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1. Introduction

Let N, Z, R and C be the sets of all positive
integers, integers, real numbers and complex

numbers, respectively, and s = 6 + if be a complex
variable. For any m e N, we define a positive

integer g(m). Let a,(nj) be complex numbers, and

f(j,m), 1< j< g(m) be positive integers. Define
the polynomials

g(m) ) .
A )= (l—a,(n’)xf(/’m))
j=1

of degree f(1, m) + ... + f{g(m), m). Then the Matsu-
moto zeta-function @(s) is defined by

o) = 114, (). (1)

where p, denotes the m-th prime number. In [9], it
is assumed that the conditions

g(m) = Bpy:, |a'|< pl. @)
hold with non-negative constants o and P, and
where B is a quantity bounded by a constant. Then
the infinite product in (1) converges absolutely in
the half-plane ¢ >a + 3 +1, and defines there a
holomorphic function @(s) without zeros. It is not
difficult to see that the Matsumoto zeta-function
in the half-plane can be defined by an absolutely
convergent Dirichlet series

» b
2 —
m=lm

with b~ satisfying the

b =Bm**/*¢ for every € >0. The function ¢(s)

m

coefficients estimate

¢(s)is a generalization of several classical zeta-
functions with Euler product. For example, Dirichlet
L-functions L(s, %), Dedekind zeta-function of the
algebraic number field and so on.

The limit distribution in the sense of weak
convergence of probability measures of the
function ¢(s) was investigated by K. Matsumoto
and A. Laurincikas, see, for example, [5, 6], [8, 9].
The discrete limit theorems for the Matsumoto zeta-
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function were proved by A. LaurinCikas and the first

author, see, for example, [2, 3]. Let meas{A} stand
for the Lebesgue measure of a measurableset 4 — R,

and denote by B(S) the class of Borel sets of the
space S. For example, the first theorem from [9]

considers the case ¢ >o + 3 +1. Let R be a closed
rectangle in C with edges parallel to the coordinate

axes, and, for 6, >0+ +1, loge(c, + if) is the
sum of principal values, i.e.,

g(m)LOg(l _ a(j) —f(j,nz)(o‘o+it)) .

m m

1og(p(0'0 + it): —i .

m=l j=

Theorem 1 ([9]). Let 6, >0+ B +1, and
hypotheses (2) are satisfied. Then the following
limit

lim
T—w

%meas{ t€[0,7]:log go(go + it) € R} exists.

The aim of this paper is to obtain more com-
plex limit theorems for the Matsumoto zeta-function

o (s).
Let, forT >0,

{60 <077,

1
vy () =7z meas,

where in the place of dots a condition satisfied by

pair (’1 ,t2) is to be written, and meas, {A} denotes

the Lebesgue measure of a measurable set 4 = R”.

On (C, B(C )), define a probability measure
P(A)=v, oo +it, +it) e A}, AcB(C).

1
Theorem 2. Let © >oc+[3+5. Then on

(C,B(C)) there exists a probability measure P,
such that P, converges weakly to P, as T — 0.

2. Auxiliary results

For a proof of Theorem 2, we need the
well-known continuity theorem for the probability
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measures on (R?, B(R?)). But at first we recall the
definition of the weak convergence of probability
measures. Let P and P be probability measures on
(S, B(S)). We say that P converges weakly to P
as n tends to infinity if for all bounded continuous
functions f:S - R

lim [ fdP_ = [ fdP.
VI—)OOS S

Lemmal. Let {Pn }beasequence ofprobability

measures on (R*, B(RY)) and let {fn(cl,‘cz,...,‘ck)}
be a sequence of corresponding characteristic

functions, n € N. Suppose that

lim fn(cl,tz,...,rk)z f(rl,rz,...,rk )
n—>0

for all (cl,’cz,...,’ck)e R", and that f(cl ,1:2,...,’l:k)
is continuous at the point (0,0,...,0). Then there
exists a probability measure P on (R¥, B(R¥)) such
that P, converges weakly to P as n — . In this
case, f (Cl,‘cz,...,‘ck) is the characteristic function
of P.

The proof of the lemma can be found, for
example, in [1]. In our case, k =2.

