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Bandwidth analysis of optical parametric amplifier
pumped by broadband pulses
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We present analytical solution of nonlinear coupling
equations for parametric down-conversion of broad-
band pump at large gain. The feasibility of analytical
expressions is demonstrated for the case of a collinear
type II parametric interaction in BBO crystal and group-
velocity matching of signal and pump waves. The corre-
lation function of amplified signal wave was obtained
and it was revealed that the bandwidth of noise-seeded
optical parametric amplifier increases with decrease of
pump pulse duration, especially for femtosecond pump
pulses. © 2020 Optical Society of America
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1. INTRODUCTION

Optical parametric amplifiers (OPA) are widely regarded as
devices capable to transfer energy efficiently from narrowband
pump to a broadband signal [1]. With increasing focus aimed at
generation of shorter signal pulses across broad spectral range,
many techniques have been devised to extend OPA bandwidth
[2-6]: non-collinear phase-matching, collinear phase-matching
around degeneracy, especially at zero group velocity dispersion
point for a signal wave, the use of angularly dispersed beams,
broadband chirped pump pulses or multi-beam pumping. In
this paper the dependence of OPA bandwidth on broadband
pump pulse duration is analyzed for collinear phase-matching.
In the case of collinear phase-matching the gain bandwidth
AQppa of OPA within the large gain and monochromatic pump
low depletion approximation usually is given by [7]

4(In2)1/2 (T\V?
AQopp = 12— (= 1
OPA o] ] , (el

where I is a parametric gain coefficient, / is the length of nonlin-
ear crystal, and vip = 1/uy — 1/ujy is the mismatch of the group
velocities of signal (1) and idler (2) waves which is evaluated at
central frequencies wyg, wyg, respectively. Eq. (1) can be used
for calculation of OPA bandwidth when AQpp4 considerably
exceeds the bandwidth AQ)3 of the pump pulse, AQpps > AQ3.
In this case the pump pulse can be assumed as narrowband one.

For Gaussian pump pulse with an envelope exp(—t2/ T?%) the
FWHM bandwidth of pump pulse is

AQ3 =2(2In2)'/? /13, (b))

here 13 denotes the pump pulse duration. As a result, we find

AQopa _ T (Zr)l/z
AQ; lvia| \ !

For example, in the case of type II phase-matching in the
KDP crystal (A§ = 0.532 um, A] = A{ = 2A5) we have vj, =
133 fs/mm [8]. Thenfor/ = 1em, T = 1 mm ! and 3 =
1 ps AQoppa/AQ3 =~ 3.3. For type II phase-matching in the
BBO crystal (A§ = 1.03 um, A{ = 1.60 yum, Aj = 2.89 ym)
the group-velocity mismatch is larger, v1p = —327 fs/mm [8].
We consider type II interaction because in this case the group-
velocity matching of signal and pump waves (17 ~ u3) takes
place. This type of interaction in BBO crystal is known to provide
a relatively broad bandwidth [9] and is also widely exploited in
commercial femtosecond tunable optical parametric amplifiers
pumped by the Ti:sapphire or solid state lasers based on Yb
doped active media. At! = 1 cmand T = 1 mm™! a ratio
AQopa /A < 1if 13 < |v1o|(1/[21])1/2 = 832 fs. So, even the
pump pulses with a duration 73 = 1 ps in the last case should
be considered as broadband ones.

The paper is organized as follows. The analysis of analytical
solution of nonlinear coupling equations for parametric down-
conversion of broadband pump at large gain is possible for
group-velocity matching of signal and pump waves which is
provided in Sec. II. In Sec. III the correlation function of signal
wave amplified by pump pulse in the case of incoherent seed into
OPA is obtained. The duration, gain and correlation properties
of the signal pulse at the output of OPA are examined for type II
phase matching in BBO crystal discussed above. In Sec. IV the
dependence of the bandwidth of OPA on pump pulse duration
is analyzed.

