, p_1 is infinitely smooth, the solution
Wy .. is infinitely smooth up to the boundary.

Remark 5.3. Since t is a parameter in the problems (5.31), (5.32) we
can differentiate the equations with respect to time variable ¢ and get the
analogous results for the time derivatives of the solution.

Boundary layer. Case \ = % Let A = % and consider the problem

(5.14) with the right-hand sides having the special form

U P, — v(y, DA+ DI+ AV = Ty 1),
Yo Ptin 7 — v(y P A+ DFJu + Dip =y I TF (1),
y A divia’ + Dyu, = 0, (5.38)
ulonr = 0,
u(y/, Yn, 0) = _Ul(y/a Yn, 0):

where y € II, FP, 5717%0 are described in (5.25). We put

—A(n—1)—1 —A(n—3)—-3
Py, ) = g (F)yn T oy I (7,

UL yn,7) =y UL (Y ), (5.39)
U’S,l (yla Yn, T) = yT:)\(n_B)_2u%,1(y,v T)a
with
UL (/s 7) = (~An = 1) = 1) (2}, ) + Uy (7)) -

Function U ; satisfies the equations

U, —vAUS, = (“An—1)-1)7'F, ¥ cw,

°y =0, Yy € dw, (5.40)
?L,l(y/70) = Oa y,6w7

and the pair (®?, %) is the solution to the inverse problem
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0,08 (v, 1) — AR (Y T) = si(7), Yy €w,
by, 7) = 0, y' € 0w,

\ (5.41)

®7(y,0) = —U,1(y,0), Y € w,

o, ndy = — Uy 7)
The function ¢%(7) is related to s4(7) by the following ODE
A dgb (T

(1) = —gi(7) -2 491 (5.42)

An—1)+1 dr

Remind that, due to the construction (see Section 5.1), [ U, 1(y',t)dy’ =0

w
and, therefore, the solvability condition

/u yOdy—/Unly 0) dy’

holds automatically (see also (5.40)).
From (5.42) we find that

¢d(r) = Ml/ byttt | oMy M ="
0

-1 1
2 2\

The right-hand side of the problem (5.40) is exponentially decaying. Conse-
quently, functions U3 |, f Ufhl(y’ ,7) dy’ also decay exponentially as 7 — oo

and we can use Theorem 2.8. Thus, as in (5.24), using Theorem 2.8 and
L’Hospital’s rule, we derive

lim ¢}(7) = —s5(0), lim ¢}(r) = 0. (5.43)

70 T—00
The pair (U, Q%) is the solution to
uy, —vAUP + V'Q} = F,
div'u? = M (y, 7, V', 0;) — 2(A — 1)) ub .
u,lb‘aw = 0,
ullb(y/? 0) _ull (y/a 0)7

(5.44)

where ' € w.
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Notice that the solvability condition for the problem (5.44) is satisfied
automatically due to the construction, i.e.

/ MY 7.V 07) — 200 — D] UL (o 7) dyf = 0.

w

Functions U4, Q% leave in the equations (5.38)1, (5.38), the discrepancies

Fllb(yla yna T)u Fg;(?/’; yna T)'
Recurrently we can write

FL(Y  yn, ) = VOFUR(Y  yn, 7) =y, D72 ERFDOD g0 () 7y,

Fg,k(ylv Yn, T) = VQgUg,k(ylv Yn, T) - ngz(y,a Yn, T)

— y;)\(nfl)72+2k()\fl)3~’z’k(y/’ 7_)’

k=0,1,2,..., and we can look for the boundary layer asymptotic expansion
in the form:

J

U/B,[ﬂ (y/’ Yn, 7—) — Z y;A(n_l)‘F(Z’f‘H)()‘—l)ug)(y/7 7_)7

k=0
J

Uy g, m) = 30 g TVEAIE (),

PBilJ] (& Yn, T) = > (g,l;(T)ygk(n—l)—1+2(k—1)(>\—1)
i y;)\(nfl)flJer(/\fl)Qz(y,’ 7_)) ’

where (u/b, Qz), k=1,2,..., are solutions to the problems
WP, —vA UL +V'Qh = FP ),
div U = Ay, 7, V', 0r) — 2k(A — UL, (5.46)

