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a b s t r a c t

Non-Newtonian flow of a viscous fluid in unbounded domains with cylindrical outlets
is considered. The viscosity is assumed to be dependent on the shear rate. Applying
the Banach fixed point theorem and the Hilbert spaces with exponential weight we
prove the existence and uniqueness of solutions with an exponential stabilization to
the quasi-Poiseuille flows at the outlets if the right hand side decays exponentially.
These results may be used for the matching technique for flows in thin tube
structures.
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1. Introduction

The asymptotic behavior of solutions of elliptic equations in unbounded domains with some outlets at
infinity was considered in [10], for the elasticity equations in [12], for the Stokes and Navier–Stokes equations
in [4,5,11,16–18] and for the viscoelastic flows [19].

To our knowledge these results have not been generalized for the case of non-Newtonian flows with the
viscosity dependent on the shear strain rate, dependence which is typical for hemorheology (see [5], pp. 84–89,
196–200). On the other hand these theorems are important tools for an asymptotic analysis of non-Newtonian
flows in thin structures (modeling blood circulation in blood-vessel network or oil transport in pipelines).
Namely they describe the boundary layers appearing at bifurcation zones (see [13,14] for Newtonian flows).
The paper [3] justifies the first approximation for the Bingham flow, however the boundary layers there are
not yet constructed.

In the present paper the non-Newtonian flow with viscosity depending on the shear strain rate is considered
in domains with outlets and their asymptotic behavior at infinity is studied. Such special form of the rheology
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requires important modifications in the existing technique of an asymptotic analysis of the behavior of
solutions of the Navier–Stokes equations at infinity. We prove the existence and uniqueness of solutions as
well as their exponential stabilization at infinity in the outlets to some analogue of the Poiseuille flow.

The paper has the following structure. Section 2 is devoted to the mathematical analysis of the quasi-
Poiseuille flow for the rheology involving the viscosity depending on the shear strain rate. A Poiseuille flow
is an exact solution to the equations of the fluid motion (Stokes, Navier–Stokes) in an infinite cylinder with
the no slip condition at the boundary, with a linear pressure with respect to the longitudinal variable, and
with the velocity vector having only longitudinal component (called normal velocity) different from zero;
this normal velocity depends only on transversal variables. A quasi-Poiseuille (or Hagen–Poiseuille) flow
is an exact solution having the same structure and corresponding to some non-Newtonian rheology. Such
flows for various rheologies were studied in [5–7,20,21]. We introduce the parameter λ, the coefficient of the
non-linear part of the viscosity as function of the shear rate. We prove the existence of a positive constant λ0

such that for all λ < λ0 there exists a quasi-Poiseuille flow for any given pressure slope (Theorem 2.1). We
prove some auxiliary properties of the quasi-Poiseuille flow used further for the analysis of the problem set
in a domain with outlets. In Section 3 we prove the Poincaré–Friedrichs and Korn’s inequalities in weighted
Sobolev spaces Lemmata 3.1 and 3.2, give the weak formulation for the problem of non-Newtonian flow
with viscosity depending on the shear rate in a domain with outlets and for any λ < λ0 we prove the
existence and uniqueness of a solution, first in the classical Sobolev space H1

0 (Theorem 3.4) and then in
weighted Sobolev space (Theorem 3.5); this implies an exponential stabilization of the velocity to the quasi-
Poiseuille flows in the outlets. Section 4 is devoted to the Dirichlet’s boundary value problem in a domain
with one outlet at infinity. First we prove that the boundary value function can be extended to the whole
domain (with a divergence free extension, Lemma 4.1), then set the problem, give its weak formulation
and prove the existence and uniqueness of the solution in the classical and weighted Sobolev spaces
(Theorems 4.2 and 4.3).

2. Non-Newtonian Poiseuille flow

Let n = 2,3, ν0, λ > 0 be positive constants. Let σ be a bounded domain with Lipschitz boundary in Rn−1.
Let ν be a bounded C1-smooth function R2n−3 → R such that for all y ∈ R2n−3, |ν(y)| ≤ C, |∇ν(y)| ≤ C

and |∇(ν(y)y)| ≤ C where C is a positive constant.
Consider the Dirichlet boundary value problem for the equation:⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

−div((ν0 + λν(γ̇(u)))D(u)) + ∇p = 0, x ∈ R × σ ,

divu = 0, x ∈ R × σ ,

u = 0, x ∈ ∂(R × σ) ,

(1)

where σ is a cross-section of the cylinder R × σ, D(u) is the strain rate matrix with the elements
dij = 1

2 ( ∂ui
∂xj

+ ∂uj

∂xi
), γ̇(u) = (d12, d13, d23) if n = 3 and γ̇(u) = d12 if n = 2.

Define a quasi-Poiseuille flow as a solution to the following problem: find the couple (VP α, PP α) such that
VP α(x) = (vP α(x′), 0, . . . , 0)T , and PP α(x) = −αx1 + β, α, β ∈ R, x′ = (x2, . . . , xn), where vP α satisfies⎧⎪⎨⎪⎩

−1
2divx′((ν0 + λν(γ̇P (vP α)))∇x′vP α) = α, x′ ∈ σ ,

vP α = 0, x′ ∈ ∂σ ,

(2)

where γ̇P (vP α) = 1
2 ∇x′vP α if n = 2, γ̇P (vP α) = ( 1

2 ∇x′vP α, 0) if n = 3.
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Let us remind that the classical steady form of Poiseuille flow is the couple (VP α, PP α) in the case λ = 0.
In this case function vP α is the solution to the Dirichlet boundary value problem

−ν0

2 ∆vP α = α, x′ ∈ σ, vP α = 0, x′ ∈ ∂σ.

In particular, if σ is a disc of the radius R then vP α = α
2ν0

(R2 − r2) in polar coordinates.
Let CP F σ be the Poincaré–Friedrichs inequality constant for σ, so that for any function u ∈

H1
0 (σ), ∥u∥H1(σ) ≤ CP F σ∥∇x′u∥L2(σ).

Theorem 2.1. There exists λ0 such that ∀α ∈ R, ∀λ ∈ [0, λ0) there exists a unique solution to problem (2)
from the Sobolev space H1

0 (σ). It satisfies the estimate

∥vP α∥H1
0 (σ) ≤ CP F σ

|α|
ν0

C0
σ

ν0

ν0 − 2λC
(3)

where the constant C0
σ depends on σ only.

