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Abstract. For ¢,m,n,d € N and some multiplicative function f > 0, we denote by T3(n) the
sum of f(d) over the ordered triples (g, m,d) with gmd = n. We prove that Cesaro mean of
distribution functions defined by means of 7 uniformly converges to the one-parameter Dirichlet
distribution function. The parameter of the limit distribution depends on the values of f on primes.
The remainder term is estimated as well.
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1 Introduction and result
Let a, b, c be positive constants and
E(u,v) := {(s,t) | 0<s<u,0<t<y, s+t< 1}.

The two-dimensional Dirichlet distribution D(a, b, ¢) concentrated on the triangle F/(1, 1)
is defined by the distribution function

. _ Tla+b+c) dtds
D(ua v;a, bv C) - F(a)F(b)F(c) // Sl—atl—b(l —t— s)l—c’
E(u,v)

where I denotes the Gamma function. The one-dimensional Dirichlet distribution is well-
known Beta law B(a, b) with distribution function

) ~ T(a+0d) [ dt
B(u;a,b) := T (a)T(h) / el — )it u € [0,1].
0

A two-dimensional Dirichlet distribution usually is called as bivariate Beta distribution.
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It is known various high efficiency algorithms for generating the Dirichlet random
vectors (see, e.g., [6, 10, 11]). Usually, in this case, the efficiency is empirically estimated
in terms of computer generation time.

In the probabilistic number theory, we have a slightly different problem. We need to
construct a sequence of vectors, whose “average” distribution function tends to Dirichlet
distribution. These “arithmetical” vectors are supposed to be related to the arithmetical
functions. In this paper, we consider the construction of two-dimensional “arithmetical”
vectors and the convergence of their distributions to some given Dirichlet distribution.

In the one-dimensional case, the first attempt to simulate 5(1/2,1/2), that is, the
Arcsine law, by means of the divisor function was made in [9]. Manstavicius [12] noticed
that not only the Arcsine law but also some other distributions can occur as a limits.
Some ideas of these papers were extensively used for the simulation of some Beta related
distributions by means of the divisor function with multiplicative weight (see [1,2,4,5,7,
8]). General result of this type for any Beta distribution B(a, b) was obtained in [3].

The number of ordered factorisations of n € N into three factors is known as function
73(n) := D} 1,15—n 1- For any multiplicative function f : N — R, we define

1u(n) = 3 1ty (),

d|n

where 7(n) :=}_,, 1is the classical divisor function. If f(n) = 1, then T3(n) = 73(n).

Let (X,,;Y},) be the random vector, which takes values (Ind; / Inn;Inds/Inn) when
(d1; dg) run trough all ordered pairs of divisors of n with uniform probability 1/753(n).
Its distribution function is

gy T AE)

gm|n,
q<n*, m<n”

This sequence of distributions does not converge pointwise on [0, 1] x [0,1] (see [13]).
Therefore, following [9], the corresponding Cesaro mean

Sy (u,v) 1= % Z F,(u,v)

n<x

can be considered. When f = 1, Nyandwi and Smati [13] proved that S,,(u, v) tends to
the Dirichlet distribution function D(u, v;1/3,1/3,1/3). In this paper, we generalize the
result of [13] showing that some class of the one-parameter Dirichlet distributions can
be simulated by S, (u,v). The parameter of the limit distribution depends on the values
of multiplicative function f on primes. More precisely, we assume that the values f(p)
satisfy some regularity conditions so that the multiplicative function 1/73 belongs to the
class G:

Definition 1. We say that multiplicative function ¢ : N — [0; c0) belongs to the class
G(5¢,6) for some constants 7,6 > 0 if p(p*) < C for all primes p and k € N and the
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function
L(s) ::Zm, s=o0+ireC, o>1,

for some 0 < ¢g < 1/2, has an analytic continuation P(s) into the region

__ %
In(|7| +3)’

oczo(r):=1
where P(s) is holomorphic, and |P(s)| < dlog(|7| + 1) + ¢; with some ¢ > 0.

We assume that ¢ and C' with or without subscripts denote constants.
The aim of this paper is to prove the following:

Theorem 1. Let f be a nonnegative multiplicative function such that 1/T5 € G(«,0),
0<a<1/2and0 <6 < 1/2. Then forall u,v € [0,1],

Se(u,v) = D(u,v;a, o, 1 — 20) + O(pg(u + v)).
Here

pa(z) 1=

In"%z if 2 < 1,
In~®z+In®* 1ty ifz>1.