U low = 0,
U (y',0) = ~U(y',0),
ULy 7) = (“A(n+ 1= 28) + 1= 28) (Bh(y/, 7) + U3 (0, 7) ) 5 (5.47)
the functions ug’k satisfy the equations
o-Up  —vAUS = (A(n+1-2k)+1— 2]“)_1?2,19—17

uz,k(ylao) = 07

7



where ¢ € w, while the functions (@z, sz), k=1,2,..., are solutions to the
inverse problems

0Ly, 7) — AR (Y, T) = sp(7), Y Ew,
(y,7) = 0, y' € 0w,

5.49

B0 = U0, yew
oy, ) dy' = — U T)

Finally, the functions g,l; (1) are solutions to the following ODE

dg? (T

() = ~h(r) - 20,720 (5.50)

Note, that funk (v, t)dy =0

where ¢, =

An—1)+1-2(k—1)(A—1)
due to the construction. Therefore, the solvability Condltlon

/ W (¢, 0) dy = / Ui (4, 0) dyf (5.51)

w

holds automatically. Remind, that by assumption, there holds the condition
(5.35). Hence, we find

T

g(r) = Mk/ byMetar | Mk if My >0, (5.52)
0

and

(1) = —Mk/si(t)th‘ldt T Me i My <0, (5.53)
where 1 ok 1

n —
M, = -k 2—-k
k 5 + o\ >3/

Note, that My # 0 due to the assumption (5.35).
From Theorems 2.10, 2.2, 2.7 we get the following lemmas concerning
the solvability of the problems (5.46), (5.48), (5.49).

Lemma 5.7. The problem (5.46) admits a unique weak solution u;gbﬁ such
that

b
g[l(?x H'L('( )lezw)JF ”u HL2 0,00;W1:2(w)) + || HL2 (0,00;L2 (w))
< ¢ (IFR1 120 02200 + 12220 moie) + 190 B0 2y (5.54)
+ U5 kHLz (0,00;L2 (w)) + ||unk7'||L2(OooL2 + W, ”W12 ) )
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There exists a corresponding pressure function P € L?(0,00; L?(w)) such
that [ Pb(y')dy' =0 and the following estimate holds
w

P12 2 0520y < (15 1HL2000L2< )+ IR0 ez

HIPE 117 20,0022y T+ U5,

+||uz<y',o>u%vl,g(w)) .

(0 00;L2(w)) + ”un,k,T”L2(0,oo;L2(w))

Note that solvability condition for problem (5.46)

/ Ay, 7, V', 0;) — 2k(X — 1)] uﬁ’l,k =0

w

holds due to the construction.

Lemma 5.8. The problem (5.48) admits a unique weak solution U , €
L2(0, 00; W2 (w)) with o:-U3 . € L?(0,00; L?(w)) and there holds the esti-
mate

Tg[ltggo)\\uo k2 + I 120, 00m12(0)

(5.55)
HIOAUS 11720 0002200y < 1T sem1122(0.00:22 () -

Lemma 5.9. There exists a unique weak solution (@2,82) of the problem
(5.49) such that

sup (|9} (-, ) lwr2(w) + P4 20,0012 ()
T7€[0,00

1092 || 12(0,00:22(w)) + 5%l 220,00 (5.56)

<c <H JW kW) Y lwr20,00) + Hun,k(ylao)HleQ(w)) -

Discrepancies. Case )\ = % The discrepancies H';(y/, y,,t,7),
H, 5, yn,t,7) left by the sum Uo’m(y’,yn,t) + UB’[J](y’,yn,T) can be
written in the form
_ —_1)— _ ~/
B (g, t,7) =y T DTHCIDANG ()
J
“A(n—1)+@E+1)A-1) 5 ,

+ F.(y,t

) Yn k(Y1) (5.57)

k=max{0,J—1}
+n —A(n—1)—24(2J4+1)(A— 1)3: (

= Ff;)(y 7y7l7t) + F?(y/7yn77—)a

y',7)
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y;)\(n—l)—2+2J(>\—1)§,~

Hn,J(y/aynataT) = nJ(y/at)