To prove the weak convergence of the prob-
ability measure P,, we can consider the measure

Or()=v,((Ro(o +ir, + it,),
Selo +ir, +ir))ed), de B(R2 )

Let NeN,

fT,pN (T1772): J;exp{i(rlxl +7,X, )}dPT,pN

R

1
77

It is easily seen that

iRpN(aJrit): |aj|cos(/1jt+77j),

% L=

Q~
=}

|aj|sin(/1jt+77j),

L=

SpN(G+it)=

S
<

1+

(=]

TITIeXp{irlﬂ?pN (0 +it, +it, ) +it,3Ipy (G +it, +it, )}dtldtz_
00
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ith;
a.e ’ ajeC, /”tjeR,

J

M=

pN(0'+it)= |

J

be an arbitrary Dirichlet polynomial. Let J, (x)
stand for the Bessel function, for any fixed real £,
defined by the series

oz

_om'F(k+m+1)

Ji(0)= %

Here F(k) is the gamma-function. Define the char-
acteristic function

fp (71772): Z*

x exp{i(ngk/ (NS }
2 )=t 7=l

where the asterisk means the summation over all
integers k; and /,, j=L..,N, satisfying

3)

(k, 1,0, =

M=

Il
—_

J

Lemma 2. The probability measure

P (A) =V, ((‘Rgo(a +it, + it, ) Sgo(a +it, +it, )) € A),

T.py
A eB(Rz) converges weakly to the measure on

(R?%, B(R?)) defined by the characteristic function
pr(l',l,‘r2 as T — oo.

Proof. To prove the weak convergence of
the probability measure P, , we will study the
asymptotic behaviour of its charactensuc function

“)

where 1, =arga,.
By Theorem 2.4.1 from [7], for real x and 6 ,

ezvsmg _ i‘] ( ) 1k€

i [ -k ik@
g™eosd — Zl Jk (x)e' )
k=—o0

Then we have that
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explit,Rp,, (o +it, +it, )}

= i w']k, (Ia1|fl)--]kﬂ, (Ian

(7n N N N
)xexp i E_ijJr(tl +t2)_2k./1.+_2kj77j
J= J=1 J=1

Ky ekipy =— ] 3%
= f‘, Jy (Ia,|rl).Jk (I )xexp i % £+77j kj+(t]+t2)§kj/1j (5)
kpsonky=—co | j=I\ 2 j=1
and
exp{irzﬁp,\, (a +it, +it, )}
) N
= ’/Z?lel (|a1|12).J, (I )>< exp{ (Zl 1+ (tl +1, )jzﬂljxlj j} 6)

.

In view of (3), and (5)—(6), from (4) we find that

fT,pN(Tl’TZ):-fpV(TI’TZ +3° HJQ ‘Tl)]q )

N N
x eXP{i(Z jzlk./ + ]E:l (k.i +1 )’7./ j} (7
T

x L jgexp{i(t, + tz)g

= > (k, +1, )lf}dtldtz,

where ** means the summation over all integers &

and /,, j=1..,N,satisfying

™M=

(k,+1,)2, =0.

J

Obviously, if X(k, +1, )4, 0, then

=

ka (Iaf |T1 )]’,- (Iaj |T2 )exp{ (%

H MZ

el
(\m [t ot e [+ 1 \)>K(t)

1 (1_6Xp{iT2j'vl(k_/+l.i)/1,i}j2 £

I—GXp{iZ;\,:l (k,- +lj)’1j} 2

<~
I

1

2

for all h:1| <c,, h:2| <c; (¢, and c, are positive

constants). Now we choose N, =N, (8) such that,

5 Tk bl

(g [+ [t k[t I e (£) - T=1

1 [1—exp{isz1 (kj +lf)’1/'}]2 <

7| 1= exp{iZﬁ-vﬂ (k,- +1; )/1;}

£
2

It is known that, for the Bessel functions, the
estimate

Tjrfexp{i(tl +t2)§(k +1, ) }altlalt2 =
00

Jj=1

- (1 - CXp{isz:I (k,- +1; )’1/' }JZ

1- eXp{iij:l (kj +1; )/1./' }

4]