Proof. Let us use a Banach fixed point theorem argument.
Let L be the operator H1

0 (σ) → H1
0 (σ), such that for any U ∈ H1

0 (σ), LU is a solution to the problem⎧⎪⎨⎪⎩
−1

2divx′(ν0∇x′(LU)) = 1
2div((λν(γ̇P (U)))∇x′U) + α, x′ ∈ σ ,

LU = 0, x′ ∈ ∂σ ,

(4)

If U1, U2 ∈ H1
0 (σ) then

∥∇x′((LU1) − (LU2))∥L2(σ) ≤ 2λ

ν0
∥ν(γ̇P (U1))γ̇P (U1) − ν(γ̇P (U2))γ̇P (U2)∥L2(σ)

≤ 2λ

ν0
C∥γ̇P (U1) − γ̇P (U2)∥L2(σ) = 2λ

ν0
C∥∇x′(U1 − U2)∥L2(σ).

Let λ0 be equal to ν0
2C , then ∀λ < λ0, L is a contraction with the contraction factor q = 2λC

ν0
and there

exists a unique solution.
Taking an initial approximation as 0 we get, as a consequence of the Banach fixed point theorem, the

estimate:

∥∇x′vP α∥L2(σ) ≤ 1
1 − q

∥∇x′L0∥L2(σ)

Consider the Dirichlet problem for u0 = L0:

− ν0∆u0 = 2α, x′ ∈ σ; u0 = 0, x′ ∈ ∂σ (5)

There exists a constant C0
σ depending only on σ, such that ∥u0∥H1(σ) ≤ |α|

ν0
C0

σ. (Moreover, it follows from
the ADN theory [1] that if ∂σ ∈ CN then there exists a constant CN

σ , depending on σ and N only, such
that ∥u0∥HN (σ) ≤ |α|

ν0
CN

σ ). So, ∥∇x′L0∥L2(σ) ≤ |α|
ν0

C0
σ. Applying the Poincaré–Friedrichs inequality, we get:

∥vP α∥H1
0 (σ) ≤ CP F σ

|α|
ν0

C0
σ

1
1 − q

.

The theorem is thus proved.

Corollary 2.2. Let ∂σ ∈ C2,β and let the function ν be of the class C1(R2n−3). There exists λ2 such that
∀α ∈ R, ∀λ ∈ [0, λ2) there exists a solution to problem (2) from the space C2,β(σ).
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Proof. The proof follows from [9] Chapter 4, Theorem 8.3.

Define Fα =
∫

σ
vP α(x′)dx′ the flux corresponding to the pressure slope α. Note that the case of a

Newtonian flow (the steady form of Navier–Stokes or Stokes equations) Fα is proportional to α. Here this
is not the case.

Lemma 2.3. Let λ < λ0. Then vP α is continuous with respect to α in the norm ∥∇x′ · ∥L2(σ).

Proof. Let vP α1 and vP α2 be solutions corresponding to α = α1 and α = α2 respectively. Then as in the
proof of Theorem 2.1 we get

∥∇x′(vP α1 − vP α2)∥L2(σ) ≤
2λ

ν0
∥ν(γ̇P (vP α1))γ̇P (vP α1) − ν(γ̇P (vP α2))γ̇P (vP α2)∥L2(σ) + λ

ν0
|α1 − α2|

√
mes σ,

and for λ < λ0,
∥∇x′(vP α1 − vP α2)∥L2(σ) ≤

(
1 − 2λ

ν0
C
)−1 λ

ν0
|α1 − α2|

√
mes σ,

and this estimate completes the proof.

Corollary 2.4. Fα is continuous with respect to α.

Corollary 2.5. sgn(Fα) = sgn(α).

Proof. Indeed, ∫
σ

αvP α(x′)dx′ = −
∫

σ

1
2divx′((ν0 + λν(γ̇P (vP α)))∇x′vP α)vP α(x′)dx′

=
∫

σ

1
2(ν0 + λν(γ̇P (vP α)))∇x′vP α · ∇x′vP α(x′)dx′ ≥ 0.

Lemma 2.6. Let λ < min (λ0, ν0
2(ν0+C) ). For any F ∈ R there exists a unique pair (vP α, α) satisfying (2)

such that Fα = F . There exists a constant C00 such that for any F ∈ R,

∥vP α∥H1(σ) ≤ C00|F |, |α| ≤ C00|F |.

Proof. Let us define H̃1
0 (σ) = {φ ∈ H1

0 (σ)|
∫

σ
φdx′ = 0} and let us use an equivalent formulation to

problem (2) that is (see [5], section 2.2.2, Proposition 21(ii)):⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

∫
σ

1
2((ν0 + λν(γ̇P (vP α)))∇x′vP α · ∇x′φ)dx′ = 0, ∀φ ∈ H̃1

0 (σ) ,

vP α ∈ H1
0 (σ),

∫
σ

vP αdx′ = F ,

α =
∫

σ

1
2((ν0 + λν(γ̇P (vP α)))∇x′vP α · ∇x′χ)dx′,

(6)

where χ ∈ H1(σ), such that,
∫

σ
χ(x′)dx′ = 1.

Let A ∈ C∞
0 (σ), a = FA,

∫
σ

A(x′)dx′ = 1.
Consider now the problem: find u ∈ H̃1

0 (σ) such that∫
σ

((ν0 + λν(γ̇P (u + a)))∇x′(u + a) · ∇x′φ)dx′ = 0, ∀φ ∈ H̃1
0 (σ),
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i.e. ∫
σ

ν0∇x′u · ∇x′φdx′ = −
∫

σ

∫
σ

ν0∇x′a · ∇x′φdx′

−
∫

σ

λν(γ̇P (u + a))∇x′(u + a) · ∇x′φdx′, ∀φ ∈ H̃1
0 (σ). (7)

Applying the Banach fixed point theorem and the Riesz representation theorem we get the existence and
uniqueness of a solution u ∈ H̃1

0 (σ). Then vP α = u + a.
Let us prove the estimates. We get:

∥vP α∥H1(σ) ≤ ∥u∥H1(σ) + ∥a∥H1(σ).