J ~
k=max{0,J—1I}
_’_y;/\(n 1)—24+2J(A— 1)3"2J(y -

= F&J(y,aym ) + FbJ(y Yn, T )
The discrepancies (5.57) are represented as a sum F9(y/, yy, t)—I—Ff’,(y’ yYns T)s
where F9(y, yn, t) is a collection of the discrepancies arising from the main
asymptotic term construction, and Fg J(y’ ,Yn, T) are the discrepancies aris-

ing from the boundary layer construction.
Since A > 1, after final number of steps J* > 0 we arrive at

(HY. 1, Hy jo—1) € L*(0,T; L*(2)), (5.58)

where number J* is given by the following relation

1 .
J*—min{JeN:J>4 (n+2)I+2n+5}}. (5.59)

Case \ # %
Outer asymptotics. Case \ # N+1. If A # N+1 then up to the

number I, given by (5.29), the terms with (Fk, nk) k: = 0,1,...,?, are

"more singular" than (1~7';€7 F, ). After we reach this number I the terms F
and F' are alternating (see (5.28) for more details), that is

g IOV g k<
B (o t) = { g OHCIEDODF (4 k=T+2j+1,
y;A(n—l)—2+(2(f+j+1)+1)( - )gjf+j+1(y/7t) k= 27 + 2,
g T HEODG (), k<T,
Fuk(y ynst) = "IN Sy ), h=T+2j+1,
y;)\(n—l)—2+2(f+j+1)(A—l)é\:n’f+j+1(y” t), k=1+2j+2,
o,

k=0,1,...,5=0,1,.... Welook for the approximate solution (U“" 7], PO’[J])
in the form

A (n—2)—
Uy yn, t) = ya "2 7UY (1)

. min{ EL: H) Y XD+ =Dy (0



ESESY

n kzl y;)\(nfl)+2+(2k+1)()\fl)ﬁ;€(y,’t)7

F(t) _A(n-1

Uy g, t) = g U oY)+
. ; 5.60)
min{J,| 2L |} (
n kz 2 y;/\(n—l)—i-Qk;()\—l)un’k(y,’t)
=1
|L=L41)
Yy TRy ),
k=1
F(t _ A (ne1)—
POy y,, t) = () yn D oy XTI 0 1)

ro(1 = Xn+1))7"

min{J, \_J%IAJ}

k=1
min{J, | 74 ]}

Y TR ()
k=1
J—T+1

+L kil Jgk(t)y;)\(n—l)+1+2(k—1)(/\—1)

| L=l |

=1

where J € N, functions (ﬁ;c, ék), k=1,2,..., are solutions to the problems

VAW, + V' = F_y, y € w,
divl, = PAWY, V) +2 = 2k(A = D] Ups, ¥ €w,  (5.61)
ﬁ;c’()w = 07 y, € w,

Un k(1) = Gr(B)(=A(n = 1) + 1+ 2k(A = 1)) + W, 1 (0, 8),

¢ solves (5.11), ﬂ;k, k = 1,2,..., satisfy the nonhomogeneous equations

(5.32) with the right-hand sides gfn,k_l. Since, by assumption, —A(n + 1 —
2k) + 1 — 2k # 0 (see Subsection 5.1.2), the functions g, k = 1,2, ..., are
uniquely determined from the solvability condition for the problem (5.61)
which is equivalent to the equation

2 (t) ko[~ A(n — 1) + 1+ 2k(A — D)][—1 + k(X — 1)]

_ / AW, V) +2 — 2k(A — 1)] T4 (o', ) dy

w

(5.62)
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Note that all functions in the problem (5.61) depend on time variable
t as a parameter. Thus, from Theorem 2.5 we get the following lemma
concerning the solvability of this problem.

Lemma 5.10. The problem (5.61) admits a unique weak solution ﬁ;c €
Wh2(w) and there holds the estimate

~/ ~ ~
W12y < e (IFkoalF + I

2w (5.63)

Moreover, there exists a corresponding pressure function ‘j’k € L*(w) such
that [ Pp(y')dy’ =0 and
w

~ ~/ ~
1Pl < € (1Fimi B + 1T il3))

~/ ~
Since by construction all the data is smooth, the solution W, Py is also
smooth.

