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ZETA-FUNCTION IN SHORT INTERVALS
Antanas Laurincikas
We consider the approximation of analytic functions by shifts of the Riemann
zeta-function ((s + tkh) with fixed h > 0 when positive integers k run over
the interval [N, N + M], where N'/3(log N)?/1® < M < N, and prove that

those k have a positive lower density as N — co. The same is true for some
compositions. Two types of h > 0 are discussed separately.

1. INTRODUCTION

The Riemann zeta-function ((s), s = o + it, is given, for o > 1, by

<<s>=gn;=1;[(1—pi)_l,

where the infinite product is taken over all prime numbers. Moreover, the function
¢(s) has the analytic continuation to the whole complex plane, except for a simple
pole at the point s = 1 with residue 1. The function ((s) is one of the most
interesting and mysterious analytic objects, therefore, much attention is devoted
to investigations of its value-distribution. One of the most important properties
of ((s) is its universality discovered by Voronin in [20]. Roughly speaking, the
Voronin theorem says that all analytic non-vanishing functions defined on the strip
D ={seC:1/2 < o < 1} can be approximated with a given accuracy by
shifts ((s + i7), 7 € R. Moreover, the set of these shifts approximating a given
analytic function has a positive lower density. On the other hand, the Voronin
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theorem is noneffective because any 7 with approximation property is not known.
Voronin understood the effectivization of his theorem as the indication of an interval
containing 7 with approximation property. The first step in this direction was
made by Good in [6]. His general and complicated results in the special case
were presented explicitly by Garunkstis in [4]. Finally, in [5], the interval [T, 27T]
containing for 7" > Ty a number 7 with approximation property was found. Here
Ty is explicitly given, and depends on the approximated function, approximation
accuracy as well as on the approximation disc.

Obviously, the interval containing a “good” 7 must be short as possible.
This raises a problem of universality in short intervals. The first attempt in this
direction is given in [10]. Denote by K the class of compact subsets of the strip D
with connected complements, and by Hy(K) with K € K the class of continuous
non-vanishing functions on K that are analytic in the interior of K. Then, in [10],
it was proved that if T%/3(logT)*/ < H < T, K € K and f(s) € Ho(K), then,
for every € > 0,

1
lim inf — meas {T € [T, T+ H] :sup [C(s+iT) — f(s)| < 5} > 0.
H—oo H seK

Moreover, the limit

lim imeaus {T € [T, T+ H] :sup [C(s+iT) — f(s)| < 5} >0
H—oo H seK
exists for all but at most countably many ¢ > 0.

The stated above result is of continuous type because 7 in shifts ((s+i7) can
take arbitrary real values. Also, discrete universality theorems are known when 7 in
approximating shifts takes values from certain discrete sets. Discrete universality
theorems for zeta-functions were introduced by Reich in [17]. He proved a discrete
universality theorem for Dedekind zeta-functions (k(s) of number fields K on the
approximation of functions f(s) € Ho(K) by shifts (x(s + ikh), k =0,1,..., with
every fixed h > 0. When K = Q, we have a discrete universality theorem for the
Riemann zeta-function. By a different method, the Reich theorem was obtained by
Bagchi in his thesis [1]. More general discrete sets than the arithmetic progression
{kh} were used in [3], [6], [12] and [9].

The aim of this paper is discrete universality theorems for the Riemann zeta-
function in short intervals. Denote by #A the cardinality of the set A. In what
follows, N and M run over positive integers.

Theorem 1. Suppose that N'/3(log N)?/15 < M < N. Let K € K and f(s) €
Hy(K). Then, for every e > 0,

fminf 2

#{N§k§N+M:sup|C(8+ik:h)—f(s)|<5}>O.
seK

Moreover, the limit

lim

N_>OOM+1#{NSRSN+M:sup|C(s+ikh)—f(s)|<5}>0

seK



Discrete universality of the Riemann zeta-function in short intervals 384

exists for all but at most countably many € > 0.

We recall that A > 0 is an arbitrary fixed number. Of course, the above limits
depend on h. Moreover, a certain dependence property of h plays an important
role in the proof, and we have to consider two cases separately.

Denote by H (D) the space of analytic functions on the strip D equipped with
the topology of uniform convergence on compacta. Theorem 1 can be generalized
for compositions of operators in the space H(D) with the function {(s). We will
present only one example on the discrete universality of such compositions.

Let aq,...,a, be distinct complex numbers, and F' : H(D) — H(D) be an
operator. Define the set

Ha,. ap:r(D) ={g € H(D): g(s) # a;, j=1,...,r} U{F(0)}.
Moreover, let
S={ge H(D):g(s) #0org(s) =0}.

Theorem 2. Suppose that N'/3(log N)?6/15 < M < N, and that F : H(D) —
H(D) is a continuous operator such that Hy, . a,..r(D) C F(S). Forr =1, let
K € K, and let f(s) be a continuous and # a1 function on K which is analytic
in the interior of K. For r > 2, let K C D be an arbitrary compact set, and
f(s) € Hq, ....a,.7 (D). Then, for every e > 0,

1
iminf ——— <k< : ) — .
l}\rIIBBOfM_’_l#{N_k_N—l—M §SE|F(C(s+zkh)) f(s)|<€}>0

Moreover, the limit

lim

NWMH#{N“KMM:sup|F<<<s+ikh>>—f<s>|<e} >0

seEK

exists for all but at most countably many € > 0.

