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We theoretically study the transmission and group index properties of the probe field in a four-level quantum dot molecule. It is
found that the tunnel coupling plays a very important role in realizing the transmission coefficient of the probe field. Moreover,
the impact of an incoherent pump field on imaginary part of susceptibility is investigated. We show that probe transmission
exhibits oppositional behavior against weak and strong incoherent pump rates. This approach allows substantial flexibility in the
manipulation of group velocity of light.

1. Introduction

Nowadays, researchers in the field of quantum and nonlinear
optics are aware of the importance of quantum coherence
and interference [1–10], which can modify the response of
the atomic medium to the applied fields. Recently, many
interesting physical phenomena based on quantum interfer-
ence and coherence such as coherent population trapping
[1, 2], electromagnetically induced transparency (EIT) [3–
6], lasing without inversion (LWI) [7–9], superluminal and
subluminal light propagation [11], enhancing Kerr nonlin-
earity [12], multiwave mixing [13, 14], optical bistability,
and multistability [15–17] have been discovered. There are
many ways to generate quantum coherence and interference.
Generally, they can be realized by coherent driving fields
or by initial coherence injections; the interference between
different spontaneous emissions paths also can lead to the
generation of coherent superposition state. Although the
main features of quantum interference processes are ade-
quately covered by the three-level approximation, there has
been considerable interest in coherent effects in multilevel
systems because the presence of additional levels increases
multifold the possibilities of interference phenomena to exist.
As we know, light will be considerably absorbed when it

passes through an optical medium, which is very inap-
propriate for the conversion efficiency of nonlinear optical
processes. However, the situation changed after Harris and
his coworkers discovered the novel phenomenon of EIT in
a three-level atomic system in 1990s [4]. They first observed
absorption cancellation via EIT. Recently, absorption and
dispersion properties of a weak probe field have attracted
considerable attention, because they can lead to subluminal
and superluminal light propagation.The most important key
to successful experiments on controlling the group velocity of
light lies in its ability to control optical properties of amedium
with coherent and incoherent fields [18]. In one of our recent
studies, the absorption-dispersion properties of a four-level
Lambda-type atomic systemwere investigated [19]. It is found
that the slope of dispersion not only changes by the intensity
of coupling field, but also changes by the rate of an incoherent
pumpfield. Besides the proposalswhichwementioned above,
there is also significant interest in quantum coherence and
interference using quantum dots (QDs) [20–22], because
of reports of long dephasing times and preservation of
atomic-like properties (e.g., discrete energy levels) at high
temperatures, ease of integration, and large bandwidth due
to fast carrier. Devices which take advantage of intersubband
transitions in quantum dots (QDs) have inherent advantages,
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Figure 1: Schematic band structure and level configuration of a double QD system. (a) Without a gate voltage, electron tunneling is weak.
(b) With applied gate voltage, conduction and valence band levels get into resonance, increasing their coupling. (c) Levels taken into account
by Hamiltonian model and the basis of states used to describe it.

such as large electric dipole moments due to the small
effective electron mass, and a great flexibility in the device
design by a proper selection of the materials and their sizes.
Several studies for quantum coherence and interference in
QDs have been done. For instance, Chang-Hasnain et al.
proposed a semiconductor optical buffer using EIT in a
QD medium and theoretically predicted its performance in
slow light [23]. Coherent control of the electron tunneling
in an asymmetric double QD system was investigated by
Villas-Boas et al. [24]. QDs and atomic vapors have similar
properties, but quantum dots havemore capability to provide
high nonlinear optical coefficient and large electric-dipole
moments.One advantage ofQDs is that they provide different
energy scales and physical features which can be easily varied
over a wide range of values. Quantum coherence in a QD
structure can be induced by applying the laser field or by
electron tunneling. By applying an optical pump pulse, they
have excited an electron in one of the dots, which can in
turn tunnel to the second one, as controlled by external
voltage [25]. In this letter, we intend to study the transmission
coefficient properties as well as group velocity control of a
four-level QD structure. We find that tunnel coupling has a
major influence on enhancing the transmission coefficient
of the probe beam as well as switching between subluminal
and superluminal light propagation. The effect of incoherent

pump field on transmission properties of probe field passing
through the QD molecule is then discussed. The coherence
induced in this structure is due to the coupling of two exciton
states arising from tunnelling instead of optical pumping
process [25].