Remark 5.4. Since t is a parameter in the problem (5.61) we can differ-
entiate the equation with respect to time variable ¢t and get the analogous
results for the time derivatives of the solution.

Note that solvability condition (5.62) to the problem (5.61) is satisfied
automatically due to the construction.

Boundary layer. Case \ # % Since, in the case \ # %, the dis-
crepancies Fand F arising in outer asymptotics construction procedure are
alternating (see the scheme (5.28)), we construct both functions Uy (y', yn, t)
and Ug(y',yn,t) (which are also alternating). Therefore, now we have to
compensate both initial values Ug(y, yn,0) and Ug(y', yn,0). Thus, the
right-hand sides for the boundary layer problems are alternating in a simi-
lar way as for the outer asymptotics

vOFUR(y,7), k<1,
FPr) = U k=T
vOFUL  (y,7), k=1+2j+2,
y AP D=2 OA-DF sy k<1,
= A DHEHDODF k=T+2j+1,
y;/\(nfl)*2+(2(f+j+1)+1)(/\*1)A/;_‘_j W7, k=T+2j+2,
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VvDRUD 4 (y,7) — DoQh(y, 7), k<T,
FY oy, m) = { vDRUL (y,7) — Du@b(y, 7), k=T+2j+1,
vORUY - T) = D@y, (7). k=T42j+2,
g DTN (), k<I,
= g IO (), k=T+2j+1,
E“"’”’M‘”J*”‘*’1)3”2j+j+1(y 7). k=T+2j+2

~b
k=0,1,2,...,7=0,1,2, ..., and we set Fy, = 0 for consistency. We look for
the approximate solution (UZV1, PB:V]) in the form

min{J, | 2 |}

UBVNyY  yn,7) = P> g TR Db ()
=0
LJ7T+1J

I i y;)\(n 1)42+(2k+1)(A— l)ﬁ/b(y 7),
. (5.64)
B, min{/,| 5]} A=1)4+2k(A—=1)q b
[]'rl7 (y 7yn77_) = kzo y un k(y 7—)
| LI+ |
S y;)\(n 1)42+42k(A— D“Zk(y =

I min{J,L%fJ} b —A(n—1)—142(k—1)(A—1)
PEVIy yn,7) = PR AT
0
mln{J\_ TJ}
N Z y;)\(n—l)—lﬂ-?k()\—l) QZ <y/7 7—)
k=0
LJ’TTHJ
R Y 1o T A

S ygx(n—1)+1+2k(k—1)§z<y/7T)

where the pair (UP,Qb), k =1,2,..., solves problems (5.46) with the right-
hand sides 9" 1, the functions ub n.i are described by (5.47), where U? .k are
the solutions to the problems (5. 48) with the rlght hand sides (— /\(n +1-—
2k) +1—2k)~ 13"17 _, and ®? together with s? solve the inverse problems

(5.49). Since 1t is assumed that —An+1-2k)+1—2k # 0 (see (5.35)),
the functions gk, k=1,2,..., are described by (5.52).
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~ b ~
Functions (uk,Qi), k=1,2,..., are solutions to

~1b ~ b ~ ~/b
W, , —vAU, +V'% = F,_,
div’ﬁ;f = Ay, 7, V', ;) — 2k(A — D] UL,
~ /b
uk|8w = 07

~1
uk (ylvo) = *uk(y,,O),

(5.65)

\

where ¢y’ € w and

U 's7) = (=M +1 = 2k) + 1= 28) (h(y/s7) + U u (/7))

where the functions (&)2, %) solve the inverse problem
(), 7) — AR (y 7)) = F(r), Y e w,
By, 7) = 0, Yy € dw,
B0 - D0, yew
Joy . ndy = —fu° y,7)dy,
( w

the functions ﬁz,kv k =1,2,..., satisfy the equations (5.48) with the right-

hand sides (—A(n+1—2k)+1— Qk‘)_lgrn’k; the functions g, k = 1,2, ...,
are solutions to

) = () - 20 T (567

A
An—1)+1-2(k-1)(A—-1)
instead of s?).