For example, if r = 1 and a; = 0, then Theorem 2 gives the discrete univer-
sality for the function ¢"(s), n € N. If r = 2 and a; = —1, as = 1, then we obtain
the discrete universality for the functions sin {(s), cos((s), sinh {(s) and cosh {(s).
Actually, suppose, for example, that F(g) = sing, g € H(D). We have to show
that FI(S) D H_11,7(D). Obviously, F(0) = 0. Let f be an arbitrary element of
H_11,7(D). Solving the equation

e — g9
27

1
g= ~log (if:l: \/1—f2).
i
Since f(s) # —1 and 1, a suitable choice of the logarithm shows that there exists
ges.

Theorem 2 also contains a certain information on the number of zeros of the
composition F'({(s)).

=f
we find
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Theorem 3. Suppose that N'/3(log N)?/15 < M < N, and that F : H(D) —
H(D) is a continuous operator such that Hq,, . a..r(D) C F(S), where Rea; ¢
(=1/2,1/2), § = 1,...,r. Then, for every 1/2 < o1 < 09 < 1, there exists
a constant ¢ = c(o1,09, F) > 0 such that, for sufficiently large N, the function
F(¢(s+ikh)) has a zero in the disc

09 — 01
- 2

_0'1—|-0'2
2

for more than cM numbers k, N <k < N+ M.

For the proof of Theorems 1 and 2, we will apply limit theorems in short
intervals for probability measures in the space of analytic functions. For these
theorems, we need the discrete mean square estimates for the function ((s) over
short intervals.

2. MEAN SQUARE ESTIMATES

In this section, we will obtain the estimate for
N+M

1
i > 16(o + ikh + iT)|?
k=N

with 1/2 < 0 < 1, and 7 € R. We will derive this estimate from the analogical

estimate for the continuous mean square. We will use the following result.

Lemma 4. Suppose that T*/3(log T)?6/'> < H < T, and that o, 1/2 < ¢ < 1, is
fixed. Then, for T € R,

T+H
/ Co + it +ir) dt < H(1+|7]).
T

Proof. The estimate of the lemma is obtained in [10] in the proof of Lemma 12.
For its proof, Theorem 7.1 of [7] is applied: if (x,)) is an exponent pair and o,
1/2 < o < 1, is fixed, then for

T(m+)\+172o)/2(n+1)(IOgT)(ZJrK)/(nJrl) <H<T

and 1+ A — k > 20, the estimate

T+H
/ Clo+it)2 dt < H
T—H

is true uniformly in H. O

To pass from the continuous mean square to a discrete one, we will use the
Gallagher lemma.
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Lemma 5. Let Ty, T > 6 > 0 be real numbers, and T be a finite set in the interval
[To+6/2,Ty + T — 6/2]. Define
Ns(x)= > 1,

teT
[t—xz|<d

and let S(x) be a complez-valued continuous function on [To, Ty + T] having a
continuous derivative on (Ty,To +T). Then

To+T
> NS s%/ 1S (2)[2da

teT To

To+T To+T 1/2
+ (/ |S(x)|2dx/ |S’(:c)|2dx> .
To TO

The proof of the lemma can be found in [14, Lemma 1.4].
Lemma 6. Suppose that N'/?(log N)?6/15 < M < N, and 0, 1/2 < 0 < 1, and
h > 0 are fized. Then, for T € R,
N+M
> [¢(o +ikh +ir)|* < M(1+ 7).
k=N
Proof. In notation of Lemma 5, we take 6 = h, Ty = (N — 1/2)h, T = (M + 1)h,
T ={Nh,(N+1)h,...,(N+ M)h} and S(x) = (0 + iz + i7). Then

Ny(x)= Y 1=1L

teT
[t—z|<h
Therefore, by Lemma 5,
N+M 1 [(N+M+1/2)h
> |C(s+ikh+i7)\2gﬁ/ |C(o + it +47)[* dt
—n (N=1/2)h
(1)
(N+M+1/2)h (N+M+1/2)h 1/2
+ (/ \c(a+z’t+ir)|2dt/ |C’(a+it+i7)2dt> .
(N—1/2)h (N—1/2)h
In view of Lemma 4,
1 [(N+M+1/2)h
(2) 7 /(N . |C(o +it +ir)? dt < M(1+ |7]).

An application of the Cauchy integral formula together with Lemma 4 shows that

(N+M+1/2)h
/(N 1/2)h |/ (o + it +i7)|* dt <, M(1+ |7]).

This, (1) and (2) give the estimate of the lemma. O
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Now let 8 > 1/2 be a fixed number, and, for m,n € N,

cm=oef- (2}

Cn(s) = Z Un(m)

mS

Define the function

m=1

Then it is known [8] that the latter series is absolutely convergent for o > 1/2.
Lemma 6 allows to approximate the function ((s) by (,(s) in the mean. More
precisely, we have the following statement.