Unless otherwise indicated, here and in what follows, we assume that x — oo,
the implicit constants in the < or O(-) symbols depend at most on the parameters and
constants involved in the definitions of the corresponding classes G ().

2 Preliminaries

For s > 0 and any multiplicative function 6, set

1 1\ < 0(p*
A(%,Q)::F(%)H(l—) 3 ®7)

p) = p

Here and in what follows, we assume that p is prime. A slight modification to the proof
of Lemma 3.1 in [2] yields

Lemma 1. Let ¢ and g be the nonnegative multiplicative functions such that

0<p(p’)g(p*) <4 (1)

for some C1 > 0 and all integers j, k with 0 < j < k. Assume furthermore that ¢ - g €
G(5,0), > 0and 0 < 6 < 1. Then, uniformly forall z > 1 and d € N,

3 elatod) = s (Aw, o 9) - h(dlo,) + o(W))
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where the multiplicative functions h and h are defined by

k+])

(o 109) (z”j pj) I
A J k+J
o) = (14 )Z”W :

7=0

Here og = 0(0), and co > 0 is a constant depending on ¢y, » and C}.

Remark. If (1) holds, then

h(p"e,9) =g(*) +O0(7Y),  h(p*e.g9) = g(p") + O(p~°)

for any £ € N. Hence B, h € G(5,6), provided g € G(5,9). In the sequel, we will
constantly use this property.

2

Lemma 2. (See [3].) Let g € G(5¢,0) with some 3 > 0 and 0 < 6 < 1. Then, uniformly
forallm € Nand x > 1,

nx
where

() e~csVInz if 5 — 0,
Ij{L‘ =
I Yex) if >0, c3 > 0.

ForO<u<w<1l,z>1,0b¢€R, weset

@Jj(u7w?b) = Z ﬁa Qm P 0.

This sum may be evaluated in terms of the integral

w

dv
I(uawaavbﬂn) ._/(77+U)a(77+1—11)b7

u

provided some information about the behaviour of the sum

-

m<v

is given. For z > 1, setn, := In"' 2 and
Nz T N
(77:1: + U)“(ﬁx +1- u)b (N + w)a(naz +1- w)b.

The following consequence of Lemmas 3 and 4 in [3] will be applied to evaluate the sum

Oy (u, w, b).

e (u, w;a,b) =
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Lemma 3. Assume that x > e and

A
In“(ev)

< Bv
I (ew)

’M(v)

for some A,B > 0andalll <v<x Ifa##0andb # 1, then
A

b
1Ha+ T —_—
lna-‘rb— 1 T

Qi(uawvb) - I(u7w;aab7nr)

< (A+ B)(1+7ry(u,w;a,b—1)Inz).
The implicit constant in < symbol depends at most on a and b.

We will need some estimates of the integrals

rr dzds
J1(€’77,U7U7aab>c) '_//(n+8)a(n+z)b(n+l_s_z)c’

u l—s—e

dzds
J2(‘€7777u7a'ab7 C) _/ / (n+s)a(n+z)b(n+ 1—5— Z)C'

Lemmad. Ifa,b,c € (0,1), then

J1(0,0,u, v, a,b, ¢) < min (ul_a,vl_b), 3)
J2(0,0,u,a,b,c) < ut=® %)

uniformly for u,v € [0,1], u + v < 1. The implied constant in < depending on a, b, ¢
only.

Proof. Let us begin with the proof of (4). By the definition, for 0 < u < 1,

u 1
ds dt
J2(0,0 b,c) =
2( U, u, a, ,C) /Sa(]_*s)bJrC*l/tb(l*t)c
0 0
'l—a)'(1-0)I'(1—-c¢)
=B(u;l—a,2—b— . 5
(w1 —a, )= TG-a"5-0 5)
This implies (4) since b + ¢ < 2. Further, observe that
J1(0,0,u,v,a,b,¢) < J1(0,0,u,1 —u,a,b,c) < J2(0,0,u,a,b,c)
and
J1(070au7 v, a, b7 C) = Jl(oa O,U7U, ba CL,C) g J2(07 Oa v, b7a7 C)'
Therefore (3) follows from (4). This completes the proof of Lemma 4. O]
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Lemmas5. Let0<e<1/40<n<1landa,b>0 a,b,c#1,c#2 Then
Ji(e,mu,v,a,0,¢) K 1+ (e+n)" +027((e+n) "+ (e +n)7?)
uniformly for u,v € [e,1], u + v < 1. Here
v :=min(l—a, 1 -b,2—a—-b,2—a—c¢, 2—-b—c),
the implied constant in < depending at most on a, b, c.