Note, that [ U, x(v/,t)dy’ =0 (see (5.61), (5.62)). Therefore, the solva-

, and are described by (5.52) (with s¢

Cl —

bility condition for the problem (5.66) holds automatically:

/u (/. 0) dy —/Unky 0) dy/ (5.68)

(see also (5.48)).
From Theorems 2.10, 2.7 we get the following lemmas concerning the
solvability of the problems (5.65), (5.66).
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~1b
Lemma 5.11. The problem (5.65) admits a unique weak solution u; such
that

~ b 9 ~1b 2
g[loax) Huk( )le 2( + U HLz (0,00;W1:2(w)) + ”uk,rHLz(om;y(w))
< ¢ (IF01 2 0 sz 1B a0 s 2y + 19220 sy (5-69)

+ Hun kHL2 0,00; W12 (w + Huz,k,THm 0,00;L2(w + Hukle 2( .
(w) ( )

There exists a corresponding pressure function :Aﬁz € L*(0,00; L?(w)) such
that [Pt (y')dy' =0 and the following estimate holds
w

~ ~1b ~

IP2220.00s2200 < € (1Fh1220 00220 + 182220 0emn2e)
—|—H(I) ||L2(OooL2 (w)) +||unk||L2(OooW12w) +|| nkT||L2(O,OO;L2(LU))
HIWLY, 032 ) -

Note that compatibility condition for problem (5.65)

/ A (Y, 7, V', 0;) — 2k(X — 1)] ﬂzk dy' =0

w

holds automatically due to the construction.

Lemma 5.12. There exists a unique weak solution (<I> ) of the problem
(5.66) such that

sup |8 (-, ) lwr2(w) + 194 20,0012 ()

7€(0,00

10 @11 22(0.00:22()) + 1321 £2(0.00) (5.70)

<e (n T (/7)) + r|ﬂn,k<y',o>||wl,z<w)) .

Discrepancies. Case \ # YL, The discrepancies H (v, yn, t,7), Hp
p N J ’

(3, Yn, t, 7) left by the sum Uy 4, t) + UBV(y y,,7) can be written
in the form

J
B () oyt m) = > g oD TTERDOIIE (g
k=min{J,| 7L |}
J ~

k=max{0,| =11 |}
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+yg>\(n 1)—2+(2j4+1) (A— 1)5tb(

y',7)
+yEA(n D)+(25+1) (A— 1)g:~(y )+ ¥ (Y, yn, t,7)

= F/JO(y/7 yTHt) + F{;)(y/7yn77—) + F{](y/7yn7t77—)a

J ~
Hy g (Y yn: t,7) = ) DR T e N ()
k=min{J,| 7+ |} (5.71)
J ~
+ > g NTITRODE 8

k=max{0,| Z=[+1 |}

+y;A(n71)+2j(>\71)§rZ 7(3/’, 7_) + P17%](y/7 Ynrt, 7_)

:Fﬁ‘](y,,yn, )+Fb,](y Yn, T )+Fn,J(y/7ynath)a

where j = min{J, L‘”IJ} and j = ng j>1
Since A > 1, after final number of steps J* > 0 we arrive at (5.58). Here
the number J* is given by

J = J+J, (5.72)
where
J=min<J €N J>1 n;—i-n—i-?)
N 41X-1 ’
~ . 1 |n+2
J—mln{JGN.J>4[)\_1+n+3]}.

The discrepancies in (5.71) are represented as the sum F(y,t) + F(y, 7) +
F;(y,t,7), where F9(y,t) is a collection of the discrepancies arising from
construction of the outer asymptotics, FfZ ;(y,7) are the discrepancies aris-
ing from the boundary layer construction and F J(y,t,7) is the collection
of discrepancies which already belong to L?(0,T; L?(f2)) (arising from both
the outer and the boundary layer asymptotics construction).