2. Model and Equations

Figure 1(a) denotes a QDmolecule that consists of a two-QD
(the left and right QDs) system coupled by tunneling. Such a
QD molecule can be fabricated using the self-assembled dot
growth technology [24].The asymmetric QDmolecules have
been detected in the double layer of 𝐼𝑛𝐴𝑠/𝐺𝑎𝐴𝑠 structures as
a realistic example [26]. This QD molecule can be assumed
as a four-level atomic system as depicted in Figure 1(b). The
lower valance and upper conducting band levels of the left
QD are |2⟩ and |4⟩, respectively, while levels |1⟩ and |3⟩ are
the lower valance and upper conducting band levels of the
second QD. Inasmuch as the energy difference of two excited
levels and the lower level is large, their tunneling couplings
can be ignored. By applying gate voltages level |4⟩ gets closer
to level |3⟩ and level |1⟩ gets closer to level |2⟩. The system
configuration after applying the gate voltages comes to the
form shown in Figure 1(c). In this case, with external voltages
applied to gate electrodes, electrons tunneling can occur and
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a quantum dot system is acquired. A weak tunable probe field
with frequency 𝜔𝑝 and Rabi-frequency Ω𝑝 = 𝐸⃗𝑝 ⋅ ℘⃗13/2ℎ

is applied to the transition |3⟩ → |1⟩. Here ℘⃗13 is the
electric dipole moment and 𝐸⃗𝑝 is the amplitude of the probe
field. An incoherent pump field with the pumping rate Λ

pumps the system from the lower level |2⟩ to the upper level
|4⟩. The probe field can excite one electron from valance to
conducting band in the left QD that can tunnel to the right
one. Neglecting the hole tunneling, the Hamiltonian for the
system can be

𝐻 = 𝐻0 + 𝐻int,

𝐻int = −
ℎ

2
(Ω𝑝 exp (𝑖𝜐𝑝𝑡) |1⟩⟨3| + 𝑇1 | 1⟩ ⟨2|

+ 𝑇2 | 3⟩⟨4| ) + 𝑐.𝑐.

(1)

The density-matrix approach for obtaining the dynamics of
the whole system is used:

̇𝜌 = −
𝑖

ℎ
[𝐻, 𝜌] , (2)

where 𝐻 is the Hamiltonian of the QD system. Substituting
(1) into (2) and aftermoving to an appropriate rotating frame,

𝜌31 = 𝜌31𝑒
−𝑖𝜐𝑝𝑡, 𝜌𝑖𝑗 = 𝜌𝑖𝑗 (𝑖 ̸= 3, 𝑗 ̸= 1) ,

𝜌𝑖𝑖 = 𝜌𝑗𝑗 (𝑖, 𝑗 = 1, 2, 3, 4) ,

(3a)

we can obtain the set of density matrix equations of motion:

̇̃𝜌
13

= −(
Γ31

2
− 𝑖Δ𝑝) 𝜌13 − 𝑖Ω𝑝 (𝜌33 − 𝜌11)