3)

2. ANALYTICAL SOLUTION AT LARGE GAIN

We study the nonlinear coupling equations for the signal (1) and
idler (2) fields A o:

A1 A,

dA, 04, .
g + 1/27 = IUZATA:;, (4b)
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where vy 5 = 1/u1 — 1/u3. z and t are the longitudinal coordi-
nate and time, respectively, and 07, « wjg 0 are the nonlinear
coupling coefficients. The pump field is given by

A;(t) = azpexp(—t2/13), (5)

where a3 is the amplitude. It was assumed that pump pulse
is not depleted and the group-velocity dispersion is negligible
which holds true for pulses longer than few tens of femtosec-
onds. The analytical solution of Egs. (4) is known for group-
velocity matching of signal and pump waves [10]. We note, that
evolution of input signal wave in OPA being pumped by the
broadband incoherent wave at the group-velocity matching of
pump and idler waves was analyzed in [11, 12]. Further we take
v1 = 0, v = v and suppose for simplicity that only the signal
wave is present at the input of OPA. In this case the solution of
Egs. (4) for the signal and idler waves is [10]:

2
Ai(t,z) = Agp(t)+ ?zazexp(—tz/%z)“%o (62)
¢
X Aso(hr) exp(—t7/73)
t—vz
X (t17t+vz)11g;)dt1,
A(bz) = o [ Ajt)ep(-H/7)  (6b)
x Ip(G)dty,
where
1/2
G = M%o ?)

v
¢ 1/2
X ((tl—t+vz)/ exp(—Zt%/Tf)dtz) .
JH

Here A1p(t) = A1 (t) atz = 0. Here, seed amplitude A9 may be
both coherent or incoherent. In Sections IIl and IV, we study the
incoherent case. Iy are the modified Bessel functions. We de-
note the walk-off length of idler wave L, = 13/ |v/|, the nonlinear
interaction length L,, = ([0702]'/2a3p)~! = I'"!, and introduce
into consideration a new variable x = (f — t;)/(vz). Then Eq.
(6a) takes a form:

2
A1(¢,z) = A+ 2% ()]
X /01 A10(¢ — BT3x) exp <—§2 (e ﬁx)2>
x (1—-x) Il(GG) dx,

where =t/13, B =z/Ly, and

G(x, &) =22 (1 —X /5 ox (ZtIZ)dt/)l/z >0, (9
7 Ln ﬁ C—‘Bx p - Yy
t' = t,/13. We note, that G(x,¢) = 0 at x = 0,1. So, there
exists a maximum of G(x, {) at some point xg, §o. The equations

aa—(g =0and %—(j = 0, respectively, give:

&o = Bxo/2, B =28 + (g)m exp (282 )erf(21/28y),  (10)

here erf() = # ol exp(—n?)dn. The dependence xy = f(B)
is shown in Fig. 1, where B = z/L, and x( denotes the maximum

_ B2
of parametric gain. At 82 < 1, xg ~ %.

0.2}

0.1F

z/L

v

Fig. 1. Dependence xg = f(z/Ly).

Further we assume a large gain z > L, (G > 1). In this case

h(G)/G ~ by

is much faster in the numerator (exp(G)) in comparison with
a variation in the dominator (G%/2). So, we take G%/2(x, &) ~
G3/2(xg, &). Then G(x, ¢) can be expanded into Taylor series in
the vicinity of the maximum point (x, ¢p):

The variation of x aswellas{ at G > 1

G(x,&) ~ Go(x, &) — p1(x — x0)? 11)
+  Bra(x —x0)(§ — o) — p2(E— &),
where
Gy = 2Li(1 — xo) exp(— 22 /4), (12)
1+ B2xp(1 —
1 = Go lelxg(xo)ZXO) s P2 = Go 1 iOTCO .

A substitution of Eq. (11) into Eq. (8) gives:

A1(Cz) = KeXP(Go)/jOAm(TsC—ﬁTax) (13)
x exp(—&2 — (& — px)* +385/2 — p1(x — x0)?
+  Bpa(x —x0) (& — &) — p2(& — &0)?)dx,

( z / Ln )1 /2
AT xg) 172 We note, that p1, > 1 and therefore

it was possible to change the integration limits in Eq. (13) into
—00, 00.