Next the norm ∥u∥H1(σ) is evaluated using identity (7) by taking φ = u, we obtain

∥∇u∥2
L2(σ) ≤ ∥∇u∥L2(σ)∥∇a∥L2(σ)

+ λ(ν0 + C)
ν0

(∥∇u∥2
L2(σ) + ∥∇u∥L2(σ)∥∇a∥L2(σ)). (8)

Applying the Young inequality to the products of norms in the right-hand side and taking λ less than
ν0

2(ν0+C) , we obtain

(1/4)∥∇u∥2
L2(σ) ≤ 64∥∇a∥2

L2(σ). (9)

This estimate implies the estimate for the H1-norm of vα. Then this estimate with (6)3 is used for evaluation
of α. The lemma is proved.

3. Existence, uniqueness and stabilization of a solution to the non-Newtonian flow equations in an
unbounded domain with cylindrical outlets to infinity

Consider the domain Ω ⊂ Rn with J cylindrical outlets to infinity, i.e., Ω = Ω0 ∪
(
∪J

k=1Ω
(k)), where

Ω0 is a bounded domain, Ω0 ∩ Ω (l) = ∅ for l ∈ {1, . . . , J}, Ω (k) ∩ Ω (l) = ∅ for k ̸= l, k, l ∈ {1, . . . , J},
and the outlets to infinity Ω (k) in some coordinate systems x(k) = (x(k)

1 , x(k)′) having the origins within the
boundary of domain Ω0 are given by the relations

Ωk = {x(k) ∈ Rn, x(k)′ ∈ σk , x
(k)
1 ≥ 0},

where σk are some bounded domains in Rn−1, cross-sections of the cylinders. Assume that for any
k ∈ {1, . . . , J} there exists a δk > 0 such that the cylinder {x(k) ∈ Rn, x(k)′ ∈ σk , −δk < x

(k)
1 < 0} ⊂ Ω0.

Denote dσ the maximal diameter of the cross-sections σk. We assume that the boundary ∂Ω is Lipschitz
and that the common part of the boundaries ∂Ω ∩ ∂Ω0 ̸= ∅ and has a positive measure. In particular, Ω
can be just a semi-infinite cylinder: Ω = {x ∈ Rn, x′ ∈ σ ⊂ Rn−1, x1 > 0}. Evidently there exists a positive
real number R > dσ such that the ball BR = {x ∈ Rn, |x| < R} contains Ω0.
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Let us define in Ω as usual, weighted function spaces. Denote β = (β1, . . . , βJ) and set

Eβ(x) =
{

1, x ∈ Ω0,

exp(2βkx
(k)
1 ), x ∈ Ω (k), k = 1, . . . , J.

(10)

Denote by W l,2
β (Ω), l ≥ 0, the space of functions obtained as the closure of C∞

0 (Ω) in the norm

∥u∥Wl,2
β

(Ω) =
( l∑

|α|=0

∫
Ω

Eβ(x)|Dαu(x)|2 dx
)1/2

and set W0,2
β (Ω) = L2

β(Ω). Notice that for βk > 0 elements of the space W l,2
β (Ω) exponentially vanish as

x
(k)
1 → ∞.

Lemma 3.1 (Poincaré–Friedrichs Inequality in W1,2
β (Ω)). There exists a constant CP FΩ independent of β,

such that for any function u ∈ W1,2
β (Ω) the inequality holds:

∥u∥2
L2

β
(Ω) ≤ CP FΩ∥∇u∥2

L2
β(Ω)

.

Proof. As the subdomain Ω0 has a common part of the boundary with Ω , we apply the standard Poincaré–
Friedrichs inequality. Then for any k we consider the cylinders Ω

(k)
K,K+1 = Ω (k) ∩ {x

(k)
1 ∈ [K, K + 1)} and

integrate from x
(k)
1 = K to x

(k)
1 = K + 1 with the weight Eβ the standard inequality

∥u∥2
L2(σk) ≤ (CP F σk

∥∇x(k)′u∥L2(σk))2.

Finally we add all these inequalities for all k and K and for Ω(0) and get the assertion of the theorem.

Lemma 3.2 (Korn’s Inequality in the Weighted Space W1,2
β (Ω)). Let β̄ be max1≤k≤J βk. Then there exists

a constant CΩ independent of β, such that for any vector-valued function N ∈ W1,2
β (Ω) the inequality holds:∫

Ω

Eβ(x)|∇N|2dx ≤ CΩe2β̄

∫
Ω

Eβ(x)D(N) : D(N)dx,
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where : is the Hadamard product, i.e. for two n × n matrices A and B, A : B is the n × n matrix having
entries (A : B)ij = AijBij, where Aij and Bij are the entries of matrices A and B respectively.

Proof. First for the subdomain Ω0 we apply the standard Korn’s inequality, then for any k we apply
the standard Korn’s inequality for a cylinder (0, 1) × σk with constant Cσk

, to the cylinders Ω
(k)
K,K+1 =

Ω (k) ∩ {x
(k)
1 ∈ [K, K + 1)} as follows:∫

Ω
(k)
K,K+1

Eβ(x)|∇N|2dx ≤
∫
Ω

(k)
K,K+1

exp{2βk(K + 1)}|∇N|2dx

≤ exp{2βk(K + 1)}Cσk

∫
Ω

(k)
K,K+1

D(N) : D(N(x))dx

≤ exp{2βk}Cσk

∫
Ω

(k)
K,K+1

Eβ(x)D(N) : D(N(x))dx.

Finally we derive the assertion adding all inequalities for cylinders Ω
(k)
K,K+1 and for Ω(0) and taking CΩ

as maximum of all constants Cσk
and the Korn’s constant for Ω0. The lemma is proved.

Let us define the cut-off functions χk associated to each outlet Ω (k) as a C2-smooth function vanishing
everywhere in Ω except for the branch Ω (j), where it depends on the local longitudinal variable x

(k)
1 only,

vanishes if x
(k)
1 < 1 and is equal to one if x

(k)
1 > 2.