Lemma 7. Suppose that K is a compact subset of the strip D, and N'/3(log N)?6/15

<M < N. Then

N+M
1
lim limsup i Z sup |((s + ikh) — (n(s + ikh)| = 0.

n—00 N_00 = SEK

Proof. We use the integral representation [8] for the function (,(s)
1 oFico ds 1
n = 5 ln ) 50
3) o) =5 [T o>
where s s
_ 2 2 s
l(s) = 01“ (9) n’,
and I'(s), as usual, denotes the Euler gamma-function. We fix ¢ > 0 such that

1/242¢<oc<1l-—cforpointss=c+ive K. Les 6 =0 —1/2—¢. Thus, 6 >0
for points s € K, and, in view of (3),

Y dz ln(2)
G =06 =g [ o T+ Res s+ 1),
Thus, for s € K,

o0 Ln(—6 + it
Q(s+ikh)—<n(s+ikh)<</ |C(s+ikh—c}+it)|(fr++;t|)| dt

o -0

(1 — s — ikh)|

+ |1 — s —ikh]

Hence, taking ¢ in place of ¢ + v, we find that
C(s 4+ ikh) — (n(s + ikh)

< | /1 N [l(1/2 4 & — s+ it))| (1 — s — ikh)|
- kh + it dt 4 2 T 8T L
<</_Oo‘<<2+5+2 “) 2te—sti] T s




Discrete universality of the Riemann zeta-function in short intervals 388

This gives
N+M
4 .
(4) M Z SSEK s +ikh) — Cu(s +ikh)| < S1 + So,
where
N+M '
T2 1 [1n(1/2 + & — s+ it)|
S = i kh + it dt
1 /°°<Ml§v C(2+E+Z +Z>Dse£ 11/2 + ¢ — s+ it]
and s
1 g (1 — s — ikh)|
2= 57 2 i AT — N

k=N

We use the estimate
D(o+it) < exp{—cltl}, [t > to,

which is uniform for o7y < ¢ < 09 with arbitrary o1 < o2. The latter estimate
together with the definition of I,,(s) gives

In(1/2 4 & — o —iv +it) < nl/2te—o
1/24+e—0—iv+it 0

c . c
exp {—a\t - ’U|} <o,k NS exp {—§|t|} :

This and Lemma 6 show that

o0

Cc
(5) S €no.x n*s/ (L4 It exp { =S 1t} dt <pox n".

— 00

Similarly, we find that, for s € K,

% <o,k 1'% exp {—gkh} .
Therefore,
Sy <, n*/27% : NiMeXP{_kh} Lh,6,K ﬁ
’ = 0 M

This, (4) and (5) imply the estimate

N+M nl/2—2¢
M Z bup IC(s 4+ tkh) — (o (s + tkh)| <p 0,k <n + i )

Now, letting N — oo (then M — 00), and then n — 0o, we obtain the equality of
the lemma. O
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3. LIMIT THEOREMS

Denote by B(X) be the Borel o-field of the space X. In this section, we will
consider the weak convergence of

def

Pnopp(A) = Ml

#{N <k<N+M:((s+ikh) € A}, AcB(H(D)),

as N — oo. For the statement of a limit theorem, we will use the following notation.
Let v = {s € C:|s| = 1}, P be the set of all prime numbers, and

Q:Hva

peP

where v, = v for all p € P. With the product topology and pointwise multipli-
cation, the infinite-dimensional torus ) is a compact topological Abelian group.
Therefore, on (92, B(?)), the probability Haar measure my exists, and we obtain
the probability space (€2, B(2), mg). Denote by w(p) the pth component of an ele-
ment w € €2, and on the probability space (Q, B(2), mg), define the H(D)-valued
random element ((s,w) by the formula

=11 (- 57)

peP

Let P; be the distribution of {(s,w), that is,
P(A)=mp{weQ:((s,w) € A}, A€ B(H(D)).
Let

L(P, h, ) = {(logp:p € P),Q}j}.

The set L(IP, h, ) consists of logarithms of all prime numbers and the number 27 /h.
We note that, in general,

(6) L(P,h,ﬂ')#{(bgp:pep)}u{%zr}

because if 27 /h = log py for some py € P, then the right-hand side of (6) is {logp :
p € P}. However, in this case the L(IP, h, 7) is linearly dependent as having two the
same elements.

Theorem 8. Suppose that the set L(P, h, ) is linearly independent over Q. Then
Py.vn converges weakly to the measure Pe as N — oo.

The case of the linear dependence of the set L(P, h,7) is more complicated,
and we need some additional arguments.