− 𝑖 (𝑇1𝜌23 − 𝑇2𝜌14) ,

̇̃𝜌
14

= − [
1

2
(Γ41 + Λ) − 𝑖 (Δ𝑝 − 𝜔34)] 𝜌14 − 𝑖Ω𝑝𝜌34

− 𝑖 (𝑇1𝜌24 − 𝑇2𝜌13) ,

̇̃𝜌
24

= − [
1

2
(Γ42 + 2Λ) − 𝑖 (Δ𝑝 − (𝜔21 + 𝜔34))] 𝜌24

− 𝑖 (𝑇1𝜌14 − 𝑇2𝜌23) ,

̇̃𝜌
34

= − [
1

2
(Γ43 + Λ) + 𝑖𝜔34] 𝜌34 − 𝑖Ω𝑝𝜌14

− 𝑖𝑇2 (𝜌44 − 𝜌33) ,

̇̃𝜌
23

= − [
1

2
(Γ32 + Λ) − 𝑖 (Δ𝑝 − 𝜔21)] 𝜌23 + 𝑖Ω𝑝𝜌21

− 𝑖 (𝑇1𝜌13 − 𝑇2𝜌24) ,

̇̃𝜌
12

= − [
1

2
(Γ12 + Λ) − 𝑖𝜔21] 𝜌12 − 𝑖Ω𝑝𝜌32 − 𝑖𝑇1 (𝜌22 − 𝜌11) ,

̇̃𝜌
22

= −Λ𝜌22 + (𝛾42 + Λ) 𝜌44 + 𝛾32𝜌33 + 𝛾12𝜌11

− 𝑖𝑇1 (𝜌12 − 𝜌21) ,

̇̃𝜌
33

= − (𝛾31 + 𝛾32) 𝜌33 − 𝑖Ω𝑝 (𝜌13 − 𝜌31) − 𝑖𝑇2 (𝜌43 − 𝜌34) ,

̇̃𝜌
44

= Λ𝜌22 − (𝛾41 + 𝛾42 + Λ) 𝜌44 − 𝑖𝑇2 (𝜌34 − 𝜌43) ,

𝜌11 + 𝜌22 + 𝜌33 + 𝜌44 = 1,

(3b)

where Δ𝑝 = 𝜐𝑝 − 𝜔13 is the frequency detuning of the probe
field, while 𝜐𝑝 is the frequency of the weak probe field.

The life time broadening 𝛾𝑖 and dephasing broadening
line widths Γ𝑖 are added phenomenologically in the above
density matrix equations. Usually, Γ𝑖 is the dominant mech-
anism. Originally, (3a)-(3b) for the density matrix 𝜌 are

𝜕𝜌

𝜕𝑡
= −

𝑖

ℎ
[𝐻, 𝜌] +

𝜕𝜌

𝜕𝑡

󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨

incoh

𝑒−𝑒

+
𝜕𝜌

𝜕𝑡

󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨

incoh9

𝑒−𝑝

, (4a)

where 𝐻 is the Hamiltonian of the QD system. The second
and third terms are the incoherent contributions of the
electron-electron and electron-phonon scattering processes
to the system’s dynamics. These terms are responsible for
the damping in the system. The electron density is assumed
to be high here; therefore, the dynamic screening will be
strong. As a result, we only consider the dephasing terms
caused by these processes.We have also ignored the electron-
electron scattering between electrons in different conduction
subbands, because the energy spacings between the subbands
are considered to be large. Also, the damping rates caused
by the electron-electron scattering processes in the upper
subband are ignored, because (1) the upper subbands are
separated from each other and the ground subband by
energies greater than that of LO phonons and therefore
excited electrons are affected by the very fast electron LO-
phonon scattering process, and (2) the electron envelope
functions in the upper subbands are asymmetric and very
much less localized in the well than those in the ground
subband. Generally, in SQWs the overall decay rates are
given by 𝛾𝑖 = 𝛾𝑖𝑗 + 𝛾

dph
𝑖𝑗

. The former 𝛾𝑖𝑗 denotes the
lifetime broadening linewidth, which is due primarily to
longitudinal optical photon emission at low temperature.
The latter 𝛾dph

𝑖𝑗
is the dephasing broadening linewidth, which

may originate from electron-electron scattering and electron-
phonon scattering, as well as inhomogeneous broadening due
to scattering on interface roughness. Generally, 𝛾dph

𝑖𝑗
is the

dominant mechanism in a semiconductor solid state system
in contrast to the atomic medium.

The terms contain 𝑇1 and 𝑇2 in density matrix equations
which show the effect of interdot tunneling between twoQDs.
Through a semiclassical analysis, the set of (3a)-(3b) can be
solved numerically to obtain the steady state response of the
medium. In fact, response of the medium is determined by
the susceptibility 𝜒𝑝 of the probe field for the |3⟩ → |1⟩

transition, which is defined as

𝜒 (𝜔𝑝) =
𝑁

󵄨󵄨󵄨󵄨℘13
󵄨󵄨󵄨󵄨

2
𝜌31

2ℎ𝜀0Ω𝑝

, (4b)

where 𝑁 is the atomic density number in the medium. It is
worth pointing out that the gain or absorption coefficient
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Figure 2: Real and imaginary parts of the linear susceptibility versus probe field detuning.The selected parameters are (a)𝑇1 = 𝑇2 = 0.5meV;
(b) 𝑇1 = 2meV, 𝑇2 = 0.5meV; (c) 𝑇1 = 0.5meV, 𝑇2 = 2meV; (d) 𝑇1 = 𝑇2 = 2meV.The other parameters are 𝛾41 = 𝛾42 = 𝛾31 = 𝛾32 = 0.1meV,
Γ12 = 5meV, Γ31 = 2meV, Γ41 = Γ42 = Γ32 = 0.5meV, Γ43 = 2meV, 𝛾12 = 0.05meV, 𝜔21 = 𝜔34 = 0.2meV, and Λ = 0, Ω𝑝 = 0.001meV.

for the probe field is proportional to the imaginary part of
susceptibility, while the real part of susceptibility corresponds
to the dispersion [8, 11, 12, 19].