Proof. For brevity, we set J(u,v) := Ji(e,n,u,v,a,b,¢). Lete < u < 1/2. Then

1
J(u7v)<J(u,1—u):J<u74)+AJ, (6)
where
u 1—u
ds dz
AJ ::/ / .
m+s)* ) (m+2)Pm+1-s—2)°
€ 1/4
It is clear that
1/2 1/4
1
J(u, ) <40/ ds / dz
4 m+s)* ) (n+z)°
€ I
<(1+E+n)" )0+ E+n)'?). 7
Similarly,
AJ < 4 /u +§—s 1_c—( +u—s)te _ds
Sl-c T K (n+ s)e
€
<1+ (e+n)t+1, (8)
where
u q u/(n+u) oy
S —a— Ui
I = — + 2—a—c / < —|—t> o
/(n+8)“(n+u—8)0‘1 () n+u (L—t)!
€ e/(n+wu)

with t = s/(n + ). Separately estimating the latter integral over ¢t < 1/2 and ¢t > 1/2,

we obtain
£+ n 1—a n 2—c
I < <1 + ( ) + ( ) )(n+u)2‘”.
n+u n+u

From this, (8), (7) and (6) we deduce

J(u,v) <1+ (40’ + 0> (e +n)~° ©)
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uniformly fore < u < 1/2, u 4+ v < 1. Here
B=min(l—a,1-0,2—a—b,2—a—c).

If1/2 < u < 1,thene < v < 1 —u < 1/2, and the proof of Lemma 5 follows
from (9) since Ji (g, n, u,v,a,b,¢) = Ji(e,n,v,u,b, a, c). O

Lemma 6. Let 0 < ¢ < 1/4, 0 < n < 1 and all numbers a,b,c # 1. Then
Ja(e,m,u,a,b,¢) K 1+ (e+ 1)

uniformly for u € [e,1 — 2¢]. Here v2 := min(y1, 1 — ¢), the implied constant in <
depending at most on a, b, c.

Proof. Consider the inner integral of Js(g,7,u, a,b, ¢)

1-s—¢

dz
1= [ o

€

when 1 — s > 2¢. Set

€ n+e . 1
W =——"7— to=1— —— l3 = —,ta |.
1 n+1l—s 2 n+l—s 3 mln(2, 2)

Changing integration variable z by t = z/(n + 1 — s), we obtain

I(s) < (?7+1s)1“<]3<n+"1_8 +t>bdt+]2<1itt)c>.

t1 t3
Hence ( )1 . ( )1
e+mn) e+n) " 1—b—c
I(s) <« +n+1-—s . 10
Thus
1—2¢
Ja(e,n,u,a,b,¢) < £d8<<(77+6)”+1.
bl b ) b b) (']’]—'—S)a
1>
O
Lemma7. Let 0 < n < landa,b,c € (0,1). Then
J1(0,0,u,v,a,b,¢) = Ji (0,7, u,v,a,b,¢) < 7'~ ' (11)
and
J2(0,0,u,a,b,¢) — Jo(0,m,u,a,b,¢) < '~ +n' 0 4 p'7e (12)

uniformly for u,v € [0,1], w + v < 1. The implied constant in < depending at most on
a b c

http://www.journals.vu.lt/nonlinear-analysis
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Proof. We may assume that > 0. Let 0 < ¢ < 1/4. For short, set
Ay (e, u,v) := Ji(e,0,u,v,a,b,¢c) — Ji(e,n,u,v,a,b,c),
As(e,u) = Ja(g,0,u,a,b,¢c) — Ja(e,n, u,a,b,c).
Firstly, we prove (11). If min(u, v) < &, then by Lemma 4
A1(0,u,v) < J1(0,0,u,v,a,b,¢) < el 4170, (13)
Now assume that u, v € (e, 1]. We have
Ay (0,u,v) — Ay(g,u,v) = A1(0,e,v) + A1(0,u,e) — A1(0, ¢, ).
This and (13) yield
A1(0,u,v) < Ay (g, u,v) + 7 4170 (14)
According to the Lagrange mean value theorem,
Ay (e, u,v) = nadi(e, t,u,v,a+ 1,b,¢) + nbJi(e,t,u,v,a,b+ 1,¢)
+ nedi(e, t,u,v,a,b,c+ 1) (15)

with some ¢ € (0, 7). We can estimate the integrals on the right-hand side using Lemma 5.
It gives
Ji(e,t,u,v,a+1,b,¢) < Ji(e,0,u,v,a+ 1,b,¢) K ™%

Similarly, the next two integrals are < ¢~° and < e~ + £°. Thus
Ai(e,u,v) <nle™®+ efb).