Remark 3.3. Define

E
(K)
β (x) =

⎧⎪⎪⎪⎨⎪⎪⎪⎩
1, x ∈ Ω0,

exp(2βkx
(k)
1 ), x ∈ Ω (k), x

(k)
1 < K, k = 1, . . . , J,

exp(2βkK), x ∈ Ω (k), x
(k)
1 ≥ K, k = 1, . . . , J,

(11)

Then in the same way we can prove that∫
Ω

E
(K)
β (x)|∇N|2dx ≤ CΩe2β̄

∫
Ω

E
(K)
β (x)D(N) : D(N)dx,

and CΩ is independent of K. The Poincaré–Friedrichs inequality as well holds still true:∫
Ω

E
(K)
β (x)|N|2dx ≤ CP FΩ

∫
Ω

E
(K)
β (x)|∇N|2dx

Consider a weak formulation of the following main problem:⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

−div((ν0 + λν(γ̇(N +
J∑

j=1
χjVP αj

)))D(N +
J∑

j=1
χjVP αj

))

+∇(P −
J∑

j=1
χj(x)αjx

(ej)
1 ) = f0 −

n∑
i=1

∂fi

∂xi
, x ∈ Ω ,

div(N +
J∑

j=1
χjVP αj

) = 0, x ∈ Ω ,

N = 0, x ∈ ∂Ω ,

(12)
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which is: find N ∈ H1
0 (Ω), such that for any vector-valued divergence free test function φ ∈ C∞

0 (Ω)
(satisfying divφ = 0),⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

∫
Ω

(ν0 + λν(γ̇(N +
J∑

j=1
χjVP αj

)))D(N +
J∑

j=1
χjVP αj

) : D(φ)−

∇(
J∑

j=1
χjαjx

(j)
1 ) · φdx =

∫
Ω

(
f0 · φ +

n∑
i=1

fi · ∂φ

∂xi

)
dx ,

div(N +
J∑

j=1
χjVP αj

) = 0, x ∈ Ω .

(13)

Denote the linear combination of quasi-Poiseuille flows Vχ =
∑J

j=1 χjVP αj
, Pχ =

∑J
j=1 χjαjx

(j)
1 .

Theorem 3.4. Let Fj , j = 1, . . . , J , be given fluxes, such that
∑J

j=1 Fj = 0. Let VPα1 , . . . , VP αj
be

the quasi-Poiseuille flows in the branches Ω (j) of the domain Ω corresponding to the given fluxes. Let λ be
positive number satisfying the condition

λ <
ν0

CCΩ
. (14)

Then problem (13) admits a unique weak solution N ∈ H1
0 (Ω).

Proof. Rewrite the variational formulation in the form∫
Ω

ν0D(N) : D(φ)dx +
∫
Ω

λν(γ̇(N + Vχ))D(N) : D(φ)dx

+
∫
Ω

λ{ν(γ̇(N + Vχ)) − ν(γ̇(Vχ))}D(Vχ) : D(φ)dx

+
∫
Ω

ν0D(Vχ) : D(φ) + λν(γ̇(Vχ))D(Vχ) : D(φ) − ∇Pχ · φdx

=
∫
Ω

(
f0 · φ +

n∑
i=1

fi · ∂φ

∂xi

)
dx ,

(15)

and

divN = −div(Vχ), x ∈ Ω .

Note that ∫
Ω

(ν0D(Vχ) : D(φ) + λν(γ̇(Vχ))D(Vχ) : D(φ)) dx −
∫
Ω

∇Pχ · φdx

= −
∫
Ω

(
div
(

ν0D(Vχ)
)

+ div
(

λν(γ̇(Vχ))D(Vχ)
)

+ ∇Pχ

)
· φdx,

where the integrand function vanishes outside the ball BR+2 and so has a finite support.
Applying the theorem on the divergence equation (see [2,4,8,15]) we can construct a vector valued function

Φ ∈ H1
0 (Ω) with a support within Ω ∩ BR+2 such that

divΦ = −div(Vχ), x ∈ Ω .
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Note that the right-hand side here has a finite support because divVP αj
= 0 where χj = 1.

Let us introduce a new unknown function Ñ = N + Φ. Then clearly, divÑ = 0, so that problem (12) is
reduced to the corresponding problem for the divergence free unknown Ñ. The existence and uniqueness of
a solution is proved by a Banach fixed point theorem argument with λ satisfying condition (14).

Define space H1
div0(Ω) = {u ∈ H1

0 (Ω), divu = 0} supplied with the norm ∥∇u∥L2(Ω) and operator
L : H1

div0(Ω) → H1
div0(Ω) such that for any given Ñ ∈ H1

div0(Ω), LÑ is a solution to the problem: for any
vector-valued test function φ ∈ C∞

0 (Ω), such that divφ = 0,∫
Ω

ν0D(LÑ) : D(φ)dx +
∫
Ω

λν(γ̇(N + Vχ))D(N + Vχ) : D(φ)dx

+
∫
Ω

ν0D(Vχ) : D(φ)dx −
∫
Ω

∇Pχ · φdx

=
∫
Ω

(
f0 · φ +

n∑
i=1

fi · ∂φ

∂xi
dx +

∫
Ω

ν0D(Φ) : D(φ)
)

dx ,

(16)

where N = Ñ − Φ.
Let us check that L is contraction for small values of λ. Let Ñ1, Ñ2 ∈ H1

div0(Ω), denote M̃ their difference,
then the difference Q̃ = LÑ1 − LÑ2 satisfies the problem:∫

Ω

ν0D(Q̃) : D(φ)dx +
∫
Ω

λ
(

ν(γ̇(N1 + Vχ))D(N1 + Vχ)

−ν(γ̇(N2 + Vχ))D(N2 + Vχ)
)

: D(φ)dx = 0
(17)

for any vector-valued test function φ ∈ C∞
0 (Ω), such that divφ = 0, where Ni = Ñi − Φ.

So,
|
∫
Ω

ν0D(Q̃) : D(φ)dx| ≤ λC

∫
Ω

|D(M̃) : D(φ)|dx.

Since C∞
0 (Ω) is dense in H1

0 (Ω), taking φ = Q̃ and applying Korn’s inequality we get:

ν0∥∇Q̃∥2
L2(Ω) ≤ CΩ

∫
Ω

ν0D(Q̃) : D(Q̃)dx ≤ λCCΩ∥∇M̃∥L2(Ω)∥∇Q̃∥L2(Ω).

So, we proved that operator L is a contraction for λ satisfying (14). Then the theorem is proved.

Let us define L as the supx∈Ω∩B2R+2 |D(Vχ)|.