3. Results and Discussion

We now present details of the interdot tunneling on optical
absorption-dispersion, group index, and transmission coeffi-
cient spectra of the medium based on (3b), (4b).

3.1. Absorption-Dispersion of the Weak Probe Field. For this
four-level QD medium, we plot the real and imaginary parts

of susceptibility 𝜒 versus Δ𝑝 for different values of 𝑇1 and
𝑇2 in Figure 2. From Figure 2(a) it is found that when 𝑇1 =

𝑇2 = 0.5meV, there are three peaks in the absorption spectra.
The slope of dispersion around Δ𝑝 = 0 is negative that
is accompanied with a large absorption, while the slope of
dispersion on both sides of zero probe detuning is positive.
Figure 2(b) shows that for 𝑇1 = 2meV, 𝑇2 = 0.5meV, the
number of absorption peaks becomes four. In this case, the
absorption will be decreased at line center of probe detuning
and a transparency window appears. In addition, the slope
of dispersion converts to positive at Δ𝑝 = 0. The effect
of electron tunneling 𝑇2 on linear susceptibility is depicted
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Figure 3: Transmission coefficient versus probe field detuning. The selected parameters are (a) 𝑇1 = 𝑇2 = 0.5meV; (b) 𝑇1 = 2meV, 𝑇2 =
0.5meV; (c) 𝑇1 = 0.5meV, 𝑇2 = 2meV; (d) 𝑇1 = 𝑇2 = 2meV.The other parameters are the same as in Figure 2.

in Figure 2(c). It is clear that absorption and dispersion of
the probe field in Figure 2(c) is similar to Figure 2(b). Thus,
it is deduced that when electron tunneling parameters 𝑇1

and 𝑇2 impact separately on real and imaginary parts of
susceptibility, uniform results are obtained. The curves of
absorption and dispersion spectra for 𝑇1 = 𝑇2 = 2meV are
plotted in Figure 2(d). It is obvious that three-peak spectral
feature appears again and the value of probe absorption at
Δ𝑝 = 0 becomes very large which separates two transparency
windows. Simultaneously, the slope of dispersion at line
center of probe detuning switches again to negative which is
corresponding to superluminal light propagation.

3.2. Transmission Coefficient of the Weak Probe Field. Now,
we display the transmission properties of the probe field
propagating through theQDmedium in Figure 3 for different
values of electron tunneling parameters. An investigation in
Figure 3(a) shows that for the case of 𝑇1 = 𝑇2 = 0.5meV,

a low transmission appears at Δ𝑝 = 0, accompanied with two
sideband dips (Figure 3(a)). In the first step, we discuss the
effect of each term of electron tunneling, that is, 𝑇1 and 𝑇2,
on optical transmission coefficient spectra of theQDmedium
separately. The results for two different cases of 𝑇1 = 2meV,
𝑇2 = 0.5meV and 𝑇1 = 0.5meV, 𝑇2 = 2meV are displayed
in Figures 3(b) and 3(c). It can be seen from the figures that
the number of transmission dips is split to four. Moreover, a
high transmission coefficient takes place at Δ𝑝 = 0. In order
to further illustrate explicitly the combined influence of both
electron tunneling parameters on transmission properties of
the probe beam, we plot the transmission coefficient spectra
of the probe field as a function of probe field detuning in
Figure 3(d). It is shown that the number of transmission
spectral dips is again three. A low transmission appears at
Δ𝑝 = 0which corresponds to a high absorption. Results are in
a good agreement with our presented results in Section 3.1 for
absorption properties of the probe field in the QD medium.
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Figure 4: Group index versus probe field detuning. The selected parameters are (a) 𝑇1 = 𝑇2 = 0.5meV; (b) 𝑇1 = 2meV, 𝑇2 = 0.5meV; (c)
𝑇1 = 0.5meV, 𝑇2 = 2meV; (d) 𝑇1 = 𝑇2 = 2meV.The other parameters are the same as in Figure 2.