This inequality together with (14) and (13) imply (11) by choosing € = 7/4.
Estimate (12) can be proved in much the same way. So, if 0 < u < ¢, then by
Lemma 4
As(0,u) < J2(0,0,u,a,b,c) < e 7 (16)
Fore < u <1— 2¢, we have

u

I(s)d
20,) = Aafen) < 400.9) + 40w +2 [ EEE )
where
1-s d
2
Le(s) / 2b(1—s—2)°
l—s—¢

and 1 — s > 2¢. Routine calculation yields

1

dt .
IE(S) = (1 — S)l_b_c / m < (1 - S)_b€1_('.
1—e/(1—3s)
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From this, (13), (16) and (17) it follows
Ag(0,u) < Ag(e,u) + et 4 el=b ele, (18)

For As(e,u), we employ the Lagrange mean value theorem again and obtain the expres-
sion similar to that in (15) with integrals J, instead of J;. Then we estimate integrals J
by means of Lemma 6 and find that

As(e,u) < (e +e b +e). (19)
When 1 — 2¢ < u < 1, we have
A2(0,u) — Az(0, 1 — 2¢) < 2(J2(0,0,u,a,b,c) — J2(0,0,1 — 2¢,a,b,c)).

Hence, in view of (5),

u

A2(05 U) < A2(07 1- 26) + /

1-2¢

ds
(1— s)bre1’

Sete = 1/4. Then the latter estimate together with (19), (18) and (16) show that (12) holds
uniformly for u € [0, 1]. O

Next lemmas deal with multiplicative functions 6 € G(1—a,d) and 6, (q) = h(q|1,6),
02(q) = h(q|1,0) defined by (2). Note that 61,05 € G(1 — a, J) as well.

Lemma 8. Assume that 0 € G(1 — a,0) for some 0 < a < 1. Then forq € N, x > ¢,
Ne Sw<L0<t< 2™ b#1, we have

Zatbd) = 3 Sl

m<aw

a+b—1 w ds
:A(l—a,e)el( (lnx) / 77$+S 'I’]‘T‘i‘l_lnit_s)b

0 Inx

* O<92(q) ((ln f) K i+ uglftwwhllnﬁ;)*il lnf>>'

Moreover,
1—a-b —
T (1+wlnx)l=
Zy(q,t,w,b;0 0 In — 20
(g8, w,80) < 2<q)<<nt> +(1+1n%—wlnm)b*11n% (20)
Proof. Using notations of Lemma 3 and taking a,,, = #(¢m), we can write
ex\ "

http://www.journals.vu.lt/nonlinear-analysis
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where z = wlnz/In(z/t). By Lemma 1, taking ¢ = 1, g = 0, d = ¢, we have

3 0(gm) = m (A(l —a,0)01(q) + O (fé‘i)))). (22)

m<v

Therefore we may evaluate O, 4(0, z, b) by means of Lemma 3. Then (21) becomes

A(l —a,0)0:(q
Zx(‘]atawab;a) = ((h,lx)a_t,_)b_ll()l(o7z;a7ba m/t)
t

rofo(n) (1 (n) T0mer-n))

since 01 (¢q) < 02(q). Changing integration variable s = v1n(x/t)/In z, we have

Inxzds

R ) (g + 1 — s

)b

B (m )‘”“/w ds
o) S e+ 1 =)

I<07z;a7ba77x/t) :/ T
s 1n?(77x/t+81

8

Inx

A simple calculation shows that

l—a—b -b -

z x (14+wlnz)—*
InZ 0,z a,b—1 In 2 .
(nt> rajt(0, 2, )<<<nt> +(1+ln%—wlnx)b*11n%

It remains to prove estimate (20). By (22) we have

S b(gm) < 220 23)