Discrete universality of the Riemann zeta-function in short intervals 390

So, suppose that the set L(IP, h, 7) is linearly dependent over Q. Then, clearly,
there exist m € N such that exp{(27m)/h} is a rational number. Let mg be the
smallest of them, and suppose that

2mmy a
e Bl s

with a,b € N, (a,b) = 1. Let Py be a finite subset of P defined by

. a N
Py = pG]P’:ap#()mE:Hp »
peP
Denote by €2, the closed subgroup of the group (2 generated by {p~® : p € P}.
Then, on (,B(Q)), the probability Haar measure mf, exists, and we have
the probability space (Qp,,B(), m%). By the Bagchi lemma [1], see, also [11,
Lemma 1],
Qp ={we:w(a) =wb)}
if the set L(PP, h, ) is linearly dependent over Q.
On (Qun, B(2,), m%,), define the H(D)-valued random element

Ch(s,w) = H (1_0@)

peP P
Then (3, (s, w) is the restriction of {(s,w) to the space (2, B(Q)). Denote by FPr
the distribution of ¢, (s,w), that is,
Pep(A) =mh{w e Qi Gu(s,w) € A}, A€ B(H(D)).
Theorem 9. Suppose that the set L(P, h,m) is linearly dependent over Q. Then

Py vn converges weakly to the measure Pep as N — oo.

We start the proofs of Theorems 8 and 9 with limit theorems on Q and Qp,
respectively.

For A € B(Q), define
1
A =
Qnvm(A) = 3
Lemma 10. Suppose that the set L(P, h, ) is linearly independent over Q. Then
Qn,m converges weakly to the Haar measure my as N — oo.

#{N<k<N+M:(p* :peP)eA}.

Proof. Let gy n(k), k = (kp : kp € Z, p € P), be the Fourier transform of Qn,ar,
ie.,

N+M
!’ 1 !’ .
_ kp _ —ikpkh
QN,M(E)—/QH w (p)dQN,M—M+1 S IIr
peP k=N peP

| NiM ,

(7) =L Z exp —ikhz kylogp 7,
k=N peP
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Wl

where the sign
zero. Obviously,

(8) gn,m(0) = 1.

means that only a finite number of integers k,, are distinct from

Since the set {logp : p € P} is linearly independent over the field of rational
numbers, we have that

ZI kplogp # 0

peP
for £ # 0. Thus, in this case

exp —ihz kplogp p # 1.

p€EP
Actually, if the latter inequality is not true, then
’ 2
Z kplogp = o
h
peP

with some r € Z, and this contradicts the linear independence over QQ of the set
L(P, h, ). Therefore, for k # 0, (7) implies that

exp {fz‘NhZ pep Kp logp} — exp {fi(N +M+1)h> pep Fp logp}

gnm (k) = M (1 —exp {—ih Z/pep kp 1ogp})

This and (8) show that

(= [am)

# 0,
and the lemma follows by a continuity theorem for probability measures on compact
groups. O

[ |

. 1t
leéogN*M(k){ 0 if

For A € B(Q,), define

Qn,mn(A) #{N<E<N+M:(p*:peP)ecA}.

T M1

Lemma 11. Suppose that the set L(P, h,m) is linearly dependent over Q. Then

Qn.arn converges weakly to the Haar measure mf as N — oo.

Proof. Denote by D the dual group of €. In the proof Lemma 10, we already have
used that the characters x € D are of the form

V@) = [T «* ).

peP
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Let the character xm,(w) € D be given by

w(a)
w(b)’

9) Xmo (@) = [T o™ (p) =

p€EPy
and Qi = {x € D: x(w) =1, w € Q,}. Then, by (2.2) of [11],
Qi = {xb,, : L€ Z}.

Thus, in view of Theorem 27 from [15], Dy = D/Q# is the dual group of ;. Hence,
the characters x of the group €2, are of the form

(10) xw) = I[ ) [] o), tez.

pEP\Pgy p€EPy

Denote by gn,mn(k), k = (kp : kp € Z, p € P), the Fourier transform of Qn ar,p-
Then, in virtue of (10),

N,k (E) =/ X(w) dQN M.k

Qp
| NtM ,
(11) _ Z H pikokh H pikhlbptias) 7.
M+1 k=N pcP\P, p€Po

Consider two cases 1° and 2°.

1°. Suppose that k, = 0 for any p € P\ Py and k, = ra, for any p € Py with
some r € Z. Then, taking into account (9), we obtain from (11) that

(12) gn.mn(k) =1

2°. Suppose that either k, # 0 for some p € P\ Py, or there does not exist
r € Z such that k, = ra,, for all p € Py. We observe that in this case

(13) A(h) défexp —ih Z kylogp + Z (kp +lay) logp £ 1.
pEP\Py pEPy

Actually, if (13) is not true, then

(14) exp Z kylogp + Z(k‘p—i—lap)logp =—
peP\Py p€EPy

with some v € Z. If v is a multiple of mg, then

2
oo B} < [T wez

pEPy
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hence,

Z kplogp + Z (kp + v20p)logp =0
pEP\Po pEPy

with some vo € Z. Since the set {logp : p € P} is linearly independent over Q, the
latter equality leads to contradiction. Now, suppose that v is not a multiple of my.
Then the number exp{(27v)/h} is irrational, and we again have a contradiction
because the left-hand side of (14) is a rational number. Thus, inequality (13) is
true, and we find from (11) that

N+M

1
] E exp { —ikh E k logp—i—g (kp + lay) logp
pEP\Po p€EPy

gN,M,h(k)

_AN(h) - AN+M+1(h)
M(1— A(h))

This and (12) show that

lim gy mn(k) =

N—o0

1 for case 1°,
0 for case 2°.