Theorem 3.5. Let Fj , j = 1, . . . , J , be given fluxes, such that
∑J

j=1 Fj = 0. Let VPα1 , . . . , VP αj
be

the quasi-Poiseuille flows in the branches Ω (j) of the domain Ω corresponding to the given fluxes. Let
f0, . . . , fn ∈ L2

β(Ω). Let λ be positive number satisfying the condition

λ <
ν0

CCΩ
min{1,

1
4L

}. (18)

Then there exists a positive β0 independent of fi, i = 0, . . . , n, Fj , j = 1, . . . , J , such that if for all
i = 1, . . . , J , 0 < β′

i < β0, then N ∈ W1,2
β′ (Ω) and satisfies the following estimate:

∥N∥W1,2
β′ (Ω) ≤ CT 4

(
∥f0∥L2

β
(Ω) +

n∑
i=1

∥fi∥L2
β

(Ω) +
J−1∑
j=1

|Fj |
)

. (19)

where CT 4 is a positive constant independent of fi, i = 0, . . . , n, and Fj , j = 1, . . . , J .
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Proof. The proof is similar to the one of Theorem 3.2 of the paper [18]. Namely, let us take in integral
identity (13)φ(x) = E

(K)
β (x)Ñ + W(K)(x), where W(K) is a vector field constructed in Lemma I.1.13 of [18]

that we cite here for the reader’s convenience:

Lemma I.1.13. Let u ∈ H1
0 (Ω), divu = 0 and

∫
σk

u · nds = 0, k = 1, . . . , J . Then there exists a vector-
valued function W(K) ∈ H1

0 (Ω), such that

suppW(K) ⊂ ∪J
k=1{x ∈ Ω (k), x

(k)
1 < K}

and
divW(K)(x) = −div(E(K)

β (x)u(x)), x ∈ Ω .

Moreover, there holds the estimate∫
Ω

E
(K)
−β (x)|∇W(K)(x)|

2
dx ≤ cγ2

∗

∫
Ω

E
(K)
β (x)|u(x)|2dx

≤ cγ2
∗

∫
Ω

E
(K)
β (x)|∇u(x)|2dx

with constant c independent of K and u, and γ∗ = 2 max{β1, . . . , βJ}.

We can then define φ(x) = E
(K)
β (x)Ñ(x) + W(K)(x); we get: divφ = 0, φ|∂Ω = 0 and∫

Ω

ν0D(Ñ) : D(E(K)
β (x)Ñ(x) + W(K)(x))dx (20)

+
∫
Ω

λν(γ̇(Ñ − Φ + Vχ))D(Ñ) : D(E(K)
β (x)Ñ(x) + W(K)(x))dx

−
∫
Ω

(
div
(

ν0D(Vχ)
)
+div

(
λνγ̇(Vχ)D(Vχ)

)
+∇Pχ

)
·(E(K)

β Ñ+W(K))dx

+
∫
Ω

λ
(

ν(γ̇(Ñ − Φ + Vχ)) − ν(γ̇(Vχ))
)

D(Vχ) : D(E(K)
β Ñ + W(K))dx

=
∫
Ω

(
f0 · (E(K)

β (x)Ñ(x) + W(K)(x)) +
n∑

i=1
fi ·

∂(E(K)
β Ñ + W(K))

∂xi

)
dx

+
∫
Ω

ν0D(Φ) : D(E(K)
β (x)Ñ(x) + W(K)(x))dx

+
∫
Ω

λν(γ̇(Ñ − Φ + Vχ))D(Φ) : D(E(K)
β (x)Ñ(x) + W(K)(x))dx .

Let us bound from below the term∫
Ω

ν0E
(K)
β (x)D(Ñ(x)) : D(Ñ(x))dx

+
∫
Ω

λE
(K)
β (x)ν(γ̇(Ñ − Φ + Vχ))D(Ñ(x)) : D(Ñ(x))dx

≥ν0

2

∫
Ω

E
(K)
β (x)D(Ñ(x)) : D(Ñ(x))dx

and bound from above all other terms. Let us start with the right-hand side of (20). Using Hölder inequality
and Young ε-inequality, the above cited Lemma I.1.13 and weighted Poincaré and Korn inequalities for
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H1
0 (Ω) (without loss of generality we can consider βk < 1) we get

|
∫
Ω

f0 · (E(K)
β (x)Ñ(x) + W(K)(x)) +

n∑
i=1

fi ·
∂(E(K)

β (x)Ñ(x) + W(K)(x))
∂xi

dx|

≤ 1
4ε

∫
Ω

E
(K)
β (x)

(
|f0|2 +

n∑
i=1

|fi|2
)

dx + ε
(∫

Ω

E
(K)
β (x)|Ñ|2dx

+ c1
(∫

Ω

E
(K)
β (x)D(Ñ(x)) : D(Ñ(x))dx + γ∗

∫
Ω

E
(K)
β (x)|Ñ(x)|2dx

+
∫
Ω

E
(K)
−β (x)|W(K)|

2
dx +

∫
Ω

E
(K)
−β (x)|∇W(K)|

2
dx
))

≤ 1
4ε

∫
Ω

E
(K)
β (x)

(
|f0|2 +

n∑
i=1

|fi|2
)

dx

+ c2ε
(∫

Ω

E
(K)
β (x)D(Ñ(x)) : D(Ñ(x))dx +

∫
Ω

E
(K)
−β (x)|∇W(K)|

2
dx
)

≤ 1
4ε

∫
Ω

E
(K)
β (x)

(
|f0|2 +

n∑
i=1

|fi|2
)

dx + c3ε

∫
Ω

E
(K)
β (x)D(Ñ(x)) : D(Ñ(x))dx.

In the same way we evaluate the term

| −
∫
Ω

(
div
(

ν0D(Vχ)
)

+ div
(

λν(γ̇(Vχ))D(Vχ)
)

+ ∇Pχ

)
· (E(K)

β (x)Ñ(x)

+ W(K)(x))dx +
∫
Ω

ν0D(Φ) : D(E(K)
β (x)Ñ(x) + W(K)(x))dx

+
∫
Ω

λν(γ̇(Ñ − Φ + Vχ))D(Φ) : D(E(K)
β (x)Ñ(x) + W(K)(x))dx|

≤ 1
4ε

∫
Ω

E
(K)
β (x)

(
|f̃0(x)|2 +

n∑
i=1

|f̃i|
2)

dx + c3ε

∫
Ω

E
(K)
β (x)D(Ñ(x)) : D(Ñ(x))dx,

where
f̃0(x) = div

(
ν0D(Vχ)

)
+ div

(
λν(γ̇(Vχ))D(Vχ)

)
+ ∇Pχ, f̃i(x) = ∂Φ

∂xi
.