In“(ev)

m<v

Therefore (20) follows from (21) and Lemma 3 by taking A = 0 and choosing a — 1
instead of a. Lemma is proved. O

Lemma 9. Assume that 0 € G(1 — a, ) for some 0 < a < 1. If b # 1, then uniformly for
O0<u,v<,ut+v <],

1
T’c(uvvvb; 0) = Z 7Z$(q7Q7v7b; 0)

gzt

A1~ a,0)A(1 — a, 6,)
= 1n2a+b72 T Jl (0’ Na» U, 0, Q, a, b)

1 1
0] .
- (111& x * In®to—1 m)

T (u,v,b;0) < In? 2y 4 In"% 4. (24)

Moreover,
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Proof. Note that (20) implies
Zy(1,1,0,0;0) < Zo(1,1,1,b;05) < In" %z +In' %P . (25)

Consider two cases.

(i) Let min(u,v) < 7. Then we apply (23) and (25) to obtain
Tp(u,0,0;0) < Z,(1,1,1,b;0) < In"“z + It~ 0. (26)

(i) Let min(u,v) > 7n,. Then u,v € (ny, 1 — 1) since u + v < 1. To evaluate
Z(q,q,v,b;0), we will employ Lemma 8. Note that forg < z* and 0 < s < v

1 1 1-s
Inx Inz q
b—1 1—v\ b
(1+ln—vlnx) lnx2(lnex )
q q
Therefore by Lemma 8
Zp-s(1,1, 7%, b; 0
T, (u,v,b;0) = / I-s ) ds
(s + 8)*
0

+O( Zy(1,1,u,b;02) + (1 + vlnz) " *Z-0(1,1,1,b;62)).  (27)

In view of (25), the remainder term in (27) is < In"%z + In' =% 2. We deal with the
main term using Lemma 8§ again:

/(1—
A(l —a,b) C(Mpr-s )7
Zpr-s | 1,1, b o dt
zt ( 1 1) (111171 s a+b 1 / 7711* +1— t)

—s—u)lnz)~?
+ O(((IS) 1nx)7b+ Eij—illnx)“(il—s))lnx) (28)

with0 < s < v < 1—mn,. When u < (1 — s)/2, the remainder term in (28) is <
((1 — s)Inx)~". Otherwise, this remainder is < ((1 — s)Inz)~* + ((1 — ) Inx) "L
Therefore, changing the integration variable ¢ by z = t(1 — s), we transform (28) as
follows:

u Al —a,6y) i dz
Zoai-s| 1,1, —— b; =
’ ( ’1_5””91) . /(ﬂx+2)“(7lx+1—8—z)b
0

+0(((1-s) lnx)_b—i— (1—s) lnx)_a_l). (29)

http://www.journals.vu.lt/nonlinear-analysis
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It remains to estimate the integral

/ 77x+5 1_5)b

with0<a<1,b# landn, <v <1—mn,. We have

1/2 1—n,
ds ds
I(a,b <</7+ / — <14t
@< | roe T ) sy
0 1/2

Analogously, I(a,a + 1) < In® x. Hence the first assertion of lemma follows from (29),
(27) together with (26).
From what we have already established

) J1(0, 1z, u,v,a,a,b) 1 1
T (u, v, b;0) < a2, + n® + o1,
Therefore (24) follows from Lemma 5. L]

Lemma 10. Assume that 0 € G(1 — a,0) for some 0 < a < 1. If b # 1, then uniformly
forO<u<1—mn,,

1
T (u,b;0) := Z ~Zy/q(q,1,1,b;0)

gzt

 A(l—a,0)A(1 —a, 6y)
- 1H2a+b_21}

1 1
+0 + .
(lna+b—1 T 1n2a71 !E>

JZ(Oanmvuvaa (Z,b)

Proof. By Lemma 8

1
el 01(q)
TJ:(u,b,@)—A(l—%@) Z lnf‘”'b 1/ 17I+8 77f+1—8)
0

qém“
—b 1+InZ)@
(S HA((ny) )
q q In 2
g<TY q
= A(1l—a,0)P; + O(Ry + Ra). (30)

Making use of Lemma 8, we derive that

R Z.(1,1,1 —1ny,b;0
L < Zal 7 2) < In®t 1ty In"z

Nonlinear Anal. Model. Control, 25(2):282-300
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and