Since the right-hand side of the latter equality is the Fourier transform of the Haar
measure m/;, the lemma is a consequence of a continuity theorem for probability
measures on compact groups. O

For A € B(H(D)), define

1

P avinn(A) = M1

——H#{N<k<N+M:((s+ikh) e A}.

Consider the function u,, : @ — H(D) given by

= i 7w(m7)5:(m)’ w e,

m=1

where, for m € N,
I «*w
pe |m
potim
Then the series for u, (w) also converges absolutely for o > 1/2, hence, the function
Uy, is continuous, thus, (B(2), B(H(D)))-measurable. Therefore, the Haar measure

n (Q,B(Q)) induces the unique probability measure V,, e where, for

A e B(H(D)),

n 7

mpyu, (A) = mg(u, " A).

n

Lemma 12. Suppose that the set L(P, h, ) is linearly independent over Q. Then
Py pinn converges weakly to the measure Vy, as N — oo.
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Proof. The lemma follows from Lemma 10, equality P arn,n = QN,M,hunl, con-
tinuity of the function w,, and Theorem 5.1 of [2]. O

Now, let the function w,, j : Q) — H(D) be defined by

Un,h(w) = Z W, w e Q,

m=1
and Vy, 5, = m%u;lh Using Lemma 11 in place of Lemma 10 and repeating the
proof of Lemma 12, we arrive to the following statement.

Lemma 13. Suppose that the set L(P, h,m) is linearly dependent over Q. Then
Py v, converges weakly to the measure Vi, p, as N — oo.

Proof of Theorem 8. First, we will prove that the sequence {V,, : n € N} is rela-
tively compact. In view of the Prokhorov theorem [2, Theorem 6.1], it is sufficient
to show that the sequence {V,, : n € N} is tight. Let {y a be a discrete random
variable defined on a certain probability space with a measure p such that

1
M+1

p{én = kh} = k=N,...,N+ M.

Denote by X, the H(D)-valued random element with distribution V,,, and define
one more H(D)-valued random element

XN = XN mn(8) = Cals +i€n, ).

Then, by Lemma 12, we have the relation
D
(15) XN,IVI,n S Xn
N—00
Let {K) : 1 € N} C D be a sequence of compact sets such that
D=0 K,
=1

K; C K41 for alll € N, and if K C D is a compact set, then K C K; for some .
The function p : H(D) x H(D) — R defined by

XL, supuek, lo1(s) — ga(s)]
, — 2l S 1
pl91,02) =3 1+ sup,cr, |91(5) — ga(5)

)
=1 ‘

is a metric in H(D) inducing its topology of uniform convergence on compacta.
Using Lemma 6, the Cauchy integral formula and Lemma 7, we find that

N+M

Z sup [Cn(s +ikh)| < Ry < 0.
K=N seK;

16 sup lim su
( ) neg N%oop M + 1
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We fix € > 0 and put M = M;(e) = 2'Rie . Then, in virtue of (16),

lim supp { sup | Xn mn(s)| > M}

N—oo sEK
= lim sup #{N<k<N+M: sup |§n(s+ikh)|>M}
Nooo M +1 seK,
1 N+M -
< suplimsup —— su n(s+ikh)| < =.
nEII\)I N—>oop (M+ I)M k:zj:\f selr()l ‘C ( )‘ 2!
This and (15) imply
(17) u{sup |Xn|>M}S€l
seK; 2

for all n € N and [ € N. The set

K= K(e) = {g € H(D): sup [g(s)] < V(o). 1 € N}

is compact in the space H(D), and, by (17),
WX, eK)>1—¢

for all n € N. Thus,
Va(K)>1—¢

for all n € N, i.e., the sequence {V,} is tight.

Since the sequence {V,, : n € N} is relatively compact, there exists a sub-
sequence {V,,.} C {V,} such that V,,  converges weakly to a certain probability
measure P on (H(D),B(H(D))) as r — oo, i.e.,

(18) X, —2P.
r—00
Introduce one more H(D)-valued random element

Yy = Ynm(s) = ((s +i€n ).

Then, by Lemma 7 and the definition of the metric p, we obtain that, for every
e >0,

lim limsup p{p(Yn.ar, XN mn) > €}

n—o0 N oo

= lim limsup #{N <k <N+ M:p(((s+ikh),(n(s+ikh)) > e}

Nn—0o00 N_s00 ]_
N+M

k=N
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This, (15), (18) and Theorem 4.2 of [2] show that
D
(19) YN,]V[ E— P,
N —o00

and this means that Py s, converges weakly to P as N — oo.