Now we evaluate the terms:

|
∫
Ω

ν0D(Ñ(x)) : 1
2

(
Ñ(x)(∇E

(K)
β (x))T + ∇E

(K)
β (x)(Ñ(x))T

)
dx

+
∫
Ω

λν(γ̇(Ñ − Φ + Vχ))D(Ñ(x)) : 1
2

(
Ñ(x)(∇E

(K)
β (x))T + ∇E

(K)
β (x)(Ñ(x))T

)
dx

+
∫
Ω

ν0D(Ñ(x)) : D(W(K)(x))dx +
∫
Ω

λν(γ̇(Ñ − Φ + Vχ))D(Ñ(x)) : D(W(K)(x))dx|

≤ (ν0 + λC)
(∫

Ω

E
(K)
β (x)D(Ñ(x)) : D(Ñ(x))dx

) 1
2

×
(

c4γ∗

(∫
Ω

E
(K)
β (x)|Ñ|2dx

) 1
2 + c5

(∫
Ω

E
(K)
−β (x)|∇W(K)|

2
dx
) 1

2
)

≤ c6γ∗

∫
Ω

E
(K)
β (x)D(Ñ(x)) : D(Ñ(x))dx,

and finally

|
∫
Ω

λ{ν(γ̇(Ñ(x) − Φ + Vχ)) − ν(γ̇(Vχ))}D(Vχ) : D(E(K)
β (x)Ñ(x) + W(K)(x))dx|

≤ λ

∫
Ω

CL(|D(Ñ(x))| + |D(Φ(x))|)|D(E(K)
β (x)Ñ(x) + W(K)(x))|dx

≤ λCL

∫
Ω

(
γ∗|∇Ñ(x)||Ñ(x)| + |∇Ñ(x)|2

)
E

(K)
β (x) + |∇Ñ(x)||∇W(K)|dx+
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1
4ε

∫
Ω

E
(K)
β (x)

n∑
i=1

|f̃i|
2(x)dx + c3ε

∫
Ω

E
(K)
β (x)D(Ñ(x)) : D(Ñ(x))dx

≤ λCL

(∫
Ω

E
(K)
β (x)∇Ñ(x) : ∇Ñ(x)dx

) 1
2

×
(

c7γ∗

(∫
Ω

E
(K)
β (x)|Ñ|2dx

) 1
2 + c8

(∫
Ω

E
(K)
−β (x)|∇W(K)|

2
dx
) 1

2
)

+ λCL

∫
Ω

E
(K)
β (x)∇Ñ(x) : ∇Ñ(x)dx

≤ (c9γ∗ + λCLCΩ + c3ε)
∫
Ω

E
(K)
β (x)D(Ñ(x)) : D(Ñ(x))dx

+ 1
4ε

∫
Ω

E
(K)
β (x)

n∑
i=1

|f̃i(x)|2(x)dx,

where constants ci are independent of βk, CΩ is the Korn inequality constant.
These upper bounds for four terms yield the inequality

ν0

2

∫
Ω

E
(K)
β (x)D(Ñ(x)) : D(Ñ(x))dx

≤ 1
4ε

∫
Ω

E
(K)
β (x)

(
|f0|2 + |f̃0|2 +

n∑
i=1

|fi|2 + 2
n∑

i=1
|f̃i|

2)
dx

+ (3c3ε + (c6 + c9)γ∗ + λCLCΩ )
∫
Ω

E
(K)
β (x)D(Ñ(x)) : D(Ñ(x))dx.

Let γ∗ ≤ ν0
16(c6+c9) and λCLCΩ ≤ ν0

4 . Choose ε = ν0
48c3

, then from the last inequality we get

ν0

8

∫
Ω :x(k)

1 <K

Eβ(x)D(Ñ(x)) : D(Ñ(x))dx

≤ν0

8

∫
Ω

E
(K)
β (x)D(Ñ(x)) : D(Ñ(x))dx

≤c

∫
Ω

E
(K)
β (x)

(
|f0|2 + |f̃0|2 +

n∑
i=1

|fi|2 + 2
n∑

i=1
|f̃i|

2)
dx

≤c

∫
Ω

Eβ(x)
(

|f0|2 + |f̃0|2 +
n∑

i=1
|fi|2 + 2

n∑
i=1

|f̃i|
2)

dx.

Since the right hand side is independent of K, we pass K → ∞ in this inequality and get
ν0

8

∫
Ω

Eβ(x)D(Ñ(x)) : D(Ñ(x))dx

≤c

∫
Ω

Eβ(x)
(

|f0|2 + |f̃0|2 +
n∑

i=1
|fi|2 + 2

n∑
i=1

|f̃i|
2)

dx.

Applying the weighted Poincaré and Korn inequalities we prove the assertion of the theorem. The estimate
(19) follows from this estimate and from the estimate for Φ via the Poiseuille flows VP αj

and so finally, via
the fluxes Fj (see Lemma 2.6).

4. Existence, uniqueness and stabilization of a solution to the non-Newtonian flow equations in an
unbounded domain with one outlet to infinity and a non-homogeneous Dirichlet’s condition at some part
of the boundary

Consider the domain Ω = Ω0 ∪ Ω (1), a particular case of the domain in Section 3. Denote Γ =
∂Ω0\∂Ω (1),Γ1 = ∂Ω0 ∩ ∂Ω (1), assume that Γ1 is a cross-section of the cylinder Ω (1) and let g be a vector-
valued function belonging to the space H

1/2
0 (Γ ) which is the space of traces of functions of H1(Ω0) vanishing
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at Γ1, so that the support of function g belongs to Γ . Define

∥u∥H1/2(Γ) = inf
ũ∈H1(Ω0),ũ|Γ =u,ũ|Γ1 =0

∥ũ∥H1(Ω0).

Lemma 4.1. There exists a divergence free extension g̃ of g such that they coincide at Γ , g̃ = VP α

at Γ1, where α is such that −
∫
Γ

g · n =
∫

σ
vP αdx′, n is an outer normal vector, and such, that

∥g̃∥H1(Ω(0)) ≤ C4∥g∥H1/2(Γ), C4 > 0.