We define x; = x — x(, take into account that { = t/13,
¢o = to/ 13, and rewrite Eq. (13) in the form:

xexp(Go — t5/(273) — (p2 +2)(t — t0)*/13)

X /jo Aqp(t — 2ty — ,BT3x1) (14)
exp(—(p1+ B*)x1 + B(p2 +2)

x1(t —to) /13 — 2Bx1to/ T3)dx1,

where ty/13 = Bxg/2, see Eq. (10). This solution takes into
account group velocity mismatch of signal and pump waves
which appears due to interaction of signal and idler waves. By
use of Eq. (6b) we can also obtain the solution for idler wave:

where ¥k =

Al(t,Z) =

X

X

1/2
Az(t,z):(%) Atz exp((P—2)/12).  (15)
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The derived expression for signal amplitude (Eq. (14)) will be
used to find the correlation function of amplified signal wave in
OPA as well as the bandwidth of OPA. The Eq. (15), respectively,
could be used to find the correlation function of the generated
idler wave.

3. CORRELATION FUNCTION OF SIGNAL WAVE

In order to determine the bandwidth of OPA we suppose that
at the input of OPA the signal wave is an incoherent broadband
wave with an amplitude A1o(t) = h(t), (h(t)) = 0, where h(t)
is a Gaussian stochastic process and the correlation function of
this process is

(h(t)h*(t2)) = Dexp(—(t2 — 1)*/T5), (16)

here 7y < 73 is a noise correlation time. The correlation function
of signal wave F(ty,ty) = (A1(t1) A} (t2)) at Tp < T3 by use of
Egs. (14, 16) after integration becomes:

T 1ok?Dexp(2Gy)

F(ti,t) = 7 V(R + ) 17)
m(B+8)  mhty  az(hith)
% exp( (vz)? (vz)? vz af
here
> G
e e T K
o — G
LT Ap 1wt
_ xoB?p2 | x0Go(4pr — B*p2)
A T e ok
202 2 22 \2
0 = 28p— B P2 x(4p1 — B7p2)
2 8(p1+£?)

As a result, for signal pulse intensity F(t,t) = (|A(t)|?) we find

(AP = o (19)
(2a1 —ay) 2 o3
X exp (1/222(1'4’{’!;5) +m*0{4 ,
2D exp(2G, . .
here v = 21% WW’ and tys = — 2;‘3{12 is the time delay

between signal and pump pulses. Hence, group-velocity match-
ing of signal and pump waves vanishes due to interaction of
signal and idler waves within a nonlinear crystal. At 2 < 1 we
obtain t,s/(vz) ~ 1/4. The dependence tys/(vz) = f(z/Ly)
is shown in Fig. 2. For z/L, = 5 we have 13 = 0.2|v]z,
tps ~ 0.08|v|z, and we find tps /13 =~ 0.4.

Next we compare the signal pulse FWHM duration

Ats = 2|v|z[In2/ (201 — ap)]'/? (20)
with the duration of pump pulse At, = (2In 2)1/215. We find

Aty 2V2z/L,

2 £ v (1)
Aty (2aq —ap)t/2

The curve At;/At, = f(z/Ly) is presented in Fig. 3. At
22/L12, < 1 we obtain Ats /Aty = (z/Ln + 2)_1/2. For a fixed z
value and decrease of T3, the ratio z/ L, increases and so does
the duration of signal pulse.

0.25

0.2

0.157

tJ/(vl2)

017

0.057

z/L

v

Fig. 2. The time delay between signal and pump pulses.
z/Ly =5(1),z/L, = 10 (2).

z/L

v

Fig. 3. Dependence of signal pulse duration on ratio z/L,.
z/Ly =5(1),z/L, =10 (2).