For identification of the limit measure P, we observe that relation (19) shows
that the measure P is independent of the choice of the sequence {V,,, }. Therefore,
we have that

X, -2 P
n—oQ
thus, Py, a,h, as N — oo, converges weakly to the limit measure P of V,, as n — oo.
It is well known, see, for example, [8], [3], that

%meas{T €0, 7] :¢(s+1ir) e A}, A€ B(H(D)),

also, as T — o0, converges weakly to the limit measure P of V,,, and that P
coincides with Pr. Thus, Py ar,p also converges weakly to Pr as N — oco. The
theorem is proved. O

Proof of Theorem 9 is more complicated than that of Theorem 8 because we
have not an analogue of a limit theorem for the measure V;, ,. Therefore, we start
the proof of Theorem 9 with the following lemma.

Lemma 14. Suppose that the set L(P, h,m) is linearly dependent over Q. Then
Pn,m,n converges weakly to the limit measure Vi, of Vi, as n — oo.

Proof. We repeat the proof of Theorem 8, and in place of Lemma 12, apply
Lemma 13. O

We can’t give a direct identification of the measure V}, in Lemma 14 because
the validity of the Birkhoff-Khintchine ergodic theorem in short interval is not
known. Therefore, first we will give a sketch of the proof of a limit theorem for

1

Ponld) = 57

#{0< k< N:((s+ikh)e A}, AeB(H(D)),
as N — oo, when the set L(IP, h,7) is linearly dependent over Q.
For w € Qy, define the transformation ¢p(w) by the formula
on(w) = (p*ih :p€E P) w.

Then ¢y, is a measurable measure-preserving transformation on the probability
space (Q, B(Qn),m%). A set A € B(Qy,) is called invariant with respect to the
transformation ¢y, if the sets A and ¢ (A) can differ from each other at most by
a set of m/-measure zero. The transformation ¢y, is called ergodic if the o-field of
invariant sets consists only of the sets of m}ﬁ—measure Z€ro or one.
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Lemma 15. The transformation ¢y, is ergodic.

Proof. The lemma is Lemma 3 of [11] because the linear dependence of the set
L(P, h, ) implies that h is of type 2. O

For convenience, we remind of the classical Birkhoff-Khintchine ergodic the-
orem.

Lemma 16. Let ¢ be a measure preserving ergodic transformation on a certain
probability space with measure p, and & = £(w) be a random variable, E|¢| < oo.
Then p-almost surely

n—1
Jim 13" e(phw) = Ee.
k=0

Proof of the lemma can be found, for example, in [19], Theorem V.3.1.
Lemma 16 allows to estimate the discrete mean square of the function ((s,w).

Lemma 17. Suppose that o, 1/2 < 0 < 1, is fixred and T € R. Then, for almost

all w € Qp,
N

> [¢lo + ikh +iT,w)|P < N(1+ 7).
k=0

Proof. Suppose that |7| < h. By the definition of ¢,
|C(o +ikh +i7,w)|* = |C(o + i, oF (w))]2.
Therefore, by Lemmas 15 and 16, and equalities
w(m)w(a®w(m)@(b*a') =1, meN, k,1 € Ny,

we find that
1 N oo ( ) 2
: . N 2 w(m
i g 2 oo+ ik i) =B\ D
00 oo 0o oo
1 1 1 1
- Z e+ Z 2o ZZ qlotin)kplotin)l glo—in)lplo—it)k
m=1 m=1 k=11=1
k£l
© 4 1 1 1 1 1
_ Z 1+ Qo TiF po—ir a” 7 botir (ab)2e
o 1 1 1
el m? 1- Qo Titpo—i7 1- P 1- (ab)2e
— 1 1 1
< 1 — — < o0.
— Z m20’ ( + |aa+z‘rb07vr _ 1‘2 + (ab)2a _ 1) o0

Thus,

> [¢(o + ikh + i, w)[* < N.
k=0
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Hence, for all 7 € R,

N

zN:|C(a+ik‘h—|—iT,w)|2 -y ‘g (o -+ ik + [ﬂ h+€-,w))2
k=0

k=0
N+[1/h]

= Y [Clo+ikh+i,w)|* < N(1+|r)).
k=[r/h]

Lemma 18. The measure

Qnn(A) = ﬁ# {0<k<N:(p™*:peP)ec A}, AcB(Qn),

converges weakly to the Haar measure m’}_l as N — oo.

Proof. The lemma is Lemma 2 of [11].

For A € B(H(D)) and w € §y,, define

Pn 1 (A) #{0 <k <N :((s+ikh) e A}

“ N1

and
1

PN,n,h,w(A) = m

#{0 <k < N : (o(s + ikh,w) € A}

Lemma 19. The measures Py p and Py h. both converge weakly to the same

probability measure V,, p, on (H(D), B(H(D))) as N — oo.

Proof. We use Lemma 18 and repeat the proof of Lemmas 12 and 13, and apply

the invariance of the Haar measure m”,.