1
R2 < Za:(la 171 — Nz, 1 +a792) < i.a .
In“x

['herefore 1
+ . 31
1n“+b—1 T Inz (D

Consider the main term of (30). Setting w(q) =1 —Ing/Inx, z = s/w(q), we have

1 F(q)
Pr= i D b1(a) =~ (32)

gz

R+ Ry <

where
w(t)

dz
Fi) = / (o T )00 + () — 2P

Partial summation gives

DR AO LAy SN

gz gz
y F(s
+/291(Q) /291
1_ 4Sss 1 q<s
=: Hy + Hs + Hj. (33)

Lemma 2 and (10) yield
1—u
dt 1

H
1< 1+UIH~T / 77:n+t 77x+1_ —) In' "z
0

Evaluating the derivative in Hs, we obtain

;< Nz +w(s))
T b 0 “ N, dz ds
1[52§ 1(q) 0/ (e + 2)* (2 + w(s) — 2)0+1
In view of Lemma 2,
Hy <In"“z /u dt +J(0ﬂx,uaab+1)
(Mo +1)2(ne + 1 —)° In” z

http://www.journals.vu.lt/nonlinear-analysis


http://www.journals.vu.lt/nonlinear-analysis

Modeling the Dirichlet distribution using multiplicative functions

295

The first integral of the last relation is < 1, and the second one we estimate using

Lemma 6. This gives
Hy <’ %z +In %2

It remains to evaluate the second term in (33). Using Lemma 1, we get

ds

z* w(s)
1 dz
Hy = A(l —a,0
=40t [ s | o, s
1 0
zlfu UJ(S)

1 dz
* O( 1/ sIn“t*(es) 0/ (e 4+ 2)2 (N2 +w(s) — 2)° ds)

A 1_ 0 J O X 1 b
:(_wJ2(0,Ux,u,a,a,b)+O( (0,12, u,a +1,a,b)
ln“ x ln -
Application of Lemma 6 gives
Jo(0, 0z, u,a+1,a,b) < Inz + In* 1 g
Therefore e )
Hy = %JQ(O,%,U,G,Q b) + O<1 bt x)
n x

Combining estimates of Hy, Hs, H3 with (33) and (32), we get

P1 _ A(l a, 91)

1 1

T J2(0, 1z, u, a,a,b) —l—O(

1na+b—1 T + 1n2a71

This estimate together with (30) and (31) complete the proof of Lemma 10.

3 Proof of Theorem 1

‘We have
Sz (u,v)

1 1
P DU YR ey

d<z m<nY, g<n”
n:=qgmd<z

S ONIEDY qmd Zf

gm<z/d

1 1 1
- f@ > —Ts(qmd)—;d%fw

d<z m<n", n" <g<z?
n:=gmd<x

=: H(u,v) — Ry(u,v) — Ra(u,v) — R3(u,v).
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)

)

1
Z T3(gmd)

d<z m<z, g<z” n"<m<z", g<n”

n:=qgmd<z

>

n“<m<z", n’ <g<z"”

ni=qmd<x

1

T5(gmd)

(34)
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We set 1
OB SUD DD S
T3(gmd)
d<z m<rY g<min(zv, z1—% /d)
Then
DEEDICD SEND SR
T T3(gmd)
d<z q<z? (gmd)*<m<z®
1 1
< - d — < R(u,v).
2D D s < Ruww)
d<z m<x g<z”
q<m'/*=1/d
Moreover,

Ro(u,v) = Ry (v,u) < R(v,u), R3(u,v) < min{R(u, v), R(v,u)}. (35)

Since 1/T5 € G(«, ), by Lemma 2 we get

R(u,v)<<é Yoof@ Y > m

d<azl—v m<ay q<x1*“/d
1
< — § 1— § fi(mad),
T d(l er w
d<zl—u m<x®

where the multiplicative function f; is defined by

i) - -0

Having in mind that f; € G(«, J), by Lemma 2 we obtain

1 f(d) f2(d)

R - - @ _JNIIANT
(’Z,L,’U) < (1+Uh’l$>1_a d(hl xld u)17a5

dgmlfu

where the multiplicative function f5 is defined by fo(p*) := iAL(p’“|17 f1). Since f - fo €
G(1 — 2a, 20), using (20), for 0 < u < 1 — n,, we get

(1 —u)lnz)~@

1 —x
(14+ulnz)l-« <o

R(u,v) <

Note thatif 1 — 7, < u < 1, then
R(u,v) <« In* 'z
These estimates and (35) imply

Ry (u,v) + Ro(u,v) + R3(u,v) < In" %z (36)
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uniformly for w, v € [0, 1]. Changing order of summation, we have

1 1 f(d)
S S mew i D ELE wea

d<z gm<z/d, m<z“ q<zV d<z/(gm)
m<z®, g<z?