At B — 0 (13 — o) we have ay ~ 21, a3 =~ a4 ~ 0 and
the intensity of signal wave at large gain in OPA pumped by
monochromatic wave (173 = o0) is obtained:

AQOPA(TC’: = OO) exp(Zz/Ln)
AQy 4 ’

(la1(H?) =D 22)
where AQpps < AQYy, and AQy = 4(In2)'/2 /1y is the band-
width of input signal wave. Here exp(2z/Ly)/4 ~ cosh?(z/L,)
atz/L, > 1. As it is shown below (Eq. (30)), the bandwidth of
OPA depends on the pump pulse duration 73. In this case the
quantity v in Eq. (19) can be written in the form
AQopa(T3) zexp(2Go)
v=D . (23)
AQg  4(1—x)Ln(p1+ B?)
The parametric gain at peak value of signal pulse intensity (t =
—tps) is
ps

_ zexp(2Gy + a3/ (2a1 — ap) — ag)
4(1—x0)Lu(p1 + B?) '

(24)
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Fig. 4. Dependence of signal pulse gain on pump pulse dura-
tion 73 (bottom axis) and ratio 13/ (|v|z) (top axis). z/L, = 5
(1),z/L, =10 (2).

see Egs. (19, 23). The dependence In(g) = f(13) is presented in
Fig. 4. We note, that with a decrease of pump pulse duration, the
parametric gain decreases simultaneously due to group velocity
mismatch of idler and pump pulses. To avoid the gain decrease
one needs to use a shorter nonlinear crystal and increase the
intensity of the pump pulse. In order to show the influence
of the pulse-mismatch, we also depict the top x-axis with the
normalized quantity 3/ (|v|z), Fig. 4.

The degree of correlation of signal wave u =
F(ty,t2)/ [F(t, t1)F(ty, 12)]"/? [13] is

t — )2
U =exp {—%(1]/272)} . (25)

We define the correlation time 7., of signal pulse at y = 1/2
and find

Teor :2(21n2)1/2|1/|z/04;/2. (26)

Further we compare 7., with the duration of signal pulse,
see Eq. (20), and have

% = [2(2a1 — a2) /2] /2. @7)
S

The curves & = fi(z/L,) and & = f,(73) are presented
in Figs. 5a, 5b respectively. The results reveal an important
insight into the coherence of amplified signal wave — at ng’ >1
the signal pulse correlation time exceeds the pulse duration,
and therefore a coherent signal pulse is obtained, Fig. 5a. At
22/L2 < 1 we find Teor /Ats ~ L%[Z(l + 2L,,/z)}1/2. At large

gain (for z > L), the ratio .o, /At = 1forz/L, = 21/2 ~ 0. 7.

Thus, the coherent signal pulses are produced in OPA at £ >
0.7, see Fig. 5a. With a decrease of pump pulse duration, the
correlation time of signal pulse increases (Fig. 5b) but the signal
gain decreases, see Fig. 4.

In order to verify the validity of analytical expressions we
performed numerical simulations using the same method as
in [12]. The results of numerical simulations are depicted as
insets in Fig. 5a and they represent one-realization output signal
spectra as well as theoretical profiles of averaged spectrum for

10 : : : :

1.5 1.6 1.7
O 6r wavelength, um

T At
cor

0
15 1.6 1.7
wavelength, um

0 0.5 1 1.5 2 25 3

T At
cor

7'3, ps

Fig. 5. (Color online) Dependences of signal pulse correlation
time on ratio z/ Ly, (a) and pump pulse duration (b). z/L, =5
(1), z/Ly = 10 (2). Insets in (a): one-realization output signal
spectra I = |S;|? obtained by numerical simulation of Egs. (4)
atz = 0.5L, (left inset, solid black line) and z = 3L, (right
inset, solid black line). Here, 173 = 500 fs, z/L;, = 10 and red
dashed lines: theoretical profiles of averaged spectrum (|S|?),
Eq. (29).

two different ratios of z/L,. One can see the more random-
like shape of signal spectrum for low z/L, ratio and a smooth
envelope for high z/L, ratio.