Lemma 20. Suppose that K C D is a compact set. Then

N

1
lim limsu su s+ ikh) — (u(s+ikh)| =0
Jim limsup = kZzosEIgK( ) = Gal )

and, for almost all w € Qy,,

N

lim limsu su s+ ikh,w) — (u(s 4+ tkh,w)| = 0.
lim N%OPN+1,;3€£'“ ) = Gal )

Proof. Tt is well known that, for fixed o, 1/2 < o < 1,

T
/ |C(o +it)]? dt < T.
0

O
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From this and Lemma 5, we deduce that, for 1/2 < o < 1 and 7 € R,

N
> [¢lo + i+ ikh)[* < N(1+ 7).
k=0

Therefore, reasoning as in the proof of Lemma 7, leads to the first equality of the
lemma. The second equality of the lemma is obtained similarly by using Lemma 17.
O

For A € B(H(D)) and w € Qy, define

Pn hw(A) #{0 <k < N:({(s+ikh,w) € A}

T N+1

Lemma 21. The measures Py, and Py p. as N — oo both converge weakly to
the limit measure Pp, of V., as n — oo.

Proof. We use Lemmas 19 and 20 and follow the proof of Theorem 8. O

We will use two following equivalents of weak convergence of probability mea-
sures.

Lemma 22. Let P,, n € N, and P be probability measures on (X, B(X)). Then the
statements

1° P,, converges weakly to P as n — co;
2° For every open set G C X,

liminf P, (G) > P(G);

n—oo
3° For every continuity set A of the measure P,

lim P,(A) = P(A)

n—roo
are equivalent.
The lemma is a part of Theorem 2.1 of [2].

Lemma 23. The measure Pj, in Lemma 21 coincides with P¢ p,.

Proof. Let A € B(H(D)) be a continuity set of the measure P, (P, (0A) = 0, where
0A is a boundary of A). Then, in view of Lemma 21 and 3° of Lemma 22,

(20) lim Py pw(A) = Pr(A).
N—oo

On the probability space (Qp, B(Q4), m%), define the random variable 7 by
1 if s,w) € A,
w)={ o )

0 otherwise.
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By the definition of 7, we have
(21) En = / n dmly =mhi{w € Qn: Gu(s,w) € A} = Pep(A).
Qn

In virtue of Lemmas 15 and 16, we have

N
. 1 & _
@) Jin P 3 () =

for almost all w € €j,. However, by the definitions of n and ¢,

N
1 & 1 .
N1 = — < < : .
N+1};)77(90 (w)) N+1#{O_k_N C(s+ ikh,w) € A}
From this, and (21) and (22), we find that

1
i —_— <k<N: ; = .
1\}13; N 1#{0 <k <N :({(s+ikh,w) e A} = P p(A)

This and (20) show that P, (A) = P, ;,(A) for every continuity set A of the measure
Py,. Since all continuity sets constitute the determining class [2], we have that
Py = Py O

Proof of Theorem 9. By Lemma 14, Px ar p converges weakly to the measure Vj, as
N — co. However, by Lemma 23, the measure V}, coincides with P 5. O

It is convenient to connect Theorems 8 and 9. Let

P P, if L(P, h,n) is linearly independent,
Gh = P, if L(P, h, ) is linearly dependent.

Then we have the following corollary from Theorems 8 and 9.
Corollary 24. Py s, converges weakly to P j, as N — co.

For F : H(D) — H(D), define

T M+1

Theorem 25. Suppose that F': H(D) — H(D) is a continuous operator. Then
Py i, r,n converges weakly to the measure PC’hF_1 as N — oo.

Proof. Since Py y.pp = PN7M7hF_1, the theorem is corollary of Corollary 24,
continuity of F and Theorem 5.1 of [2]. O

4. PROOF OF UNIVERSALITY
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We recall the Mergelyan theorem on the approximation of analytic functions
by polynomials [13].

Lemma 26. Suppose that K C C is a compact set with connected complement,
and the function f(s) is continuous on K and analytic in the interior of K. Then,
for every € > 0, there exists a polynomial p(s) such that

sup [ f(s) — p(s)| <e.
seK

For proving universality theorems, we additionally need the explicit form of
the support of the measure ]547;1. We recall that the support of ngh is a minimal
closed set S¢j, C H(D), such that Pr;(Sep) = 1. The set S consists of all
elements g € H(D) such that, for every open neighbourhood G of g, the inequality
P; 1,(G) > 0 holds. We remind that

S={g(s) € H(D): g(s) # 0 or g(s) = 0}
Lemma 27. The support of Pc,h is the set S.

Proof. Tt is well known, see, for example, [8], that the support of P¢ is the set S.
Thus, it remains to consider the case of the measure P p.
We write the random element (3 (s,w) in the form

Gn(s,w) = [1 (1“);1:))1 I1 (1“15?)1@)(14

pEPy p€eP\Po

For p € P\ Py, the random variables w(p) are independent. Therefore, repeating
the proof of Lemma 6.5.5 of [8] that proves that the support of P is the set S, we
obtain that the support of random element Y is the set S. The random elements
X and Y are independent, moreover, X is not degenerate at zero. Therefore, the
support of 5 (s,w) is the set S. Since the support of (5 (s,w) is the support of the
measure P 5, the lemma is proved. O

Proof of Theorem 1. First part. By Lemma 26, there exists a polynomial p(s) such
that

(23) sup |£(s) = )
seK

<<
ok

Since, in view of Lemma 26, the function e?(®) is an element of the support of the
measure P, we have that

(24) Pc’h(Gg) > 0,
where

G. = {g € H(D) : sup ‘g(s) _ oP(®)
s€K

<&
5 ("
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This, the definitions of Py arp and G, Corollary 24 and 2° of Lemma 22 give the

inequality
€
< =7»>0.
3

Combining this with (23) gives the first inequality of the theorem.