Since f/T5 € G(1 — 2« 26), applying Lemma 1, for gm < x, we obtain

fd) z
Z Ts(gmd) — qm(In(LZ))2

d<-2% am

B e R

w0 =i 1rg ). me=h(-157).

Easy to check that g1, h1 € G(«, 9).
Let us split the unit square K = [0,1] x [0,1] into parts K = K; U Ko, K; :=
{(u,v) e K |u4+v < 1}and Ky := {(u,v) € K |[u+v > 1}.

(i) Let (u,v) € K;. Then, in view of (38) and (37), we obtain

H(u,v)A(lQa > Z Z 91 qm )

where

mx® q<a:“ 4 In O‘
o T w X i)
2(¥+1 exr
ma® q<a:” q In qm)
:A<1—2a,j{>T (u,v,205g1) + O(Ty(u, v, 200 + 15 1y ). (39)
3
By Lemma 9
Tp(u,v,200+ 1;hy) < In®* "'z (40)
and

Tz(uava 201;91) = A(aagl)Ag(a’QQ)Jl(Oanrvua v, 1- Q, 1- «, 20‘)
+O(ln_a x),

where g5 (-) := R(-|1, g1). From this, (40) and (39) it follows
H(u,v) = A3J1(0,nz,u,v,1 — a, 1 — o, 2c0) + O(ln_“ x) 41)

uniformly for (u,v) € K;. Here

Az = A<1 - 2a, f>A(aa91)A(a,92)~
T3
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‘We have

1 N 1 X1 &S i
Ag:mzcorz«-ol}(l‘pﬁpkzpyi et

P prar i A (p i=0
since
t
T5(p') =) f(')(t—i+1)
i=0
Thus 1
A3 = ——M ——— 42
YT - 2a)2 ()’ 42)
and, in view of (11), relation (41) becomes
J1(0,0,u,v,1 —a,1 — o, 2c) o
H = In % x). 43
(u,v) I(1 - 2a)%(a) +0(In"%x) “43)
(i) Let (u,v) € Ka. If u < 75, then (38) and Lemma 8 yield
1
H(u,0) <Y =Za(g,1,1,20, 1) < In™% (44)

g<e

since hy € G(«,d). It is clear that H (u,v) = H(v,u). Therefore (44) holds uniformly
for {(u,v) | min(u,v) < n,, (u,v) € K}. Now assume that u > 7, and v > 7,. For
any ¢ € [0, 1], define

fld 1 f(d)
<Z ; 2 Ts(gmd) = Z o Zf 2 Ts(gmd)’
q<z? =t m<x/q d<z/(gm) g<z! ~t m<at d<z/(gm)
From (34) and (36) it follows
H(1,1) = S,(1,1)+ O(In"% z).
Hence
H(u,v) = H(1,1) — D(u) — D(v) =1 — D(u) — D(v) + O(In™% z). (45)
Since f/T5 € G(1 — 2, 24), by Lemma 1

D(v) = A<1 — 20, %) (T3 (1 —v,20501) — To(1 = 0,0, 205 g1))
3

+O(Ty (1 —v, 200+ 13 hy) + Tp(1 — v, v, 200+ 15 b)),
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here T, and T, are defined in Lemmas 9 and 10. These lemmas together with Lemmas 6
and 7 yield

D(v) = A3(J2(0,0,1—v,1 -, 1 — a,2a)
—J1(0,0,1 —v,v,1 —a,1 — @, 2a))
+O(ln @ g+ 2ot )

It follows from (5) that
J2(0,0,1,1 —a,1 — a,2a) = T'(1 — 2a)T%().
Combining the last two relations with (45) and having in mind (44) and (42), we obtain

dtds
H
(u,0) = F(1—2a T2 (a // tlmagl-a(l —f — g)2a
E(u v)

+ O(ln_o‘ 2+ In?e71 3:)

uniformly for (u,v) € Ks.
The proof of Theorem 1 follows now from this estimate, (43), (36) and (34).
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