Proof. Let ḡ ∈ H1(Ω0) be an extension of g ∈ H1/2(Γ ) vanishing at Γ1 and such that ∥ḡ∥H1(Ω0) ≤
2∥g∥H1/2(Γ) (this extension exists due to the definition of the H1/2(Γ )-norm). Consider now a Poiseuille flow
function vP α such that the flux −

∫
Γ

g·n =
∫

σ
vP αdx′, and extend it in H1(Ω0) multiplying vP α by a function

depending on the longitudinal variable only, so that the extension ṽP α vanishes at the boundary except for
its part Γ1. Then using Theorem 2.1 and the relation (3) we prove that there exists a constant C5 > 0
depending on Ω0, ν0, C, λ such that ∥ṽP α∥H1(Ω0) ≤ C5∥g∥H1/2(Γ). Consider the vector-valued function ṼP α

having the first component ṽP α and other components equal to zero. Let h be a solution of the divergence
equation belonging to H1

0 (Ω0):

div h = −div (ḡ + ṼP α),

satisfying the estimate ∥h∥H1(Ω0) ≤ C6∥−div (ḡ+ṼP α)∥L2(Ω0), C6 > 0, and so ∥h∥H1(Ω0) ≤ C7∥g∥H1/2(Γ),
C7 > 0. So, we can take g̃ = ḡ + ṼP α + h. So the lemma is proved.

Below we extend function g̃ to the whole domain Ω taking it equal to its trace at Γ1 for all points of
Ω (1).

Consider a weak formulation of the following problem set in Ω :⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

−div((ν0 + λν(γ̇(N + g̃)))D(N + g̃)) + ∇(P − αx1)

= f0 −
n∑

i=1

∂fi

∂xi
, x ∈ Ω ,

div(N + g̃) = 0, x ∈ Ω ,

N = 0, x ∈ ∂Ω ,

(21)

corresponding to a non-homogeneous boundary condition with a given velocity g at Γ . Define a weak
solution as N ∈ H1

0 (Ω), such that for any vector-valued divergence free test function φ ∈ C∞
0 (Ω) (satisfying

divφ = 0),
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⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎩

∫
Ω

(ν0 + λν(γ̇(N + g̃)))D(N + g̃) : D(φ) − αφ1dx

=
∫
Ω

(
f0 · φ +

n∑
i=1

fi · ∂φ

∂xi

)
dx ,

div(N + g̃) = 0, x ∈ Ω .

(22)

Note that condition div(N + g̃) = 0 is equivalent to divN = 0.

Theorem 4.2. Let λ be positive number satisfying the condition

λ <
ν0

CCΩ
. (23)

Then problem (22) admits a unique weak solution N ∈ H1
0 (Ω).

Proof. Rewrite the variational formulation in the form∫
Ω

ν0D(N) : D(φ)dx +
∫
Ω

λν(γ̇(N + g̃))D(N) : D(φ)dx+

∫
Ω

λ (ν(γ̇(N + g̃)) − ν(γ̇(g̃))) D(g̃) : D(φ)dx

+
∫
Ω

ν0Dg̃ : D(φ) + λν(γ̇(g̃))Dg̃ : D(φ) − αφ1dx

=
∫
Ω

(
f0 · φ +

n∑
i=1

fi · ∂φ

∂xi

)
dx ,

(24)

and

divN = 0, x ∈ Ω .

The existence and uniqueness of a solution is proved by a Banach fixed point theorem argument with λ

satisfying condition (14).
Define operator L : H1

div0(Ω) → H1
div0(Ω) such that for any given N ∈ H1

div0(Ω), LN is a solution to the
problem: for any vector-valued test function φ ∈ C∞

0 (Ω), such that divφ = 0,∫
Ω

ν0D(LN) : D(φ)dx +
∫
Ω

λν(γ̇(N + g̃))D(N + g̃) : D(φ)dx

+
∫
Ω

ν0Dg̃ : D(φ) −
∫
Ω

αφ1dx =
∫
Ω

(
f0 · φ +

n∑
i=1

fi · ∂φ

∂xi

)
dx .

(25)

Let us check that L is contraction for small values of λ. Let N1, N2 ∈ H1
div0(Ω), denote M their difference,

then the difference Q = LN1 − LN2 satisfies the problem:
for any vector-valued test function φ ∈ C∞

0 (Ω), such that divφ = 0,∫
Ω

ν0D(Q) : D(φ)dx +
∫
Ω

λ
(

ν(γ̇(N1 + g̃))D(N1 + g̃)

−ν(γ̇(N2 + g̃))D(N2 + g̃)
)

: D(φ)dx = 0
(26)

The end of the proof repeats the arguments of the proof of Theorem 3.4.
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Theorem 4.3. Let f0, . . . , fn ∈ L2
β(Ω). Let λ be a positive number satisfying the condition

λ <
ν0

CCΩ
min{1,

1
4L

}. (27)

Then N ∈ W1,2
β′ (Ω) with some positive components of β′ independent of fi, i = 0, . . . , n, g, and satisfies

the following estimate:

∥N∥W1,2
β′ (Ω) ≤ CT 6

(
∥f0∥L2

β
(Ω) +

n∑
i=1

∥fi∥L2
β

(Ω) + ∥g∥H1/2(Γ)

)
, (28)

where CT 6 is a positive constant independent of fi, i = 0, . . . , n, g.

Proof. We repeat the proof of Theorem 3.5 with the following modification. Function g̃ should be presented
in the form of the sum g̃ = g̃(1 − χ1) + χ1g̃, and then the term χ1g̃ is treated as terms χjVP αj

in the proof
of Theorem 3.5 and the term g̃(1 − χ1) respectively as the term −Φ. We use Lemma 4.1 to evaluate the
term g̃ via ∥g∥H1/2(Γ).
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Oberwolfach Seminars, V.37, Birkhäuser, Basel, Boston, Berlin, 2008.
[6] N. Kloviene, K. Pileckas, Non-stationary Poiseuille-type solutions for the second-grade fluid flow, Lith. Math. J. 52 (2)

(2012) 155–171.
[7] N. Kloviene, K. Pileckas, The second grade fluid flow problem in an infinite pipe, Asymptot. Anal. 83 (3) (2013) 237–262.
[8] O.A. Ladyzhenskaya, The Mathematical Theory of Viscous Incompressible Fluid, Gordon and Breach, 1969.
[9] O.A. Ladyzhenskaya, N.N. Ural’ceva, Linear and Quasi-Linear Elliptic Equations, Academic Press, New York, 1968.

[10] E.M. Landis, Second Order Elliptic and Parabolic Equations, Nauka, Moscow, 1971.
[11] S.A. Nazarov, B.A. Plamenevskiy, Elliptic Problems in Domains with Piecewise Smooth Boundary, Nauka, Moscow, 1991.
[12] O.A. Oleinik, G.A. Yosifian, On the asymptotic behaviour at infinity of solutions in linear elasticity, Arch. Ration. Mech.