#{N<k<N+M:sup C(s+ ikh) — eP®
seK

lim inf 1
1111 11
N—o0 M—|—1

Second part. Define the set
G. = {g € H(D): su}g lg(s) — f(s)| < E} )
EIS
Then the boundary dG. lies in the set

{€mD)ssuplots) - 1611 =<}

seEK
therefore, 8@51 N 8@,52 = @ for different positive €1 and e2. Hence, Pc,h(éa) >0
for at most countably many € > 0. In other words, the set G. is a continuity set
of the measure P j, for all but at most countably many ¢ > 0. Thus, Corollary 24
and 3° of Lemma 22 imply the equality

(25) lim Py asn(G2) = Pen(Ge)

N—00
for all but at most countably many ¢ > 0. However, inequality (23) shows that
G: C G.. Thus P ,(G:) > P n(Ge), and the second assertion of the theorem
follows by (24) and (25). O

Proof of Theorem 2. First, we will find the support of the measure PC’hF*I. Let
g1 be an arbitrary element of the set Hy, . 4.7 (D), and G C Hg, . 4.r(D) be
any open neighbourhood of g;. Then F~'G is an open set, and, in view of the
inclusion F(S) D Hyg, ... q..F, belongs to S. Since S is the support of PC,;L,

Pc)hF_l(G) = Pc7h(F_1G) > 0.

Hence, the support of PC’hF_l contains the set Hy, . 4..7(D), and thus contains
its closure.

We will separate 2 cases: r =1 and r > 2.

Let r = 1. By Lemma 26, there exists a polynomial p(s) such that

€
(26) sup | f(s) —p(s)l < 3
seEK

Thus, p(s) # a1 on K if ¢ is small enough. Therefore, by Lemma 26 again, there
exists a polynomial p;(s) such that

(27) sup |(p(s) —a1) — eP1(5) | < E.
seEK 4
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For brevity, let gi(s) = a; + e?1(*). Obviously, gi(s) € H,,.r(D), i.e., g1(s) is an
element of the support of the measure I—C’QhF —1. Therefore,

(28) P F7YG.) > 0,
where

6.~ {g € HD)sswplo(s) - o) < 5 |

Hence, in virtue of Theorem 25 and 2° of Lemma 22,

1
lim inf #UN <k <N+ M:sup|F(C(s +ikh)) — gi(s)| < = & > 0.
N —oc0 ]_ seK 2
This together with (26) and (27) proves the first part of the theorem.

Now, let
6.~ {€ D) suplots) — 1(s) <}
seK

Then, as in the proof of Theorem 1, we obtain that the set G.isa continuity set of
the measure P, for all but at most countably many ¢ > 0. Hence, by Theorem 25
and 3° of Lemma 22, the limit

i
NS M+ 1

# {N <k<N+M: sup |F(C(s 4 ikh)) — f(s)] < g} = Pr.(Ge)
sE

exists for all but at most countably many e > 0. Since inequalities (26) and (27)

imply the inclusion G. C G, this and (28) proves the second part of the theorem.

Now, let > 2. Then the function f(s) is an element of the support of the

measure PC,hF_l. Thus, we have that PC’hF—l(g}) > 0, and Theorem 25 and

Lemma 22 prove the both parts of the theorem. O

5. PROOF OF THEOREM 3

Theorem 3 is an consequence of Theorem 2, the classical Rouché theorem,
and conditions of the theorem.

Proof of Theorem 3. Let, for brevity,

o1+ 02 and F— o9 — 01
2 2

We apply Theorem 2 with K = {s € C: |s —o¢| < 7} and f(s) = s — 0p. Since
Rea; ¢ (—1/2,1/2), the function f(s) # a; in the strip D, j = 1,...,7. Thus,
the function f(s) on the disc K satisfies the conditions of Theorem 2. In virtue of
Theorem 2, we have that there exists a constant ¢ > 0 such that, for every ¢ > 0
and sufficiently large N,

g9 —

(29) {NgkzgN+M:§2£|F(C(s+ikh))—f(s)<€}20M.
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Now, let € satisfy the inequality

Then, for the above k,

sup [F(C(s +ikh)) — f(s)| < sup  [f(s)].

|s—oo|=7F |s—oo|=7F

This shows that the hypotheses of the Rouché theorem, see, for example, [18], are
satisfied. Therefore, the functions F(¢(s+ ikh)) and s — o¢ have the same number
of zeros in the interior of the disc K. This and (29) prove the theorem. O
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