B
Jk(x)ZW’

x|Scl,

is valid, where c, is an arbitrary constant [10]. Thus,

taking an arbitrarye >0, we find K =K (8) such
that

3|

®)

for the remainder term in the sum of (7) the inequality

N>N,,

N N
jzzlkf +,Z:,(k-/' +1
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holds. Consequently, from (7)—(8), we deduce that

}i—rngsPN(E]’TZ): pr(cl’TZ)’

Le., fT’PN (El,’tz) converges to fl’n (tl,'cz) as
T — oo uniformly on T, and T, in every finite
interval. In view of Lemma 1, we obtain the weak

convergence of probability measure P, to the
EN

fT(Tl’TZ)_fT,pN (TI’TZX

|¢1|

<< —
2
T

TJTﬂiRgo(a +ity +ity) = py (o +it, +it, |dt,dt,
00

+|;—22|?7J1|S(p(0'+it1 +i12)—pN(O'+it1 +il2ldtldl2
00

[l 7o 7
<10 2 2
T

In similar way as in Lemma4 of [4] and
Lemma 2, there exists a positive number 7, = T,

T

01°

(0,02,03,8) such that, for 7>

fT,pN(cl’TZ)_pr(cl’T2i<% (11)

uniformly in |‘cl| <c,, |‘52| <c¢3, where €,T,T,are
arbitrary positive numbers. Then from (10) it follows
that there exist positive numbers N = N (6,8) and

T,= T02(0,02,63,8) such that, for T2 T,

fT(Cl’TZ)_fT,pN(C]’T21<% (12)

is satisfied uniformly in |‘cl| <c,, |172| <c,.Let Nbe
a fixed number, and 7, = max(7,, 7,,). In view of
(11) and (12), for 7}, T, > T, we find that

f]](CI’TZ)_fTZ&DT21<8

uniformly in |1: l| <c,, |‘|:2| < ¢, . From this we deduce
that the function f; (cl,’cz) converges uniformly
by T, and T, in every finite interval to some
function f (rl,’cz). But in view of Lemma 1, the
function f (1:1 ,’Ez) is continuous at the point(0,0).
Therefore, the theorem is proven as a consequence

of Lemma 1.

[He(o +it, +ity) = py (o +it, +it, |dtdt,.
00
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measure on (R?, B(R?)) defined by the characteristic
function f Py (tl T, ) The lemma is proven.

3. Proof of Theorem 2

Let f; (171,172) be the characteristic function
of the measure P, . Then

(10)

Remark. The Theorem 2 gives only the
existence of the limit measure.
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MODIFIED DISTRIBUTION OF VALUES OF THE MATSUMOTO ZETA-FUNCTION

Roma Kacinskaité, Sandra Lukosiité
Summary
In the paper we investigate a modified distribution of values of the Matsumoto zeta-function on the complex plane.
We obtain a limit theorem in the sense of the weak convergence of probability measures for the function @(s). The main

theorem gives only the existence of the limit measure.
Keywords: Dirichlet series, probability measure, weak convergence, zeta-function.

MODIFIKUOTAS MATSUMOTO DZETA FUNKCIJOS REIKSMIU PASISKIRSTYMAS
Roma Kacinskaité, Sandra Lukosiité
Santrauka
Straipsnyje nagrinéjama Matsumoto dzeta funkcija. Ji apibendrina klasikines dzeta funkcijas, iSreiSkiamas ne tik
Dirichlé eilutémis, bet ir Oilerio sandauga. [prasta, kad yra nagrinéjamas dzeta funkcijy reikSmiy pasiskirstymas, kai
kompleksinio kintamojo reik§meés kinta tolydziai postimiy atzvilgiu. Darbe tiriamas sudétingesnis atvejis — kai tuo pat
metu atsiranda du skirtingi postimiai. [rodyta modifikuota ribiné teorema Matsumoto dzeta funkcijai silpno tikimybiniy

maty konvergavimo prasme kompleksinéje plokStumoje.
Prasminiai Zodziai: Dirichlé eilutés, dzeta funkcija, silpnas konvergavimas, tikimybinis matas.

[teikta 2010-09-05

140