Anal. 78 (1982) 29–53.
[13] G. Panasenko, Asymptotic expansion of the solution of Navier–Stokes equation in a tube structure, C. R. Math. Acad.

Sci. Paris 326 Série IIb (1998) 867–872.
[14] G. Panasenko, K. Pileckas, Asymptotic analysis of the non-steady Navier–Stokes equations in a tube structure.I. The case

without boundary layer-in-time, Nonlinear Anal. Theory Methods Appl. 122 (2015) 125–168, http://dx.doi.org/10.1016/
j.na.2015.03.008.

[15] G. Panasenko, K. Pileckas, Divergence equation in thin-tube structure, Appl. Anal. 94 (7) (2015) 1450–1459, http:
//dx.doi.org/10.1080/00036811.2014.933476.

[16] K. Pileckas, Weighted Lq-solvability of the steady Stokes system in domains with incompact boundaries, Math. Models
Methods Appl. Sci. 6 (1) (1996) 97–136.

[17] K. Pileckas, On the non-stationary linearized Navier–Stokes problem in domains with cylindrical outlets to infinity, Math.
Ann. 332 (2) (2005) 395–419.

http://refhub.elsevier.com/S0362-546X(19)30015-X/sb1
http://refhub.elsevier.com/S0362-546X(19)30015-X/sb1
http://refhub.elsevier.com/S0362-546X(19)30015-X/sb1
http://refhub.elsevier.com/S0362-546X(19)30015-X/sb1
http://refhub.elsevier.com/S0362-546X(19)30015-X/sb1
http://refhub.elsevier.com/S0362-546X(19)30015-X/sb2
http://refhub.elsevier.com/S0362-546X(19)30015-X/sb2
http://refhub.elsevier.com/S0362-546X(19)30015-X/sb2
http://dx.doi.org/10.1016/j.matpur.2018.01.001
http://refhub.elsevier.com/S0362-546X(19)30015-X/sb4
http://refhub.elsevier.com/S0362-546X(19)30015-X/sb5
http://refhub.elsevier.com/S0362-546X(19)30015-X/sb5
http://refhub.elsevier.com/S0362-546X(19)30015-X/sb5
http://refhub.elsevier.com/S0362-546X(19)30015-X/sb6
http://refhub.elsevier.com/S0362-546X(19)30015-X/sb6
http://refhub.elsevier.com/S0362-546X(19)30015-X/sb6
http://refhub.elsevier.com/S0362-546X(19)30015-X/sb7
http://refhub.elsevier.com/S0362-546X(19)30015-X/sb8
http://refhub.elsevier.com/S0362-546X(19)30015-X/sb9
http://refhub.elsevier.com/S0362-546X(19)30015-X/sb10
http://refhub.elsevier.com/S0362-546X(19)30015-X/sb11
http://refhub.elsevier.com/S0362-546X(19)30015-X/sb12
http://refhub.elsevier.com/S0362-546X(19)30015-X/sb12
http://refhub.elsevier.com/S0362-546X(19)30015-X/sb12
http://refhub.elsevier.com/S0362-546X(19)30015-X/sb13
http://refhub.elsevier.com/S0362-546X(19)30015-X/sb13
http://refhub.elsevier.com/S0362-546X(19)30015-X/sb13
http://dx.doi.org/10.1016/j.na.2015.03.008
http://dx.doi.org/10.1016/j.na.2015.03.008
http://dx.doi.org/10.1016/j.na.2015.03.008
http://dx.doi.org/10.1080/00036811.2014.933476
http://dx.doi.org/10.1080/00036811.2014.933476
http://dx.doi.org/10.1080/00036811.2014.933476
http://refhub.elsevier.com/S0362-546X(19)30015-X/sb16
http://refhub.elsevier.com/S0362-546X(19)30015-X/sb16
http://refhub.elsevier.com/S0362-546X(19)30015-X/sb16
http://refhub.elsevier.com/S0362-546X(19)30015-X/sb17
http://refhub.elsevier.com/S0362-546X(19)30015-X/sb17
http://refhub.elsevier.com/S0362-546X(19)30015-X/sb17


G. Panasenko and B. Vernescu / Nonlinear Analysis 183 (2019) 214–229 229

[18] K. Pileckas, Navier–Stokes system in domains with cylindrical outlets to infinity. Leray’s problem, in: HandBook of
Mathematical Fluid Dynamics, 4, Elsevier, 2007, pp. 445–647, Ch. 8.

[19] K. Pileckas, A. Sequeira, J.H. Videman, Steady flows of viscoelastic fluids in domains with outlets to infinity, J. Math.
Fluid Mech. 2 (2000) 185–218.

[20] K. Rajagopal, A note on unsteady unidirectional flows of a non-Newtonian fluid, Int. J. Nonlinear Mech. 17 (5–6) (1982)
369–373.

[21] K. Rajagopal, A. Gupta, On a class of exact solutions to the equations of motion of a 2D grade fluids, J. Eng. Sci. 19 (7)
(1981) 1009–1014.

http://refhub.elsevier.com/S0362-546X(19)30015-X/sb18
http://refhub.elsevier.com/S0362-546X(19)30015-X/sb18
http://refhub.elsevier.com/S0362-546X(19)30015-X/sb18
http://refhub.elsevier.com/S0362-546X(19)30015-X/sb19
http://refhub.elsevier.com/S0362-546X(19)30015-X/sb19
http://refhub.elsevier.com/S0362-546X(19)30015-X/sb19
http://refhub.elsevier.com/S0362-546X(19)30015-X/sb20
http://refhub.elsevier.com/S0362-546X(19)30015-X/sb20
http://refhub.elsevier.com/S0362-546X(19)30015-X/sb20
http://refhub.elsevier.com/S0362-546X(19)30015-X/sb21
http://refhub.elsevier.com/S0362-546X(19)30015-X/sb21
http://refhub.elsevier.com/S0362-546X(19)30015-X/sb21

	Non-Newtonian flows in domains with non-compact boundaries
	Introduction
	Non-Newtonian Poiseuille flow
	Existence, uniqueness and stabilization of a solution to the Non-Newtonian flow equations in an unbounded domain with cylindrical outlets to infinity
	Existence, uniqueness and stabilization of a solution to the Non-Newtonian flow equations in an unbounded domain with one outlet to infinity and a non-homogeneous Dirichlet's condition at some part of the boundary
	Acknowledgment
	References