Estimates of the higher-order terms

The estimates of this section are valid for both cases A = % and \ # %,
i.e. for all A > 1.
Let us come back to the variables z, ¢ and define

ul’l (x,t) = UO’[‘J](JJ'/a?;\Z,a:n,t) +ubll (JTI/ZE?L,ZL'n,t/SL'iA),
PN, t) = POV fa) o, t) + PPN fa) o, 2.
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where U9V UBI pO.lI pB.lJl are defined by (5.30), (5.45) or by (5.60),
(5.64) depending on the value of A. By construction

div ul”! (x,t) =0 in Qg, ul’! (x,t) =0 on 0Ny NN,
ul’l(2,0) = uging(z) in Qp, / ul’l . ndz’ = F(1).
o(h)

Functions ul’!, pl/] satisfy the Stokes equations

ul —pad 4 vplt = B UYL g ey,
divul/l = o, x € Qp, (5.73)
ul = 0, € 00y NI,
ull(2,0) = ging(), x € Q,

where the right-hand side H'~(z,t) = H/,(2/x)}, 2, t, t/22") is described
by formula (5.57) or (5.71) depending on the value of \.
By construction we deduce
J—1

—2A(n—1)—4 o e
11022 < ™0 (1FralBoy + X 1Tl
k=max{0,J—1-1}

HF 1 122)):

if A =~H and
J—1
—2A(n—1)— F
[l < ™07 (2 Tl
k:min{J—l,L7J721+IJ}
I & 12 3212 F12 2
=+ Z ~ Hffk”m(w) + ngfup(w) + HQ:EHL2(W) + HFJ—1HL2(W)>7

k=max{0, L%j }

if A # ML where 7 = min{J — 1, L‘F;*TJ} and j = LJ*ZI*IAJ, j>1

5.1.3 Regularity conditions

Consider the asymptotic expansion
UV (2, 1) = YO (%xnt) L gBll (%xn x%) , 5o
" " " 5.74
PYl (z,t) = POl (;fﬁggnt) + pBlJ] (%ﬁ,xn ﬁ) ,

where (UO’[J], polJ }) is the outer asymptotic expansion given by the for-
mula (5.30) if A = 23 (or by the formula (5.60) if A # YH); (UB V] pBL)
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is the boundary layer expansion given by (5.45) if A = % (or by (5.64)

if A # M. (UYL, PYY s an approximate solution of the problem (5.1)
and the corresponding discrepancies H;(y', y,,t,7) are given by the for-
mulas (5.57), (5.71). Constructing the above asymptotic representations
we were solving the problems (5.12), (5.16), (5.17), (5.31), (5.32), (5.46)—
(5.49), (5.61), (5.65), (5.66). Therefore, it is necessary to have at each step
sufficient regularity of the data which is needed for the solvability of the
corresponding problems. Examining the right-hand sides of these problems
we state the loss of one time derivative on each step of the outer asymp-
totic formula construction. Therefore, in order to ensure the existence of all
terms of asymptotic expansion up to the order J we have to assume that
the flux
F(t) e W/TL2(0,T).

Since the flux F'(¢) is the integral of the normal component of the boundary
value a(z,t) over 01, the last requirement imply, the following regularity
conditions for a:

d'a

ot!

The boundary layer construction does not cause any loss of regularity,
and it is enough to suppose that ug € WH2(Q), w}, un € Wh2(w).

Note that the above regularity conditions remain the same as in the case
of the time-periodic Stokes problem, i.e., in the case without the boundary
layer expansion (see Chapter 4).

e L0, T;WY2(8Q)), 1=0,1,2,....,J + 1.

5.2 Existence of the solution

Remind, that £ € C*°[0,00) is a nonnegative cut-off function, described in
Chapter 2. We look for the solution (u,p) of the problem (5.1) in the form

w(@, 2y, t) = E(zn)UY " (2, 8) + U/, 2, t), (5.75)

p(a’,zn, t) = §(en) PV (2,0) + P! 2 1), (5.76)
where the pair (U"~1 Pl/"~1]) is the approximate solution, described by
the formula (5.74) with J* defined by (5.59) if A = N (or J* is given by
(5.72) if X # 25, (U, P) is a solution to the problem

U (z,t) — vAU(z,t) + VP(z,t) = £*(z,1),
divU(z,t) = —&(z)UY "Wz, 1),

U(z,1)on = a(z),

~

U(z,0) = up(x),

(5.77)
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where z € Q and f* = f + EH -_| + v(2VE - VU 1 L AcUO -1y -
vepO T 4y (2ve. VUB - L AcUB 1) e pBLT" 1 Here Hj is
described by (5.57) (or (5.71)) and J* € N is the number which ensures that
H -1 belongs to L2(0,T; L?(2)) (see (5.59), (5.72)) and ug(z) € W2(€Q)
(see (5.1)). Finally, using the fact that the flux F'(¢) is the integral of the
normal component of the boundary value a(z,t) over 0f2, we get

”f*H%ﬂ(O,T;L?(Q)) < C<||f”%2(O,T;L2(Q)) + |’a||i2(0»T§W1/2’2(aQH/2’H))
8 a2 (578)
* kgl H otk HL2(07T?W1/2‘2(8QH/2,H)))

(see paragraph Estimates of the higher-order terms in Subsection 5.1.2).