We note that in a similar way it is possible to obtain the cor-
relation function of idler wave (A;(t1)Aj(t2)) as well as cross-
correlation function of signal and idler waves (A;(t1)Ax(t2))
by the use of Eqs. (6a, 6b). Due to phase conjugation of sig-
nal and idler waves in a parametric downconversion process,
the following relation applies: (Aj(t;)A;(f2)) = 0. By the
use of Eq. (15) we find (|Ay|?) = %(|A1\2> exp(2(t? — 13)/12)
and the time delay t,; between the idler and pump pulses is
tpi/tps = (201 —ap)/ (201 —ap — 2B?). At (z/Ly)? < 1 we ob-
tain £ /tps ~ 1+ (1+ z/Ly)~!, and the delay between the idler
and pump pulses At; at large gain only slightly exceeds the
delay between the signal and pump pulses Atys.
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Fig. 6. Dependence of OPA bandwidth on pump pulse dura-
tion. z/L, =5(1),z/L, = 10 (2).
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AQ N (T AQ,
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Fig. 7. Dependence of OPA bandwidth normalized to pump
pulse bandwidth on pump pulse duration. z/L, = 5(1),
z/Ly =10 (2).

4. BANDWIDTH OF OPA PUMPED BY THE BROADBAND
PULSE

In order to find the bandwidth of OPA we perform the Fourier
transformation S1(Q) = [ A;(t) exp(—iQt)dt and obtain:

IS1@)P) = [ [ (Ar(t)Ai () exp(~ina(tr - t2))dndry

(28)
here Q) = wj — wyp. As aresult, by the use of Eq. (17) we have
(I51()1?) 222 22
S = exp[— Qv 27 (20 +an)] = exp |— ,
ISP ~7F F

2(p1 + B?)
(29)
and the bandwidth of OPA is
AQopa(T3) = (8In(2)(p1 + )2/ ([v]2). (30)

Further we compare AQop (73) with a bandwidth of OPA
pumped by the monochromatic wave AQgopy (o) (here § =0

and p; = 2z/L;) and find

AQopa(13) _ (Ln(Pl +52)>1/2
AQOPA(OO) 2z '

(31)

The dependence of OPA bandwidth on pump pulse duration is
depicted in Fig. 6. Apparently the bandwidth of OPA increases
with a decrease of pump pulse duration, especially for the fem-
tosecond pulses. We note that simultaneously the parametric
gain decreases, see Fig. 4. In order to avoid the gain decrease it
is preferable to use a shorter nonlinear crystal and higher pump
pulse intensity to preserve parametric gain (ratio z/Ly). The
bandwidth of OPA increases with increase of parametric gain
(z/Ly), see Fig. 6.

The bandwidth of OPA AQppa (13) can then be compared to
a bandwidth of pump pulse AQ)3, see Eq. (2) using the following
expression:

AQopa(13) _ 212 B _ m"?
a0, PR =) o D

The dependence of this ratio on pump pulse duration is
presented in Fig. 7. For a fixed z/L, value the ratio
AQpopa(13)/AQ3 decreases with decrease of 13, and at small
T3 values we have AQppa (13) = AQj3.

In the case of pump depletion, with a propagation in the
nonlinear crystal the decrease of parametric gain as well as
modifications of group delays will take place. An OPA bandwith
analysis needs solution of full Egs.(4) including equation for
pump field.

5. CONCLUSIONS

The bandwidth of OPA pumped by the broadband pulses was
analyzed at large gain for collinear type II phase-matching in
BBO crystal (A = 1.03 pm, A{ = 1.60 ym, A5 = 2.89 ym) at
group-velocity matching of signal and pump pulses in the case
of incoherent seed.

The correlation function as well as degree of correlation of
amplified signal pulse in OPA are obtained. It is revealed that
coherent signal pulses are produced in OPA atz/L, > 0.7. The
group-velocity matching of signal and pump pulses vanishes
during the amplification of signal pulse in OPA due to interac-
tion with generated idler pulses in nonlinear medium.

The bandwidth of OPA increases with a decrease of pump
pulse duration (especially for femtosecond pump pulses) as well
as with increase of gain factor z/L,. The decrease of pump
pulse duration inflicts the decrease of the parametric gain due to
gradual saturation process caused by group-velocity mismatch
of idler and pump pulses. In order to avoid the gain decrease it
is preferable to use a shorter nonlinear crystal and to increase
the pump pulse intensity.

The obtained results might be feasible for type II OPAs
pumped by few hundred femtosecond long pulses, e.g. derived
from Yb:KGW or Yb:YAG lasers, as the OPA bandwidth differs
significantly from the case of monochromatic pump.
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