3.3. Group Velocity of the Weak Probe Field. The slope of
dispersion with respect to the probe field detuning has a
major role in the group velocity of probe field. For further
discussion one has to consider the relevant quantity of group
index 𝑛𝑔 = 𝑐/V𝑔, where 𝑐 is the speed of light in the vacuum
and the group velocity V𝑔 is given by [27–30]

V𝑔 =
𝑐

1 + 2𝜋Re (𝜒 (]𝑝)) + 2𝜋]𝑝 (𝜕/𝜕]𝑝)Re (𝜒 (]𝑝))
.

(5)

It is well known that the group velocity of the probe field
strongly depends on the slope of dispersion. Note that a
positive peak in the curves corresponds to subluminal pulse
propagation, while a negative dip corresponds to superlu-
minal pulse propagation. The group index behavior of weak
probe field is shown in Figure 4. It is found from Figure 4(a)
that for 𝑇1 = 𝑇2 = 0.5meV, the group velocity corresponds
to superluminal light propagation at Δ𝑝 = 0. The effect of

each term of electron tunnelings, while the other is keeping
constant on group index is plotted in Figures 4(b) and 4(c)
separately. It is found that the group index in these cases
represents subluminal light propagation at the line center of
probe field detuning. Thus, the superluminal light propaga-
tion can be switched to subluminal light propagation just
by increasing 𝑇1 or 𝑇2 in the absence of probe absorption.
At the end, the group index curve for the case 𝑇1 = 𝑇2 =

2meV is plotted in Figure 4(d). We find that the subluminal
light propagation can be converted to superluminal light
propagation at zero probe field detuning.The obtained results
confirm our previous curves for absorption spectra of the
medium.

3.4. Effect of Incoherent Pump Field on Probe Transmission
of the Weak Probe Field. Now, we will analyze how the rate
of incoherent pumping affects the probe transmission of the
QD medium. We find that the probe transmission exhibits
oppositional features for weak and strong incoherent pump
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Figure 5: Transmission coefficient ((a), (b)) and probe absorption ((c), (d)) versus probe field detuning. for different values of incoherent
pumping. The selected parameters are 𝑇1 = 𝑇2 = 2meV and the other parameters are the same as in Figure 2.

rates. We demonstrate the dependence of probe transmission
on the weak (Figure 5(a)) and strong (Figure 5(b)) incoher-
ent pump field. Clearly, for the small rate of incoherent
pumping, the probe transmission enhances by increasing Λ

(Figure 5(a)) and reaches nearly 0.999. Transmission coeffi-
cient of probe field versus Δ𝑝 = 0 and for strong incoherent
pump rates is plotted in Figure 5(b). We find reduction of
probe transmission so long as Λ increases, so that the value
of transmission coefficient for Λ = 9meV approximates
to 0.9985. For a physical description of such behavior, we
should refer to the absorption spectra of the probe field

(Figures 5(c) and 5(d)). Physically, in the realm of weak
incoherent pump fields, increasing an incoherent pump rate
pumpsmore population from lower level |2⟩ to upper level |4⟩
leading to reduction of probe field absorption and thus results
in enhancement of probe transmission. In other words, when
the incoherent pump becomes stronger, more population
will be pumped to level |4⟩, which means less chances of
absorption of the probe field. This condition will be different
for the case of strong incoherent pump rates. Hence, although
incoherent pump field brings the population from lower level
|2⟩ to upper level |4⟩, coherence between two levels |2⟩ and
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|4⟩ will be destroyed by the strong incoherent pumping field.
Consequently, population in level |4⟩ cannot be trapped and
will be accumulated in lower levels.More population in lower
levels means more chances of absorption of the probe field
which can lead to reduction of probe transmission [19, 21].

4. Conclusion

To summarize, in this letter, we investigated the controllable
transmission coefficient and group index of a four-level QD
system. The effect of electron coupling as well as incoherent
pumping in light propagation is then discussed. It is found
that the group velocity of light pulse can be controlled
with the electron tunneling. We show that by increasing
the electron tunneling parameter the superluminal light
propagation can be switched to subluminal light propagation
or vice versa. It is worth pointing out that no external laser
field is used at the pumping processes of the system.
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