Since
/ gul Uy = / div (cUY" Wy dz = / Ul =as = F(1),
QuyoH Qusom o(H/2)

the necessary compatibility condition

/g'U,QJ*”da;Jr / a-ndS=0 (5.79)

Qr/om pryo 1

is satisfied (see (5.2)). The solvability results for the problem (5.77) are
described in Theorem 2.10.

5.2.1 Existence theorem

Consider the problem (5.1).

Definition 5.1. By a weak solution of the problem (5.1) we understand a
solenoidal vector field u € L?(0,T; WL12(Q\ Qp,)) with u, € L?(0,T; L*(Q\
), Yh € (0, H), satisfying the boundary condition u|sq = a, the initial
condition u(z,0) = ug(x) + ((xn)Using(x) and the integral identity

T
Jur(z,7) n(z,7)dedr +v [ [Vu(z,7) Vn(z,7)dedr
Q 0 Q

[z, 7) - n(z,7)dzdr,
Q

for every solenoidal m € L? (0, T; C§°(2)).

Theorem 5.1. Assume that cusp’s power \ satisfies the condition (5.35).
. ok
Let functions £ € L*(0,T; L*(Q)), ug € W12(Q),u, € Wh2(w) and a, ga

Otk <
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L?(0,T; W1/2’2(8QH/2,H)), k=1,...,J"+1, be given and satisfy the com-
patibility conditions (5.4), (5.6), (5.5), suppa C 9QNIQ C I o 5 NOSL.
Then the problem (5.1) admits at least one weak solution u € L?(0,T; W12
(Q\ Q)), up € L0, T; L2(Q2\ Q1)) Vh € (0, H), which can be represented
as the sum (5.75). Moreover, the following estimate

sup_[[u(-,) = &)U U820 )
te[0,T

* J*il
Hu - €U 1]H%%O’T%Wl’?(ﬁ)) + {lue — §U7[t }H%z(o,T;m(Q))
(5.80)
< C<||f”%2(O,T;L2(Q)) + |’a”12(07T?W1/2‘2(8QH/2,H))
T oka ) 2
+ kZ:)l Hﬁ}|L2(0,T;W1/2,2(@QH/27H)) + HuOHWLQ(Q) + H“s”wl,z(w)>

holds.
Proof. The difference u—¢§ U1 = U is a weak solution of the problem

(5.77). The existence of U follows from Theorem 2.10, the inequality (5.80)
is the consequence of the estimates (5.23) and (5.78). O
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Conclusions

The main objective of the dissertation was to prove the existence of solutions
to the Stokes system (stationary, time-periodic and nonstationary) in the
so-called power-cusp domains. Such domains have a singular point on the
boundary. Therefore, there is a sink or a source in the cusp point O, i.e.
the flux of the boundary value is nonzero.

o The solutions to the stationary, time-periodic and nonstationary Stokes
problems in a power cusp domains are necessarily singular and their
stngularity depends on a cusp’s power .

In order to represent such solutions, we had to construct the formal asymp-
totic expansion of the solution near the singular point of the boundary.

o For the stationary and time-periodic Stokes problems the formal asymp-
totic expansion contains only the outer asymptotics terms;

o For the nonstationary Stokes problem the formal asymptotic expansion
contains the outer and the inner asymptotics terms;

o The fast time in the boundary layer asymptotics terms depends on the
space variable.

The existence of at least one singular solution was proved.

o For all three problems (stationary, time-periodic and nonstationary)
the solution can be constructed as a sum of the asymptotic expansion
and the term with finite dissipation of energy;

e The developed in the thesis methods can be used to solve analogical
nonlinear problems, i.e. for the Navier-Stokes equations.
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