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QR]]OHV� DQG� WKH� FROODERUDWLRQ� RQ� H[SHULPHQWDO� ZRUN� RQ� WHVWLQJ� WKH�
PDQXIDFWXUHG�VWUXFWXUHV�XVLQJ�QHDU�VLQJOH�F\FOH���N+]�ODVHU�V\VWHP��

0DQ\�WKDQNV�DQG�DSSUHFLDWLRQ�WR�'U��9DOGDV�*LUGDXVNDV��-XR]DV�'XGXWLV��
'U��9DOGHPDU� 6WDQNHYLþ�� 'U��3DXOLXV� *Hþ\V� DQG� RWKHU� FROOHDJXHV� IURP� WKH�
'HSDUWPHQW�RI�/DVHU�7HFKQRORJLHV�RI�)70&�IRU�WKH�FROODERUDWLYH�ZRUN�RQ��'�
ODVHU� SURFHVVLQJ� DQG� FKDUDFWHUL]DWLRQ� RI� PLFURQR]]OHV� DQG� WKH� IULHQGO\�
DWPRVSKHUH�LQ�WKH�ODERUDWRU\��

�
7KH�UHVHDUFK�OHDGLQJ�WR�WKHVH�UHVXOWV�ZDV�IXQGHG�E\�WKH�5HVHDUFK�&RXQFLO�

RI� /LWKXDQLD� XQGHU� WKH� JUDQW� DJUHHPHQW� 6�� 0,3�������� (XURSHDQ� 8QLRQ¶V�
+RUL]RQ� ����� 5HVHDUFK� DQG� ,QQRYDWLRQ� SURJUDP� XQGHU� $5,(6� *UDQW�
$JUHHPHQW� �������� DQG� E\� /DVHUODE�(XURSH�� +����� (&�*$� �������� 7KH�
H[SHULPHQWDO�ZRUN�DW�/XQG�/DVHU�&HQWHU�ZDV�IXQGHG�E\�WKH�.QXW�DQG�$OLFH�
:DOOHQEHUJ� )RXQGDWLRQ�� WKH� 6ZHGLVK� 5HVHDUFK� &RXQFLO�� DQG� WKH� &UDIRRUG�
)RXQGDWLRQ��7KH�ZRUN�DW�/DERUDWRLUH�G¶2SWLTXH�$SSOLTXp��/2$��RI�&156���
(FROH�3RO\WHFKQLTXH��(3��DQG�(167$�3DULVWHFK�ZDV�IXQGHG�E\�WKH�(XURSHDQ�
5HVHDUFK�&RXQFLO� �(5&�6WDUWLQJ�*UDQW�)(072(/(&��XQGHU�&RQWUDFW�1R��
�������� ILQDQFLDO� VXSSRUW� IURP� WKH� 5HJLRQ� ,OH�GH�)UDQFH� �XQGHU� FRQWUDFW�
6(6$0(������$772/,7(��DQG�WKH�([WUHPH�/LJKW�,QIUDVWUXFWXUH�+XQJDU\�
1RQ�3URILW�/WG���XQGHU�FRQWUDFW�1/2���/2$���

� �
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%2$�� ��%UHDN�2XW�$IWHUEXUQHU�
%:��� ��%DQGZLGWK�
&&'�� ��&KDUJH�&RXSOHG�'HYLFH�
&(3�� ��&DUULHU�HQYHORSH�SKDVH�
&(�� � ��&RXORPE�([SORVLRQ�
&)'�� ��&RPSXWDWLRQDO�)OXLG�'\QDPLFV�
&026�� ��&RPSOHPHQWDU\�0HWDO�2[LGH�6HPLFRQGXFWRU�
&1&�� ��&RPSXWHU�1XPHULFDO�&RQWURO�
&156�� ��&HQWUH�1DWLRQDO�GH�OD�5HFKHUFKH�6FLHQWLILTXH�
&3$�� ��&KLUSHG�3XOVH�$PSOLILFDWLRQ�
&1)�� ��&DUERQ�1DQRWXEH�)RDP�
&7�� � ��&RPSXWHU�WRPRJUDSK\�
'/&�� ��'LDPRQG�OLNH�&DUERQ�
'366�� ��'LRGH�3XPSHG�6ROLG�6WDWH�
(/,��� ��([WUHPH�/LJKW�,QIUDVWUXFWXUH�
(;$)6�� ��([WHQGHG�;�UD\�$EVRUSWLRQ�)LQH�6WUXFWXUH�
):+0�� ��)XOO�:LGWK�DW�+DOI�0D[LPXP�
+&)�� ��+ROORZ�&RUH�)LEHU�
*9'�� ��*URXS�9HORFLW\�'LVSHUVLRQ�
++*�� ��+LJK�2UGHU�+DUPRQLFV�*HQHUDWLRQ�
)%3,&�� ��)RXULHU�%HVVHO�3DUWLFOH�LQ�&HOO�
)(/�� ��)UHH�(OHFWURQ�/DVHU��
)/6(�� ��)HPWRVHFRQG�/DVHU�$VVLVWHG�6HOHFWLYH�(WFKLQJ�
,&6��� ��,QYHUVH�&RPSWRQ�6FDWWHULQJ�
.2+�� ��3RWDVVLXP�+\GUR[LGH�
//&�� ��/XQG�/DVHU�&HQWHU�
/2$�� ��/DERUDWRLUH�G¶2SWLTXH�$SSOLTXp�
/:)$�� ��/DVHU�:DNHILHOG�$FFHOHUDWLRQ�
ȝ&7�� ��0LFUR�&RPSXWHG�7RPRJUDSK\�
09$�� ��0DJQHWLF�9RUWH[�$FFHOHUDWLRQ��
,'($�� ��,QWHUIHURPHWULF�'DWD�(YDOXDWLRQ�$OJRULWKP�
23&3$�� ��2SWLFDO�3DUDPHWULF�&KLUSHG�3XOVH�$PSOLILHU�
3%�3&,�� ��3URSDJDWLRQ�%DVHG�3KDVH�&RQWUDVW�,PDJLQJ�
3,&��� ��3DUWLFOH�LQ�&HOO�
36)��� ��3RLQW�6SUHDG�)XQFWLRQ�
3:)$�� ��3ODVPD�:DNHILHOG�$FFHOHUDWLRQ�
4('�� ��4XDQWXP�(OHFWURG\QDPLFV�
266�� ��2QH�6LGHG�6KRFN�
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5$16�� ��5H\QROGV�$YHUDJHG�1DYLHU�6WRNHV�
5)�� � ��5DGLR�)UHTXHQF\�
53$�� ��5DGLDWLRQ�3UHVVXUH�$FFHOHUDWLRQ�
55�� � ��5DGLDWLRQ�5HDFWLRQ�
57�� � ��5HODWLYLVWLF�7UDQVSDUHQF\�
6(0�� ��6FDQQLQJ�(OHFWURQ�0LFURVFRSH�
630�� ��6HOI�3KDVH�0RGXODWLRQ��
67,,�� ��6HOI�7UXQFDWHG�,RQL]DWLRQ�,QMHFWLRQ�
6:$�� ��6KRFN�:DYH�$FFHOHUDWLRQ��
716$�� ��7DUJHW�1RUPDO�6KHDWK�$FFHOHUDWLRQ�
;$1(6�� ��;�UD\�$EVRUSWLRQ�1HDU�(GJH�6WUXFWXUH�
;$6�� ��;�UD\�$EVRUSWLRQ�6SHFWURVFRS\�
;89�� ��([WUHPH�8OWUDYLROHW�5DGLDWLRQ�
:'0�� ��:DUP�'HQVH�0DWWHU�

� �
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�� ,1752'8&7,21�

$� IDVW�SDFHG� GHYHORSPHQW� RI� KLJK�LQWHQVLW\� ODVHUV� SDYHV� D� ZD\� WR�
GLVUXSWLYH� LQQRYDWLRQV� LQ�SDUWLFOH�DFFHOHUDWLRQ��GHYHORSPHQW�RI� WDEOH�WRS�;�
UD\� DQG� Ȗ�VRXUFHV�� +LJK�HQHUJ\� SK\VLFV� UHVHDUFK� SXVKHV� WKH� IURQWLHUV� RI�
IXQGDPHQWDO�XQGHUVWDQGLQJ�RI�PDWWHU�DQG�IRVWHUV�WKH�DGYDQFHV�RI�NQRZOHGJH�
DW� VXEDWRPLF� DQG� DWWRVHFRQG� VFDOH�� ;�UD\� DQG� Ȗ�VRXUFHV� EDVHG� RQ� ODUJH�
DFFHOHUDWRU� IDFLOLWLHV� DUH� ZLGHO\� XVHG� IRU� PDWHULDO� VFLHQFH�� ELRFKHPLVWU\�
UHVHDUFK� DQG� RIIHU� QHZ� RSSRUWXQLWLHV� LQ� WKH� HPHUJLQJ� ILHOG� RI� QXFOHDU�
SKRWRQLFV��&RQVWUXFWLRQ�FRVWV�RI�D�FRQYHQWLRQDO�UDGLR�DFFHOHUDWRU�UHDFK�VHYHUDO�
KXQGUHGV�RI�PLOOLRQV�RI�HXURV�DQG�DUH�KDUGO\�DIIRUGDEOH�IRU�PRGHVW�UHVHDUFK�
ODEV�DQG�LQGXVWULDO�DSSOLFDWLRQV��/DVHU�:DNHILHOG�$FFHOHUDWRUV��/:)$��DOORZ�
WR�DFKLHYH�PXFK�KLJKHU�YDOXHV�RI�WKH�DFFHOHUDWLQJ�HOHFWULF�ILHOG�DQG�VKRUWHQ�WKH�
DFFHOHUDWLRQ�GLVWDQFH�E\�KXQGUHGV�RI�WLPHV��7KH�IRUPDWLRQ�RI�WKH�HOHFWULF�ILHOG�
LQ�/:)$�� SDUDPHWHUV� RI� DFFHOHUDWHG� SDUWLFOHV�� DQG� VHFRQGDU\� UDGLDWLRQ� DUH�
GHILQHG�E\� WKH� LQWHUDFWLRQ�RI�SURSDJDWLQJ� ODVHU�EHDP�ZLWK�SODVPD�PHGLXP��
7KH� FRQWURO� RI� SODVPD� LV� FKDOOHQJLQJ�� DV� WKH� IOXHQFH� RI� DFFHOHUDWLQJ� ODVHU�
H[FHHGV�WKH�OLPLWV�RI�ODVHU�GDPDJH�WKUHVKROG�RI�VROLG�VWDWH�PDWHULDOV�E\�VHYHUDO�
RUGHUV� RI� PDJQLWXGH�� 7KH� ODVHU�SODVPD� LQWHUDFWLRQ� FDQ� EH� FRQWUROOHG� E\�
IRFXVLQJ�DQG�VKDSLQJ�RI�WKH�ODVHU�EHDP�DQG�FKDQJLQJ�WKH�SURSHUWLHV�RI�SODVPD�
WDUJHWV��

,Q�WKLV�ZRUN��WKH�VWUXFWXUHG�SODVPD�FRQFHQWUDWLRQ�SURILOHV�DUH�XVHG�IRU�WKH�
DFFHOHUDWLRQ� RI� HOHFWURQ� EHDPV� DQG�;�UD\� JHQHUDWLRQ�� 7DLORUHG� SURILOHV� DUH�
GHILQHG�E\�WKH�DUUD\V�RI�VXSHUVRQLF�JDV�MHWV�DQG�LQWHUVHFWLQJ�VKRFN�ZDYHV��7KH�
JDV� MHWV� DUH� IRUPHG�E\� WKH�PLFURQR]]OH� DUUD\V�PDQXIDFWXUHG� IURP�D� VLQJOH�
IXVHG�VLOLFD�EORFN�XVLQJ��'�ODVHU�PLFURIDEULFDWLRQ��7KH�VHFRQGDU\�EHWDWURQ�;�
UD\�UDGLDWLRQ�LV�JHQHUDWHG�E\�WKH�WUDQVYHUVDO�RVFLOODWLRQ�RI�HOHFWURQV�LQ�WKH�LRQ�
FKDQQHO�RI�WKH�ODVHU�ZDNH��

7KH�WKHVLV�LV�GLYLGHG�LQWR�VHYHQ�FKDSWHUV��7KH�ILUVW�WKUHH�FKDSWHUV�FRPSULVH�
WKH� LQWURGXFWLRQ�� VWDWHPHQWV� WR� GHIHQG�� DSSUREDWLRQ�� OLWHUDWXUH� UHYLHZ� DQG�
PHWKRGV�� ,Q� FKDSWHU� ��� WKH� UHVXOWV� RI� 3DUWLFOH�LQ�&HOO� VLPXODWLRQ� RI� /:)$�
XVLQJ�VWUXFWXUHG�SODVPD�FRQFHQWUDWLRQ�SURILOHV�DUH�SUHVHQWHG��,Q�FKDSWHU����WKH�
IOXLG�G\QDPLFV�RI�VXSHUVRQLF�MHWV�LV�PRGHOOHG��,Q�FKDSWHU����WKH�UHVXOWV�RI�ODVHU�
PLFURIDEULFDWLRQ�DQG�QR]]OH�FKDUDFWHUL]DWLRQ�DUH�GHVFULEHG��,Q�FKDSWHU����WKH�
H[SHULPHQWDO� UHVXOWV� RI� /:)$� DQG� VHFRQGDU\� UDGLDWLRQ� H[FLWDWLRQ� DUH�
GLVFXVVHG�� $W� WKH� HQG� RI� WKH� WKHVLV�� WKH� VXPPDU\� RI� SULQFLSDO� ILQGLQJV��
UHIHUHQFHV�DQG�OLVW�RI�XVHG�V\PEROV�DUH�SUHVHQWHG��
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���� 7KH�$LP�RI�WKH�5HVHDUFK�

7KH�DLP�RI�WKH�UHVHDUFK�ZDV�WR�LQYHVWLJDWH�WKH�SURSHUWLHV�RI�VHFRQGDU\�;�
UD\� UDGLDWLRQ� XVLQJ� KLJK�LQWHQVLW\� ODVHU� ILHOGV� DQG� LWV� LPSOHPHQWDWLRQ� IRU�
LPDJLQJ�DSSOLFDWLRQV�LQ�PDWHULDO�VFLHQFH��7ZR�WDVNV�ZHUH�VHW�WR�DFKLHYH�WKH�
JRDO��

��� 5HVHDUFK�RI�GHSHQGHQFH�RI�LQMHFWLRQ�RI�QXPEHU�RI�HOHFWURQV�LQWR�WKH�
/:)$� DQG� VHFRQGDU\� ;�UD\� UDGLDWLRQ� RQ� VWUXFWXUHG� SODVPD� FRQFHQWUDWLRQ�
SURILOHV��

��� ,QYHVWLJDWLRQ� RI� QHZ� PDQXIDFWXULQJ� PHWKRGV� RI� PLFURQR]]OH�
VWUXFWXUHV�HQDEOLQJ�WKH�IRUPDWLRQ�RI�UHTXLUHG�SODVPD�FRQFHQWUDWLRQ�SURILOHV��

���� 3UDFWLFDO�9DOXH�DQG�1RYHOW\�

������ 7KH�1RYHOW\�RI�5HVHDUFK�5HVXOWV�

��� 7KH� QRYHO� PHWKRG� RI� WKH� FRQWURO� RI� HOHFWURQ� LQMHFWLRQ� LQ� /DVHU�
ZDNHILHOG� DFFHOHUDWRUV� �/:)$�� DQG� VHFRQGDU\� ;�UD\� UDGLDWLRQ� XVLQJ�
VWUXFWXUHG�SODVPD�FRQFHQWUDWLRQ�SURILOHV�LQ�LQMHFWRU�DQG�ZLJJOHU�JHRPHWU\�ZDV�
H[SHULPHQWDOO\� GHPRQVWUDWHG�� (OHFWURQ� DFFHOHUDWLRQ� DQG� H[FLWDWLRQ� RI�
VHFRQGDU\�UDGLDWLRQ�ZHUH�QXPHULFDOO\�VLPXODWHG���

��� )RU�WKH�IRUPDWLRQ�RI�WDLORUHG�SODVPD�FRQFHQWUDWLRQ�SURILOHV��WKH�QHZ�
DSSURDFK�RI�LQWHUVHFWLQJ�VXSHUVRQLF�JDV�MHWV�EXLOW�E\�PLFURQR]]OH�DUUD\V�ZDV�
SURSRVHG�� 7KH� JDV� MHWV� ZHUH� QXPHULFDOO\� VLPXODWHG� DQG� H[SHULPHQWDOO\�
FKDUDFWHUL]HG��

��� )RU�WKH�PDQXIDFWXULQJ�RI�PLFURQR]]OH�DUUD\V��WKH�QHZ�K\EULG�PHWKRG�
RI�IXVHG�VLOLFD�SURFHVVLQJ�ZDV�LQWURGXFHG��HQDEOLQJ�WKH�IDVW�PDWHULDO�UHPRYDO�
DQG� SUHFLVH� KDQGOLQJ� RI� PLFURPHWULF� VWUXFWXUHV� DQG� HQVXULQJ� WKH� UHTXLUHG�
TXDOLW\�RI�VXUIDFH�URXJKQHVV��

������ 3UDFWLFDO�9DOXH�RI�7KHVLV�

��� 7KH�SURSRVHG�LQMHFWLRQ�PHWKRG�LQFUHDVHV�WKH�FKDUJH�DQG�ORZHUV�WKH�
HQHUJ\� GLVSHUVLRQ� RI� /:)$� DFFHOHUDWHG� HOHFWURQV�� ,W� FDQ� EH� XVHG� IRU� WKH�
FRQWURO� RI� SDUDPHWHUV� RI� WKH� HOHFWURQ� EHDP� LQ� WKH� VHFRQGDU\� VRXUFHV� RI�
EHWDWURQ�� %UHPVVWUDKOXQJ� DQG� ,QYHUVHG� &RPSWRQ� 6FDWWHULQJ� RI� ;�UD\� DQG�
Ȗ���UDGLDWLRQ��

��� 6WUXFWXUHG� SODVPD� FRQFHQWUDWLRQ� SURILOHV� LQ� ZLJJOHU� JHRPHWU\�
LQFUHDVH�WKH�WUDQVYHUVDO�RVFLOODWLRQ�RI�HOHFWURQV�DQG�EULJKWQHVV�RI�VHFRQGDU\�
EHWDWURQ�;�UD\�UDGLDWLRQ��7KH�VHFRQGDU\�;�UD\�VRXUFHV�FDQ�EH�LPSOHPHQWHG�
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IRU�WKH�LPDJLQJ�RI�PLFURPHWULF�REMHFWV�LQ�ELRPHGLFLQH��PDWHULDO�VFLHQFH�DQG�
LQYHVWLJDWLRQ�RI�IHPWRVHFRQG�WUDQVLHQW�SKHQRPHQD��

��� 7KH�SURSRVHG�DSSURDFK�RI�IRUPDWLRQ�RI�SODVPD�FRQFHQWUDWLRQ�SURILOHV�
FDQ�EH�LPSOHPHQWHG�IRU�HOHFWURQ�DFFHOHUDWLRQ�XVLQJ�YDULRXV�ODVHUV�RI�7HUDZDWW�
DQG�3HWDZDWW�SHDN�SRZHU�DQG�LV�RI�SDUWLFXODU�LQWHUHVW�IRU�WKH�IHZ�F\FOH�ODVHUV�
ZLWK�N+]�UHSHWLWLRQ�UDWH��0LFURPHWULF�SODVPD�WDUJHWV�RI�VXEFULWLFDO�GHQVLW\�FDQ�
EH� LPSOHPHQWHG� IRU� WKH� LRQ� DFFHOHUDWLRQ� XVLQJ� KLJK�UHSHWLWLRQ�UDWH� ODVHUV�
V\VWHPV���

���� 6WDWHPHQWV�WR�'HIHQG�

�� 7KH� FKDUJH� RI� DFFHOHUDWHG� HOHFWURQV� FDQ� EH� LQFUHDVHG� DQG� WKH�
HQHUJ\�GLVSHUVLRQ�RI�WKH�HOHFWURQV�FDQ�EH�ORZHUHG�XVLQJ�FRPELQHG�
LRQL]DWLRQ�DQG�GHQVLW\�GRZQ�UDPS�WULJJHUHG�LQMHFWLRQ�RI�VWUXFWXUHG�
SODVPD�FRQFHQWUDWLRQ�SURILOHV�LQ�LQMHFWRU�JHRPHWU\��

�� 7KH�QXPEHU�RI�SKRWRQV�DQG�EULJKWQHVV�RI�EHWDWURQ�;�UD\�UDGLDWLRQ�
FDQ� EH� UDLVHG� E\� VWUXFWXUHG� SODVPD� FRQFHQWUDWLRQ� SURILOHV� LQ�
ZLJJOHU� JHRPHWU\� LQFUHDVLQJ� WKH� WUDQVYHUVDO� RVFLOODWLRQV� RI�
HOHFWURQV��

�� 6WUXFWXUHG�SODVPD�FRQFHQWUDWLRQ�SURILOHV� LQ� LQMHFWRU�DQG�ZLJJOHU�
JHRPHWU\�FDQ�EH�IRUPHG�E\�LQWHUVHFWLQJ�VKRFN�ZDYHV�RI�VXSHUVRQLF�
JDV� MHWV� RI� DUUD\V� RI� FRQYHUJLQJ�GLYHUJLQJ� PLFURQR]]OHV� DQG�
PLFURQR]]OHV�RI�IL[HG�GLDPHWHU���

�� 0LFURQR]]OH�DUUD\V�RI�PLFURPHWULF�GLPHQVLRQV�UHVLVWDQW�WR�RSWLFDO�
GDPDJH�FDQ�EH�PDQXIDFWXUHG�IURP�WUDQVSDUHQW�PDWHULDOV��VXFK�DV�
IXVHG� VLOLFD�� FRPELQLQJ� IDVW� KLJK�YROXPH� UHPRYDO� ODVHU�
QDQRVHFRQG�UHDU�VLGH�SURFHVVLQJ�DQG�KLJK�SUHFLVLRQ�)HPWRVHFRQG�
ODVHU�DVVLVWHG�VHOHFWLYH�HWFKLQJ��)/6(��WHFKQLTXH��

�

���� $SSUREDWLRQ�

7KH�WKHVLV�LV�EDVHG�RQ�UHVXOWV�SXEOLVKHG�LQ���VFLHQWLILF�SHHU�UHYLHZHG�SDSHUV�
DQG�SUHVHQWHG�LQ���FRQWULEXWLRQV�WR�FRQIHUHQFHV�DV�ZHOO�DV�LQ���QDWLRQDO�SDWHQW�
DSSOLFDWLRQV��

�
�
�
�
�
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������ 6FLHQWLILF�3DSHUV�

5HODWHG�WR�WKH�WRSLF�RI�WKLV�WKHVLV��3HHU�UHYLHZHG�DQG�LQGH[HG�LQ�&ODULYDWH�
$QDO\WLFV�:R6���

�
$��� /�� 5RYLJH�� ,�� $QGUL\DVK�� -�� +XLMWV�� $�� 9HUQLHU�� 9�� 7RPNXV�� 9��

*LUGDXVNDV��*��5DFLXNDLWLV��-��'XGXWLV��9��6WDQNHYLF��3��*HF\V��0��2XLOO��=��
&KHQJ��5��/RSH]�0DUWHQV��DQG�-��)DXUH��Demonstration of stable long-term 
operation of a kilohertz laser-plasma accelerator��3K\V�5HY�$FFHO�%HDPV���
���� ����������� ��������
KWWSV���GRL�RUJ���������3K\V5HY$FFHO%HDPV�����������

$���9��7RPNXV��9��*LUGDXVNDV�� -��'XGXWLV��9��6WDQNHYLF�� 3��*HF\V��*��
5DFLXNDLWLV��,��*DOODUGR�*RQ]iOH]��'��*XpQRW��-��%��6YHQVVRQ��$��3HUVVRQ��2��
/XQGK��Radiation from laser wakefield accelerated electron beams and 
betatron radiation using multijet gas targets��6FL��5HS���������������������
KWWSV���GRL�RUJ���������V������������������

$���9��7RPNXV��9��*LUGDXVNDV�� -��'XGXWLV�� 3��*Hþ\V��9��6WDQNHYLþ��*��
5DþLXNDLWLV�� ,PSDFW� RI� WKH� ZDOO� URXJKQHVV� RQ� WKH� TXDOLW\� RI� PLFURPHWULF�
QR]]OHV�PDQXIDFWXUHG�IURP�IXVHG�VLOLFD�E\�K\EULG�GLIIHUHQW�ODVHU�SURFHVVLQJ�
WHFKQLTXHV�� $SSO�� 6XUI�� 6F��� ����� ��������� ��������
KWWSV���GRL�RUJ���������M�DSVXVF�������������

$���9��7RPNXV��9��*LUGDXVNDV�� -��'XGXWLV�� 3��*Hþ\V��9��6WDQNHYLþ��*��
5DþLXNDLWLV��High-density gas capillary nozzles manufactured by hybrid 
3D laser machining technique from fused silica��2SW��([SUHVV�������������
��������KWWSV���GRL�RUJ���������2(�����������

�
5HODWHG�WR�WKH�WRSLF�RI�WKLV�WKHVLV��&RQIHUHQFH�SURFHHGLQJV���
�
$��� 9�� 7RPNXV�� /�� 5LPJDLOD�� 9�� 6WDQNHYLþ� *�� 5DþLXNDLWLV�� Three-

dimensional Supersonic Sapphire Micronozzles for Laser-Plasma 
Wakefield Accelerators��&KDSWHU�LQ�.DZDFKL�7���%XODQRY�6���'DLGR�+���.DWR�
<���HGV��;�5D\�/DVHUV�������,&;5/�������6SULQJHU�3URFHHGLQJV�LQ�3K\VLFV��
����������������������KWWSV���GRL�RUJ��������������������������B���

$��� 9�� 7RPNXV�� /�� 5LPJDLOD�� 9�� 6WDQNHYLþ�� *�� 5DþLXNDLWLV��
Characterisation of Tuneable Gas Target Profiles for Laser Wakefield 
Acceleration�� +LJK�EULJKWQHVV� 6RXUFHV� DQG� /LJKW�GULYHQ� ,QWHUDFWLRQV�
&RQJUHVV������+LJK�%ULJKWQHVV�6RXUFHV�DQG�/LJKW�GULYHQ�,QWHUDFWLRQV��26$�
7HFKQLFDO� 'LJHVW�� (0�%���� ��������
KWWSV���GRL�RUJ���������(89;5$<������(0�%���
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$��� 9�� 7RPNXV�� /�� 5LPJDLOD�� 9�� 6WDQNHYLþ�� *�� 5DþLXNDLWLV��Real-time 
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������ $XWKRUV�&RQWULEXWLRQ�

7KH�DXWKRU�RI�WKH�WKHVLV�PDGH�WKH�PDLQ�WKHRUHWLFDO�DQG�H[SHULPHQWDO�ZRUN�
RI�WKH�VWXG\��OLVWHG�DV�IROORZV��



���
�

�� 'HYHORSPHQW�RI� WKH� UHVHDUFK�PHWKRGV��SODQQLQJ�RI� WKH� H[SHULPHQW��
WHFKQLFDO�DQG�RUJDQL]DWLRQDO�OHDGHUVKLS�RI�WKH�DFWLYLWLHV�WR�WKH�WRSLF��

�� 'HVLJQ� RI� VWUXFWXUHG� SODVPD� WDUJHWV� DQG� QXPHULFDO� VLPXODWLRQ� RI�
/:)$�DFFHOHUDWHG�HOHFWURQV�DQG�VHFRQGDU\�;�UD\�UDGLDWLRQ��

�� 'HILQLWLRQ� RI�PLFURQR]]OH� SDUDPHWHUV� DQG� QXPHULFDO� VLPXODWLRQ� RI�
IOXLG�G\QDPLFV�RI�VXSHUVRQLF�MHWV��

�� 'HYHORSPHQW�RI�PLFURQR]]OH�VWUXFWXUHV� IRU��'� ODVHU�PDQXIDFWXULQJ�
IURP�IXVHG�VLOLFD�DQG�SDUWLFLSDWLRQ�LQ�WKH�FKDUDFWHUL]DWLRQ�RI�QR]]OH�MHWV�XVLQJ�
LQWHUIHURPHWULF�PHWKRGV��

�� 3DUWLFLSDWLRQ� LQ� WKH� H[SHULPHQWDO� ZRUN� RI� WKH� /:)$� RI� HOHFWURQV�
XVLQJ�PDQXIDFWXUHG�PLFURQR]]OH�DUUD\V�DQG�PHDVXUHPHQW�RI�VHFRQGDU\�;�UD\�
UDGLDWLRQ���

�� ,PSOHPHQWDWLRQ� RI� VHFRQGDU\� ;�UD\� UDGLDWLRQ� IRU� WKH� LPDJLQJ� RI�
ELRORJLFDO�REMHFW�DQG�SRO\PHULF�IRLOV�DQG�GHILQLWLRQ�RI�WKH�LPDJLQJ�SDUDPHWHUV��

�� $QDO\VLV�� LQWHUSUHWDWLRQ� DQG� YLVXDOL]DWLRQ� RI� UHVXOWV�� SUHSDUDWLRQ� RI�
UHVHDUFK�DUWLFOHV��DQG�SUHVHQWDWLRQ�DW�WKH�FRQIHUHQFHV��

������ &R�$XWKRUV�&RQWULEXWLRQ�

�� -XR]DV� 'XGXWLV�� 'U��9DOGHPDU� 6WDQNHYLþ�� DQG� 'U��3DXOLXV� *Hþ\V� ��
KDYH�PDQXIDFWXUHG�WKH�PLFURQR]]OH�DUUD\V�IURP�IXVHG�VLOLFD�XVLQJ��'�ODVHU�
PLFURIDEULFDWLRQ�WHFKQLTXH��

�� 'U��9DOGDV� *LUGDXVNDV� KDV� DGYLVHG� RQ� WKH� QXPHULFDO� VLPXODWLRQ�
&RPSXWDWLRQDO� )OXLG� '\QDPLFV� RI� VXSHUVRQLF� MHWV� DQG� GHYHORSHG� WKH�
H[SHULPHQWDO�VHW�XS�RI�LQWHUIHURPHWULF�QR]]OH�FKDUDFWHUL]DWLRQ��

�� 'U��,VDEHO� *DOODUGR� *RQ]iOH]�� 'U��'LHJR� *XpQRW�� -RQDV� %M|UNOXQG�
6YHQVVRQ��$QGHUV�3HUVVRQ��'U��2OOH�/XQGK�VXSSRUWHG�WKH�/:)$�H[SHULPHQWV�
DQG�;�UD\�PHDVXUHPHQW�DW�/XQG�/DVHU�&HQWHU��

�� /XFDV� 5RYLJH�� 'U�� ,JRU� $QGUL\DVK� KDYH� GHVLJQHG� WKH� 2QH�6LGHG�
6KRFN�QR]]OHV�DQG�WRJHWKHU�ZLWK�'U��-XOLXV�+XLMWV��'U��$OLQH�9HUQLHU��0DULH�
2XLOOp�� =KDR� &KHQJ�� 5RGULJR� /RSH]�0DUWHQV�� 3URI�� 'U��� -pU{PH� )DXUH�
VXSSRUWHG� WKH� /:)$� H[SHULPHQWDO� ZRUN� DW� /2$�� (FROH� 3RO\WHFKQLTXH�
(167$�3DULV��

�� 'U��.ĊVWXWLV�5HJHOVNLV�DQG�'U��*HGLPLQDV�5DþLXNDLWLV�KDYH�VXSSRUWHG�
LQ�WKH�GLVFXVVLRQV�DQG�SUHSDUDWLRQ�RI�WKH�PDQXVFULSW�RI�WKH�WKHVLV��

� �
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�� /,7(5$785(�5(9,(:�

���� +LJK�,QWHQVLW\�/DVHUV�

7KH� ODVHU� LQWHQVLW\� KDV� JURZQ� UHYROXWLRQDU\� E\�PRUH� WKDQ� ��� RUGHUV� RI�
PDJQLWXGH�RYHU�WKH�SDVW����\HDUV�VLQFH�WKH�GLVFRYHU\�RI�ODVHU�LQ�������)LJ������
7KH�JURZWK�UDWH�H[FHHGHG�HYHQ�WKH�SUHGLFWLRQV�RI�0RRUH¶V�ODZ�VWDWLQJ�WKDW�WKH�
QXPEHU� RI� WUDQVLVWRUV� LQ� GHQVH� LQWHJUDWHG� FLUFXLW� GRXEOHV� DERXW� HYHU\� WZR�
\HDUV�>���@��7KH�SHDN�SRZHU�RI�ODVHUV�LQFUHDVHG�UDSLGO\�ZLWK�WKH�LQWURGXFWLRQ�
RI�4�VZLWFKLQJ�DQG�PRGH�ORFNLQJ�DOORZLQJ�WR�VKRUWHQ�WKH�SXOVH�GXUDWLRQV�IURP�
WKH�PLFURVHFRQG�GRPDLQ�WR�WKH�IHZ�IHPWRVHFRQG�UHJLPH��,W�HQDEOHG�WR�UHDFK�
PD[LPXP�REWDLQDEOH�SRZHU�DURXQG���*:�DQG�LQWHQVLW\�RI�DERXW������:�FP���
)XUWKHU��WKH�LQWHQVLW\�ZDV�UDLVHG�E\���RUGHUV�PDJQLWXGH�E\�WKH�LPSOHPHQWDWLRQ�
RI� &KLUSHG� 3XOVH� $PSOLILFDWLRQ� �&3$�� WHFKQLTXH� DQG� 2SWLFDO� 3DUDPHWULF�
&KLUSHG�3XOVH�$PSOLILHUV��23&3$��>�@��6WDUWLQJ�IURP�DQ�LQWHQVLW\�H[FHHGLQJ�
����� :�FP��� WKH� HOHFWURPDJQHWLF� ILHOG� SURGXFHG� E\� D� ODVHU� DOORZHG� WR�
DFFHOHUDWH�HOHFWURQV�WR�UHODWLYLVWLF�HQHUJLHV���

�

Figure 1��0RRUH¶V�ODZ�RI�OLJKW�>���@�

7KH� KLJK�LQWHQVLW\� ODVHU� FDQ� DFFHOHUDWH� HOHFWURQV� DQG� LRQV�� JHQHUDWH�
FRKHUHQW�DQG�LQFRKHUHQW�;�UD\�RU�Ȗ���UDGLDWLRQ�DQG�SURGXFH�XOWUD�VKRUW�SXOVHV�
DW�WKH�DWWRVHFRQG�VFDOH��/DVHU�GULYHQ�VRXUFHV�RI�LRQL]LQJ�UDGLDWLRQ�DUH�XVHG�LQ�
PHGLFDO� LPDJLQJ�� XOWUDIDVW� UDGLDWLRQ� ELRORJ\�� PDWHULDO� VFLHQFH�� DQG� WLPH�
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UHVROYHG� VWXGLHV� RI� KLJK�UHVROXWLRQ� DWRPLF� SK\VLFV� >�@�� 1HZ� WKHUDSLHV�
LPSOHPHQWLQJ� KLJK�HQHUJ\� HQHUJ\� HOHFWURQV�� SURWRQV� DQG� KHDYLHU� LRQV� DUH�
GHYHORSHG��/DVHU�GULYHQ�Ȗ��DQG�QHXWURQ�VRXUFHV�DUH�XVHG�IRU�UDGLRJUDSK\��QRQ�
GHVWUXFWLYH�GHWHFWLRQ�DQG�DVVD\�RI�QXFOHDU�PDWHULDOV�DV�ZHOO�DV�SURGXFWLRQ�DQG�
WUDQVPXWDWLRQ�RI�UDGLRLVRWRSHV��

3UHVHQW�V\VWHPV�GHOLYHU�3HWDZDWW�SHDN�SRZHU�DQG�IRFXVHG�LQWHQVLW\�LQ�WKH�
UDQJH�RI�������������:�FP���7KH�ODVHUV�ZLWK�LQWHQVLWLHV�DURXQG������:�FP��DUH�
SODQQHG� WR� EH� ODXQFKHG� DW� ([WUHPH� /LJKW� ,QIUDVWUXFWXUH� �(/,�� LQ� WKH� QHDU�
IXWXUH�>�@��$W�VXFK�H[WUHPH�ILHOGV��WKH�H[RWLF�SK\VLFV�VXFK�DV�UDGLDWLRQ�UHDFWLRQ�
�55�� HIIHFWV�� VWURQJ�ILHOG� YDFXXP� SRODUL]DWLRQ� DQG� QRQOLQHDU� 4XDQWXP�
(OHFWURG\QDPLFV��4('��FDQ�EH�LQYHVWLJDWHG��:KHQ�DQ�H[WHUQDO�HOHFWULF�ILHOG�
DW�WKH�6FKZLQJHU�OLPLW�LV�DSSOLHG�WR�WKH�YDFXXP��WKH�UHDO�HOHFWURQ�SRVLWURQ�SDLUV�
FDQ�EH�SURGXFHG��7KH�HOHFWULF�ILHOG�DW�6FKZLQJHU�OLPLW�LV�ES  �����î������9�P�
DQG� UHTXLUHV� ODVHU� LQWHQVLWLHV� ,S� ����î�����:�FP��KDUGO\� UHDFKDEOH�ZLWK� WKH�
KHOS� RI� QRZDGD\V� WHFKQRORJ\�� +RZHYHU�� E\� XVLQJ� WZR� FRXQWHUSURSDJDWLQJ�
FLUFXODUO\�SRODUL]HG�ODVHU�EHDPV��WKH�4('�HIIHFWV�DUH�SUHGLFWHG�WR�SOD\�D�UROH�
DOUHDG\�DW�WKH�ODVHU�LQWHQVLWLHV�RI�WKH�RUGHU�RI������:�FP��>�@���

���� 6RXUFHV�RI�,RQL]LQJ�5DGLDWLRQ�

'HSHQGLQJ� RQ� WKH� DYDLODEOH� LQWHQVLW\�� KLJK�LQWHQVLW\� ODVHUV� FDQ� GULYH� D�
YDULHW\�RI�VHFRQGDU\�VRXUFHV�RI�LRQL]LQJ�UDGLDWLRQ��$W�ODVHU�LQWHQVLWLHV�RI�WKH�
RUGHU�RI������:�FP���FRKHUHQW�;89�UDGLDWLRQ�LQ�WKH�HQHUJ\�UDQJH�RI�WHQV�DQG�
KXQGUHGV�RI�HOHFWURQYROW��H9���FDQ�EH�SURGXFHG�XVLQJ�+LJK�2UGHU�+DUPRQLFV�
*HQHUDWLRQ��++*��IURP�JDV� WDUJHWV�>�@��$W�ODVHU�LQWHQVLWLHV�RQ�WKH�RUGHU�RI�
�����:�FP��� D� VKRUW� SXOVHV� RI�.Į�OLQH� VXEQDQRPHWHU�ZDYHOHQJWK� UDGLDWLRQ�
IURP�ODVHU�VROLG�WDUJHW�LQWHUDFWLRQ�FDQ�EH�JHQHUDWHG�>����@��,W�LV�QRW�FROOLPDWHG��
KRZHYHU��DQG�WKH�UDGLDWLRQ�KDV�LVRWURSLF�DQJXODU�GLVWULEXWLRQ��$W�WKH�LQWHQVLWLHV�
DERYH� �����:�FP��� /:)$� FDQ� DFFHOHUDWH� HOHFWURQV� WR� UHODWLYLVWLF� HQHUJLHV��
$FFHOHUDWHG�HOHFWURQV�HQDEOH�WKH�GHYHORSPHQW�RI�IHPWRVHFRQG�;�UD\�DQG�Ȗ�
VRXUFHV�>�@��

;�UD\� UDGLDWLRQ�� GLVFRYHUHG� PRUH� WKDQ� D� FHQWXU\� DJR�� WUDGLWLRQDOO\� ZDV�
JHQHUDWHG�E\�DQ�;�UD\�WXEH��,W�XVHV�D�KLJK�YROWDJH�WR�DFFHOHUDWH�WKH�HOHFWURQV�
UHOHDVHG�E\�FDWKRGH�WR�D�KLJK�YHORFLW\��DQG�KLW�D�PHWDO�WDUJHW��FUHDWLQJ�WKH�;�
UD\V��7KH�PD[LPXP�HQHUJ\�RI�WKH�SURGXFHG�;�UD\�SKRWRQV�LV�OLPLWHG�E\�WKH�
HQHUJ\�RI�WKH�LQFLGHQW�HOHFWURQV�LQ�WKH�KXQGUHG�NH9�UDQJH�GHSHQGLQJ�RQ�WKH�
DQRGH� YROWDJH� RI� DSSUR[LPDWHO\� �������N9��7KH� SKRWRQV� RI� KLJKHU� HQHUJ\�
ZHUH�SURGXFHG�XVLQJ�Ȗ��VRXUFHV�EDVHG�RQ�WKH�HPLVVLRQ�RI�UDGLRDFWLYH�QXFOHL��

;�UD\� WXEH� UDGLDWLRQ� FRQVLVWV� IURP� FKDUDFWHULVWLF� ;�UD\� HPLVVLRQ� RI�
HOHFWURQ�WUDQVLWLRQV�IURP�WKH�XSSHU�VKHOOV�WR�WKH�.�VKHOO��FDOOHG�.Į��.ȕ�OLQHV���
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DQG� IURP�%UHPVVWUDKOXQJ�RI� HOHFWURQV� VFDWWHUHG�E\� WKH� VWURQJ�HOHFWULF� ILHOG�
QHDU� WKH� KLJK�=� QXFOHL�� 7KH� KLJKHVW� EULJKWQHVV� RI� ;�UD\� WXEH� UDGLDWLRQ� LV�
SURGXFHG�XVLQJ�/LTXLG�0HWDO�-HW�$QRGH�;�UD\�WXEH�6RXUFHV�>��@���

0HGLFDO�OLQHDU�DFFHOHUDWRUV�DFFHOHUDWH�PRQRHQHUJHWLF�HOHFWURQ�EHDPV�WR�WKH�
HQHUJLHV�EHWZHHQ���DQG����0H9��7KH�HOHFWURQV�FDQ�EH�XVHG�GLUHFWO\�RU�FROOLGHG�
DW�D�WDUJHW�VXFK�DV�WXQJVWHQ�WR�SURGXFH�Ȗ�UD\�EHDP�LQ������0H9�UDQJH�>��@��
0RGHUQ�;�UD\V� VRXUFHV� DUH� EDVHG� RQ� V\QFKURWURQ� UDGLDWLRQ� IURP� HOHFWURQV�
DFFHOHUDWHG� UDGLDOO\� XVLQJ� EHQGLQJ� PDJQHWV�� XQGXODWRUV� RU� ZLJJOHUV�� 7KH�
KLJKHVW�EULJKWQHVV�RI�;�UD\�UDGLDWLRQ�LV�DFKLHYHG�XVLQJ�)UHH�(OHFWURQ�/DVHUV�
�)(/��>��@��7KH�HOHFWURQ�UDGLDWLRQ�LQ�WKH�ILHOG�RI�EHQGLQJ�PDJQHW�LV�FRQWLQXRXV�
ZLWK�FKDUDFWHULVWLF�FULWLFDO�ZDYHOHQJWK�λcbend�GHILQHG�DV���
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ZKHUH�We�LV�WKH�HOHFWURQ�HQHUJ\�LQ�*H9��)RU�Ka���WKH�RVFLOODWLRQ�DPSOLWXGH�
RI� WKH�PRWLRQ� LV� VPDOO�� DQG� WKH� UDGLDWLRQ� LV� JHQHUDWHG� DW� VSHFLILF�XQGXODWRU�
KDUPRQLFV�EHLQJ�PXOWLSOH�RI�λru��,I�.!!���WKH�RVFLOODWLRQ�DPSOLWXGH�LV�ELJJHU��
DQG�LW�OHDGV�WR�EURDG�VSHFWUXP�ZLJJOHU�UDGLDWLRQ��6\QFKURWURQ�;�UD\�VRXUFHV�
KDYH�DQ�DYHUDJH�EULJKWQHVV�RI�������DQG�WKH�SHDN�EULJKWQHVV�RI�)(/�LV�DURXQG�
�����SKRWRQV�V�PP��PUDG������%:� �����%:� PHDQV� �� ��í� RI� EDQGZLGWK�
FHQWUHG� DURXQG� WKH� FRUUHVSRQGLQJ� IUHTXHQF\��� ,W� H[FHHGV� PDQ\� RUGHUV� RI�
PDJQLWXGH� WKH� EULJKWQHVV� RI� ;�UD\� WXEHV� EHLQJ� DSSUR[LPDWHO\� RI� ����

SK�V�PP��PUDG������%:��$�V\QFKURWURQ�SURGXFLQJ�;�UD\V�UHTXLUHV�SDUWLFOH�
HQHUJLHV�RI�D�IHZ�*H9��;�UD\�)(/�RSHUDWHV�DW�WKH�HQHUJ\�OHYHO�RI��������*H9�
DQG� SURGXFHV� ;�UD\V� XS� WR� ���NH9�� (DFK� *H9� RI� HQHUJ\� UHTXLUHV�
DSSUR[LPDWHO\�����P�RI�DFFHOHUDWLRQ� OHQJWK�� ,W� OHDGV� WR� WKH�FRQVWUXFWLRQ�RI�
ODUJH�IDFLOLWLHV�ZLWK�WKH�FRVW�RI�KXQGUHGV�RI�PLOOLRQV�RI�HXURV� �

�

Figure 2.�0RRUH¶V�ODZ�RI�SDUWLFOH�DFFHOHUDWRUV�>�����@�

:LWK� WKH� GHFUHDVLQJ� RI� WKH� ZDYHOHQJWK� RI� DFFHOHUDWLQJ� HOHFWURPDJQHWLF�
ZDYHV�� WKH� HOHFWULF� ILHOG� LQFUHDVHV� ZLWKLQ� WKH� GLVWDQFH� RI� RQH� ZDYH� SHULRG�
�)LJ������+RZHYHU��WKH�OLPLWLQJ�IDFWRU�RI�5DGLR�)UHTXHQF\��5)��DFFHOHUDWRUV�LV�
WKH�LRQL]DWLRQ�RI�WKH�FDYLW\�PDWHULDO��FDXVLQJ�WKH�EUHDNGRZQ�RI�UHVRQDWRUV��$�
SODVPD�FDQ�VXSSRUW�DUELWUDULO\�KLJK�HOHFWULF�ILHOGV�OLPLWHG�RQO\�E\�WKH�FULWLFDO�
SODVPD�FRQFHQWUDWLRQ�DOORZLQJ�WKH�SURSDJDWLRQ�RI�D�ODVHU�EHDP��7KH�FHQWUDO�
ZDYHOHQJWK�RI�FXUUHQW�KLJK�SRZHU�ODVHU�V\VWHPV�LV� W\SLFDOO\�LQ�WKH�UDQJH�RI�
��������ȝP��7KHUHIRUH��WKH�PD[LPDO�HOHFWULF�ILHOG�LV�OLPLWHG�WR�Epmax�a���79�P��
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,W�H[FHHGV�E\�PRUH�WKDQ���RUGHUV�RI�PDJQLWXGH�WKH�KLJKHVW�ILHOG�RI�5)�EDVHG�
FDYLWLHV� LQ� WKH� UDQJH� RI� ����������09�� $W� WKH� UHODWLYLVWLF� LQWHQVLW\� RI�
DSSUR[LPDWHO\������:�FP��� WKH� ODVHU�HOHFWULF� ILHOG�H[FHHGV�WKH�HOHFWULF�ILHOG�
UHDFKHG�LQ�SODVPD�DFFHOHUDWRUV�E\�RQH�RU�WZR�RUGHUV�RI�PDJQLWXGH��+RZHYHU��
WKH� HOHFWURQ� LQWHUDFWLQJ� ZLWK� KRPRJHQRXV� HOHFWURPDJQHWLF� ODVHU� ILHOG� LQ� D�
YDFXXP� ZLWK� QR� ERXQGDULHV� LQ� WKH� LQILQLWH� UHJLRQ� GRHV� QRW� JDLQ� WKH�
HQHUJ\�>��@�� 7R� HQDEOH� WKH� 'LUHFW� /DVHU� $FFHOHUDWLRQ� �'/$�� RI� HOHFWURQV��
DGGLWLRQDO�PHDVXUHV��VXFK�DV�WKH�LPSOHPHQWDWLRQ�RI�WLJKW�IRFXVLQJ��UDGLDOO\�
SRODUL]HG�SXOVHV�>��@�RU�XVH�RI�PDJQHWLF� e Lv Bu �IRUFHV�LV�UHTXLUHG��ZKHUH� ev �

LV�WKH�HOHFWURQ�YHORFLW\�DQG� LB �LV�WKH�PDJQHWLF�ILHOG�RI�WKH�ODVHU�>�����@��7KH�
ODVHU� ZDNHILHOG� DFFHOHUDWLRQ� LQ� HOHFWURQ� SODVPD� ZDYH� LV� D� SUHGRPLQDQW�
PHFKDQLVP�FXUUHQWO\�XVHG�IRU�WKH�ODVHU�DFFHOHUDWLRQ�RI�FKDUJHG�SDUWLFOHV�OLNH�
HOHFWURQV��SRVLWURQV�DQG�LRQV��/DVHU�SODVPD�DFFHOHUDWRUV�GULYHQ�E\�����7:�WR�
3:�VFDOH� ODVHU�V\VWHPV�FDQ�SURGXFH�HOHFWURQ�EHDPV� LQ� WKH�HQHUJ\�UDQJH�RI�
����0H9�����*H9�� 7KH� DFFHOHUDWHG� HOHFWURQV� DUH� LPSOHPHQWHG� IRU� WKH�
JHQHUDWLRQ� RI� IHPWRVHFRQG� ;�UD\� EHDPV� YLD� EHWDWURQ�� ,QYHUVH� &RPSWRQ�
6FDWWHULQJ� �,&6��� XQGXODWRU� RU� %UHPVVWUDKOXQJ� UDGLDWLRQ�� 'HVSLWH� RI�
UHPDUNDEOH�SURJUHVV�LQ�;�UD\�JHQHUDWLRQ�XVLQJ�5)�PHWKRGV��WKHUH�LV�D�QHHG�IRU�
FRPSDFW�OLJKW�VRXUFHV�GHOLYHULQJ�IHPWRVHFRQG�SXOVHV�RI�EULJKW��KLJK�HQHUJ\�
;�UD\�DQG�Ȗ�UD\�UDGLDWLRQ��HPLWWHG�IURP�D�VRXUFH�VL]H�RI�WKH�RUGHU�RI�PLFURQV��
/:)$�DOORZV�VXEVWDQWLDO�PLQLDWXUL]DWLRQ�RI�DFFHOHUDWRUV��UHGXFHG�LQVWDOODWLRQ�
FRVWV�� DQG� IDFLOLWDWHV� WKH� DFFHVV� RI� XQLYHUVLWLHV�� UHVHDUFK� LQVWLWXWLRQV� DQG�
LQGXVWU\�WR�WKH�DGYDQFHG�SKRWRQ�VRXUFHV�DV�ZHOO��

���� /DVHU�:DNHILHOG�$FFHOHUDWLRQ�

������ 'HILQLWLRQ�RI�/:)$�3DUDPHWHUV�

7KH�SODVPD�ZDYHV� DUH� IRUPHG�E\�SURSDJDWLQJ�RI�KLJK�LQWHQVLW\� ODVHU�RU�
HQHUJHWLF� SDUWLFOH� EHDP� PDWFKHG� WR� WKH� SODVPD� SDUDPHWHUV� >��@�� ,Q� WKH�
*DXVVLDQ�HOHFWULF�ILHOG�RI�WKH�ODVHU��HOHFWURQV��XQGHUJRLQJ�RVFLOODWRU\�PRWLRQ��
H[SHULHQFH� QRQ�OLQHDU� SRQGHURPRWLYH� IRUFH�� ,W� FDXVHV� WKH� SDUWLFOH� WR�PRYH�
WRZDUGV� WKH� DUHD� RI� D�ZHDNHU� ILHOG� VWUHQJWK� RI� WKH� LQKRPRJHQHRXV� HOHFWULF�
ILHOG��7KH�QHW�IRUFH�GXULQJ�WKH�SHULRG�RI�HOHFWURQ�PRWLRQ�LQ�WKH�ZHDNHU�DUHD�
GRHV�QRW�RIIVHW�WKH�QHW�IRUFH�RI�WKH�RVFLOODWLRQ�LQ�WKH�VWURQJHU�ILHOG�DUHD��6R��
RYHU�D�FRPSOHWH�F\FOH��WKH�SDUWLFOH�PRYHV�WRZDUGV�WKH�DUHD�RI�D�OHVVHU�IRUFH��
7KH�VLJQ�RI�WKH�FKDUJH�RI�D�SDUWLFOH�GRHV�QRW�FKDQJH�WKH�GLUHFWLRQ�RI�WKH�IRUFH��
7KH�FRPSOH[�EHKDYLRXU�RI�WKH�HOHFWURQ�DFFHOHUDWHG�LQ�WKH�SODVPD�ILHOG�FDQQRW�
EH�IXOO\�GHVFULEHG�DQDO\WLFDOO\��DQG�DSSUR[LPDWH�PRGHOV�DUH�EDVHG�RQ�WKH�GDWD�
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RI� QXPHULFDO� SDUWLFOH�LQ�FHOO� �3,&�� VLPXODWLRQ� DQG� H[SHULPHQWDO� UHVXOWV��
1HYHUWKHOHVV�� DQDO\WLFDO� UHODWLRQV� FDQ� EH� VXFFHVVIXOO\� XVHG� WR� SUHGLFW� WKH�
H[SHULPHQWDO�FRQGLWLRQV�RI�ODVHU�DFFHOHUDWLRQ���

7KH�PRWLRQ�RI�DQ�HOHFWURQ�LQ�D�OLJKW�ILHOG�FDQ�EH�GHVFULEHG�DV�>�����@��
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ZKHUH� ep �LV�WKH�HOHFWURQ�PRPHQWXP��t - is�WKH�WLPH��me�LV�WKH�HOHFWURQ�PDVV��

DQG� LE � LV�WKH�HOHFWULF�ILHOG�RI�WKH�ODVHU��,Q�WKH�QRQ�UHODWLYLVWLF�FDVH�� ev ≪ c, 
B0L=E0L/c�� ZKHUH� E0L DQG B0L� DUH� WKH� DPSOLWXGHV� RI� WKH� ODVHU� HOHFWULF� DQG�
PDJQHWLF�ILHOG���WKH� e Lv Bu �WHUP�FDQ�EH�QHJOHFWHG��DQG�WKH�UHODWLRQ�UHGXFHV�WR�

e e Lm dv dt eE � �� $VVXPLQJ� WKH� HOHFWULF� ILHOG� FDQ� EH� H[SUHVVHG� DV�

� �� � FRV� �L L e LE E r tZ � DQG� LQWHJUDWLQJ� edv dt � RYHU� WLPH�� WKH� ILUVW� RUGHU�
OLQHDU� SDUW� RI� WKH� HOHFWURQ� YHORFLW\� IXQFWLRQ� RI� WLPH� ZLOO� EH�
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 � ��ZKHUH�ωL LV�WKH�F\FOLF�IUHTXHQF\�RI�WKH�ODVHU�

HOHFWULF�ILHOG��DQG�r0�LV�WKH�UDGLXV�YHFWRU�RI�WKH�HOHFWURQ��7KH�ILUVW�RUGHU�OLQHDU�
SDUW� RI� WKH� HOHFWURQ� UDGLXV� IXQFWLRQ� RI� WLPH� ZLOO� EH�
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 � ��7KH�SRQGHURPRWLYH�IRUFH�RI�WKH�HOHFWURQV�

SHUFHLYHG�LQ�WKH�ODVHU�HOHFWULF�ILHOG�LV�SURSRUWLRQDO�WR�WKH�JUDGLHQW�RI�LQWHQVLW\�
IL�EHLQJ�SURSRUWLRQDO�WR�WKH�VTXDUH�RI�HOHFWULF�ILHOG�Fpa∇IL~∇EL0

2��7KH�OLQHDU�
DQG� QRQ�OLQHDU� FRPSRQHQWV� RI� WKH� HOHFWULF� ILHOG� FDQ� EH� H[SUHVVHG� DV�
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L L e Lr r
E E r E � � �� 7KH� SRQGHURPRWLYH� IRUFH� FDQ� EH� GHVFULEHG� E\� WKH�

QRQ�OLQHDU�SDUW�RI�WKH�HOHFWULF�ILHOG�E\�DYHUDJLQJ�WKH�HOHFWULF�ILHOG�DPSOLWXGH�
RYHU�WKH�RVFLOODWLRQ�SHULRG�TL=2S/ZL�DQG�DVVXPLQJ� �VLQ � � � �tZ  �DV���
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7KH� SRQGHURPRWLYH� IRUFH� FDQ� DOVR� EH� H[SUHVVHG� E\� WKH� JUDGLHQW� RI�
SRQGHURPRWLYH�SRWHQWLDO�휓p DV� p pF \A �� ��7KH�SRQGHURPRWLYH�IRUFH�LQ�WKH�

D[LDO� GLUHFWLRQ�Fpz� ZLOO� EH� WKH� SDUWLDO� GHULYDWLYH� RI�휓p� ZLWK� WKH� UHVSHFW� RI�
QRUPDOL]HG� ]� FRRUGLQDWH 𝜁� DORQJ� WKH� SURSDJDWLRQ� D[LV� gz v t]  � � DV�
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pz pF ]\ �w �� ZKHUH� vg LV� WKH� ODVHU� JURXS� YHORFLW\�� 7KH� SRQGHURPRWLYH�

SRWHQWLDO�휓p�LV�DFWXDOO\�HTXDO�WR�WKH�PHDQ�NLQHWLF�HQHUJ\�RI�HOHFWURQV�Wekin��
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v �LV�WKH�HOHFWURQ�YHORFLW\�DYHUDJHG�RYHU�WKH�RVFLOODWLRQ�SHULRG�

TL�� (YHU\� HOHFWURQ� UHFHLYHV� WZR� SXVKHV� IURP� WKH� SRQGHURPRWLYH� IRUFH� LQ�
RSSRVLWH�GLUHFWLRQV��FRUUHVSRQGLQJ�WR�WKH�ULVLQJ�DQG�IDOOLQJ�HGJH�RI�WKH�ODVHU�
SXOVH��)LJ���D�F���7KH�SRQGHURPRWLYH�IRUFH�OHDGV�WR�D�ORQJLWXGLQDO�VHSDUDWLRQ�
RI�FKDUJHV�LQ�WKH�]�GLUHFWLRQ��DQG�WKH�SODVPD�ZDYH�VWUXFWXUH�WUDYHOOLQJ�ZLWK�WKH�

YHORFLW\�vϕ�FDQ�FRQVWDQWO\�DFFHOHUDWH�WKH�FR�PRYLQJ�HOHFWURQV��

�

Figure 3�� 7KH� LPDJHV� RI� SRQGHURPRWLYH� IRUFH� DFWLQJ� RQ� RVFLOODWLQJ� HOHFWURQV� LQ�
*DXVVLDQ�HOHFWULF�ILHOG�RI�WKH�ODVHU�(a-c)��HOHFWURQ�DFFHOHUDWLRQ�LQ�WKH�SODVPD�EXEEOH�
(d)�>�����@��

:KHQ� WKH� HOHFWURQ� YHORFLW\� ve� DURXQG� WKH� ODVHU� LQWHQVLW\� RI� �����:�FP��

EHFRPHV� FORVH� WR� WKH� OLJKW� YHORFLW\� LQ� D� YDFXXP� e L e Lv eE m cZ �� LW� LV�
FRQYHQLHQW�WR�LQWURGXFH�WKH�QRUPDOL]HG�ODVHU�YHFWRU�SRWHQWLDO�RU�ODVHU�VWUHQJWK�
SDUDPHWHU�a0��
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ZKHUH�λL� LV� WKH�ODVHU�ZDYHOHQJWK� LQ�ȝP��DQG� IL18� LV� WKH� ODVHU�LQWHQVLW\� LQ�

:�FP��UHODWLYH�WR�WKH������:�FP����
7KHQ�� WKH�/RUHQW]� IDFWRU�RI� WKH� HOHFWURQ�ZLOO� EH� γ = (1 + a0

2)1/��� DQG� WKH�
SRQGHURPRWLYH�SRWHQWLDO�FDQ�EH�ZULWWHQ�DV��
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,Q�WKH�UHODWLYLVWLF�FDVH��WKH�SRQGHURPRWLYH�IRUFH�LQ�WKH�D[LDO�GLUHFWLRQ�FDQ�

EH�H[SUHVVHG�DV��
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�� �aJ A  � �LV�D�F\FOH�DYHUDJHG�/RUHQW]�IDFWRU�RI�DQ�HOHFWURQ�LQ�

SHUSHQGLFXODU� GLUHFWLRQ�� $VVXPLQJ� WUDQVYHUVH� SRQGHURPRWLYH� IRUFH� RI� WKH�
ODVHU�LV�URXJKO\�EDODQFHG�E\�WKH�IRUFH�RI�WKH�LRQ�FKDQQHO LQ�WKH�VFDOH�RI�WKH�
SODVPD�ZDYHOHQJWK�λp� DQG�WKH�UHVXOWV�RI��'�SDUWLFOH�LQ�FHOO��3,&��VLPXODWLRQV�
>�����@��WKH�GHULYDWLYH�RI�a0

2�ZLOO�EH� � � �
� � �� �p pa a k a c] Zw w  ��ZKHUH�kp�

LV� WKH�ZDYHQXPEHU�RI� WKH�SODVPD�ZDYH��7KH�PD[LPDO�D[LDO�SRQGHURPRWLYH�
ILHOG�FDQ�EH�FDOFXODWHG�DV���
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p e pE m c eZ �LV�WKH�SODVPD�HOHFWULF�ILHOG�LQ�WKH�QRQ�UHODWLYLVWLF�OLPLW��Ep�DQG�

SODVPD�ZDYHOHQJWK�λpe�LQ�SUDFWLFDO�XQLWV�FDQ�EH�FDOFXODWHG�DV��
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ZKHUH λp�LV�WKH�SODVPD�ZDYHOHQJWK�LQ�ȝP��DQG�np18�DQG�np20�DUH�WKH�SODVPD�

FRQFHQWUDWLRQV�LQ�FP���UHODWLYH�WR�WKH������FP���DQG������FP����
,Q�D�YDFXXP��D�ODVHU�SXOVH�XQGHUJRHV�5D\OHLJK�GLIIUDFWLRQ��L�H��� WKH�ODVHU�

VSRW�VL]H�Zs HYROYHV�DFFRUGLQJ�WR�Zs = Z0 (1 + z2/ZR
2)1/2��ZKHUH�Z0�LV�WKH�ODVHU�
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ZDLVW� DW� WKH� IRFDO� SRLQW� z�  � �� DQG� �
�R LZ SZ O � LV� WKH� 5D\OHLJK� OHQJWK��

:LWKRXW�DQ�DGGLWLRQDO�JXLGLQJ��WKH�ODVHU�SODVPD�LQWHUDFWLRQ�GLVWDQFH�LV�OLPLWHG�
WR�D�IHZ�ZR��$�ODVHU�SXOVH�FDQ�EH�JXLGHG�ZLWK�D�QHDUO\�FRQVWDQW�VSRW�VL]H�E\�D�
SODVPD�FKDQQHO�WKDW�KDV�D�SDUDEROLF�UHIUDFWLRQ�LQGH[�RU�SODVPD�FRQFHQWUDWLRQ�
SURILOH��,Q�VXFK�D�SURILOH��WKH�PD[LPXP�RI�UHIUDFWLRQ�LQGH[�DQG�D�PLQLPXP�RI�
WKH�SODVPD�FRQFHQWUDWLRQ�DUH�RQ�WKH�D[LV�RI�ODVHU�EHDP�SURSDJDWLRQ��7KH�LQGH[�
RI�UHIUDFWLRQ�LQ�SODVPD�nr <��DQG�LW�FDQ�EH�H[SDQGHG�DV�>�����@��
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� � �� � �r ph p Ln c v c Z Z � � vph�LV�WKH�ODVHU�SKDVH�YHORFLW\��∂nr/nr0�

LV� WKH�UHIUDFWLRQ�LQGH[�FKDQJH�GXH�WR�WKH�SODVPD�GHQVLW\�GHSOHWLRQ�IURP�WKH�
WUDQVYHUVH�SRQGHURPRWLYH�IRUFH��DQG�WKH�WHUP�a0

2/4�LV�GXH�WR�UHODWLYLVWLF�PDVV�
FRUUHFWLRQV��7KH�WKLUG�WHUP�UHSUHVHQWV�WKH�PRGXODWLRQ�RI�WKH�LQGH[�RI�UHIUDFWLRQ�
GXH� WR� WKH� VSHFWUDO� EDQGZLGWK� ∂ωL/ωL�� DQG� LW� LV� UHVSRQVLEOH� IRU� WKH� JURXS�
YHORFLW\� GLVSHUVLRQ� �*9'��� 7KH� FKDQJH� RI� WKH� LQGH[� RI� UHIUDFWLRQ� IURP�
UHODWLYLVWLF� PDVV� FRUUHFWLRQV� FDQ� VHOI�JXLGH� D� ODVHU� EHDP�� ,W� WKLV� FDVH�� DOO�
HOHFWURQV�RQ�WKH�ODVHU�SDWK�DUH�H[SHOOHG�E\�WKH�SRQGHURPRWLYH�IRUFH��OHDYLQJ�D�
WKUHH�GLPHQVLRQDO� EXEEOH�VKDSHG� FDYLW\� EHKLQG�� )RU� WKH� VHOI�JXLGHG�
SURSDJDWLRQ�RI�WKH�ODVHU�EHDP��LWV�VSRW�VL]H�DQG�LQWHQVLW\�PXVW�EH�DSSURSULDWHO\�
FKRVHQ��7KH�UHTXLUHPHQWV�IRU�D�PDWFKHG�SURILOH�FDQ�EH�HVWLPDWHG�IURP��'�3,&�
VLPXODWLRQV�DVVXPLQJ�WKDW�WKH�WUDQVYHUVH�SRQGHURPRWLYH�IRUFH�RI�WKH�ODVHU�LV�
URXJKO\� EDODQFHG� E\� WKH� IRUFH� RI� WKH� LRQ� FKDQQHO� ZKLFK� SXOOV� EDFN� WKH�
SRQGHURPRWLYHO\� H[SHOOHG� HOHFWURQV 4a0

2/kp<𝛾⊥>Rb≈ kpRb� DQG� VXEVWLWXWLQJ�
<𝛾⊥>≈ a0 >��@�� (TXDWLQJ� WKHVH� WZR� H[SUHVVLRQV� \LHOGV� WR� ��p bk R a , WKH�

RSWLPDO�ZDLVW�RI�WKH�ODVHU�EHDP�FDQ�EH�FDOFXODWHG�DV��

� � �b pR aZ O S �
ZKHUH�5E�LV�WKH�EORZRXW�UDGLXV�>��@��7KH�EORZRXW�UDGLXV�KDV�WR�EH�PDWFKHG�

ZLWK�WKH�ODVHU�VSRW�VL]H�ω���DQG�IRU�WKH�SXOVH�GXUDWLRQ��WKH�FRQGLWLRQ�cWL�< Z0�
KDV� WR� EH� VDWLVILHG�� &RQVLGHULQJ� �'� 3,&� VLPXODWLRQV�� WKH� ODVHU� SRZHU� PL�
UHTXLUHG� WR�JXLGH� WKH� FKDQQHO�KDV� WR� VDWLVI\� WKH� FRQGLWLRQ�kpRb≈4�� DQG�PL= 
a0

2PLc/8. ,W�\LHOGV�WR�a0 ����PL�DQG�PLc�FDQ�EH�FDOFXODWHG�DV�>��@���
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1RQOLQHDU�WHUPV�RI�γ = (1 + a0
2)1/2�SUHYHQW�FDWDVWURSKLF�VHOI�IRFXVLQJ�ZKHQ�

PL > PLc��%DVHG�RQ�WKH�H[SHULPHQWDO�REVHUYDWLRQV��D��KDV�WR�EH�JUHDWHU�WKDQ�
a0c ≈ (𝜆L/𝜆p)2/5���

)RU�GHVLJQLQJ�RI�/:)$�LQ�WKH�EORZRXW�UHJLPH��ILUVW��WKH�YDOXH�RI�a0 > a0c 
IRU�D�JLYHQ�ODVHU�HQHUJ\�EL�DQG�ZDYHOHQJWK�λL�LV�GHILQHG��.QRZLQJ�WKH�YDOXH�
RI�D���WKH�SXOVH�GXUDWLRQ�WL DQG�WKH�SXOVH�ZDLVW�Z0 DUH�FDOFXODWHG��7KHQ��XVLQJ�
WKH� HTXDWLRQV� ����� DQG� ������ WKH� RSWLPDO� SODVPD� ZDYHOHQJWK� DQG� SODVPD�
FRQFHQWUDWLRQ�DUH�GHILQHG�>��@���

7KH�nr�H[SUHVVLRQ������FRPSULVHV�RQO\�WKH�OLQHDU�WHUPV�DQG�LW�LV�YDOLG�LQ�WKH�
ZHDNO\� UHODWLYLVWLF� UHJLPH�� LQ� WHQXRXV� SODVPDV� ωp/ωL<<� ��� DQG� IRU� ORQJ�
HQRXJK�SXOVHV�ZLWK�WKH�HQYHORSH�ωLWL >>���,W�KHOSV��KRZHYHU��WR�XQGHUVWDQG�
UHODWLYLVWLF�VHOI�IRFXVLQJ�>��@��VHOI�PRGXODWLRQ�>��@��RU�VHOI�FRPSUHVVLRQ�>��@�
RFFXUULQJ�GXULQJ�WKH�/:)$�SURFHVV�XVLQJ�XOWUD�VKRUW�IHZ�F\FOH�SXOVHV�>��@��
7KH�WHUP�∂nr/nr0�LV�UHVSRQVLEOH�IRU�WKH�IUHTXHQF\�GHFUHDVH�LQ�WKH�UHJLRQV�ZKHUH�
WKH� UHIUDFWLYH� LQGH[� JUDGLHQW� LV� QHJDWLYH�� 7KLV� UHVXOWV� LQ� WKH� DV\PPHWULF�
EURDGHQLQJ�RI�WKH�VSHFWUXP. 7KH�WHUP�a0

2/4�LV�UHVSRQVLEOH�IRU�UHODWLYLVWLF�VHOI�
SKDVH�PRGXODWLRQ��630���ZKLFK�FDXVHV�WKH�IURQW�RI�WKH�SXOVH�WR�EH�UHG�VKLIWHG�
DQG�UHDU�RI�WKH�SXOVH���EOXH�VKLIWHG��7KLV�HIIHFW�FDXVHV�D�V\PPHWULF�EURDGHQLQJ�
RI�WKH�VSHFWUXP��6SHFWUDO�EURDGHQLQJ�RULJLQDWHV�IURP�WKH�FKDQJHV�RI�WKH�LQGH[�
RI�UHIUDFWLRQ��∂ωL/ωL�a�∂nr/∂ζ.�7KH�YDU\LQJ�JURXS�YHORFLW\�DORQJ�WKH�SODVPD�
ZDYH� FDXVH� WKH� VHOI�FRPSUHVVLRQ� RI� WKH� SXOVH�� ZKLFK� FDQ� UHDFK� GXUDWLRQV�
VKRUWHU�WKDQ�WKH�LQLWLDO�WUDQVIRUP�OLPLW�>��@��)RU�SXOVH�GXUDWLRQV�ORQJHU�WKDQ����
IV�� δωL/ωL�������� DQG� GLVSHUVLRQ� FDQ� EH� QHJOHFWHG�� )RU� WKH� IHZ�F\FOH� ODVHU�
SXOVHV�a��IV��WKH�δωL/ωL�∼�������DQG�WKH�ORFDO�nr�FKDQJH��630��DQG�GLVSHUVLRQ�
KDYH�D�FRQVLGHUDEOH�LPSDFW�RQ�WKH�ODVHU�SURSDJDWLRQ��

,Q�UHODWLYLVWLF�FDVHV��LQ�WKH�PRWLRQ�RI�DQ�HOHFWURQ�LQ�D�OLJKW�ILHOG�����DOVR�WKH�
WHUP� ev Bu �FRQWULEXWLQJ�WR�WKH�D[LDO�GLUHFW�ODVHU�DFFHOHUDWLRQ�KDV�WR�EH�WDNHQ�
LQWR�DFFRXQW��

������ ,QMHFWLRQ�0HFKDQLVPV�

7KH�SODVPD�HQYLURQPHQW�XVHG�IRU�DFFHOHUDWLRQ�RI�HOHFWURQV�LV�FUHDWHG�E\�
WKH�LRQL]LQJ�RI�WKH�JDV�LQ�JDV�MHWV��JDV�FHOOV�RU�GLVFKDUJH�FDSLOODULHV��([FHSW�RI�
WKH�GLVFKDUJH� FDSLOODULHV��ZKHUH� WKH�SODVPD�FKDQQHO� LV� IRUPHG�E\� WKH�KLJK�
YROWDJH� GLVFKDUJH� FXUUHQW�� WKH� JDV� LV� LRQL]HG� E\� WKH� HOHFWULF� ILHOG� RI� KLJK�
LQWHQVLW\�ODVHU�SXOVH�LWVHOI�VXSSUHVVLQJ�WKH�DWRPLF�&RXORPE�ILHOG�RI�WKH�DWRPV��
%HIRUH�WKH�HOHFWULF�ILHOG�UHDFKHV�WKH�LRQL]DWLRQ�WKUHVKROG��WKH�HOHFWURQV�FDQ�DOVR�
EH�LRQL]HG�E\�WXQQHOOLQJ�LRQL]DWLRQ�>��@��7KH�ODVHU�ZDNH�FUHDWHV�DQ�HOHFWULFDO�
ILHOG�VWUXFWXUH�WUDLOLQJ�WKH�ODVHU�SXOVH�DOPRVW�DW�WKH�VDPH�VSHHG��7KH�HOHFWURQV�
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RVFLOODWLQJ�LQ�WKH�ODVHU�ILHOG�DUH�QRW�DFFHOHUDWHG��WKH\�DUH�RQO\�PRYLQJ�DURXQG�
WKH� UHVW�SRVLWLRQV��7KH�SODVPD�ZDNHILHOG�KDV� WR� WUDS� WKH� HOHFWURQV� IURP� WKH�
SODVPD�EDFNJURXQG��RU�H[WHUQDO�HOHFWURQV�KDYH�WR�EH�LQMHFWHG�LQWR�WKH�EXEEOH�
FDYLW\��7KHUH�DUH�VHYHUDO�VFKHPHV�XVHG�IRU�WKH�LQMHFWLRQ�RI�HOHFWURQV���

,Q�WKH�ZDYH�EUHDNLQJ�VHOI�LQMHFWLRQ�VFKHPH�>��@��DQ�LQLWLDO�PRPHQWXP�LV�
UHTXLUHG� IRU� WKH� HOHFWURQ� WR� EH� WUDSSHG� E\� D� SODVPD� ZDYH�� 7KH� WKUHVKROG�
PRPHQWXP� UHTXLUHG� IRU� WKH� WUDSSLQJ� GHFUHDVHV� IRU� ODUJHU� SODVPD� ZDYH�
DPSOLWXGH�DQG� ORZHU�SODVPD�ZDYH�SKDVH�YHORFLW\��$V� WKH�GULYHU�SURSDJDWHV�
LQWR�WKH�SODVPD��PRUH�FKDUJH�ZLOO�EH�WUDSSHG�XQWLO�WKH�DPSOLWXGH�RI�WKH�SODVPD�
ZDYH�LV�VXEVWDQWLDOO\�UHGXFHG�GXH�WR�EHDP�ORDGLQJ��:DYH�EUHDNLQJ�LQMHFWLRQ�
LV�SRVVLEOH�ZKHQ�WKH�D[LDO�HOHFWULF�ILHOG�Epmax H[FHHGV�WKH�ZDYH�EUHDNLQJ�OLPLW�
EWB�� DQG WKH� RVFLOODWLRQ� DPSOLWXGH� RI� HOHFWURQV� H[FHHGV� WKH� SODVPD�
ZDYHOHQJWK��7KH�ZDYH�EUHDNLQJ� OLPLW�RI� WKH� ODVHU�HOHFWULF� ILHOG�EWB� IRU� WKH�
SKDVH�YHORFLW\�RI�WKH�SODVPD�ZDYH�v휙�FORVH�WR�WKH�ODVHU�JURXS�YHORFLW\�vg���v휙 
≈ vg�≈ c),�FDQ�EH�FDOFXODWHG�DV�IROORZV���
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ZKHUH�
� �� �p p Lv cIJ O O � �LV�WKH�UHODWLYLVWLF�FRUUHFWLRQ�IDFWRU�RI�

WKH�SODVPD�ZDYH��&RPSDULQJ� WKH�UHODWLRQV�RI�Ep DQG�EWB�� WKH� LQMHFWLRQ�ZLOO�
VWDUW� DW� a0>���� )RU� ��� IV� ODVHU� SXOVHV� DQG� ODVHU� ZDYHOHQJWK� RI� �� �P�� WKH�
UHODWLYLVWLF�SODVPD�ZDYH�FRUUHFWLRQ�IDFWRU�γp�LQFUHDVHV�WKH�EWB UHODWLYH�WR�(p 

DSSUR[LPDWHO\� E\� D� IDFWRU� RI� ��� 7KH� FRQWURO� WKH� FKDUJH� RI� VHOI�LQMHFWHG�
HOHFWURQV� LV� GLIILFXOW�� DQG� WKH� HQHUJ\� GLVSHUVLRQ� RI� DFFHOHUDWHG� HOHFWURQV� LV�
KLJK���

7R� LQFUHDVH� WKH� LQMHFWLRQ� VWDELOLW\� DQG� WR� DFKLHYH�PRUH�PRQR�HQHUJHWLF�
HOHFWURQ� EHDPV�� GLIIHUHQW� DSSURDFKHV� RI� LQMHFWLRQ� DV� GHQVLW\� GRZQ�UDPS�
WULJJHUHG�>�����@�LQMHFWLRQ��LQMHFWLRQ�E\�FROOLGLQJ�EHDPV�>�����@��LRQL]DWLRQ�
DVVLVWHG�>�����@� RU� VHOI�WUXQFDWHG� HOHFWURQ� LQMHFWLRQ� �67,,�� >�����@� DUH�
GHYHORSHG��

,Q�WKH�GRZQ�UDPS�GHQVLW\�WULJJHUHG�LQMHFWLRQ�FDVH��WKH�IRUPDWLRQ�RI�WDLORUHG�
SODVPD�SURILOHV�E\�XVLQJ�WZR�RU�PRUH�VWDJHV�RI�QR]]OHV�>�����@��LQVHUWLRQ�RI�
ZLUH�>��@�� UD]RU� EODGH� >��@� RU� FDSLOODU\� MHW� >��@� LQWR� WKH� QR]]OH� MHW� FDXVLQJ�
VKRFN�ZDYHV�LV�LPSOHPHQWHG��,Q�WKH�GRZQ�UDPS�GHQVLW\�JUDGLHQW�VFKHPH��)LJ��
�D��>��@��D�QHJDWLYH�SODVPD�FRQFHQWUDWLRQ�JUDGLHQW�DORQJ�WKH�ODVHU�SURSDJDWLRQ�
GLUHFWLRQ�dnp/dz < ��OHDGV�WR�DQ�HORQJDWLRQ�RI�WKH�SODVPD�SHULRG��,W�LQFUHDVHV�
GXH�WR�WKH�HORQJDWLRQ�RI�WKH�SODVPD�SHULRG� �p pnO ��DQG�WKH�LQFUHDVH�RI�

WKH�ODVHU�JURXS�YHORFLW\�VDWLVI\LQJ�WKH�UHODWLRQ� �
ph gv v c ���
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%RWK�HIIHFWV�IDFLOLWDWH�WKH� LQMHFWLRQ�RI�HOHFWURQV��$�SDUWLFXODU�FDVH�RI� WKH�
GRZQ�UDPS�GHQVLW\� LQMHFWLRQ� LV�D�GRZQZDUG�VKRFN�IURQW�LQ�D�VXSHUVRQLF�MHW�
SURYLGLQJ�D�VXGGHQ�VWHS�LQ�WKH�SODVPD�GHQVLW\��7KH�LQMHFWHG�HOHFWURQ�LV�WUDSSHG�
E\�WKH�ZDNH�ZDYH�LI�LWV�PRPHQWXP� ep ��H[FHHGV�WKH�WKUHVKROG�PRPHQWXP�RI�
WKH�HOHFWURQ�LQVLGH�RI�WKH�SODVPD�EXEEOH��,Q�WKH�GRZQ�UDPS�GHQVLW\�JUDGLHQW�
VFKHPH��WKH�HOHFWURQV�DUH�LQMHFWHG�ZKHQ�WKH�PD[LPXP�PRPHQWXP�RI�HOHFWURQV�
LQ� WKH� SODVPD� UHJLRQ� ZLWK� KLJKHU� FRQFHQWUDWLRQ� EHFRPHV� ODUJHU� WKDQ� WKH�
PLQLPXP�PRPHQWXP�RI�WKH�HOHFWURQ�LQVLGH�RI�WKH�SODVPD�EXEEOH�LQ�WKH�VHFRQG�
SDUW�RI�WKH�SODVPD�UHJLRQ�ZLWK�ORZHU�FRQFHQWUDWLRQ���

�

Figure 4.� ,PDJHV� RI� HOHFWURQ� LQMHFWLRQ� XVLQJ� D� VKRFN� ZDYH� E\� LQVHUWLRQ� RI�
ZLUH�>��@�(a)�� FROOLGLQJ� EHDP� LQMHFWLRQ�>��@�(b)�� DQG� LPDJHV� RI� LRQL]DWLRQ� LQMHFWLRQ�
XVLQJ�WZR�QR]]OHV�>��@�(c)��DQG�GRXEOH�JDV�FHOO�>��@�(d)���

7KH�SKDVH�YHORFLW\�RI�ZDNH�ZDYH�v휙=ωp/kp�GHFUHDVHV�LQ�DFFRUGDQFH�ZLWK�
WKH�UHODWLRQVKLS� �p p pk k t zZ � w w ��:KHQ�SODVPD�ZDYH�QXPEHU�kp�EHFRPHV�

ODUJH�HQRXJK�WR�VDWLVI\�WKH�FRQGLWLRQ�ZKHQ�HOHFWURQ�YHORFLW\�ve = v휙��WKH�ZDYH�
EUHDNV��7KH�ZDYH�EUHDNLQJ�FRQGLWLRQ�IRU�/RUHQW]�IDFWRU�RI�DQ�HOHFWURQ�FDQ�EH�
GHVFULEHG�DV�>��@��
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ZKHUH� c vI IE  �LV�WKH�GLPHQVLRQOHVV�SKDVH�YHORFLW\�RI�WKH�SODVPD�ZDNH�

ZDYH�� � �p p drct LIW Z Z ' � LV� WKH� GLPHQVLRQOHVV� SODVPD� LQKRPRJHQHLW\�

SDUDPHWHU��Ldr�LV�WKH�OHQJWK�RI�SODVPD�FRQFHQWUDWLRQ�GRZQ�UDPS��DQG�∆ωp�LV�
WKH� DEVROXWH� FKDQJH�RI� WKH� ORFDO�SODVPD� IUHTXHQF\� LQ� WKH� UHJLRQ�RI�SODVPD�
FRQFHQWUDWLRQ�GRZQ�UDPS��

,Q�WKH�FROOLGLQJ�EHDP�LQMHFWLRQ�VFKHPH��)LJ���E��>��@��D�VHFRQG��FRXQWHU�
SURSDJDWLQJ� LQMHFWLRQ� SXOVH� ZLWK� WKH� VPDOOHU� ODVHU� VWUHQJWK� SDUDPHWHU� D��
FROOLGHV� ZLWK� WKH� GULYH� ODVHU� SXOVH� DW� D� FHUWDLQ� SRVLWLRQ� GHWHUPLQHG� E\� WKH�
UHODWLYH�WLPLQJ��:KHQ�WZR�SXOVHV�FROOLGH��WKH\�IRUP�D�VWDQGLQJ�ZDYH�ZLWK�WKH�
VSDWLDO�VFDOH�RI�λL/2��7KH� UHVXOWLQJ�SRQGHURPRWLYH� IRUFH� LV�JRYHUQHG�E\� WKH�
ODVHU� ZDYHOHQJWK� LQVWHDG� RI� WKH� SXOVH� OHQJWK� DV� LQ� D� SURSDJDWLQJ� SXOVH�� ,W�
IDFLOLWDWHV� WKH� SUH�DFFHOHUDWLRQ� RI� HOHFWURQV� IURP� WKH� EDFNJURXQG� SODVPD�
OHDGLQJ�WR�WUDSSLQJ�DQG�LQMHFWLRQ��7KH�FROOLVLRQ�SRLQW�LQVLGH�D�SODVPD�VWUHWFK�
GHILQHV�WKH�LQMHFWLRQ�SRVLWLRQ�DQG�DOORZV�WR�WXQH�WKH�HOHFWURQ�EHDP�HQHUJ\��

,Q�WKH�LRQL]DWLRQ�LQMHFWLRQ�VFKHPH��)LJ���FG���D�VPDOO�DPRXQW�RI�KHDYLHU�
JDV�DWRPV��IRU�H[DPSOH�1���LV�PL[HG�LQWR�WKH�OLJKW�JDVHV��VXFK�DV�+��DQG�+H�
XVLQJ�WZR�QR]]OHV�>�����@�RU�GRXEOH�JDV�FHOO�>��@��7\SLFDOO\��WKH�OLJKW�JDVHV�
DQG� HOHFWURQV� IURP� QLWURJHQ� /�VKHOO� �1�����1���� DUH� LRQL]HG� DOUHDG\� E\� WKH�
SHGHVWDO� RI� WKH� ODVHU� SXOVH�� 7KH� ODVHU� SURSDJDWHV� WKURXJK� D� IXOO\� LRQL]HG�
SODVPD��WKH�HOHFWURQV�RI�ZKLFK�DUH�DOO�H[SHOOHG�E\�WKH�SRQGHURPRWLYH�SRWHQWLDO��
1R�WUDSSLQJ�IURP�WKH�EDFNJURXQG�SODVPD�LV�SRVVLEOH��$Q�DGGLWLRQDO�LRQL]DWLRQ�
RI�1��RI�.��VKHOO�HOHFWURQV� WDNHV�SODFH�FORVH� WR� WKH�SHDN�RI� WKH� ODVHU�SXOVH��
ZLWKLQ�WKH�WUDSSLQJ�]RQH�RI�DFFHOHUDWLQJ�ILHOG��,Q�D�KRPRJHQHRXV�PL[HG�JDV�
SODVPD�� WKH� LRQL]DWLRQ� LQMHFWLRQ� RFFXUV�RYHU� D� ORQJ� LQMHFWLRQ� GLVWDQFH�� WKXV�
UHVXOWLQJ�LQ�ODUJH�HQHUJ\�VSUHDG��

,Q�WKH�6HOI�7UXQFDWHG�LRQL]DWLRQ�LQMHFWLRQ�VFKHPH��WKH�LRQL]DWLRQ�PHWKRG�LV�
PRGLILHG�>��@��,W�KHOSV�WR�VROYH�WKH�SUREOHP�RI�WKH�ODUJH�HQHUJ\�VSUHDG��7KH�
GXUDWLRQ� RI� HOHFWURQ� LQMHFWLRQ� LQWR� WKH� ZDNHILHOG� LV� UHVWULFWHG� E\� D� VPDOO�
PLVPDWFK�EHWZHHQ�WKH�ODVHU�VSRW�VL]H�DQG�WKH�SODVPD�FDYLW\�UDGLXV��(OHFWURQV�
DYDLODEOH�IRU�LQMHFWLRQ�FDQ�EH�HDVLO\�WXQHG�ZLWK�WKH�FRQFHQWUDWLRQ�RI�KLJK�=�
JDV�GRSLQJ��,W�DOORZV�ORDGLQJ�D�UHDVRQDEO\�KLJK�FKDUJH�RI�a�����S&�ZLWK�ORZ�
HQHUJ\�VSUHDG�LQWR�D�ZDNHILHOG��$GGLWLRQDOO\��D�FRPELQDWLRQ�RI�JHRPHWULF�DQG�
UHODWLYLVWLF�VHOI�IRFXVLQJ�FDQ�LQFUHDVH�WKH�ORDG�XS�WR�WKH�QDQRFRXORPE�UDQJH�
>��@���

1HYHUWKHOHVV�� DGGLWLRQDO� ZRUN� LV� UHTXLUHG� WR� UHVHDUFK� QRYHO� LQMHFWLRQ�
PHWKRGV�RI�HOHFWURQV�LQ�WR�WKH�/:)$�DLPLQJ�WR�LQFUHDVH�WKH�HQHUJ\�DQG�FKDUJH�
RI�DFFHOHUDWHG�HOHFWURQV��DV�ZHOO�DV� ORZHU�HQHUJ\�GLVSHUVLRQ�RI� WKH�HOHFWURQ�
EHDPV���
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������ $FFHOHUDWLRQ�6FDOLQJ�/DZV�

/DVHU� SODVPD� ZDNH� DFFHOHUDWLRQ� LQ� WKH� EORZRXW� UHJLPH� UHTXLUHV� ODVHU�
LQWHQVLW\� RI� a0!����� WKH� ODVHU� ZDLVW� ω�� DQG� ORQJLWXGLQDO� SXOVH� OHQJWK� cτL�
GLPHQVLRQV�KDYH�WR�EH�FORVH�WR�WKH�KDOI�RI�WKH�SODVPD�ZDYHOHQJWK�λp/2. ,Q�WKLV�
UHJLPH�� WKH� ODVHU�SODVPD� LQWHUDFWLRQ� GLVWDQFH� H[FHHGV� WKH� UDQJH� RI� ODVHU�
GHIRFXVLQJ� OLPLWHG� WR� D� IHZ� 5D\OHLJK� GLVWDQFHV� ZR�� +RZHYHU�� DV� WKH� ODVHU�
SURSDJDWHV�WKURXJK�WKH�SODVPD��WKH�HQHUJ\�RI�WKH�ODVHU�ILHOG�LV�WUDQVIHUUHG�WR�
WKH�ZDNHILHOG��7KH�DFFHOHUDWLRQ�GLVWDQFH�DQG�PD[LPDO�HQHUJ\�RI�HOHFWURQV�DUH�
OLPLWHG�E\�WKH�HQHUJ\�GHSOHWLRQ�DQG�GHSKDVLQJ�HIIHFWV�RI�WKH�ODVHU�SXOVH��

7KH�HQHUJ\�IURP�WKH�IURQW�RI�WKH�ODVHU�SXOVH�LV�WUDQVIHUUHG�WR�WKH�SODVPD�
ZDYH�� ,W�HWFKHV� WKH�IURQW�RI� WKH�SXOVH�DQG�FUHDWHV� D�UHG�VKLIWLQJ�RI� WKH�ODVHU�
OLJKW��7KLV�SXOVH�HURVLRQ�RFFXUV�DW�YHORFLW\�vetch�DQG�FDXVHV�WKH�SXOVH�WR�EH�IXOO\�
HWFKHG�DIWHU�D�GLVWDQFH�Letch = vetch cWL��vetch�FDQ�EH�FDOFXODWHG�DV�>��@��
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7KH�HWFKLQJ�RI�WKH�SXOVH�IURQW�FDXVHV�DQ�HIIHFWLYH�GHFUHDVH�RI�WKH�ODVHU�SXOVH�
JURXS� YHORFLW\� vg�� DQG� GHFUHDVH� RI� WKH� ZDNHILHOG� SKDVH� YHORFLW\� v휙�� 7KH�
HIIHFWLYH� HOHFWURQ� DFFHOHUDWLRQ� LV� OLPLWHG� E\� WKH� GHSKDVLQJ� RI� WKH� SKDVH�
YHORFLW\�RI�ODVHU�ZDNHILHOG�GHILQHG�DV�WKH�GLIIHUHQFH�EHWZHHQ�WKH�ODVHU�JURXS�
DQG�IURQW�HWFKLQJ�YHORFLW\��7KH�ZDNHILHOG�SKDVH�YHORFLW\�v휙�DQG�WKH�GHSKDVLQJ�
OHQJWK�Ld RYHU�WKH�EXEEOH�UDGLXV�FDQ�EH�FDOFXODWHG�DV��
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7KH�SXPS�GHSOHWLRQ�OHQJWK�Lpd�FDQ�EH�HVWLPDWHG�E\�HTXDWLQJ�WKH�ODVHU�SXOVH�
HQHUJ\�WR�WKH�HQHUJ\�OHIW�EHKLQG�LQ�WKH�ZDNHILHOG��Epz
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7KH� ZDNHILHOG� H[FLWDWLRQ� DQG� HOHFWURQ� DFFHOHUDWLRQ� DUH� RSWLPDO� ZKHQ�
ORQJLWXGLQDO�SXOVH�OHQJWK�LV��

�� � � �L b pc R aW O S �
,W�FRUUHVSRQGV�WR�WKH�VLWXDWLRQ�ZKHUH�WKH�GHSKDVLQJ�OHQJWK Ld HTXDOV�WR�WKH�

SXPS�GHSOHWLRQ�OHQJWK�Lpd. :KHQ�ERWK�WUDQVYHUVH�DQG�ORQJLWXGLQDO�ERXQGDU\�
FRQGLWLRQV� DUH�PHW�� WKH�ZDNHILHOG�PD[LPXP� DPSOLWXGH� LV� PD[ �p pE E a ��

7KH�PD[LPXP�UHDFKDEOH�HQHUJ\�LV�DFKLHYHG�ZKHQ�HOHFWURQV�DUH�DFFHOHUDWHG�
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ZLWKLQ� WKH� GHSKDVLQJ� OHQJWK�Ld�� $VVXPLQJ� WKH�ZDNHILHOG� LV� OLQHDU�� DQG� WKH�
DYHUDJH� DFFHOHUDWLQJ� ILHOG� LV� KDOI� RI� WKH� Epmax��� WKH� PD[LPXP� HQHUJ\� RI�
DFFHOHUDWHG�HOHFWURQV�FDQ�EH�HVWLPDWHG�DV� 
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7KH�PD[LPDO�DFFHOHUDWLRQ�GLVWDQFH�DQG�PD[LPDO�HQHUJ\�RI�HOHFWURQV�FDQ�
EH� LQFUHDVHG�E\�XVLQJ�H[WHUQDO�JXLGLQJ�RI� WKH� ODVHU�E\�FUHDWLQJ�D�SDUDEROLF�
SODVPD�FRQFHQWUDWLRQ�SURILOH�LQ�WKH�GLVFKDUJH�FDSLOODU\��)LJ���D��>�����@��ODVHU�
SXOVH�IURQW�WLOWLQJ�>�����@��WKH�IRUPDWLRQ�RI�WKH�IO\LQJ�IRFXV�>�����@�RU�E\�WKH�
ORQJHU� IRFDO� GHSWK� DQG� VSDWLR�WHPSRUDO� VKDSLQJ� RI� WKH� ODVHU� EHDP� >�����@�
�)LJ���E���7KH�DFFHOHUDWLRQ�GLVWDQFH�FDQ�EH�WXQHG�E\�FKDQJLQJ�RI�WKH�FKLUS�RI�
DFFHOHUDWLQJ� ODVHU� EHDP� >��@�� IRFXVLQJ� RI� WKH� HOHFWURQ� EHDP� >�����@��
FRPELQLQJ�/:)$�DQG�3ODVPD�:DNHILHOG�$FFHOHUDWLRQ��3%:$��>�����@�DV�
ZHOO� DV� FRPSOH[� DGDSWLYH� FRQWURO� >�����@��8VLQJ� 3HWDZDWW� ODVHU� JXLGLQJ� LQ�
ODVHU�KHDWHG�FDSLOODU\�DOORZHG�WR�UHDFK�WKH�HOHFWURQ�HQHUJLHV�XS�WR���*H9�>��@���

�

Figure 5.�,PDJHV�RI�H[WHUQDO�JXLGLQJ�RI�WKH�ODVHU�EHDP�E\�GLVFKDUJH�FDSLOODU\�>��@�(a)��
DQG�VSDWLR�WHPSRUDO�VKDSLQJ�>��@�(b)��

)RU�WKH�ODVHUV�ZLWK�H[WUHPHO\�VKRUW�SXOVHV�DYDLODEOH�DW�N+]�UHSHWLWLRQ�UDWH��
DGGLWLRQDO� DFFHOHUDWLRQ� OLPLWV� KDYH� WR� EH� FRQVLGHUHG�� 7KH� IHZ�F\FOH� ODVHU�
SXOVHV�XVH�DQ�XOWUD�EURDG�VSHFWUDO�EDQGZLGWK��VSDQQLQJ�RYHU�DQ�HQWLUH�RFWDYH��
VWDUWLQJ�DW�����QP�DQG�UHDFKLQJ���ȝP�ZDYHOHQJWKV��7KHUHIRUH�� WKH�QHJDWLYH�
GLVSHUVLRQ�LQWURGXFHG�E\�WKH�SODVPD�FDQQRW�EH�QHJOHFWHG�GXULQJ�SURSDJDWLRQ�
>��@��,Q�WKH�OLQHDU�OLPLW��WKH�SXOVH�GXUDWLRQ�WLz LQ�WKH�SODVPD�HYROYHV�DV��
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ZKHUH� WL LV WKH� )RXULHU WUDQVIRUP�OLPLWHG� GXUDWLRQ�� DQG� Ldisp� LV� WKH�
GLVSHUVLRQ� OHQJWK� VFDOH� LQ� WKH�SODVPD��7KH�GLVSHUVLRQ� OHQJWK�DSSUR[LPDWHO\�
FDQ�EH�FDOFXODWHG�DV��
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7KLV�LV�QRW�VWULFWO\�YDOLG�IRU�IHZ�F\FOH�ODVHU�SXOVHV��7KH�GLVSHUVLRQ�OHQJWK�
RI� D� ��IV� WUDQVIRUP�OLPLWHG� SXOVH� IRU� λL ����ȝP� LQ� D� KRPRJHQHRXV� SODVPD�
HOHFWURQLF�GHQVLW\���î������FPí��LV������P�DQG�IRU�����IV�DQG���î������FPí��
GURSV� WR� ����P�>�����@�� 7KH� *9'� LQFUHDVHV� DQG� WKH� GLVSHUVLRQ� OHQJWK� LV�
VKRUWHU�IRU�VKRUWHU�ODVHU�SXOVH�GXUDWLRQ��ORZHU�SODVPD�GHQVLW\��DQG�IRU�ORQJHU�
ODVHU�ZDYHOHQJWKV��Ldisp ~ λL

−3��7KLV� FDXVHV� D� UDSLG� VWUHWFKLQJ�RI� WKH� VLQJOH�
F\FOH� ODVHU� SXOVH�� 7KHUHIRUH�� LQ� H[SHULPHQWV�� WKH� FRPSHQVDWLRQ� RI� SODVPD�
GLVSHUVLRQ�E\�DGGLQJ�D�VPDOO�SRVLWLYH�FKLUS�WR�WKH�ODVHU�SXOVH�LV�LQWURGXFHG��

$V�WKH�ODVHU�SXOVH�LV�QHDUO\�FRPSRVHG�RI�D�VLQJOH�OLJKW�F\FOH��WKH�&DUULHU�
HQYHORSH� SKDVH� �&(3�� LV� H[SHFWHG� WR� KDYH� DQ� HIIHFW� RQ� LQMHFWLRQ� DQG�
DFFHOHUDWLRQ��0RVW� RI� WKH� WUDSSHG� HOHFWURQV� KDYH� EHHQ� LRQL]HG� E\� WKH�PRVW�
LQWHQVH� F\FOH�� 7KH� DEVROXWH� &(3� LV� QR� ORQJHU� FRQVHUYHG� EHFDXVH� WKH� ODVHU�
JURXS�YHORFLW\�vg�LV�GLIIHUHQW�IURP�WKH�SKDVH�YHORFLW\�vph.�7KH�SKDVH�VOLSSDJH�
OHQJWK�L2π�GHILQHG�DV�WKH�SURSDJDWLRQ�OHQJWK�QHHGHG�WR�GHSKDVH�WKH�&(3�E\��ʌ�
FDQ�EH�FDOFXODWHG�DV�>��@��
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7KH�SKDVH�VOLSSDJH�OHQJWK�L2π�IRU�WKH�SODVPD�FRQFHQWUDWLRQ�����î������FPí��

DQG�λL ����ȝP�LV������P��
,Q�7DEOH����WKH�VFDOLQJ�SDUDPHWHUV�IRU�GLIIHUHQW�ODVHU�FODVVHV�ZLWK�SRZHUV�

IURP� PXOWL�-RXOH�� 3HWDZDWW� ODVHUV� WR� PLOOLMRXOH�� 7HUDZDWW� V\VWHPV� DUH�
SUHVHQWHG��,W�VKRZV�WKDW�P-�ODVHUV�DUH�VXIILFLHQW�WR�UHDFK�WKH�EORZRXW�UHJLPH�
LI�H[WUHPHO\�VKRUW�ODVHU�SXOVHV�IRU�/:)$��a���IV��DUH�XVHG��

�
Table 1.�6FDOLQJ�ODZV�IRU�ODVHU�SODVPD�DFFHOHUDWRUV�LQ�WKH�EORZRXW�UHJLPH�IRU�WKH�ODVHU�
ZDYHOHQJWK�λL ����ȝP�>��@��

3/� D�� WL�-� ĲL�IV� ω0�ȝP� ZR�PP� np�FP��� Ld�PP� We�0H9�
���3:� ���� ��� ��� ��� ���� ����� ��� �����
��7:� ���� �� ��� ��� ���� ����� ���� ����
�7:� �� ������ �� ���� ������ ����� ������ ���
�
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7KH�ODVHU�HQHUJ\�WL�UHTXLUHG�IRU�WKH�/:)$�LQ�WKH�EORZRXW�UHJLPH�VFDOHV�

DV� � �aL L pW W O �� DQG� WKH� JDLQHG� HQHUJ\� RI� DFFHOHUDWHG� HOHFWURQV� DV�
� �ae L pW W O ��

���� /DVHU�,RQ�$FFHOHUDWLRQ�

7KH�UHFHQW�GHYHORSPHQW�RI�ODVHU�WHFKQRORJ\�ZLWK�WKH�HQHUJ\�RI�WHQ�RI�MRXOHV�
HQDEOHG� WKH� JHQHUDWLRQ� RI� 3HWDZDWW� SXOVHV� ZLWK� LQWHQVLWLHV� H[FHHGLQJ� �����
:�FP��� 1HZ� IDFLOLWLHV� WKDW� ZLOO� SURGXFH� IHPWRVHFRQG� SXOVHV� RI� XOWUD�
UHODWLYLVWLF�LQWHQVLWLHV�a�����������:�FP��>��@�DUH�EHLQJ�EXLOW�LQ�(XURSH��7KH�
LQWHUDFWLRQ� RI� VXFK� LQWHQVH� ODVHU� SXOVHV� ZLWK� D� GHQVH� WDUJHW� FDQ� DFFHOHUDWH�
SURWRQV�DQG�KHDYLHU� LRQV�� ,RQ�EHDPV�DUH�RI�JUHDW� LQWHUHVW� LQ�QXFOHDU� IXVLRQ��
PHGLFLQH�DQG�KLJK�HQHUJ\�GHQVLW\�SK\VLFV��3URWRQ�DQG�LRQ�EHDP�WKHUDS\�IRU�
FDQFHU�KDV�SURYHQ�WR�EH�VXFFHVVIXO�EHFDXVH�RI�D�ORFDOL]HG�GRVH�GHSRVLWLRQ�LQ�
WKH�UHJLRQ�RI�%UDJJ�SHDN�DQG�SURWHFWLRQ�RI�KHDOWK\� WLVVXHV�>��@��'XH� WR� WKH�
SDUWLFOH�PDVV�� SURWRQ� YHORFLW\� FRXOG� UHDFK� UHODWLYLVWLF� HQHUJLHV� DW� WKH� ODVHU�
LQWHQVLWLHV�RI�WKH�RUGHU�RI������:�FP����

(YHQ�LI�VXFK�ODVHUV�ZLOO�EH�DYDLODEOH��WKH�HOHFWURQ�VKLHOGLQJ�ZRXOG�SURKLELW�
LRQV�IURP�WKH�GLUHFW�ODVHU�DFFHOHUDWLRQ��7KH�ODVHU�HQHUJ\�ILUVW�KDV�WR�EH�FRXSOHG�
ZLWK�HOHFWURQV�DQG�WKHQ��WUDQVIHUUHG�WR�WKH�LRQV��

7KH� EDVLF� PHFKDQLVPV� RI� LRQ� DFFHOHUDWLRQ� DUH� 7DUJHW� 1RUPDO� 6KHDWK�
$FFHOHUDWLRQ��716$��>��@��&RXORPE�([SORVLRQ��&(��>��@��5DGLDWLRQ�3UHVVXUH�
$FFHOHUDWLRQ��53$��>��@��DQG�0DJQHWLF�9RUWH[�$FFHOHUDWLRQ��09$��>��@��,Q�
WKH�H[SHULPHQWV��DOVR�FRPELQDWLRQV�RI�EDVLF�PHFKDQLVPV��VXFK�DV�6KRFN�:DYH�
$FFHOHUDWLRQ� �6:$�� >��@�� %UHDN�2XW�$IWHUEXUQHU� �%2$�� >��@�� 5HODWLYLVWLF�
7UDQVSDUHQF\� �57�� >�����@� DUH� XVHG�� $OO� WKHVH� PHFKDQLVPV� FDQ� EH�
SDUDPHWUL]HG� LQ� WHUPV� RI� WZR� GLPHQVLRQOHVV� SDUDPHWHUV�� � � paD H �

UHODWLYLVWLF� WUDQVSDUHQF\� SDUDPHWHU� DQG �a p Ld aG  � �� WDUJHW� WKLFNQHVV�

SDUDPHWHU��DSSUR[LPDWHO\�HTXDO�WR�WKH�FROOLVLRQOHVV�VNLQ�GHSWK�GLYLGHG�RYHU�
WKH�UHGXFHG�ODVHU�ZDYHOHQJWK��εp DQG�δa�DUH�GHVFULEHG�DV�>��@��
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ZKHUH�lt�LV�WKH�WDUJHW�WKLFNQHVV��nc�LV�WKH�FULWLFDO�SODVPD�FRQFHQWUDWLRQ�IRU�
WKH� ODVHU� ZDYHOHQJWK��

L Lc Z � DQG� p pd c Z �� $W� a0 = εp�� GHILQHG� DV�

QRUPDOL]HG�VXUIDFH�GHQVLW\��WKH�SODVPD�EHFRPHV�WUDQVSDUHQW���
,Q�)LJ�����WKH�UHJLRQ��,��FRUUHVSRQGV�WR�RYHUGHQVH�RSDTXH�DQG�WKH�UHJLRQ�

�,,����WR�WKH�WUDQVSDUHQW�SODVPD��,Q�UHJLRQ��,���WKH�LRQV�DUH�DFFHOHUDWHG�LQ�WKH�
716$�UHJLPH��7KH�ODVHU�UDGLDWLRQ�LV�DEVRUEHG�E\�HOHFWURQV�LQ�WKH�VNLQ�GHSWK�
RI� WKH� WDUJHW�� ,I� WKH� WDUJHW� LV� UHODWLYHO\� WKLQ� �OHVV� WKDQ� WHQV�RI�PLFURQV���KRW�
HOHFWURQV�FDQ�OHDYH�WKH�UHDU�VLGH�RI�WKH�WDUJHW��IRUPLQJ�D�VKHDWK�ZLWK�HOHFWULF�
FKDUJH� VHSDUDWLRQ�� (OHFWULF� ILHOG� SXOOV� DQG� DFFHOHUDWHV� LRQV� LQ� WKH� GLUHFWLRQ�
QRUPDO�WR�WKH�UHDU�VXUIDFH���

�

Figure 6.�'LIIHUHQW�UHJLRQV�RI�/DVHU�LRQ�DFFHOHUDWLRQ�UHJLPHV��716$��7DUJHW�1RUPDO�
6KHDWK�$FFHOHUDWLRQ���&RXORPE�H[SORVLRQ��5DGLDWLRQ�3UHVVXUH�$FFHOHUDWLRQ� �53$���
DQG�0DJQHWLF�9RUWH[�$FFHOHUDWLRQ��09$��>��@��

7KH�HOHFWURQ�VSHFWUXP�LV�EURDGO\�VSUHDG��KRZHYHU��VRPH�IUDFWLRQ�RI�WKHVH�
HOHFWURQV�UXQ�DZD\�IURP�LRQV�DQG�WKH�UHVW�RI�WKHP�DUH�SXOOHG�EDFN�WRZDUG�LRQV��
,Q� WKH� %UHDNRXW� $IWHUEXUQHU� �%2$�� SKDVH�� WKH� SODVPD� WXUQV� WR� FODVVLFDOO\�
XQGHUGHQVH�EHFDXVH�RI�WKH�LQFUHDVH�RI�UHODWLYLVWLF�PDVV�RI�HOHFWURQV��DQG�WKH�
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ODVHU� FDQ� SURSDJDWH� WKURXJK� WKH� SODVPD�� 7KLV� UHVXOWV� LQ� DQ� HQKDQFHG�
ORQJLWXGLQDO�HOHFWULF�ILHOG�FRPSDUHG�WR�WKH�HDUOLHU�VWDJHV�RI�WKH�LQWHUDFWLRQ��WKDW�
FR�SURSDJDWH� ZLWK� WKH� LRQV�� 7KH� LRQV� DUH� DFFHOHUDWHG� DV� D� EXQFK� WR� KLJK�
HQHUJLHV���

0RVW�RI�WKH�ODVHU�LRQ�DFFHOHUDWLRQ�H[SHULPHQWDO�UHVXOWV�ZHUH�REWDLQHG�LQ�WKH�
716$�UHJLPH��7KH�716$�PHFKDQLVP�LV�HIIHFWLYH�LQ�DFFHOHUDWLQJ�RI�OLJKW�LRQV��
SULPDULO\�SURWRQV�� ,Q� WKH�716$�UHJLPH��SURWRQV�ZLWK� WKH�PD[LPXP�HQHUJ\�
DURXQG� ��� 0H9� ZHUH� DFKLHYHG� >��@�� 7KH� PD[LPXP� SURWRQ� HQHUJ\� LV�
SURSRUWLRQDO� WR� WKH� QRUPDOL]HG� ODVHU� YHFWRU� SRWHQWLDO� aa0~ λLIL

1/2 >��@�� ,Q�
UHJLRQ��,,���WKH�ODVHU�UDGLDWLRQ�LV�VR�LQWHQVH�WKDW�LW�EORZV�RXW�DOPRVW�DOO�HOHFWURQV�
IURP�WKH�WDUJHW�DQG�WKH�&RXORPE�H[SORVLRQ�RFFXUV��

$W�ODVHU�LQWHQVLWLHV�DERYH������:�FP���53$�VWDUWV�WR�GRPLQDWH�RYHU�716$��
6FDOLQJ�ODZV�RI�53$�SUHGLFW�D�PXFK�PRUH�IDYRXUDEOH�JDLQ�RI�WKH�LRQ�HQHUJ\�
Wi~IL

2�UHODWLYH�WR�WKH�716$�UHJLPH��716$�FRQWULEXWLRQ�WR�LRQ�DFFHOHUDWLRQ�
FDQ�EH�UHGXFHG�E\�XVLQJ�FLUFXODU�OLJKW�SRODUL]DWLRQ�RI�D�EHDP��,Q�WKH�DEVHQFH�
RI�DQ�RVFLOODWLQJ�FRPSRQHQW�LQ�WKH� ev Bu �IRUFH��HOHFWURQ�KHDWLQJ�LV�VWURQJO\�
VXSSUHVVHG��$OO�SDUWLFOH�VSHFLHV�DUH�DFFHOHUDWHG�WR�WKH�VDPH�YHORFLW\��ZKLFK�
UHVXOWV� LQ�D�PRQRFKURPDWLF� VSHFWUXP��$W� WKH� WUDQVSDUHQF\� WKUHVKROG�� LQ� WKH�
YLFLQLW\�RI�a0 = εp��OLQH��WKH�FRQGLWLRQV�IRU�LRQ�DFFHOHUDWLRQ�LQ�WKH�53$�UHJLPH�
DUH�UHDOL]HG��7KH�53$�PHFKDQLVP�FDQ�EH�GLYLGHG�LQWR�WZR�UHJLPHV��,Q�FDVH�RI�
WKLFNHU�WDUJHWV�RI�WKH�RUGHU�RI�PLFURPHWHUV��WKH�OLJKW�SUHVVXUH�DFFHOHUDWHV�LRQV�
LQ�+ROH�%RULQJ�RU�6:$�UHJLPH��:KHQ�WKH�WDUJHW�EHFRPHV�VXIILFLHQWO\�WKLQ��
DQG�WKH�KROH�ERULQJ�IURQW�UHDFKHV�WKH�WDUJHW�UHDU��WKH�VR�FDOOHG�/LJKW�6DLOLQJ�
SKDVH�EHJLQV��,Q�WKLV�FDVH��WKH�WKLFNQHVV�EHFRPHV�FRPSDUDEOH�WR�RU�OHVV�WKDQ�
WKH�VNLQ�GHSWK��7KH�WDUJHW�LV�DFFHOHUDWHG�DV�D�ZKROH�E\�WKH�LQFRPLQJ�UDGLDWLRQ�
SUHVVXUH��7KH�LRQ�DFFHOHUDWLRQ�PHFKDQLVPV�LQ�)LJ�����DUH�PRVW�HIILFLHQW�ZKHQ�
δa����DQG�EHORZ�����:�FP��ZKHQ�WKH�UDGLDWLRQ�UHDFWLRQ�LV�LQVLJQLILFDQW��7KH�
HQHUJ\�RI�LRQV�WLS JDLQHG�LQ�/LJKW�6DLOLQJ�UHJLPH�FDQ�EH�HVWLPDWHG�DV�>��@��
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ZKHUH�mi�LV�LRQ�PDVV��Vi�LRQ�YHORFLW\��mp �SURWRQ�PDVV��=�LRQ�FKDUJH�QXPEHU��

DQG� $� LV� DWRPLF� PDVV� QXPEHU�� )RU� WKH� RSWLPDO� /LJKW� 6DLOLQJ�� WKLFNQHVV�
FRQGLWLRQ�UHTXLUHV�α0  ����DQG�a0 = εp��6XEVWLWXWLQJ�lt�IURP�������WKH�HQHUJ\�RI�
LRQV�WLSopt FDQ�EH�HVWLPDWHG�DV��
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)RU�VROLG�GHQVLWLHV��WKH�WDUJHW�WKLFNQHVV�IRU�/LJKW�6DLOLQJ�UHJLPH�KDV�WR�EH�
HTXDO� WR� lt� a� λL/100� RU� a� ��� QP�� 6XFK� XOWUDWKLQ� IRLOV� FDQ� EH� SURGXFHG� E\�
GLDPRQG�OLNH�FDUERQ�IRLO�WHFKQRORJ\�>��@��$OWHUQDWLYHO\��PRUH�GLOXWHG�WDUJHW��
VXFK� DV� GHQVH� JDV� DW� ��������� EDU� RI� SUHVVXUH� RU�&DUERQ�1DQRWXEH� )RDP�
�&1)��FDQ�EH�XVHG��8VLQJ�D�����-�ODVHU�ZLWK�FLUFXODU�SRODUL]DWLRQ�DW���î������
:�FP�� LQWHQVLW\� DQG� a0�§����� 53$� PHFKDQLVP� DOORZHG� WR� UHDFK� ��� 0H9�
HQHUJ\�RI�SURWRQV�IURP����QP�'/&�WDUJHWV�>��@�DQG����0H9�X�HQHUJ\�RI�&���
LRQV�SHU�QXFOHRQ�IURP�GRXEOH����ȝP�&1)�DQG����QP�'LDPRQG�OLNH�FDUERQ�
�'/&��WDUJHWV�>��@���

,Q�UHJLRQV��,,,��DQG��,9���LQ�)LJ�����ZKHUH�δa�!���WKH�SODVPD�LV�XQGHUGHQVH��
)RU�DQ�XOWUDVKRUW�ODVHU�SXOVH�DW�WKH�ERUGHU��EHWZHHQ�GRPDLQV��,,,��DQG��,9���WKH�
SODVPD� WDUJHW� WKLFNQHVV� lt� LV� DSSUR[LPDWHO\� HTXDO� WR� WKH� HQHUJ\� GHSOHWLRQ�
OHQJWK��FRUUHVSRQGLQJ�WR�WKH�a0 = εp�� ,Q�WKLV�UHJLRQ��WKH�ODVHU�SXOVH�GHSRVLWV�
DOPRVW�DOO�LWV�HQHUJ\�LQ�WKH�SODVPD�SURGXFLQJ�D�ODUJH�QXPEHU�RI�IDVW�HOHFWURQV�
LQ�WKH�YLFLQLW\�RI�WKH�WDUJHW�UHDU�VXUIDFH��7KLV�UHVXOWV�LQ�TXDVL�VWDWLF�PDJQHWLF�
ILHOG�JHQHUDWLRQ�RI�09$�UHJLPH��

,Q� WKH� GLVVHUWDWLRQ� ZRUN�� WKH� ODVHU� ZLWK� WKH� LQWHQVLWLHV� RI�
�î��������î�����:�FP��FRUUHVSRQGLQJ�WR�D��EHWZHHQ���DQG���ZHUH�XVHG��7KH�
WDUJHW�WKLFNQHVV�lt�ZDV�a�102- 103îλL DQG�λp!!λL�FRUUHVSRQGLQJ�WR�∝0 <<���$W�
WKHVH� FRQGLWLRQV�� LRQV� FDQ� EH� FRQVLGHUHG� PRWLRQOHVV�� DQG� IXUWKHU�� WKH�
DFFHOHUDWLRQ� RI� LRQV� ZLOO� QRW� EH� GLVFXVVHG�� +RZHYHU�� WKH� WHFKQRORJ\� RI�
VWUXFWXUHG�SODVPD�WDUJHWV��SUHVHQWHG�LQ�WKH�ZRUN��FDQ�EH�RI�JUHDW�LQWHUHVW�IRU�
WKH�IRUPDWLRQ�RI�KLJK�GHQVLW\�JDV� MHWV� IRU� LRQ�DFFHOHUDWLRQ�E\� ODVHU�V\VWHPV�
ZLWK�N+]�UHSHWLWLRQ�UDWH�>���@��$OO�VROLG�DQG�IRDP�WDUJHWV�DUH�GHVWUR\HG�DW�WKH�
LQWHUDFWLRQ�ZLWK�D�ODVHU�SXOVH�DQG�PHFKDQLFDO�FKDQJH�RI�WKH�WDUJHWV�DW�N+]�UDWH�
LV�FKDOOHQJLQJ��)RU�VXFK�V\VWHPV��D�SHUPDQHQW�VXSSO\�RI�FU\RJHQLF�IOXLGV�RU�
KLJK�GHQVLW\�JDVHV�LV�QHFHVVDU\��

���� /:)$�'ULYHQ�6RXUFHV�RI�6HFRQGDU\�5DGLDWLRQ��

,Q�WKLV�ZRUN��WKH�/:)$�VRXUFHV�RI�EHWDWURQ�;�UD\�UDGLDWLRQ�RI�HOHFWURQV�
RVFLOODWLQJ�LQ�DQ�LRQ�FKDQQHO�DUH�LQYHVWLJDWHG��7KH�RWKHU�PDLQ�W\SHV�RI�/:)$�
GULYHQ�;�UD\�DQG�J�UD\�VRXUFHV�DUH�WKH�XQGXODWRU�UDGLDWLRQ��,QYHUVH�&RPSWRQ�
6FDWWHULQJ��,&6���DQG�%UHPVVWUDKOXQJ�UDGLDWLRQ��7KHVH�VRXUFHV�DUH�FRPSDFW�
DQG�GHOLYHU�FROOLPDWHG�IHPWRVHFRQG�FRKHUHQW�DQG�LQFRKHUHQW�UDGLDWLRQ�>����@��
7KH�PDLQ� UDGLDWLRQ�PHFKDQLVP� LV� EDVHG� RQ� WKH� HPLVVLRQ� IURP� DFFHOHUDWHG�
UHODWLYLVWLF� HOHFWURQV�� 7KH� W\SH� RI� PRYLQJ� FKDUJH� V\QFKURWURQ� UDGLDWLRQ�
GHSHQGV�RQ�WKH�HOHFWURQ�WUDMHFWRULHV�DQG�WLPLQJ��7KH�LQWHQVLW\�RI�V\QFKURWURQ�
UDGLDWLRQ�VFDOHV�DV�aNe�IRU�EHQGLQJ�PDJQHW��a�Ne × Npoles�IRU�ZLJJOHU��a�Ne × 
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Npoles
2
�IRU�XQGXODWRU��DQG�a�Ne

2 × Npoles
2
�IRU�)(/��ZKHUH�Ne�LV�WKH�QXPEHU�RI�

HOHFWURQV�DQG�Npoles�LV�WKH�QXPEHU�RI�PDJQHWLF�SROHV�DFFHOHUDWLQJ�HOHFWURQ�>�@��

�

Figure 7.� ,PDJHV� RI� EHWDWURQ� ;�UD\� UDGLDWLRQ� RI� HOHFWURQV� RVFLOODWLQJ� LQ� DQ� LRQ�
FKDQQHO�(a)��VHFRQGDU\�;�UD\�UDGLDWLRQ�RI�,QYHUVH�&RPSWRQ�VFDWWHULQJ�(b)�>��@, J�UD\�
UDGLDWLRQ� RI�%UHPVVWUDKOXQJ� XVLQJ� KLJK�=� FRQYHUWHU�>���@�(c)�� DQG�+LJK�+DUPRQLF�
*HQHUDWLRQ�XVLQJ�D�TXDVL�SKDVH�PDWFKLQJ�JDV�DUUD\�>���@�(d)��

,Q� WKH� FDVH� RI� EHWDWURQ� UDGLDWLRQ�� HOHFWURQV� VLPXOWDQHRXV� WR� WKH� ODVHU�
ZDNHILHOG� DFFHOHUDWLRQ� XQGHUJR� WUDQVYHUVH� RVFLOODWLRQV� LQ� WKH� LRQ� FKDQQHO�
DORQJ� WKH� ORQJLWXGLQDO� D[LV� RI� WKH� SODVPD� ZDYH� �)LJ��D��� 7KLV� PRWLRQ� RI�
UHODWLYLVWLF� HOHFWURQV�� FDOOHG� EHWDWURQ� RVFLOODWLRQV�� SURGXFHV� D� V\QFKURWURQ��
FROOLPDWHG�UDGLDWLRQ�RI�EURDGEDQG�;�UD\V��,Q�WKH�EORZRXW�UHJLPH��WKH�HTXDWLRQ�
RI�PRWLRQ�IRU�DQ�HOHFWURQ�FDQ�EH�GHVFULEHG�E\�VLPSOLILHG�H[SUHVVLRQV�DVVXPLQJ�
D� VSKHULFDO� LRQ� FDYLW\�� 7KH� F\FOLF� IUHTXHQF\� RI� WKH� HOHFWURQ� RVFLOODWLRQ� LV�
H[SUHVVHG�DV� �pEZ Z J ���ZKHUH�Zp LV�WKH�F\FOLF�IUHTXHQF\�RI�WKH�SODVPD��

DQG�γ�LV�WKH�/RUHQW]�IDFWRU�RI�DFFHOHUDWHG�HOHFWURQV��7KH�LRQ�FDYLW\�DFWV�DV�D�
ZLJJOHU�ZLWK�D�SHULRG�ωp�DQG�EHWDWURQ�XQGXODWRU�VWUHQJWK�SDUDPHWHU�KE��ZKLFK�
GHSHQGV�RQ�WKH�LQLWLDO�FRQGLWLRQV�RI�DQ�HOHFWURQV�XSRQ�LQMHFWLRQ�LQWR�WKH�FDYLW\��
HOHFWURQ� HQHUJ\� DQG� EHWDWURQ� RVFLOODWLRQ� UDGLXV� rβ�� 7KH� ZDYHOHQJWK� RI� WKH�
EHWDWURQ�RVFLOODWLRQ�OE�LQ�PLFURQV�FDQ�EH�HVWLPDWHG�DV�>���@��

�
��> @ � ����p pm n cmEO P O J J �ª º  ¬ ¼ �

�
ZKHUH�np20� LV�SODVPD�FRQFHQWUDWLRQ�LQ�FP���UHODWLYH�WR�WKH������FP����7KH�

IXQGDPHQWDO�ZDYHOHQJWK�RI� WKH�EHWDWURQ� UDGLDWLRQ�OrE LQ�QDQRPHWHUV� FDQ�EH�
FDOFXODWHG�DV���
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7KH�EHWDWURQ�XQGXODWRU�VWUHQJWK�SDUDPHWHU KE�FDQ�EH�HVWLPDWHG�XVLQJ�WKH�
UHODWLRQ���
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ZKHUH�kβ=2π/λβ�LV�WKH�HOHFWURQ�RVFLOODWLRQ�ZDYH�YHFWRU��rE�LV�WKH�UDGLXV�RI�
HOHFWURQ�RVFLOODWLRQV�LQ��P��7KH KE LV�W\SLFDOO\�LQ�WKH�UDQJH�RI��������PHDQLQJ�
WKH� HOHFWURQV� DUH� RVFLOODWLQJ� LQ� WKH�ZLJJOHU� UHJLPH�� )RU�.E!!��� WKH� FULWLFDO�
HQHUJ\�RI�EHWDWURQ�UDGLDWLRQ�Wcβ� LQ�SUDFWLFDO�XQLWV�FDQ�EH�GHILQHG�XVLQJ� WKH�
UHODWLRQ��
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ZKHUH�휔cβ�LV�WKH�F\FOLF�FULWLFDO�IUHTXHQF\�RI�EHWDWURQ�RVFLOODWLRQV��7KH�WRWDO�

HQHUJ\� RI� V\QFKURWURQ� UDGLDWLRQ� Wrβtot� HPLWWHG� E\� HOHFWURQ� SHU� XQLW� RI� WKH�
SKRWRQ�HQHUJ\�dWrE�DQG�XQLW�RI�VROLG�DQJOH�dΩ� LQ� WKH�GLUHFWLRQ�RI�WKH� ODVHU�
UDGLDWLRQ� DW� θ� ��� DW� WKH� FULWLFDO� HQHUJ\� Wcβ�� FDQ� EH� FDOFXODWHG� XVLQJ� WKH�
IROORZLQJ�H[SUHVVLRQ�>���@��
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ZKHUH�Wrβ� LV� WKH�SKRWRQ�HQHUJ\�RI� V\QFKURWURQ� UDGLDWLRQ��Nβ� LV� WKH� WRWDO�
QXPEHU�RI�RVFLOODWLRQV�RI�RQH�HOHFWURQ� LQ� WKH�EHWDWURQ� LRQ�FKDQQHO��ħ� LV� WKH�
UHGXFHG�3ODQFN�FRQVWDQW��DQG�K2/3�LV�WKH�PRGLILHG�%HVVHO�IXQFWLRQ�RI�WKH�VHFRQG�
NLQG���

,Q� WKH�H[SHULPHQWDO�ZRUNV�� IRU�ODVHU�HQHUJLHV������-�DQG�SXOVH�GXUDWLRQV�
OHVV�WKDQ�����IV��EHWDWURQ�VSHFWUD�SHDNHG�EHWZHHQ���DQG�����NH9�IURP����0H9�
WR���*H9�HOHFWURQ�EHDPV�KDYH�EHHQ�UHSRUWHG�>�������@��7KH�RVFLOODWLRQ�UDGLL�
ZHUH� LQ� WKH� UDQJH� RI� ������ ȝP�� 7KHUH� KDYH� EHHQ� GHPRQVWUDWLRQV� RI� WKH�
SURGXFWLRQ� RI� V\QFKURWURQ� UDGLDWLRQ� IURP� ODVHU�DFFHOHUDWHG� HOHFWURQV� LQ�
FRQYHQWLRQDO� XQGXODWRUV�� /DVHU�SURGXFHG� HOHFWURQ� EXQFKHV� EHWZHHQ� ��� DQG�
���0H9�ZHUH�LQMHFWHG�LQWR�D���P�ORQJ�XQGXODWRU�KDYLQJ�D�SHULRG�λu� ���FP�
DQG� DQ� XQGXODWRU� VWUHQJWK� SDUDPHWHU� . ����� 7KH� REWDLQHG� V\QFKURWURQ�
UDGLDWLRQ�ZDV�LQ�WKH�YLVLEOH�DQG�LQIUDUHG�SDUW�RI�WKH�VSHFWUXP�����������QP��
DQG�HVWLPDWHG�D�SHDN�VSHFWUDO�EULJKWQHVV�RI�SKRWRQV�ZDV����î����>���@��7KH�
SKRWRQ�HQHUJ\�RI�UDGLDWLRQ�ZDV�OLPLWHG�E\�WKH�VL]H�RI�WKH�XQGXODWRU�SHULRG�DQG�
HQHUJ\� RI� HOHFWURQV� DYDLODEOH�� 7KH� FRQFHSW� RI� RSHUDWLRQ� LV� RI� VLJQLILFDQW�
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LQWHUHVW�IRU�WKH�GHYHORSPHQW�RI�D�FRPSDFW�IUHH�HOHFWURQ�ODVHU�EDVHG�RQ�D�ODVHU�
SODVPD�DFFHOHUDWRU���

,Q�WKH�,QYHUVH�&RPSWRQ�6FDWWHULQJ��,&6��SURFHVV��WKH�UHODWLYLVWLF�HOHFWURQ�
LV�VFDWWHUHG�E\�D�ODVHU�SKRWRQ�ZKHUHE\�WKH�HQHUJ\�RI�DQ�HOHFWURQ�LV�XSVKLIWHG�
�)LJ���E��>��@�� ,Q� WKH� UHVW� IUDPH�� HOHFWURQ� VHHV� WKH� 'RSSOHU� XSVKLIWHG�
HOHFWURPDJQHWLF�ILHOG�IURP�WKH�ODVHU�DQG�VFDWWHUV�WKH�OLJKW�LQ�D�FODVVLF�GLSROH�
UDGLDWLRQ�SDWWHUQ��$�VHFRQG�XSVKLIW�RFFXUV�ZKLOH�UHWXUQLQJ�WR�WKH�ODE�IUDPH��,I�
WKH�VFDWWHULQJ�ODVHU�YHFWRU�SRWHQWLDO�LV�VXFK�WKDW�D��≪����&RPSWRQ�VFDWWHULQJ�
HPLVVLRQ� LV� PRVWO\� DW� WKH� IXQGDPHQWDO� λICS� DQG� LQ� WKH� FDVH� RI� D� KHDG�RQ�
FROOLVLRQ��φ �������FDQ�EH�FDOFXODWHG�DV��
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,W�FRUUHVSRQGV�WR�WKH�XQGXODWRU�UDGLDWLRQ�ZLWK�WKH�XQGXODWRU�SHULRG�λu� �λL���
DQG� VWUHQJWK� SDUDPHWHU� > @�� � �
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��7KH� ,&6�

SKRWRQ�HQHUJ\�LQ�NH9�LQ�SUDFWLFDO�XQLWV�FDQ�EH�H[SUHVVHG�DV�>��@��
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7KH� &RPSWRQ� VFDWWHULQJ� FURVV�VHFWLRQ� LV� YHU\� VPDOO�
�σcompt� ������î���í���FPí����7KHUHIRUH��D�KLJK�GHQVLW\�RI�HOHFWURQV�DQG�SKRWRQV�
DQG� KLJK�TXDOLW\� EHDPV� DW� WKH� LQWHUDFWLRQ� SRLQW� DUH� UHTXLUHG�� ,Q� WKH� ,&6�
H[SHULPHQWV��WXQHDEOH�������NH9���TXDVL�PRQRFKURPDWLF�;�UD\�EHDP�IURP�D�
PRGHVW� ODVHU� V\VWHP� ��� 7:�ZLWK� ORZ� GLYHUJHQFH�ZDV� UHSRUWHG�� ����0H9�
HOHFWURQV�DFFHOHUDWHG�E\�D�����-����IV�ODVHU��SURGXFHG�;�UD\�UDGLDWLRQ�EHWZHHQ�
���� NH9� DQG� �� 0H9� >���@�� DV� ZHOO� DV� ����� 0H9� JDPPD�UD\V� ��î����
SKRWRQV�VKRW��XVLQJ�D�VFDWWHULQJ�ODVHU��GRXEOHG�LQ�IUHTXHQF\�E\�D�.'3�FU\VWDO�
>���@�� 7KH� HIILFLHQF\� RI� ODVHU� HQHUJ\� FRQYHUVLRQ� LQWR� γ�UD\� ZHUH�
DSSUR[LPDWHO\� ���� ,Q� WKLV� VFKHPH�� QRQOLQHDU� VSHFWUDO� EURDGHQLQJ� RI� WKH�
VFDWWHUHG�;�UD\�FDQ�EH�UHGXFHG�E\�FKLUSLQJ�WKH�VFDWWHULQJ�ODVHU�SXOVH��ZKLFK�
\LHOGV�D�VLJQLILFDQW�LQFUHDVH�LQ�WKH�,&6�VRXUFH�EULJKWQHVV�>���@��

,Q�WKH�FDVH�RI�%UHPVVWUDKOXQJ��/:)$�HOHFWURQV�SURSDJDWH�WKURXJK�D�KLJK�
=�PDWHULDO�FRQYHUWHU�DQG�DUH�GHIOHFWHG�E\�WKH�EDFNJURXQG�LRQV��)LJ���F��>���@��
'XULQJ� WKH� GHIOHFWLRQ� WLPH�� D� IODW� VSHFWUXP� RI� %UHPVVWUDKOXQJ� UDGLDWLRQ� LV�
JHQHUDWHG�ZLWK�WKH�IUHTXHQFLHV�FRPSDUDEOH�WR�WKH�LQYHUVH�FROOLVLRQ�WLPH�DQG�
H[SRQHQWLDOO\�IDOOLQJ�RII�IRU�KLJKHU�IUHTXHQFLHV��)HPWRVHFRQG�%UHPVVWUDKOXQJ�
SURGXFHG�E\�/:)$�HOHFWURQV�LV�PRUH�FROOLPDWHG������WKDQ�γ��UD\V�IURP�GLUHFW�
LUUDGLDWLRQ� RI� VROLG� WDUJHWV� �!����� DQG� H[FHHGV� WKH� \LHOG� RI� γ� �UD\V� E\� WZR�
RUGHUV� RI� PDJQLWXGH� >�������@�� (OHFWURQ� EHDPV� ZLWK� WKH� HQHUJ\� DURXQG�
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���0H9��LQWHUDFWLQJ�ZLWK�D�WDQWDOXP�FRQYHUWHU��KDYH�EHHQ�XVHG�WR�SURGXFH�γ�
UD\V�ZLWK�D�VPDOO�VRXUFH�VL]H������ȝP��DQG�ORZ�GLYHUJHQFH��D�IHZ�GHJUHHV���
7KH�VRXUFH�GXUDWLRQ�ZDV�RI�WKH�RUGHU�RI�WKH�ODVHU�SXOVH�GXUDWLRQ�����IV���DQG�
WKH�SKRWRQ�GRVH�ZDV�RQ�WKH�RUGHU�RI���*\�D�IHZ�FHQWLPHWUHV�IURP�WKH�VRXUFH��
$SSUR[LPDWHO\�����SKRWRQV�SHU�VKRW�ZHUH�JHQHUDWHG�LQ�WKH������0H9�γ��UD\�
UHJLRQ�E\�������0H9�/:)$�HOHFWURQ�EHDPV�SURGXFHG�ZLWK�D����7:�ODVHU�
V\VWHP� DQG� FURVVLQJ� D� �� PP� WDQWDOXP� VODE� >���@�� 7KH� HVWLPDWHG� VRXUFH�
EULJKWQHVV� ZDV� ����������� LQ� SKRWRQV�V�PUDG��PP������� %:�� 7KH� PDLQ�
SDUDPHWHUV�RI�ODVHU�DQG�QRQ�ODVHU�;�UD\�VRXUFHV�DUH�SUHVHQWHG�LQ�7DEOH����

7KH�GHYHORSPHQW�RI�WDEOH�WRS�;�UD\�DQG�Ȗ�VRXUFHV�UHTXLUHV�IXUWKHU�UHVHDUFK�
DQG�RSWLPL]DWLRQ�RI�SODVPD�WDUJHWV��7DLORUHG�SODVPD�FKDQQHOV�DUH�RI�LQWHUHVW�
IRU�RSWLPL]DWLRQ�RI�EHWDWURQ�UDGLDWLRQ�DLPLQJ�WR�LQFUHDVH�WKH�FULWLFDO�HQHUJ\��
WKH�QXPEHU�RI�SKRWRQV�SHU� VKRW�DQG�EULJKWQHVV�RI�;�UD\�DQG�J�UD\�VRXUFHV��
7XQLQJ�RI�EHWDWURQ�UDGLDWLRQ�LV�LPSOHPHQWHG�XVLQJ�WZR�VWDJH�QR]]OHV��7KH�ILUVW�
QR]]OH�ZLWK�ORZHU�SODVPD�FRQFHQWUDWLRQ�FDQ�EH�RSWLPL]HG�IRU�WKH�DFFHOHUDWLRQ�
RI�HOHFWURQV��DQG�WKH�VHFRQG�RQH���ZLWK�KLJKHU�FRQFHQWUDWLRQ���FDQ�EH�XVHG�IRU�
IRFXVLQJ��)LJ���D��>���@�RU�DFW�DV�D�SODVPD�UDGLDWRU��)LJ���E��>�������@���

�

Figure 8.� ,PDJHV� RI� WDLORUHG� SODVPD� SURILOHV� XVHG� IRU� WKH� FRQWURO� RI� VHFRQGDU\�
UDGLDWLRQ��SODVPD�OHQV�RI�WKH�HOHFWURQ�EHDP�>���@�(a)�DQG�SODVPD�UDGLDWRU�>���@�(b)��

�
$GGLWLRQDOO\�� SODVPD� FRQFHQWUDWLRQ� FDQ� EH� LQFUHDVHG� E\� FU\RJHQLFDOO\�

FRROLQJ� >���@� DQG� FOXVWHU� IRUPDWLRQ� LQ� JDV� MHWV� >���@�� 7KH� HIILFLHQF\� RI�
EHWDWURQ�UDGLDWLRQ�FDQ�EH�UDLVHG�E\�LQFUHDVLQJ�RI�EHWDWURQ�UDGLXV�XVLQJ�DQ�RII�
D[LV� LQMHFWLRQ� RI� HOHFWURQ� EHDP� >���@� RU� D� VHFRQG� ODVHU� SXOVH� >���@�� 7KH�
EHWDWURQ�;�UD\�UDGLDWLRQ�LQFUHDVHV�E\�GLUHFW�ODVHU�DFFHOHUDWLRQ�RI�HOHFWURQV�LQ�
WKH�SODVPD�ZDNH� >���@��E\�DSSO\LQJ�RI� WKH�HOHFWULFDO� ILHOG�RI�RSWLFDO� ODWWLFH�
>���@��QDQRVWUXFWXUHV�>�������@��PDJQHWLF�ILHOGV�RI�SODVPD�>���@���
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7KH� UHVRQDQW� WLPLQJ� DQG� SKDVH� RI� LQMHFWLRQ� >���@� DQG� D[LDOO\� PRGXODWHG�
SODVPD� ILHOG�PDWFKHG� WR� WKH� KDOI� RI� WKH� EHWDWURQ� SHULRG� >���@� LQFUHDVH� WKH�
EULJKWQHVV�RI�;�UD\�UDGLDWLRQ���

7KH�VWUXFWXUHG�SODVPD�FRQFHQWUDWLRQ�SURILOHV� LQ� WKH� LQMHFWRU�DQG�ZLJJOHU�
JHRPHWU\�GLVFXVVHG�LQ�WKLV�ZRUN�FDQ�EH�XVHG�IRU�WKH�HQKDQFHPHQW�RI�EHWDWURQ�
RVFLOODWLRQ��IRUPDWLRQ�RI�HOHFWURQ�EHDPV�RI�,&6�DQG�%UHPVVWUDKOXQJ�VRXUFHV��
DV�ZHOO�IRU�LQFUHDVLQJ�WKH�++*�\LHOG�XVLQJ�D�TXDVL�SKDVH�PDWFKLQJ�JDV�DUUD\�
�)LJ���G��>������@�� /:)$�;�UD\� VRXUFHV� KDYH� WKH� SRWHQWLDO� IRU� GLDJQRVWLF�
DSSOLFDWLRQV��/:)$�EHWDWURQ�;�UD\V�JHQHUDWHG�IURP�D�VPDOO�VRXUFH�LQVLGH�WKH�
SODVPD� ZDNHILHOG� DUH� VXLWDEOH� IRU� OHQV�OHVV� SKDVH�FRQWUDVW� LPDJLQJ� RI�
ELRPHGLFDO� REMHFWV�� 7KH� FRVWV� RI� ODE�EDVHG� DQG� PHGLFDO� ;�UD\� JHQHUDWRUV�
W\SLFDOO\� UDQJHV� IURP� WHQV� WR� KXQGUHGV� RI� WKRXVDQG� HXURV�� /DUJH�VFDOH�
IDFLOLWLHV�XVXDOO\�QHHG�DQ�LQYHVWPHQW�RI�VHYHUDO�KXQGUHG�PLOOLRQ�HXURV��DQG�LW�
LV�PRVWO\�OLPLWHG�WR�UHVHDUFK�SXUSRVHV�>�@��7KH�VRXUFHV�ZLWK�D�EULJKWQHVV�RI���
�� RUGHUV� DERYH�PHGLFDO�;�UD\� JHQHUDWRUV�� L�H��� LQ� WKH� UDQJH� RI� ����� WR� �����
SK�V�PP��PUDG������� %:� ZRXOG� EH� VXIILFLHQW� IRU� PRVW� ;�UD\� LPDJLQJ�
PHWKRGV��/DVHU�GULYHQ�;�UD\�VRXUFHV�FDQ�GHOLYHU�WKH�UHTXLUHG�TXDOLW\�RI�;�UD\�
UDGLDWLRQ� DW� SULFHV� VLJQLILFDQWO\� EHORZ� WKH� ODUJH�VFDOH� V\QFKURWURQ� UHVHDUFK�
IDFLOLWLHV��

Ȗ�UD\� RI� /:)$� ,&6� DQG� %UHPVVWUDKOXQJ� VRXUFHV� FDQ� EH� XVHG� IRU�
UDGLRJUDSK\� DQG� QRQ�GHVWUXFWLYH� LQVSHFWLRQ� RI� FDUJR� FRQWDLQHUV� RU� ZHOGHG�
VWUXFWXUHV� �SLSHV�� YHVVHOV�� WDQNV��� Ȗ�UD\V� DQG� QHXWURQV� IURP� /:)$� FDQ� EH�
LPSOHPHQWHG�IRU�WKH�WUDQVPXWDWLRQ�RI�QXFOHDU�ZDVWH�DQG�DFWLYH�LQWHUURJDWLRQ��
/:)$�GULYHQ� VHFRQGDU\� UDGLDWLRQ� SUHVHQWV� VHYHUDO� DGYDQWDJHV� VXFK� DV� D�
PLFURPHWULF� VRXUFH� VL]H� IRU� JRRG� VSDWLDO� UHVROXWLRQ�DQG� IHPWRVHFRQG�SXOVH�
GXUDWLRQ�IRU� WLPH�UHVROYHG�VWXGLHV��8OWUDVKRUW�/:)$�VRXUFHV�DUH�HVSHFLDOO\�
VXLWDEOH�SXPS�SUREH�WHFKQLTXHV�IRU�LQYHVWLJDWLRQ�RI�WUDQVLHQW�SKHQRPHQD�LQ�
ELRFKHPLVWU\��PDWHULDO�VFLHQFH��DQG�VWDWHV�RI�H[WUHPH�PDWWHU�>�@��

���� 0LFURQR]]OH�0DQXIDFWXULQJ�7HFKQLTXHV�

,PSOHPHQWDWLRQ�RI�VHSDUDWH�SODVPD�VWDJHV�IRU�LQMHFWLRQ�DQG�DFFHOHUDWLRQ�RI�
HOHFWURQ� DV� ZHOO� DV� ;�UD\� JHQHUDWLRQ� LQFUHDVHV� PHFKDQLFDO� FRPSOH[LW\� RI�
/:)$�V\VWHP��7KH�VWUXFWXUHG�SODVPD�WDUJHWV�DUH�KDUG�WR�UHDOL]H�LQ�WKH�FDVH�RI�
XOWUD�VKRW�ODVHU�SXOVH�GXUDWLRQ������IV���ZKHUH�GHSKDVLQJ�OHQJWK�FRXOG�EH�OHVV�
WKDQ� ����PP�>�����@�� 7KH� VWUXFWXUHG� SODVPD� WDUJHWV� FDQ� EH� IRUPHG� XVLQJ�
VXSHUVRQLF�PLFURQR]]OH�DUUD\V�SURGXFLQJ�ORQJLWXGLQDO�JDV�SURILOHV�RI�YDU\LQJ�
FRQFHQWUDWLRQ��7KH�PDQXIDFWXULQJ�DQG�RSHUDWLRQ�RI�QR]]OH�DUUD\V�DUH�VLPSOHU�
FRPSDUHG�WR�WKH�LQVWDOODWLRQ�RI�JDV�FDSLOODULHV�RU�JDV�FHOOV���
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-HW�QR]]OHV�IRU�JDV�LQMHFWLRQ�LQWR�WKH�ODVHU�LQWHUDFWLRQ�DUHD�FDQ�EH�IDEULFDWHG�
IURP� GLIIHUHQW�PDWHULDOV� XVLQJ� YDULRXV�PHFKDQLFDO�PDFKLQLQJ�� HWFKLQJ�� DQG�
VWHUHROLWKRJUDSK\�EDVHG�WHFKQRORJLHV��)LJ�����>�������@��7KH�QR]]OH�PDWHULDOV�
VKRXOG� EH� UHVLVWDQW� WR� KDUVK� RSHUDWLRQDO� FRQGLWLRQV�� ,QGHSHQGHQWO\� RI� WKH�
GHVLJQ��WKH�PRVW�FKDOOHQJLQJ�LV�WKH�PDQXIDFWXULQJ�RI�WKH�QR]]OH�LQQHU�VXUIDFH�
GHILQLQJ�WKH�JDV�IORZ��7KH�PHWDO�&1&�PDFKLQLQJ�LV�WLPH�FRQVXPLQJ�DQG�LV�
QRW� VXLWDEOH� IRU� IDEULFDWLQJ� FRPSOH[� VWUXFWXUHV� ZLWK� D� KLJK� DVSHFW� UDWLR� RI�
FKDQQHOV� �)LJ�� �GH��� 6WHUHROLWKRJUDSK\�EDVHG� PHWKRGV� DOORZ� UDSLG�
PDQXIDFWXULQJ� IURP�SODVWLFV�DQG�PHWDOV�RI�FXVWRP�VKDSHG�QR]]OHV�GRZQ� WR�
���� ȝP� VL]H� DW� D� ORZ� FRVW� �)LJ���DE��>���@�� +RZHYHU�� DGGLWLRQDO� SRVW�
SURFHVVLQJ�� SROLVKLQJ� RI� VXUIDFHV�� WKH� RSHQLQJ� RI� EORFNHG� DSHUWXUHV� DUH�
UHTXLUHG�� 7KH� DYDLODEOH� PDWHULDOV� DUH� RI� PRGHUDWH� UHVLVWDQFH�� ,Q� WKH� VXE�
PLOOLPHWUH�VFDOH��WKH�SULQWHG�KROHV�IDLO�LQ�PDLQWDLQLQJ�WKH�FLUFXODU�VKDSH��DQG�
WKH�DFKLHYDEOH�DVSHFW�UDWLR�LV�FORVH�WR�RQH�>���@��

�

Figure 9.�,PDJHV�RI�PLFURQR]]OHV�IDEULFDWHG�XVLQJ��'�SULQWLQJ�(a)��ODVHU�VLQWHULQJ�(b)��
HOHFWUR�HURVLRQ�(d,e) >�������@��DQG��'�ODVHU�PLFURIDEULFDWLRQ�IURP�IXVHG�VLOLFD�(c, f) 
>�������@��

,PSOHPHQWDWLRQ�RI�IXVHG�VLOLFD�IRU�WKH�PDQXIDFWXULQJ�RI�PLFURQR]]OHV�LV�DQ�
DWWUDFWLYH�DQG�FRVW�HIIHFWLYH�DOWHUQDWLYH��)LJ���FI���)XVHG�VLOLFD�QR]]OHV�KDYH�
E\�DQ�RUGHU�RI�PDJQLWXGH�KLJKHU�RSWLFDO�GDPDJH�WKUHVKROG�>���@�FRPSDULQJ�WR�
SRO\PHULF� VWUXFWXUHV�>���@�� 7KH� DEODWLRQ� WKUHVKROG� RI� IXVHG� VLOLFD� >���@� LV�
VHYHUDO�WLPHV�ODUJHU�WKDQ�IRU�PHWDOV�>���@��7KH�VRIWHQLQJ�WHPSHUDWXUH�RI�IXVHG�
VLOLFD�LV�ODUJHU�WKDQ�WKDW�RI�SODVWLFV�DQG�WKH�PHOWLQJ�SRLQW�RI�PHWDOV��VXFK�DV�
DOXPLQLXP�� FRSSHU� RU� LURQ�>���@�� 6WDLQOHVV�VWHHO� QR]]OHV� XVHG� IRU� SODVPD�
WDUJHWV� LQ� ODVHU� V\VWHPV� RSHUDWLQJ� DW� N+]� UHSHWLWLRQ� UDWH� VWDUW� WR� VKRZ�
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WXUEXOHQFH� DIWHU� OHVV� WKDQ� ���� VKRWV�>���@�� 7KH� IXVHG� VLOLFD� QR]]OHV� HQVXUH�
UHOLDEOH�RSHUDWLRQ�DIWHU�����î�����VKRWV�>���@���

7KH� IXVHG� VLOLFD� QR]]OHV� DUH� IUDJLOH� KRZHYHU�� DQG� DW� EDFNLQJ� SUHVVXUHV�
H[FHHGLQJ� ���� EDU� KDYH� WR� EH� KDQGOHG� ZLWK� FDUH�� ,Q� WKH� UDQJH� RI� PRGHVW�
SUHVVXUHV� RI� ������ EDU� WKH� RSHUDWLRQ� WLPH� RI� IXVHG� VLOLFD� QR]]OHV� LV� PXFK�
ORQJHU� FRPSDUHG� WR� PHWDOOLF� RU� SRO\PHULF� QR]]OHV�� 1HYHUWKHOHVV�� WKH�
SURFHVVLQJ� SUHFLVLRQ� DQG� WKH� VSHHG� RI� JODVV\� PDWHULDOV� UDLVH� LVVXHV�� 7KH�
SHUIRUPDQFH�RI�GLUHFW�ODVHU�DEODWLRQ� LV� OLPLWHG� LQ� WKH�FDVH�RI� WKLFN�VDPSOHV��
3ODVPD�VKLHOGLQJ�� VFDWWHULQJ� IURP� WKH�VLGHZDOOV��GHEULV�DFFXPXODWLRQ� FUHDWH�
VHULRXV� FKDOOHQJHV�� SUHYHQWLQJ� IDEULFDWLRQ� RI� GHHS� DQG� WDSHU�OHVV� VWUXFWXUHV�
>���@��2QH�RI�WKH�VROXWLRQV�LV�WR�UHPRYH�WKH�PDWHULDO�IURP�WKH�UHDU�VLGH�RI�D�
VDPSOH�� ZKLFK� LV� XVXDOO\� UHIHUUHG� WR� DV� WKH� UHDU�VLGH� SURFHVVLQJ�� EDFN�VLGH�
DEODWLRQ�RU�ERWWRP�XS�WHFKQLTXH�>�������@��7KH�RYHUYLHZ�DQG�FRPSDULVRQ�RI�
YDULRXV� PLFUR�KROH� GULOOLQJ� WHFKQLTXHV� LQ� JODVV� FRXOG� EH� IRXQG� LQ� >���@��
/LTXLG�DVVLVWHG� IHPWRVHFRQG� ODVHU� GULOOLQJ� DOORZV� PDQXIDFWXULQJ� RI� KLJK�
DVSHFW�UDWLR�KROHV��������DW�WKH�VSHHG�RI�VHYHUDO�ȝP�V�>���@��7KH�GULOOLQJ�GHSWK�
LV�OLPLWHG�E\�WKH�DFFXPXODWLRQ�DQG�UHGHSRVLWLRQ�RI�WKH�SURFHVVLQJ�GHEULV�>���@��
7KH�UHGHSRVLWLRQ�DQG�DFFXPXODWLRQ�HIIHFWV�FDQ�EH�UHGXFHG�E\�WLJKWO\�IRFXVLQJ�
QDQRVHFRQG�ODVHU�SXOVHV��ZKLFK�LQGXFH�PLFUR�FUDFNV�LQ�WKH�JODVV��8VLQJ�WKLV�
PHWKRG�� WKH�PDWHULDO�FDQ�EH� UHPRYHG�DV� ODUJH�SDUWLFOHV�ZLWK� WKH� VL]H�XS� WR�
KXQGUHGV�RI�PLFURQV�>�������@��7KLV�WHFKQLTXH�FDQ�EH�DSSOLHG�IRU�WKH�UHPRYDO�
RI� ODUJH�VFDOH�YROXPH��+RZHYHU�� LW� LV�QRW� VXLWDEOH� IRU� WKH�PDQXIDFWXULQJ�RI�
FKDQQHOV�ZLWK�GLDPHWHU�OHVV�WKDQ�����ȝP�DQG�WKH�VXUIDFH�TXDOLW\�LV�PRGHUDWH��
7KH�SHUIRUPDQFH�RI�D�JDV�MHW�QR]]OH�GHSHQGV�RQ�LWV�GLPHQVLRQV�DQG�WKH�ZDOO�
URXJKQHVV��7KH�VXUIDFH�URXJKQHVV�DQG�ZDYLQHVV� UHGXFH� WKH�SHUIRUPDQFH�RI�
WKHVH� QR]]OHV� >�����������@�� 7KH� IHPWRVHFRQG� ODVHU�DVVLVWHG� VHOHFWLYH�
FKHPLFDO�HWFKLQJ�WHFKQLTXH��)/6(��LPSURYHV�WKH�DYHUDJH�VXUIDFH�URXJKQHVV�
RI� WKH�PLFURFKDQQHO�PRUH� WKDQ���� WLPHV�FRPSDUHG� WR�QDQRVHFRQG�UHDU�VLGH�
SURFHVVLQJ� >�������@��+RZHYHU�� GXH� WR� WKH� ORQJ� IDEULFDWLRQ� WLPH�� LW� LV� OHVV�
FRPSHWLWLYH�LQ�WKH�SURFHVVLQJ�RI�KLJK�YROXPH�SDUWV���

,Q�WKLV�ZRUN��WKH�PLFURQR]]OHV�XVLQJ�ODVHU�DVVLVWHG�K\EULG�PLFURIDEULFDWLRQ�
WHFKQLTXH�ZHUH�PDQXIDFWXUHG��7KH� ODUJH� YROXPH� RI� JODVV�ZDV� UHPRYHG� E\�
QDQRVHFRQG�SXOVHV��DQG�WKH�ILQDO�PLFUR�KROHV�ZHUH�PDQXIDFWXUHG�E\�WKH�)/6(�
WHFKQLTXH�� /DVHU�DVVLVWHG� K\EULG� PLFURIDEULFDWLRQ� WHFKQLTXH� >�������@� RI�
IXVHG�VLOLFD�DOORZHG�WKH�IRUPDWLRQ�RI�FHQWLPHWUH�VL]H�IUDPH�DQG�FKDQQHOV�RI�
WKH�GLDPHWHU�OHVV�WKDQ����ȝP�ZLWK�WKH�VXUIDFH�URXJKQHVV�����ȝP�IURP�D�VLQJOH�
EORFN��7KH�IRUPDWLRQ�TXDOLW\�H[FHHGV�WKH�SUHFLVLRQ�RI��'�SULQWLQJ��)LJ���DE��
>���@�DQG�HOHFWUR�HURVLRQ�WHFKQLTXH��)LJ���GH��>�������@��

� �
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���� ([SHULPHQWDO�6HWXS�

7KH�H[SHULPHQWDO�ZRUN�RI�WKH�WKHVLV�ZDV�GRQH�DW�/XQG�/DVHU�&HQWHU��//&��
DQG�/DERUDWRLUH�G¶2SWLTXH�$SSOLTXp��/2$��RI�&156���(FROH�3RO\WHFKQLTXH�
�(3��DQG�(167$�3DULVWHFK��7KH�DFFHVV�WR�WKH�ODVHU�IDFLOLWLHV�ZDV�VXSSRUWHG�
E\�(XURSHDQ�8QLRQ¶V�+RUL]RQ������5HVHDUFK�DQG�,QQRYDWLRQ�SURJUDP�XQGHU�
$5,(6�*UDQW�$JUHHPHQW� �������� DQG� E\� /DVHUODE�(XURSH��+����� SURMHFW�
(&�*$���������7KH�PDLQ�ZRUN�UHODWHG�WR�WKH�UHVHDUFK�RI�VHFRQGDU\�;�UD\�
UDGLDWLRQ�ZDV�GRQH�DW����7:����IV�ODVHU�LQ�/XQG�/DVHU�&HQWHU��$IWHUZDUGV��WKH�
QR]]OH�PLFURIDEULFDWLRQ�WHFKQRORJ\�SURSRVHG�LQ�WKH�WKHVLV�ZDV�LPSOHPHQWHG�
IRU�WKH�PDQXIDFWXULQJ�RI�QRYHO�QR]]OHV�GHVLJQHG�E\�/2$��7KH�SODVPD�WDUJHWV�
FUHDWHG�E\�WKHVH�QR]]OHV�ZHUH�XVHG�IRU�WKH�/:)$�RI�HOHFWURQV�E\�IHZ�F\FOH�
����7:���IV���N+]�ODVHU��7KH�HQHUJ\�DQG�VSDWLDO�GLVWULEXWLRQ�RI�DFFHOHUDWHG�
HOHFWURQV�XVLQJ�VWUXFWXUHG�SODVPD�WDUJHWV�DW�//&�H[SHULPHQW�ZHUH�QXPHULFDOO\�
VLPXODWHG� XVLQJ� WKH� )%3,&� 3,&� �3DUWLFOH� LQ� &HOO�� DOJRULWKP�>���@�� 7KH�
REWDLQHG�UHVXOWV�ZHUH�SRVW�SURFHVVHG�WR�HYDOXDWH�WKH�QXPEHU�RI�;�UD\�SKRWRQV�
SHU�VKRW�DQG�WKH�EULJKWQHVV�RI�HOHFWURQ�JHQHUDWHG�EHWDWURQ�UDGLDWLRQ�XVLQJ�WKH�
DQDO\WLFDO� H[SUHVVLRQV� >���@�� 7KH� FRQFHQWUDWLRQV�� YHORFLWLHV�� SUHVVXUHV� DQG�
WHPSHUDWXUHV�RI�WKH�JDV�MHWV�ZHUH�FDOFXODWHG�XVLQJ�WKH�2SHQ)2$0�VRIWZDUH�
>���@���

�

Figure 10.�([SHULPHQWDO� VHWXS�RI� WKH� ODVHU�ZDNHILHOG�DFFHOHUDWLRQ�RI�HOHFWURQV�DQG�
PHDVXUHPHQW�RI�EHWDWURQ�UDGLDWLRQ�RI����7:����IV�/XQG�/DVHU�&HQWUH�IDFLOLWLHV�>���@��

7KH�H[SHULPHQWDO�VHWXS�RI�WKH�//&�H[SHULPHQW�LV�VKRZQ�LQ�)LJ������)RU�WKH�
ODVHU�ZDNHILHOG�DFFHOHUDWLRQ�DQG�PHDVXUHPHQW�RI�VHFRQGDU\�;�UD\�UDGLDWLRQ��



���
�

WKH�����QP�����-�7L�6D�ODVHU�DW�WKH�UHSHWLWLRQ�UDWH����+]�ZLWK�D�SXOVH�GXUDWLRQ�
RI����IV�DQG�SXOVH�HQHUJ\�RQ� WKH� WDUJHW�RI���������P-�ZDV�XVHG��7KH� ODVHU�
EHDP�ZDV�IRFXVHG�RQ�WKH�JDV�MHW�LQ�D�YDFXXP�XVLQJ�D���LQFK�RIIVHW�SDUDEROD�
ZLWK� WKH�IRFDO�OHQJWK�RI�����PP�OHDGLQJ�FRUUHVSRQGLQJO\� WR�D�IRFDO�VSRW�RI�
���P�):+0��7KH�DEHUUDWLRQ�FRUUHFWLRQ�RI�WKH�ODVHU�EHDP�KDV�EHHQ�FRQWUROOHG�
E\�D�GHIRUPDEOH�PLUURU��ZKLFK�HQVXUHG�WKH�KLJK�TXDOLW\�RI�WKH�IRFXVHG�EHDP��
7KH�ODVHU�SRODUL]DWLRQ�ZDV�KRUL]RQWDO�DORQJ�WKH�[�D[LV��7KHVH�ODVHU�SDUDPHWHUV�
FRUUHVSRQG� WR� WKH� SHDN� LQWHQVLW\� RI� ���� î� �����:� FPí�� DQG� ODVHU� VWUHQJWK�
SDUDPHWHU�D��≃������7KH�ODVHU�VWUHQJWK�SDUDPHWHU�D��ZDV�GHILQHG��DVVXPLQJ�WKH�
SHDN�SRZHU�RI�D�VHFK��ODVHU�SXOVH�LV�§ �����WLPHV�WKH�SXOVH�HQHUJ\�GLYLGHG�E\�
WKH�):+0�SXOVH�GXUDWLRQ��/:)$�SDUDPHWHUV�XVHG�LQ�WKH�//&�H[SHULPHQW�DUH�
SUHVHQWHG�LQ�7DEOH����

Table 3.�/:)$�SDUDPHWHUV�RI�//&�H[SHULPHQW�>���@��

� *HRPHWU\�

/DVHU�
VWUHQJWK�
SDUDPHWHU�
D��

*DV�
FRQFHQWUD�
WLRQ��FP���

/DVHU�VSRW�
):+0��
PP�

*DV�

��� ,QMHFWRU� ���� �[����� �� +H�
��� ,QMHFWRU� ���� �[����� �� +H���1��
��� :LJJOHU� ���� �[����� �� +H���1��
�
7KH�H[SHULPHQWDO�VHWXS�RI�WKH�ODVHU�ZDNHILHOG�DFFHOHUDWLRQ�RI�HOHFWURQV�DW�

/2$�LV�SUHVHQWHG�LQ�)LJ������

�

Figure 11.�([SHULPHQWDO�VHWXS�RI�WKH�ODVHU�ZDNHILHOG�DFFHOHUDWLRQ�RI�HOHFWURQV�RI�����
7:���IV���N+]�/2$�6DOOH�QRLU�ODVHU�V\VWHP�>���@���
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7KH�H[SHULPHQW�ZDV�FRQGXFWHG�XVLQJ�WKH�6DOOH�1RLUH�ODVHU�V\VWHP�DW�/2$��
ZKLFK�SURYLGHV����P-�����IV�):+0�ODVHU�SXOVHV�DW�NLORKHUW]�UHSHWLWLRQ�UDWH��
ZLWK�D�FHQWUDO�ZDYHOHQJWK�Ȝ�� �����QP��7KH�SXOVH�ZDV�SRVW�FRPSUHVVHG�LQ�D�
KHOLXP�ILOOHG�+ROORZ�&RUH�)LEHU��+&)��>���@��7KURXJK�D�SDLU�RI�PRWRUL]HG�
IXVHG�VLOLFD�ZHGJHV��WKH�DPRXQW�RI�GLVSHUVLRQ�WR�ILQH�WXQH�SXOVH�FRPSUHVVLRQ�
RU�DGG�FKLUS�WR�WKH�SXOVH�ZDV�FRQWUROOHG��7KH�SXOVH�WHPSRUDO�LQWHQVLW\�SURILOH�
XVLQJ� WKH�'�VFDQ� WHFKQLTXH� >���@�ZDV�PHDVXUHG��7KH�HQHUJ\�RQ� WDUJHW�ZDV�
����P-��DQG�WKH�SXOVHV�ZHUH�IRFXVHG�E\�DQ�I���RII�D[LV�SDUDEROD��UHVXOWLQJ�LQ�D�
����ȝP�î�����ȝP�):+0�IRFDO�VSRW��7KHVH�ODVHU�SDUDPHWHUV�FRUUHVSRQG�WR�WKH�
PHDVXUHG�SHDN�LQWHQVLW\�RI�����î������:�FPí��DQG�D�VWUHQJWK�SDUDPHWHU�D��≃�
�����7KH�ODVHU�SODVPD�DFFHOHUDWRU�ZDV�UXQ�DW�D�UHSHWLWLRQ�UDWH�RI���N+]��7KH�
JDV�MHW�IORZHG�FRQWLQXRXVO\�ZKLOH�WKH�SXPSLQJ�V\VWHP�ZDV�DEOH�WR�PDLQWDLQ�D�
YDFXXP� RI� D� IHZ� ��í�� PEDU�� 7KH� GDWD� ZHUH� FROOHFWHG� E\� DFFXPXODWLQJ�
PHDVXUHPHQWV�RYHU�WHQ�VKRWV���

7KH� JHRPHWULHV� DQG� GLPHQVLRQV� RI� WKH� QR]]OH� DUUD\V� XVHG� LQ� WKH�
H[SHULPHQWV�DUH�SUHVHQWHG�LQ�)LJ����������

�

�

Figure 12.�1R]]OHV�XVHG�LQ�WKH�H[SHULPHQWV��KLJK�GHQVLW\�F\OLQGULFDO�QR]]OH�RI�IL[HG�
GLDPHWHU�(a)��QR]]OH�DUUD\�RI�//&�H[SHULPHQW�(b)��2QH�6LGHG�6KRFN�QR]]OH�(c)��DQG�
GRXEOH�QR]]OH�(d)�XVHG�LQ�/2$�H[SHULPHQW���
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,Q�7DEOH����WKH�GLPHQVLRQV�DQG�QRWDWLRQ�RI�QR]]OH�DUUD\V�XVHG�LQ�/XQG�/DVHU�
FHQWHU�H[SHULPHQWV�DUH�VKRZQ��7KH�QR]]OH�DUUD\V�LQ�//&�H[SHULPHQW��)LJ����E�
DQG� ����ZHUH�PDGH� IURP� WZR� VHFWLRQV��7KH� ILUVW� VHFWLRQ� FRPSULVHV� D�PDLQ�
VXSHUVRQLF�FRQYHUJLQJ�GLYHUJLQJ�QR]]OH�RI�����PP��6���RU������PP��$UU���
OHQJWK� FRPPRQO\� XVHG� IRU� ODVHU�SODVPD� DFFHOHUDWLRQ�� 7KH� VHFRQG� VHFWLRQ�
FRQVLVWV�RI�DQ�DUUD\�RI���RU���VPDOOHU�QR]]OHV�RI����������P�OHQJWK�ORFDWHG�
�����P�DZD\�IURP�WKH�PDLQ�QR]]OH��$UU���$UU���$UU����7KH�QR]]OH�DUUD\V�DUH�
RULHQWHG� LQ�ZLJJOHU�RU� LQMHFWRU�JHRPHWU\�� ,Q�ZLJJOHU�JHRPHWU\�� WKH�DUUD\� LV�
SODFHG�DIWHU�WKH�PDLQ�QR]]OH��DQG�LQ�LQMHFWRU�JHRPHWU\��WKH�LQMHFWRU�QR]]OH�LV�
SODFHG� EHIRUH� WKH� PDLQ� QR]]OH� UHODWLYH� WR� WKH� LQFRPLQJ� ODVHU� EHDP�� 7KH�
QRWDWLRQ�/[:�DQG�/�[:��PHDQV�WKH�OHQJWK�DQG�ZLGWK�RI�WKH�RXWOHW�RI�WKH�ILUVW�
DQG�VHFRQG�DUUD\�VHFWLRQ��FRUUHVSRQGLQJO\��7KH�QRWDWLRQ�/�[:��PHDQV� WKH�
OHQJWK�DQG�ZLGWK�RI�WKH�WKURDW�RI�WKH�ILUVW�DUUD\�VHFWLRQ��ZKLOH�/�[:��PHDQV�
WKH�OHQJWK�DQG�ZLGWK�RI�WKH�WKURDW�RI�WKH�VHFRQG�DUUD\�VHFWLRQ��

�

Table 4.�7KH�GLPHQVLRQV�RI�QR]]OH�DUUD\V�XVHG�LQ�//&�H[SHULPHQW�>���@��

1R��

)LUVW�VHFWLRQ� 6HFRQG�VHFWLRQ�

'HVFULSWLRQ�

2XWOHW�
GLPHQ�
VLRQV��
PP��
�/[:��

7KURDW�
GLPHQ��
VLRQV��PP��
�/�[:���

'HVFULS�
WLRQ�

2XWOHW�
GLPHQ�
VLRQV��PP��
�/�[:���

7KURDW�
GLPHQ�
VLRQV��PP��
�/�[:���

���

6LQJOH�VOLW�
FRQYHUJLQJ�
GLYHUJLQJ�
QR]]OH�6��

����[����� ����[������ �� �� ��

���

6LQJOH�VOLW�
FRQYHUJLQJ�
GLYHUJLQJ�
QR]]OH�$UU��

����[����� ����[������
6OLW�DUUD\�
RI���
QR]]OHV�

����[����� ����[�����

���

6LQJOH�
F\OLQGULFDO�
FRQYHUJLQJ�
GLYHUJLQJ�
QR]]OH�$UU��

������� ������
6OLW�DUUD\�
RI���
QR]]OHV�

����[����� ����[�����

���

6LQJOH�VOLW�
FRQYHUJLQJ�
GLYHUJLQJ�
QR]]OH�$UU��

����[����� ����[������

6LQJOH�VOLW�
FRQYHU�
JLQJ�
GLYHU�JLQJ�
QR]]OH�

����[����� ����[�����
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,Q� )LJ�� ��DE�� WKH� H[DPSOHV� RI� WKH� DUUD\V�$UU�� DQG�$UU�� LQ�ZLJJOHU� DQG�
LQMHFWRU� JHRPHWULHV� DUH� VKRZQ�� ,Q� WKH� DUUD\� $UU��� IRU� WKH� DFFHOHUDWLRQ� RI�
HOHFWURQV�D�F\OLQGULFDO�GH�/DYDO�QR]]OH�ZLWK�WKH�RXWOHW�GLDPHWHU�RI������PP�
LQVWHDG� RI� D� FRQYHUJLQJ�GLYHUJLQJ� ����PP� VOLW� QR]]OH�ZDV� XVHG��7KH� 6(0�
LPDJHV� RI� D� FURVV�VHFWLRQ� RI� D� QR]]OH� DUUD\�$UU�� FXW� LQ� KDOI� DUH� VKRZQ� LQ�
)LJ����FG��7KH�UHG�DUURZV�LQGLFDWH�WKH�RULHQWDWLRQ�RI�WKH�QR]]OH�DUUD\V�UHODWLYH�
WR�WKH�LQFRPLQJ�ODVHU�EHDP��

�

�

Figure 13.� *HRPHWULHV� RI� WKH� QR]]OH� DUUD\V� Arr2� (a)�� Arr4� (b)�� XVHG� LQ� //&�
H[SHULPHQWV��DQG�6(0�LPDJH�RI�D�KDOI�FXW�QR]]OH�Arr2�(c,d) >���@���

���� 0HDVXUHPHQW�RI�*DV�'HQVLW\�3URILOHV�

7KH�JDV�GHQVLW\�SURILOHV�RI�KLJK�GHQVLW\�F\OLQGULFDO�QR]]OHV��)LJ����D��ZHUH�
PHDVXUHG�XVLQJ�QLWURJHQ��0DFK�=HKQGHU�LQWHUIHURPHWHU�DQG�FRQWLQXRXV�ZDYH�
������QP�+H�1H�ODVHU��7KH�LQWHUIHURJUDPV�ZHUH�VXEVHTXHQWO\�ILOWHUHG�XVLQJ�
)RXULHU�WUDQVIRUPDWLRQ��)LJ������>�������@��7KH�JDV�QR]]OHV�ZHUH�WHVWHG�LQ�D�
YDFXXP�FKDPEHU�DW� WKH�YDFXXP�OHYHO�RI������PEDU��7KH�ODVHU�ZDV�RSHUDWHG��
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DQG�WKH�LQWHUIHURPHWHU�ZDV�LQVWDOOHG�RXWVLGH�RI�WKH�YDFXXP�FKDPEHU�ZLWK�RQH�
RI�WKH�LQWHUIHURPHWHU�DUPV�FURVVLQJ�WKH�YDFXXP�FKDPEHU�WKURXJK�WKH�ZLQGRZV�
RI�WKH�RSWLFDO�TXDOLW\�RI�O�����1LWURJHQ�ZDV�XVHG�IRU�WKH�GHWHUPLQDWLRQ�RI�WKH�
JDV�GHQVLW\�SURILOHV�EHFDXVH�RI�WKH�VXIILFLHQWO\�KLJKHU�UHIUDFWLYH�LQGH[�UHODWLYH�
WR�WKH�KHOLXP��7KH�$EHO�WUDQVIRUPDWLRQ�ZDV�SHUIRUPHG�WR�JHW�WKH��'�PDS�RI�
WKH�QR]]OH�JDV�GHQVLW\��7KH�SKDVH�ZDV�UHWULHYHG��DQG�WKH�GHQVLW\�SURILOHV�ZHUH�
UHFRQVWUXFWHG� XVLQJ� WKH� LQWHUIHURPHWULF� GDWD� HYDOXDWLRQ� DOJRULWKPV�
�,'($��>���@��7KH�GLDJUDP�RI�WKH�0DFK�=HKQGHU�LQWHUIHURPHWHU�LV�SUHVHQWHG�
LQ�)LJ����D��7KH�LPDJHV�RI�PHDVXUHG�SKDVH�LQWHUIHURJUDPV�RI�WKH�JDV�MHW�DW�WKH�
EDFNLQJ�SUHVVXUH�RI����EDU�RI�����ȝP�F\OLQGULFDO�QR]]OH�IRU�KHOLXP�DUH�JLYHQ�
LQ�)LJ����E��DQG�IRU�QLWURJHQ���LQ�)LJ����F��

�

�

Figure 14.� 'LDJUDP� RI� 0DFK�=HKQGHU� LQWHUIHURPHWHU� (a)�� DQG� PHDVXUHG� SKDVH�
LQWHUIHURJUDP�RI�KHOLXP�(b) DQG�QLWURJHQ�(c)�JDV�MHW�DW�WKH�EDFNLQJ�SUHVVXUH�RI����EDU�
RI�WKH�F\OLQGULFDO�QR]]OH�ZLWK�WKH�RXWOHW�GLDPHWHU�RI�����ȝP�>���@��

�
7KH�QR]]OHV�ZHUH�GULYHQ�E\�WKH�3DUNHU���VHULHV�PLFURYDOYH�ZLWK�WKH�����PP�

RULILFH��DFWXDWHG�E\�D�VSHFLDOLVHG�SXOVH�GULYHU�HQDEOLQJ�PLOOLVHFRQG�RSHUDWLRQ��
7KH�RSHUDWLRQ�RI�WKH�PLFURYDOYHV�DQG�&&'�FDPHUDV�ZHUH�V\QFKURQLVHG�DQG�
WULJJHUHG� E\� WKH� PDVWHU� RVFLOODWRU�� 8VLQJ� WKH� LQWHJUDO� SKDVH� GLVWULEXWLRQ�
φint(x,y,z)�� WKH� JDV� FRQFHQWUDWLRQ� ng ZDV� FDOFXODWHG� E\� WKH� UHODWLRQ� ng = 
ε0λLφint⁄παpdv��ZKHUH�λL � �����QP� LV� WKH� ODVHU�ZDYHOHQJWK��αp� ������î������
)P�� LV� WKH� SRODUL]DELOLW\� RI� WKH� DUJRQ� JDV� DWRPV�� DQG� dv�  � ��� �P� LV� WKH�
UHFRQVWUXFWLRQ�OHQJWK�RI�FXELF�YR[HOV��7KH�WRPRJUDSKLF�UHFRQVWUXFWLRQ�RI�WKH�
SKDVH� YROXPH� SURILOH� ZDV� FDOFXODWHG� XVLQJ� 6LPXOWDQHRXV� ,WHUDWLYH�
5HFRQVWUXFWLRQ�7HFKQLTXH��6,57��DOJRULWKP�>���@��
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Figure 15��7KH�VKDGRZJUDP�(a) DQG�WKH�SULQFLSOH�RI�PHDVXUHPHQW�RI�QLWURJHQ�SODVPD�
SURILOH�XVLQJ�2QH�6LGHG�6KRFN�QR]]OH�DW�EDFNLQJ�SUHVVXUH����EDU�(b)�>���@���

�
7KH� JDV� GHQVLW\� SURILOHV� RI� QR]]OH� DUUD\V� XVHG� LQ� WKH� //&� H[SHULPHQW�

�)LJ����E��DQG�QR]]OHV�XVHG�LQ�WKH�/2$�ODE��)LJ����FG��ZHUH�PHDVXUHG�XVLQJ�
D�TXDGULZDYH�ODWHUDO�VKHDULQJ�LQWHUIHURPHWHU��6,'��+5��3KDVLFV��>�������@��
$UJRQ�ZDV�LPSOHPHQWHG�IRU�WKH�PHDVXUHPHQWV�LQ�WKH�//&�FDVH��DQG�QLWURJHQ�
LQ� WKH�/2$� H[SHULPHQW��$GGLWLRQDOO\�� LQ� WKH�/2$� ODE�� WKH� SODVPD� GHQVLW\�
SURILOH�ZDV� FKDUDFWHUL]HG� H[SHULPHQWDOO\� E\� VHQGLQJ� WKH� ODVHU� SXOVH� LQWR� D�
QLWURJHQ�JDV�MHW�SURGXFHG�E\�2QH�6LGHG�6KRFN��266��QR]]OH��)LJ������7KH�
SODVPD�FROXPQ�LRQL]HG�E\�WKH�PDLQ�EHDP�ZDV�LOOXPLQDWHG�IURP�WKH�VLGH�E\�D�
SUREH� EHDP� DQG� LPDJHG� RQ� WKH� LQWHUIHURPHWHU� 6,'��+5� >�������@�� 7KH�
SODVPD�GHQVLW\�SURILOHV�ZHUH�GHULYHG�IURP�WKH�SKDVH�PDSV�YLD�$EHO�LQYHUVLRQ��
DVVXPLQJ�UDGLDO�V\PPHWU\�DURXQG�WKH�KRUL]RQWDO�D[LV���

���� &KDUDFWHUL]DWLRQ�RI�(OHFWURQ�%HDPV�

7KH� HQHUJ\� DQG� VSDWLDO� GLVWULEXWLRQ� RI� WKH� DFFHOHUDWHG� HOHFWURQV� DW� //&�
H[SHULPHQW�ZHUH�PHDVXUHG�XVLQJ�D�.RGDN�/DQH[�5HJXODU�VFLQWLOODWLRQ�VFUHHQ�
ZLWK�D�GLSRODU�����7�PDJQHW�RI�D�WRWDO�OHQJWK�RI����FP�ORFDWHG�DW�WKH�GLVWDQFH�
RI����PP�IURP�WKH�VRXUFH��7KH�ZLGWK�RI�WKH�PDJQHWLF�VSHFWURPHWHU�ZDV���FP��
DQG� WKH�VSDFLQJ�RI�WKH�GLSROH�JDS�ZDV����PP��7KH�PHDVXULQJ�UDQJH�RI� WKH�
VSHFWURPHWHU� ZDV� �������0H9�� 6FLQWLOODWLRQ� VFUHHQ� LPDJHV� ZHUH� FDSWXUHG�
XVLQJ�$QGRU�=\OD�����3OXV�&026����ELW�FDPHUD��7KH�FDPHUD�&&'�ZDV�RI�
����� [� �����SL[HOV� RI� WKH� VL]H� RI� ����ȝP�� 7KH� WUDQVYHUVH� DQG� ORQJLWXGLQDO�
GLVWULEXWLRQ�RI�WKH�PDJQHWLF�ILHOG�RI�WKH�GLSROH�PDJQHW�ZDV�PDSSHG�XVLQJ�D�
+DOO�SUREH��7KH�HQHUJ\�DQG�GLYHUJHQFH�RI�WKH�HOHFWURQ�EHDP�ZHUH�FDOFXODWHG�
XVLQJ� LPDJHV� RI� /DQH[� VFLQWLOODWLRQ� VFUHHQ� DQG� SUHYLRXVO\� SXEOLVKHG�
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FDOLEUDWLRQ� IDFWRUV� RI� ����î�����S&�FRXQW� IRU� WKH� VFLQWLOODWLQJ� VFUHHQV�
PHDVXUHG� DW� OLQHDU� DFFHOHUDWRU� >���@�� 7KH� HQHUJ\� GHSRVLWLRQ� SHU� HOHFWURQ�
H[FHHGLQJ� IHZ� 0H9� LV� DOPRVW� FRQVWDQW�� DQG� WKH� QXPEHU� RI� HPLWWHG�
IOXRUHVFHQFH�SKRWRQV�ZDV�SURSRUWLRQDO�WR�WKH�EHDP�FKDUJH�>���@��7KH�VSHFWUDO�
GLVWULEXWLRQ�RI�WKH�HOHFWURQV�ZDV�HVWLPDWHG�IURP�WKH�QXPEHU�RI�FRXQWV�RI�/DQH[�
VFUHHQ�DQG�WKH�SRVLWLRQ�RI�HOHFWURQV�EHQW�LQ�WKH�PDJQHWLF�ILHOG��7KH�UHODWLRQ�
EHWZHHQ�HOHFWURQ�HQHUJ\�DQG�SRVLWLRQ�RQ�WKH�VFLQWLOODWLQJ�VFUHHQ�ZDV�VLPXODWHG�
XVLQJ�&RPVRO�0XOWLSK\VLFV��7KH�PHDVXUHPHQW�XQFHUWDLQW\�LQWURGXFHG�E\�WKH�
����PUDG� GLYHUJHQFH� RI� WKH� ���� 0H9� HOHFWURQ� EHDP� ZDV� ���� 0H9�� ,W�
FRUUHVSRQGHG�WR�WKH�DFFXUDF\�RI������

7KH� FKDUJH� DQG� VSDWLDO� GLVWULEXWLRQ� RI� WKH� DFFHOHUDWHG� HOHFWURQV� DW�/2$�
H[SHULPHQW�ZHUH�PHDVXUHG�ZLWK�D�FDOLEUDWHG�&V,��7O��SKRVSKRU�VFUHHQ�LPDJHG�
RQWR�D�&&'�FDPHUD�RI�KLJK�G\QDPLF�UDQJH��7KH�ODVHU�EHDP�DQG�HOHFWURQV�ZLWK�
HQHUJLHV�EHORZ�����NH9�ZHUH�EORFNHG�E\�D�WKLQ�DOXPLQLXP�IRLO�LQ�IURQW�RI�WKH�
SKRVSKRU�VFUHHQ��7KH�HQHUJ\�RI�WKH�HOHFWURQV�ZDV�PHDVXUHG�ZLWK�D�UHWUDFWDEOH�
VSHFWURPHWHU� PDGH� RI� D� ���� ȝP� SLQKROH� DQG� WZR� SHUPDQHQW� F\OLQGULFDO�
PDJQHWV��

���� &KDUDFWHUL]DWLRQ�RI�;�5D\�5DGLDWLRQ�

7KH�EHWDWURQ�UDGLDWLRQ�DW�//&�H[SHULPHQW�ZDV�UHJLVWHUHG�XVLQJ�WKH�$QGRU�
L.RQ�/�62�;�UD\�FDPHUD��VHQVLWLYH�WR�;�UD\V�IURP�����H9�WR����NH9��7KH�;�
UD\�&&'�ZDV�RI������î������VTXDUH�SL[HOV�ZLWK�D�SL[HO�VL]H�RI������ȝP��7KH�
FDPHUD� ZLQGRZ� ZDV� PDGH� RI� ����ȝP�WKLFN� EHU\OOLXP�� $� ���ȝP� .DSWRQ�
ZLQGRZ�ZLWK�DQ�DGGLWLRQDO�VKLHOG�RI���ȝP�DOXPLQLXP�IRLO�ZDV�LQVWDOOHG�DW�WKH�
RXWOHW�RI�WKH�YDFXXP�FKDPEHU�WR�EORFN�WKH�UHPDLQLQJ�����QP�ODVHU�EHDP�DQG�
H[WUHPH�XOWUDYLROHW��;89��UDGLDWLRQ�RI�HOHFWURQV�IURP�EHQGLQJ�PDJQHW�RI�WKH�
VSHFWURPHWHU��7KH�;�UD\�FDPHUD�ZDV�LQVWDOOHG�DW�D�GLVWDQFH�RI����FP�IURP�WKH�
VRXUFH��DQG�WKH�EHWDWURQ�UDGLDWLRQ�SDVVHG�WKURXJK�WKH�DLU�JDS�RI����FP���

���� 'HILQLWLRQ�RI�&ULWLFDO�(QHUJ\�DQG�
�6L]H�RI�;�5D\�6RXUFH�

7KH�V\QFKURWURQ�OLNH�VSHFWUXP�RI�WKH�EHWDWURQ�UDGLDWLRQ�ZDV�GHILQHG�XVLQJ�
WKH�5RVV�ILOWHUV�>���@��7KH�5RVV�ILOWHU�DUUD\�ZDV�LQVHUWHG�LQWR�WKH�;�UD\�EHDP�
DW�WKH�GLVWDQFH�RI���FP�IURP�WKH�H[LW�RI�WKH�H[SHULPHQWDO�FKDPEHU��7KH�ILOWHU�
DUUD\�ZDV� FRPSRVHG� RI� LQWHUVHFWLQJ� VWULSV�ZLWK� GLIIHUHQW�K RU�L� DEVRUSWLRQ�
HGJHV�HQHUJLHV�RI�WKH�HOHPHQWV�1L��&X��=Q��$O��7L��=U��&X�ZLWKLQ�WKH�UDQJH�RI�
H[SHFWHG� HQHUJ\� UDQJH� RI� WKH� EHWDWURQ� UDGLDWLRQ��7KH� WKLFNQHVVHV� DQG�.�/��
HGJH�DEVRUSWLRQ�HQHUJLHV�RI�WKH�5RVV�ILOWHU�PDWHULDOV�DUH�VKRZQ�LQ�7DEOH����
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Table 5.�7KH�WKLFNQHVV�DQG�.�/��HGJH�DEVRUSWLRQ�HQHUJLHV�RI�5RVV�ILOWHUV�>�������@�

0DWHULDO� 1L� &X� =Q� $O� 7L� =U� &X�
7KLFNQHVV��ȝP�� ���� ����� ���� ���� ���� ���� ����
.�/��DEVRUSWLRQ�
HQHUJ\��NH9�

�����
.�

�����
.�

�����
.�

�����
.�

�����
.�

�����
/��

�����
.�

�
7KH� WKLFNQHVVHV�RI� ILOWHU�PDWHULDOV�ZHUH�DGMXVWHG� LQ� VXFK�D�ZD\� WKDW� WKH�

WUDQVPLWWHG�VSHFWUD�DUH�LGHQWLFDO�WR�DOO�ZDYHOHQJWKV�H[FHSW�WKRVH�O\LQJ�ZLWKLQ�
WKH� QDUURZ� SDVV� EDQG� EHWZHHQ� WKH� WZR� K �RU� L1� LQ� FDVH� RI� ]LUFRQLXP��
DEVRUSWLRQ� OLPLWV�� &RPELQLQJ� WKH� GLIIHUHQW� VHWV� RI� 5RVV� ILOWHU� SDLUV�� LW� ZDV�
SRVVLEOH� WR�HYDOXDWH� WKH�SKRWRQ� IOX[�ZLWKLQ�D�SDUWLFXODU� VSHFWUDO� UDQJH��7KH�
UHJLRQ�FRYHUHG�ZLWK� WKH� FRSSHU� ILOWHU� RI� ���ȝP� WKLFNQHVV�ZDV� XVHG� IRU� WKH�
PHDVXUHPHQW� RI� EDFNJURXQG� UDGLDWLRQ� DW� ;�UD\� FDPHUD�� 7KH� EDFNJURXQG�
UDGLDWLRQ�ZDV�HVWLPDWHG�DV�����FRXQWV�SHU�SL[HO�RQ�DYHUDJH�DQG�ZDV�GHGXFWHG�
IURP�WKH�PHDVXUHG�FRXQWV�SHU�SL[HO�RI�EHWDWURQ�UDGLDWLRQ��7KH�FULWLFDO�HQHUJ\�
RI� EHWDWURQ� UDGLDWLRQ� ZDV� HYDOXDWHG� E\� FDOFXODWLQJ� WKH� VTXDUHG� GLIIHUHQFH�
EHWZHHQ�WKH�PHDVXUHG�WUDQVPLVVLRQ�DQG�WKH�WKHRUHWLFDO�RQH�IRU�HDFK�FULWLFDO�
HQHUJ\�RI�V\QFKURWURQ�UDGLDWLRQ�>���@��7KH�QXPEHU�RI�SKRWRQV�SHU�FRXQW�NphotC�
DW� WKH� FULWLFDO� EHWDWURQ� UDGLDWLRQ� HQHUJ\�Wc𝛽� PHDVXUHG� E\�5RVV� ILOWHUV�ZDV�
HVWLPDWHG�DV��

� � �photC c n r cN S W WE ED �
�
ZKHUH� αc�  � ����� H9�FRXQWV� �� WKH� ;�UD\� GHWHFWRU� VHQVLWLYLW\� FDOLEUDWLRQ�

FRQVWDQW�� DQG� Wc𝛽� LV� WKH� FULWLFDO� HQHUJ\� RI� V\QFKURWURQ� UDGLDWLRQ��
�� � �n r c effS W W S SE E  LV� WKH� QRUPDOL]HG� V\QFKURWURQ�OLNH� VSHFWUXP�FDOFXODWHG�

LQ�WKH�HQHUJ\�UDQJH�IURP�Wmin= 100 eV WR�Wmax=30 keV�DV��
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�
ZKHUH�Trtot�Wr𝛽��LV�WKH�SDVV�IDFWRU�RI�DOO�PDWHULDOV�SODFHG�EHWZHHQ�WKH�;�

UD\�VRXUFH�DQG�;�UD\�FDPHUD��DQG�QH�Wr𝛽��LV�WKH�TXDQWXP�\LHOG�RI�WKH�$QGRU�
L.RQ�/� 62� %5�''� FDPHUD�� ,Q� WKH� FDOFXODWLRQV�� WKH� DWWHQXDWLRQ� RI� �� �P�
DOXPLQLXP�������P�.DSWRQ�������P�%HU\OOLXP�DQG�����PP�RI�DLU�ZHUH�WDNHQ�
LQWR�WKH�DFFRXQW���

�� � � � ���������������������
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7KH� UDGLXV� RI� WKH� EHWDWURQ� VRXUFH�ZDV� GHWHUPLQHG� E\�PHDVXULQJ� RI� WKH�
)UHVQHO�GLIIUDFWLRQ�IURP�WKH����ȝP�WXQJVWHQ�FURVV�ZLUHV��SODFHG����PP�IURP�
WKH�VRXUFH��PDJQLI\LQJ�WKH�LPDJH����WLPHV�DQG�FRPSDULQJ�WKH�LQWHQVLWLHV�RI�
;�UD\� VLJQDOV� LQ� WKH� KRUL]RQWDO� DQG� YHUWLFDO� GLUHFWLRQV�� 7KH� LQWHQVLW\�
GLVWULEXWLRQ�RI�WKH�)UHVQHO�GLIIUDFWLRQ�ZDV�FDOFXODWHG�XVLQJ�WKH�UHODWLRQV�JLYHQ�
LQ�>�������@��

�

�

� � � � � �wd
sfr d s s sfr d s s

sw

rI x S x I x x dx
r

 �³
�

ZKHUH�Isfr(xd) LV�WKH�WRWDO�UDGLDWLRQ�LQWHQVLW\�UHDFKLQJ�WKH�GHWHFWRU�IURP�DOO�
VRXUFH�SRLQWV��[V�DQG�[G�DUH�WKH�FRRUGLQDWHV�RI�WKH�VRXUFH�DQG�GHWHFWRU�SODQHV�
UHVSHFWLYHO\��r1sw�LV�WKH�GLVWDQFH�EHWZHHQ�WKH�VRXUFH�DQG�WKH�FURVV�ZLUHV��r2wd�
LV�WKH�GLVWDQFH�EHWZHHQ�WKH�FURVV�ZLUHV�DQG�WKH�GHWHFWRU��Ss(xs)�LV�WKH�UDGLDWLRQ�
GLVWULEXWLRQ�� DQG� � � �sfr d sI x x �� WKH� VSHFWUXP� DYHUDJHG� LQWHQVLW\�� 7KH�

QRUPDOL]HG�UDGLDWLRQ�LQWHQVLW\�RI�WKH�SRLQW�VRXUFH�LQ�WKH�GHWHFWRU�SODQH�ZDV�
FDOFXODWHG�XVLQJ�WKH�UHODWLRQ��
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� � H[S �� � � � �sd sd sw
sfr d d d d c c
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ZKHUH�[�LV�WKH�FRRUGLQDWHV�RI�WKH�ZLUH�SODQH�DQG�WKH�GLVWDQFH�EHWZHHQ�WKH�

VRXUFH�DQG�GHWHFWRU�rsd = r1sw + r2wd��7KH�ZDYHOHQJWK�WUDQVPLVVLRQ�FRHIILFLHQW�
ZDV�FDOFXODWHG�XVLQJ�WKH�UHODWLRQ��

� �� � �� � � c c wR x
c cTr x e E EP O
E EO � � � 

�
ZKHUH�Rw�LV�WKH�UDGLXV�RI�WKH�ZLUH�DQG�µcβ(λcβ)�LV�WKH�DWWHQXDWLRQ�FRHIILFLHQW��

7KH� LQWHQVLW\� GLVWULEXWLRQ� RI� WKH� )UHVQHO� GLIIUDFWLRQ�ZDV� FDOFXODWHG� IRU� WKH�
VSHFWUXP�RI� D� V\QFKURWURQ�ZLWK� WKH� DYHUDJH� FULWLFDO� HQHUJ\�Wcβ�  � ����NH9��
FRQVLGHULQJ�WKH�TXDQWXP�HIILFLHQF\�RI�WKH�;�UD\�FDPHUD�DQG�WKH�DWWHQXDWLRQ�
RI�WKH�ILOWHUV�XVHG��

�

���� 'HILQLWLRQ�RI�WKH�1XPEHU�RI�3KRWRQV�
�SHU�6KRW�DQG�%ULJKWQHVV�

7KH�QXPEHU�RI�SKRWRQV�SHU�VKRW�Nphot�DQG�EULJKWQHVV�Br RI�WKH�EHWDWURQ�;�
UD\�VRXUFH�DW�):+0�OHYHO�ZHUH�GHILQHG�E\�SRVW�SURFHVVLQJ�RI�WKH�GDWD�RI�;�
UD\�LPDJHV��7KH�QXPEHU�RI�SKRWRQV�SHU�VKRW�Nphot ZDV�FDOFXODWHG�DV���

phot photC cN N N 
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ZKHUH�NphotC�LV�WKH�QXPEHU�RI�SKRWRQV�SHU�FRXQW��DQG�Nc�LV�WKH�QXPEHU�RI�
FRXQWV��7KH�QXPEHU�RI�FRXQWV�Nc�ZDV�HVWLPDWHG�E\�LQWHJUDWLQJ�WKH�IXQFWLRQ�RI�
WKH�VSDWLDO�GLVWULEXWLRQ�RI�FRXQWV�SHU�SL[HO�C(xpx, ypx)�RYHU�WKH�FRRUGLQDWHV�xpx�
DQG�ypx�H[SUHVVHG�LQ�SL[HO�QXPEHU��

� � �c px px px pxN C x y dx dy
�f

�f

 ³
�

7KH IXQFWLRQ C(xpx, ypx) ZDV� DVVXPHG� WR� FRQVLVW� RI� WZR� SDUWV��*DXVVLDQ�
GLVWULEXWLRQ�RI�;�UD\�UDGLDWLRQ�DQG�EDFNJURXQG�SDUW�Cbg��
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ZKHUH�Cgd�LV�WKH�DPSOLWXGH�RI�*DXVVLDQ�SDUW�RI�FRXQWV�SHU�SL[HO��xrpx�DQG�

yrpx� DUH� FRRUGLQDWHV� RI� LQ� SL[HOV� WLOWHG� E\� WKH� DQJOH� Tgd��
FRV� � VLQ� �pxr px gd px gdx x yT T � DQG� VLQ� � FRV� �pxr px gd px gdy x yT T � ��

xpxc�DQG�ypxc�DUH�WKH�FHQWHU�FRRUGLQDWHV�RI�*DXVVLDQ�GLVWULEXWLRQ��DQG�σx�DQG�σy�
DUH�WKH�VWDQGDUG�GHYLDWLRQV�RI�*DXVVLDQ�GLVWULEXWLRQ�RI�;�UD\�FRXQWV�SHU�SL[HO�
LQ�[�DQG�\���GLUHFWLRQ��)LJ�������
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Figure 16.�$Q�H[DPSOH�RI�;�UD\�LPDJH�(a)�DQG�GHILQHG�FRQWRXUV�RI�QRUPDO�*DXVVLDQ�
GLVWULEXWLRQ�RI�;�UD\�UDGLDWLRQ�(b) >���@���

�
Cbg�ZDV� HVWLPDWHG�E\�DYHUDJLQJ�RI� FRXQWV�SHU�SL[HO�RI� WKH� ILUVW� DQG� ODVW�

FROXPQ�DV�ZHOO�DV�DQ�XSSHU�DQG� ORZHU� URZ�RI� WKH�;�UD\� LPDJH��7KH� LQLWLDO�
SDUDPHWHUV� RI� *DXVVLDQ� GLVWULEXWLRQ� � � � � � �� � � � �pxc pxc x y gd bgx y CV V T ZHUH�

FDOFXODWHG�XVLQJ�WKH�IROORZLQJ�UHODWLRQV��
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ZKHUH�Xpxi�DQG�Ypxi�DUH�WKH�FRRUGLQDWH�JULGV�RI�URZV�DQG�FROXPQV�RI�WKH�;�
UD\� LPDJH�� Ci� �� FRXQWV� SHU� SL[HO� RI� WKH� i�WK� SL[HO�� Cxci� DQG� Cyci� DUH�
FRUUHVSRQGLQJO\�WKH�URZ�DQG�FROXPQ�RI�FRXQWV�SHU�SL[HO�DW�FHQWUDO�FRRUGLQDWHV�
RI�*DXVVLDQ�GLVWULEXWLRQ�RI�xpxc�DQG�ypxc��DQG�Mxx��Myy�DQG�Mxy�DUH�WKH�PRPHQWD�
RI�*DXVVLDQ�GLVWULEXWLRQ�XVHG�IRU�FDOFXODWLRQ�RI�WLOWLQJ�DQJOH�Tgd��7KH�LQLWLDO�
SDUDPHWHUV� RI� *DXVVLDQ� GLVWULEXWLRQ� � � � � � �� � � � �

pxc pxc x y gd bgx y CV V T ZHUH�

RSWLPL]HG�E\�FDOFXODWLQJ�WKH�PLQLPXP�RI�WKH�VTXDUHG�GLIIHUHQFH�EHWZHHQ�WKH�
PHDVXUHG�;�UD\�LPDJH�GDWD�DQG�WKH�EHVW�ILW�RI�*DXVVLDQ�GLVWULEXWLRQ�IXQFWLRQ���
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WKHUHIRUH�� DIWHUZDUGV�� RQO\� WKH� *DXVVLDQ� SDUW� RI� WKH� ;�UD\� UDGLDWLRQ� ZDV�
FRQVLGHUHG��DQG�WKH�WRWDO�QXPEHU�RI�FRXQWV�Nc�ZDV�HVWLPDWHG�DVVXPLQJ���
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7KH�QXPEHU�RI�FRXQWV�DW�):+0�OHYHO�ZDV�FDOFXODWHG�DV��
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7KH�KDOYHV�RI�WKH�GLYHUJHQFH�LQ�PUDG�LQ�[�DQG�\�GLUHFWLRQ�RI�UDGLDWLRQ�θ0.5x, 
θ0.5y� ZHUH� GHILQHG� HVWLPDWLQJ� WKH� VWDQGDUG� GHYLDWLRQ� σx� DQG� σy� RI� QRUPDO�
*DXVVLDQ�GLVWULEXWLRQ�RI�;�UD\�FRXQWV�SHU�SL[HO�LQ�[�DQG�\�GLUHFWLRQ�DV��
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ZKHUH� lpx� � ������P� LV� WKH� SL[HO� VL]H� DQG� lsG�  � ����PP� LV� WKH� GLVWDQFH�
EHWZHHQ� WKH� VRXUFH� ;�UD\� FDPHUD� GHWHFWRU�� 7KH� DYHUDJHG� GLYHUJHQFH� RI�
EHWDWURQ�UDGLDWLRQ�ZDV�FDOFXODWHG�DV�θAβ = θ0.5yβ + θ0.5xβ��7KH�EULJKWQHVV�RI�WKH�
VRXUFH�LQ�XQLWV�RI�SKRWRQV�V�PP��PUDG������%:�ZDV�FDOFXODWHG�DV��
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ZKHUH�rβ�LV�D�PHDVXUHG�UDGLXV�RI�EHWDWURQ�VRXUFH�RI����P�LQ�PP��DQG τL�LV�

WKH�GXUDWLRQ�RI�WKH�ODVHU�SXOVH��7KH�ILJXUHV�ZHUH�YLVXDOL]HG�XVLQJ�0DWSORWOLE�
SORWWLQJ�OLEUDU\�IRU�WKH�3\WKRQ�SURJUDPPLQJ�ODQJXDJH�>���@���
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7KH�PDWHULDO�UHODWHG� WR�WKLV�FKDSWHU�ZDV�SXEOLVKHG�>$�@�DQG� LQ�>&���&���
&�@��

���� 6LPXODWLRQ�RI�(OHFWURQ�%HDP�3URILOHV�

7KH� /:)$� HOHFWURQ� DFFHOHUDWLRQ� DQG� EHWDWURQ� ;�UD\� UDGLDWLRQ� ZHUH�
QXPHULFDOO\�VLPXODWHG�XVLQJ�WKH�)%3,&�3,&��3DUWLFOH�LQ�&HOO��DOJRULWKP�>���@��
7KH� TXDVL�F\OLQGULFDO� )%3,&� DOJRULWKP� HQDEOHV� PXFK� IDVWHU� VLPXODWLRQ� RI�
ODVHU�DQG�HOHFWURQ�EHDPV�WKDQ�IXOO��'�3,&�DOJRULWKPV��)RU�WKH�PRGHOOLQJ�RI�
VWUXFWXUHG� SODVPD� WDUJHWV�� VLPSOLILHG� SODVPD� FRQFHQWUDWLRQ� SURILOHV�
FRPSULVLQJ� LQMHFWRU� �)LJ����� DE�� DQG�ZLJJOHU� JHRPHWULHV� �)LJ�� ��� FG��ZHUH�
XVHG��7KH�LQMHFWRU�JHRPHWU\�KDG�D�VKRUW�����ȝP�SODVPD�VHFWLRQ������ȝP�JDS�
DQG� ���� PP� DFFHOHUDWLQJ� VHFWLRQ�� :LJJOHU� JHRPHWU\� KDG� ���� PP� ORQJ�
DFFHOHUDWLRQ� VHFWLRQ�DQG�D�ZLJJOHU� FRPSULVLQJ� IRXU�����ȝP�SODVPD� UHJLRQV�
DQG�JDSV�RI�����ȝP�OHQJWK��7KH�LQMHFWRU�JHRPHWU\�ZDV�XVHG�IRU�WKH�GHVLJQ�RI�
WKH�DUUD\�$UU���DQG�WKH�ZLJJOHU�JHRPHWU\���IRU�WKH�GHVLJQ�RI�WKH�DUUD\�$UU����
7KH� ���� PP� ORQJ� SODVPD� SURILOH� FRUUHVSRQGV� WR� WKH� VLQJOH� QR]]OH� 6��
LPSOHPHQWHG�LQ�WKH�H[SHULPHQWV���

�

Figure 17.�6LPSOLILHG�SODVPD�FRQFHQWUDWLRQ��SURILOHV�RI�WKH�LQMHFWRU�(a,b)�DQG�ZLJJOHU�
(c,d)�JHRPHWULHV�XVHG�LQ�WKH�VLPXODWLRQ�>���@��
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7KLV� QRWDWLRQ� RI� WKH� QR]]OHV� ZLOO� EH� XVHG� IXUWKHU� LQ� WKH� GLVFXVVLRQ� RQ�
VLPXODWLRQ�DQG�H[SHULPHQWDO�UHVXOWV��7KH�VLPXODWLRQ�SDUDPHWHUV�ZHUH�FKRVHQ�
DFFRUGLQJ�WR�WKH�H[SHULPHQWDO�VHWXS�RI�/XQG�7L�6D�ODVHU��7KH�ODVHU�VWUHQJWK�
SDUDPHWHU� a�� ZDV� FDOFXODWHG� FRQVLGHULQJ� WKH� IRFDO� OHQJWK� RI� WKH� IRFXVLQJ�
PLUURU�RI�����PP�DQG�WKH�ODVHU�EHDP�GLDPHWHU�DW�WKH�):+0�OHYHO�RI����P��,W�
FRUUHVSRQGHG�WR�WKH�a�� �������

7R�HYDOXDWH�GLIIHUHQW�/:)$�VFHQDULRV��WKH�VLPXODWLRQ�IRU�a�� �����DQG�WKH�
ODVHU� EHDP�GLDPHWHU� DW� WKH�):+0� OHYHO� RI� ������P�ZDV� UXQ� DV�ZHOO��7KH�
SHUSHQGLFXODU�UDGLXV�RI�WKH�VLPXODWLRQ�]RQH�ZDV�����P��7KH�UHVROXWLRQ�RI�WKH�
PHVK�JULG�ZDV�������P��DQG�WKH�WLPH�VWHS�ZDV������IV��7KH�VLPXODWLRQ�ZDV�
SHUIRUPHG� IRU� YDULRXV� DFFHOHUDWLRQ� GLVWDQFHV� RI� ��������PP� EDVHG� RQ� WKH�
JHRPHWU\� RI� QR]]OHV� LPSOHPHQWHG� LQ� WKH� H[SHULPHQW�� 7KH� LQLWLDO� SODVPD�
FRQFHQWUDWLRQ�RI��î�����FP���FRUUHVSRQGLQJ�WR�WKH�/:)$�EXEEOH�UHJLPH�ZDV�
HVWLPDWHG�XVLQJ�DQDO\WLFDO�UHODWLRQV�����������

�

Figure 18.��6LPXODWHG�SURILOHV�RI�WKH�VSDWLDO�GLVWULEXWLRQ�RI�FRQFHQWUDWLRQ�RI�HOHFWURQV�
LQMHFWHG� E\� GHQVLW\� GRZQ�UDPS� WULJJHUHG� LQMHFWLRQ� IRU� WKH� DUUD\� Arr4 LQ� LQMHFWRU�
JHRPHWU\�IRU�D�� ������QS� ��î�����FP���SXUH�+H�(a)��E\�FRPELQHG�GHQVLW\�GRZQ�UDPS�
WULJJHUHG� DQG� LRQL]DWLRQ� LQMHFWLRQ� IRU� PL[WXUH� +H���1�� (b)�� DQG� E\� LRQL]DWLRQ�
LQMHFWLRQ�IRU�VLQJOH�QR]]OH�S1�QS� ��î�����FP���(c)�DQG�np� ��î�����FP���(d)�IRU�PL[WXUH�
+H���1���7KH�DFFHOHUDWLRQ�GLVWDQFH�]� �����PP��7KH�JUH\�FRQWRXU�OLQHV�LQGLFDWH�WKH�
HQYHORSH�RI�WKH�HOHFWULF�ILHOG�RI�WKH�ODVHU�SXOVH���
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,Q�WKH�QXPHULFDO�VLPXODWLRQV��WKH�SODVPD�FRQFHQWUDWLRQ�ZDV�FKDQJHG�LQ�WKH�
UDQJH�RI��î����������î�����FP���WR�GHILQH�WKH�RSWLPDO�DFFHOHUDWLRQ�FRQGLWLRQV�
DQG� HVWLPDWH� WKH� HIILFLHQF\� RI� VHFRQGDU\� EHWDWURQ� ;�UD\� UDGLDWLRQ��
&DOFXODWLRQV�ZHUH�PDGH�IRU�SXUH�KHOLXP�DQG�WKH�JDV�PL[WXUH�RI�+H�����1���
,Q� )LJ�� ������� WKH� VLPXODWLRQ� UHVXOWV� RI� GLIIHUHQW� LQMHFWLRQ� VFKHPHV� XVLQJ�
GHQVLW\�WULJJHUHG��LRQL]DWLRQ��DQG�FRPELQHG�GHQVLW\�GRZQ�UDPS�WULJJHUHG�DQG�
LRQL]DWLRQ�LQMHFWLRQ�DUH�SUHVHQWHG��:LWK�WKH�LQWHQWLRQ�WR�LQFUHDVH�WKH�FRQWUDVW�
RI�WKH�LPDJHV��WKH�SODVPD�FRQFHQWUDWLRQ�GDWD�EHORZ����IURP�WKH�PD[LPXP�LQ�
WKH�)LJ��������DUH�QRW�VKRZQ�DQG�OLJKWHG�E\�ZKLWH�DUHDV���

,Q�)LJ����DE�� WKH� VLPXODWLRQ� UHVXOWV�RI� WKH� VSDWLDO�GLVWULEXWLRQ�RI�/:)$�
HOHFWURQV� XVLQJ� GHQVLW\� GRZQ�UDPS� LQMHFWLRQ� IRU� WKH� DUUD\�$UU�� LQ� LQMHFWRU�
JHRPHWU\� DQG� D�� ������ QS� ��î�����FP��� DUH� SUHVHQWHG�� 7KH� SODVPD�
ZDYHOHQJWK�ȜS� �������P�FRUUHVSRQGV�WR�WKH�/:)$�EXEEOH�UHJLPH��DQG�PDWFK�
WKH�ODVHU�EHDP�GLDPHWHU�)+:0�RI�������P�DQG�Ĳ/� ����IV���

�

Figure 19.�6LPXODWHG�SURILOHV�RI�WKH�VSDWLDO�GLVWULEXWLRQ�RI�FRQFHQWUDWLRQ�RI�HOHFWURQV�
LQMHFWHG�E\�FRPELQHG�GHQVLW\�GRZQ�UDPS�WULJJHUHG�DQG� LRQL]DWLRQ� LQMHFWLRQ� IRU� WKH�
DUUD\�Arr4�LQ�LQMHFWRU�JHRPHWU\�IRU�PL[WXUH�+H���1��D�� ������np� ��î�����FP���(a)�
DQG��np� ��î�����FP���(b)��6LPXODWHG�SURILOHV�RI�WKH�VSDWLDO�GLVWULEXWLRQ�RI�LRQL]DWLRQ�
LQMHFWLRQ� IRU� VLQJOH� QR]]OH� S1� np  ��î�����FP��� (c)� DQG� np�  � �î�����FP��� (d)�� 7KH�
DFFHOHUDWLRQ�GLVWDQFH�]� �����PP���

,Q�WKH�)LJ����D��WKH�LQMHFWLRQ�RI�HOHFWURQV�RI�SXUH�KHOLXP��DQG�LQ�)LJ����E��
DQ� DGGLWLRQDO� LQMHFWLRQ� RI� QLWURJHQ� LRQL]HG� HOHFWURQV� LQVLGH� RI� WKH� SODVPD�
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EXEEOH� LV� VKRZQ�� %RWK� RI� WKHVH� UHJLPHV� OHDG� WR� WKH� IRUPDWLRQ� RI� TXDVL�
PRQRHQHUJHWLF�EXQFK�RI�DFFHOHUDWHG�HOHFWURQV��KRZHYHU��WKH�LQMHFWHG�FKDUJH�
LV�ORZ��,Q�)LJ����F�DQG���G��WKH�LRQL]DWLRQ�LQMHFWLRQ�RI�QLWURJHQ�HOHFWURQV�IRU�
WKH�VLQJOH�QR]]OH�DQG�QS� ��î�����FP���LV�SUHVHQWHG��7KH�DFFHOHUDWHG�HOHFWURQV�
DFKLHYH� WKH�KLJKHVW�HQHUJ\�� DQG� WKH�GLYHUJHQFH�RI� WKH� HOHFWURQ�EHDP� LV� WKH�
ORZHVW��)LJ�����DF���7KH�FRQWLQXRXV�LQMHFWLRQ�FDXVHV�D�EURDG�HQHUJ\�VSHFWUXP�
RI� DFFHOHUDWHG� HOHFWURQV� KRZHYHU�� ,Q� WKH� FDVH� RI� )LJ����G� DQG� ��G�� WKH�
VLPXODWLRQ�UHVXOWV�IRU�np = �î�����FP���DQG�ODVHU�VWUHQJWK�SDUDPHWHU�D�� �����
DQG�D�� �����DUH�VKRZQ�FRUUHVSRQGLQJO\���

)RU�WKH�KLJKHU�SODVPD�FRQFHQWUDWLRQ�DQG�VKRUWHU�SODVPD�ZDYHOHQJWK��WKH�
RSWLPDO�EHDP�GLDPHWHU�FHWM LV������P��7KH�RSWLPDO� ODVHU�SXOVH�GXUDWLRQ�
τL� ����IV�LV�VKRUWHU�WKDQ�τL� ����IV�XVHG�LQ�WKH�H[SHULPHQW��DQG�VHYHUDO�SODVPD�
ZDYHV�DUH�H[FLWHG��7KH�DFFHOHUDWHG�HOHFWURQV�DUH�VSUHDG� LQ�WKH�EURDG�ODWHUDO�
SODVPD�ZDNH��)LJ����G���G��DQG����DF����

�

Figure 20.�6LPXODWHG�SURILOHV�RI�WKH�VSDWLDO�FKDUJH�GLVWULEXWLRQ�LQ�\��(a, b) DQG�[]�(c,d)�
GLUHFWLRQV� RI� HOHFWURQV� LQMHFWHG� E\� LRQL]DWLRQ� LQMHFWLRQ� IRU� D� VLQJOH� QR]]OH� S1� IRU�
PL[WXUH�+H���1��D�� ������QS� ��î�����FP�� (a,c)��6LPXODWHG�SURILOHV�RI�WKH�VSDWLDO�
FKDUJH�GLVWULEXWLRQ�RI�HOHFWURQV� LQMHFWHG�E\�FRPELQHG�GHQVLW\�GRZQ�UDPS�WULJJHUHG�
DQG� LRQL]DWLRQ� LQMHFWLRQ� IRU� WKH� DUUD\�Arr4� LQ� LQMHFWRU� JHRPHWU\� (b,d) >���@�� 7KH�
DFFHOHUDWLRQ�GLVWDQFH�]� �����PP���
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,Q�)LJ����E�����DE��DQG���EG��WKH�VLPXODWLRQ�UHVXOWV�RI�LQMHFWLRQ�VFKHPHV�
XVLQJ�FRPELQHG� LRQL]DWLRQ�DQG�GHQVLW\�WULJJHUHG� LQMHFWLRQ�DUH�SUHVHQWHG�� ,Q�
WKH�FDVH�RI�D�� �����DQG�np� ��î�����FP����)LJ����E���WKH�UHODWLYHO\�ORZ�ODVHU�
LQWHQVLW\� DQG� SODVPD� FRQFHQWUDWLRQ� UHVXOW� LQ� D� VPDOO� QXPEHU� RI� LQMHFWHG�
HOHFWURQV�� ,Q� WKH� FDVH� RI� D�� ����� DQG�np�  � �î�����FP��� �)LJ�� ��D��� WKH� ODVHU�
LQWHQVLW\� LV� KLJKHU�� KRZHYHU�� WKH� FKDUJH� RI� LQMHFWHG� HOHFWURQV� LV� VWLOO� ORZ�
EHFDXVH�RI�ORZ�SODVPD�FRQFHQWUDWLRQ��7KH�SODVPD�ZDYHOHQJWK�DQG�WKH�UDGLXV�
RI�WKH�SODVPD�EXEEOH�RI�LV�WRR�ODUJH�IRU�WKH�HIILFLHQW�DFFHOHUDWLRQ�RI�HOHFWURQV��
,Q�)LJ����E�DQG����EG��WKH�KLJKHU�ODVHU�VWUHQJWK�SDUDPHWHU�D�� �����DQG�PDWFKHG�
SODVPD�ZDYHOHQJWK�RI�np� ��î�����FP���UHVXOW�LQ�WKH�LQMHFWLRQ�RI�KLJKHU�FKDUJH�
LQWR�WKH�ZDNH�DQG�IRUPDWLRQ�RI�WKH�TXDVL�PRQRHQHUJHWLF�EXQFK��)LJ����E����

)RU� WKLV� UHJLPH�� VHYHUDO� FRQGLWLRQV� KDYH� WR� EH� PHW�� 7KH� SODVPD�
FRQFHQWUDWLRQ��ODVHU�EHDP�IRFXVLQJ�DQG�SXOVH�GXUDWLRQ�KDYH�WR�FRUUHVSRQG�WR�
WKH�/:)$�EXEEOH�UHJLPH��7KH�OHQJWK�RI�WKH�SODVPD�GHQVLW\�GRZQ�UDPS�UHJLRQ�
KDV�WR�EH�FORVH�WR�WKH�SODVPD�ZDYHOHQJWK��DQG�WKH�ODVHU�EHDP�KDV�WR�EH�IRFXVHG�
LQWR� WKH� EHJLQQLQJ� UHJLRQ� RI� WKH� GRZQ�UDPS��7KH� ODVHU� LQWHQVLW\� KDV� WR� EH�
VXIILFLHQW� WR� DFFHOHUDWH� WKH� KLJKHU� QXPEHU� RI� LQMHFWHG� HOHFWURQV� DQG� QRW� WR�
H[FHHG�WKH�WKUHVKROG�RI�FRQWLQXRXV�LRQLVDWLRQ�LQMHFWLRQ�LQVLGH�RI�WKH�SODVPD�
EXEEOH���

7KH� HQHUJ\� RI� DFFHOHUDWHG� HOHFWURQ� IRU� WKH� VLQJOH� ���� PP� QR]]OH� 6���
a�� �����DQG�WKH�SODVPD�FRQFHQWUDWLRQ�np� ��î�����FP���UHDFKHV���������0H9��
7KH�GLYHUJHQFH�LV�����PUDG��:LWK�WKH�LQFUHDVH�RI�SODVPD�FRQFHQWUDWLRQ�IURP�
np� ��î�����FP���WR�np� ����î�����FP����WKH�HQHUJ\�RI�WKH�DFFHOHUDWHG�HOHFWURQV�
GHFUHDVHV�WR�������0H9��,Q�)LJ������WKH�HQHUJ\�DQG�GLYHUJHQFH�RI�DFFHOHUDWHG�
HOHFWURQV� IRU� np�  � �î����� FP��� DW� WKH� DFFHOHUDWLRQ� GLVWDQFH� ]� �����PP�DUH�
VKRZQ�� 7KH� GLYHUJHQFH� RI� WKH� HOHFWURQ� EHDP� IRU� a��  � ���� LQFUHDVHV� WR�
��������PUDG��)LJ����D���,Q�WKH�FDVH�RI�WKH�KLJKHU�ODVHU�VWUHQJWK�SDUDPHWHU�RI�
a�� ������WKH�HQHUJ\�RI�WKH�DFFHOHUDWHG�HOHFWURQV�IRU�WKH�VLQJOH�����PP�QR]]OH�
6�� UHDFKHV� ������� 0H9�� 7KH� GLYHUJHQFH� RI� WKH� HOHFWURQ� EHDP� LQFUHDVHV�
IXUWKHU�WR�������PUDG��)LJ����F����

,Q�)LJ����EG�� WKH�FKDUJH�SURILOHV�RI�HOHFWURQV�DFFHOHUDWHG�XVLQJ�D�QR]]OH�
DUUD\� $UU�� DUH� SUHVHQWHG�� )RU� a0� ������ WKH� VOLW� QR]]OH� DUUD\� LQFUHDVHV� WKH�
GLYHUJHQFH�RI� WKH�HOHFWURQ�EHDP� WR�������PUDG� �)LJ����E���EHLQJ����� WLPHV�
ODUJHU�FRPSDUHG�WR�WKH�GLYHUJHQFH�RI�WKH�HOHFWURQ�EHDP�RI�WKH�VLQJOH�QR]]OH�
VKRZQ� LQ�)LJ����D��7KH� HQHUJ\�RI� HOHFWURQV� UHPDLQV� VLPLODU�� ,Q� WKH� FDVH�RI�
)LJ����G��WKH�GLYHUJHQFH�RI�WKH�HOHFWURQ�EHDP�LQFUHDVHV�WR�������PUDG�EHLQJ�
�������ODUJHU�FRPSDUHG�WR�WKH�GLYHUJHQFH�RI�WKH�HOHFWURQ�EHDP�RI�WKH�VLQJOH�
QR]]OH�VKRZQ�LQ�WKH�)LJ����F��7KH�LPSOHPHQWDWLRQ�RI�WKH�VOLW�DUUD\�IRU�a�� �����
�)LJ����G��LV�OHVV�HIILFLHQW�UHODWLYH�WR�WKH�FDVH�RI�a�� ������)LJ����E��EHFDXVH�
WKH�HOHFWURQ�EHDP�KDV�ODUJHU�GLYHUJHQFH�GXH�WR�WKH�VKRUWHU�5D\OHLJK�OHQJWK��,Q�
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WKH�FDVH�RI�a�� ������WKH�ODVHU�EHDP�IRFXVHG�WR�WKH�GLDPHWHU�RI����P��DQG�LQ�WKH�
FDVH�RI�a�� �������WR�������P�):+0��

�

Figure 21�� 6LPXODWHG� SURILOHV� RI� WKH� GLVWULEXWLRQ� RI� WKH� HQHUJ\� DQG� GLYHUJHQFH� RI�
HOHFWURQ�FKDUJH�IRU�WKH�VLQJOH�/DYDO�QR]]OH�S1��a���DUUD\�Arr2��b��IRU�a0� ������DQG�WKH�
VLQJOH�/DYDO�QR]]OH�S1��c���DQG�DUUD\�Arr2��d��IRU�a0� �����DQG�np� ��î�����FP���DW�WKH�
DFFHOHUDWLRQ�GLVWDQFH�]� �����PP�>���@��

���� (VWLPDWLRQ�RI�6HFRQGDU\�;�5D\�5DGLDWLRQ�

7KH� QXPEHU� RI�;�UD\� SKRWRQV� SHU� VKRW� DQG� WKH� EULJKWQHVV� RI� HOHFWURQ��
JHQHUDWHG� EHWDWURQ� UDGLDWLRQ� ZHUH� HYDOXDWHG� E\� SRVWSURFHVVLQJ� RI� GDWD� RI�
VSDWLDO� GLVWULEXWLRQ� HOHFWURQ�PRPHQWD� RI�)%3,&�3,&� VLPXODWLRQ� >���@��7KH�
HQHUJ\�RI� V\QFKURWURQ� UDGLDWLRQ� LQWR� WKH� XQLW� RI� SKRWRQ� HQHUJ\� DQG� XQLW� RI�
VSDFH�DQJOH�LQ�WKH�GLUHFWLRQ�RI�WKH�ODVHU�UDGLDWLRQ�DW�θ� ����JHQHUDWHG�E\�RQH�
HOHFWURQ�DW�WKH�FRUUHVSRQGLQJ�FULWLFDO�HQHUJ\�Wc𝛽 ZDV�FDOFXODWHG�XVLQJ�UHODWLRQV�
��������� 7KH�ZDYHOHQJWK� DQG� WKH� F\FOLF� IUHTXHQF\� RI� WKH� HOHFWURQ� EHWDWURQ�
RVFLOODWLRQ� ZHUH� FDOFXODWHG� XVLQJ� UHODWLRQV� ��������� 7KH� WRWDO� QXPEHU� RI�
HOHFWURQ�RVFLOODWLRQV�LQ�WKH�EHWDWURQ�LRQ�FKDQQHO�ZDV�HVWLPDWHG�E\�WKH�UHODWLRQ��
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ZKHUH�L𝛽=2rE�DQG�𝜏L�LV�WKH�ODVHU�ZDYHOHQJWK��,I� � � �zrE J ��WKH�UDWLR�RI�WKH�

UDGLXV�RI� WKH�HOHFWURQ�RVFLOODWLRQ� WR� WKH� � zJ LV�DSSUR[LPDWHO\�HTXDO� WR� WKH�
UDWLR� RI� WKH� FRPSRQHQWV� RI� WKH� HOHFWURQ� PRPHQWXP� LQ� WKH� WUDQVYHUVH� DQG�
ORQJLWXGLQDO�GLUHFWLRQV� � � � � �� z e ez e zr p p pE J JA A ��RU�WKH�UDWLR�RI�WKH�/RUHQ]�
IDFWRUV� LQ� WKH� WUDQVYHUVH� DQG� ORQJLWXGLQDO� GLUHFWLRQ� >���@�� %DVHG� RQ� WKH�
UHODWLRQV�DERYH��WKH�EHWDWURQ�UDGLXV�RI�HOHFWURQ�RVFLOODWLRQV�ZDV�FDOFXODWHG�DV�

�e zr pE JA ��7KH� WUDQVYHUVDO� GLYHUJHQFH� �):+0��RI� HOHFWURQV�𝜃eA ZDV�
FDOFXODWHG�DV�WKH�DYHUDJH�RI� WKH�GLYHUJHQFHV�LQ�WKH�x��DQG�y�GLUHFWLRQV��7KH�
DQJOH� RI� WKH� EHWDWURQ� UDGLDWLRQ� LQ� WKH� RVFLOODWLRQ� SODQH� ZDV� FDOFXODWHG� DV�
T0.5AE = K𝛽/J��DQG�WKH�GLYHUJHQFH�θAE =��T0.5AE��7KH�DQJOH�RI�UDGLDWLRQ�LQ�WKH�

SHUSHQGLFXODU� SODQH� ZDV� FDOFXODWHG� DV� θ0.5sE = 1/γ� DQG� θsE = 2θ0.5sE��
FRUUHVSRQGLQJO\. 7KH�QXPEHU�RI�SKRWRQV�Nphot1�UDGLDWHG�E\�RQH�HOHFWURQ�ZDV�
FDOFXODWHG�E\�GLYLGLQJ�WKH�VSHFWUDO�GHQVLW\�RYHU�WKH�SKRWRQ�HQHUJ\�Wr𝛽 =ħZr𝛽��
LQWHJUDWLQJ�RYHU�WKH�UDQJH�RI�HQHUJLHV�IURP�Wmin=100 eV WR�Wmax=30 keV�RI�
WKH�VHQVLWLYLW\�RI�;�UD\�FDPHUD�DQG�PXOWLSO\LQJ�E\�D�VWHUHR�DQJOH�RI�STA𝛽Ts𝛽/8��
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7KH�WRWDO�QXPEHU�RI�SKRWRQV�SHU�VKRW�Nphot�ZDV�HVWLPDWHG�E\�VXPPLQJ�WKH�

VSHFWUD�RI�WKH�QXPEHU�RI�SKRWRQV�JHQHUDWHG�E\�HOHFWURQV�ZLWK�D�FULWLFDO�HQHUJ\�
RI Wc𝛽i� DQG� LQWHJUDWLQJ� RYHU� WKH� UDQJH� RI� HQHUJLHV� IURP� Wmin=100 eV WR�
Wmax=30 keV��
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7KH�WRWDO�EULJKWQHVV�Br RI�DOO�HOHFWURQV�LQ������EDQGZLGWK�PUDG��PP��XQLWV�
ZDV�FDOFXODWHG�DV��
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ZKHUH�rEi�LV�H[SUHVVHG�LQ�PP��DQG�τL�LV�WKH�GXUDWLRQ�RI�WKH�ODVHU�SXOVH��
,Q� )LJ����D�F�� WKH� VLPXODWHG� FKDUJH� RI� DFFHOHUDWHG� HOHFWURQV� KDYLQJ�

WUDQVYHUVDO� GLYHUJHQFH� �):+0��𝜃eA� EHWDWURQ� UDGLXV� rcE� � DQG� FULWLFDO�
V\QFKURWURQ�HQHUJ\�WcE�RI�EHWDWURQ�UDGLDWLRQ�DUH�SUHVHQWHG��
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Figure 22.�7KH�VLPXODWHG�FKDUJH�RI�HOHFWURQV�DFFHOHUDWHG�E\�WKH�DUUD\�Arr2�DQG�VLQJOH�
QR]]OH�S1� KDYLQJ�GLYHUJHQFH� �):+0��𝜃eA (a)�� EHWDWURQ� UDGLXV� rcE� (b)�� DQG� FULWLFDO�
V\QFKURWURQ�HQHUJ\�Wcβ�(c)��&DOFXODWHG�VSHFWUDO�GHQVLW\�dNphot/dWrβ RI�SKRWRQ�QXPEHU�
SHU�VKRW�IRU�WKH�DUUD\�Arr2�DQG�VLQJOH�QR]]OH�S1 (d)�IRU�a0� �����DQG�np� ��î�����FP�

���7KH�GDVKHG� OLQHV�Arr2c DQG�S1c� VKRZ� WKH�FDOFXODWHG�GHQVLW\�RI�dNphot/dWrβ�� WKH�
GRWWHG�OLQHV� �� WKH�dNphot/dWrβ�DWWHQXDWHG�E\� WKH�PDWHULDOV�SODFHG�EHWZHHQ�WKH�;�UD\�
VRXUFH�DQG�FDPHUD��DQG�WKH�VROLG�OLQHV�Arr2 DQG�S1 VKRZ�WKH�V\QFKURWURQ�OLNH�VSHFWUD�
ZLWK�WKH�PHDQ�FULWLFDO�HQHUJ\�Wcβ�PHDVXUHG�XVLQJ�5RVV�ILOWHUV�>���@��

7KH�FDOFXODWLRQV�KDYH�VKRZQ�WKDW�WKH�LPSOHPHQWDWLRQ�RI�WKH�QR]]OH�DUUD\�
$UU��LQFUHDVHG�WKH�QXPEHU�RI�HOHFWURQV�KDYLQJ�D�KLJKHU�WUDQVYHUVDO�GLYHUJHQFH�
�)LJ����D��DQG�H[WHQGHG�WKH�DYHUDJH�RI�EHWDWURQ�UDGLXV��)LJ����E��DQG�FULWLFDO�
HQHUJ\�E\�����������)LJ����F���$OWKRXJK�WKH�LQFUHDVH�RI�EHWDWURQ�UDGLXV�ZDV�
UHODWLYHO\�VPDOO��WKH�LQFUHDVH�RI�HOHFWURQ�GLYHUJHQFH�IRU�WKH�DUUD\�$UU��UHODWLYH�
WR�VLQJOH�QR]]OH�6��ZDV���������)LJ�������$W�WKH�DFFHOHUDWLRQ�GLVWDQFH�RI�����
PP��WKH�FDOFXODWHG�GLYHUJHQFH�FRUUHVSRQGHG�WR�WKH�GLVWULEXWLRQ�RI�HOHFWURQV�LQ�
WKH�WUDQVYHUVDO�UDGLXV�RI����ȝP�RQ�DYHUDJH���

7KH�UHVXOWLQJ�;�UD\�UDGLDWLRQ�LV�GHILQHG�E\�WKH�VXSHUSRVLWLRQ�RI�UDGLDWLRQ�
RI�HOHFWURQV�DW�GLIIHUHQW�VSDWLDO�SRVLWLRQV��,Q�)LJ����G��WKH�FDOFXODWHG�VSHFWUDO�
GHQVLW\�dNphot/ dWrβ�RI�SKRWRQ�QXPEHU�SHU�VKRW�IRU�WKH�DUUD\�$UU��DQG�VLQJOH�
QR]]OH� 6�� LV� SUHVHQWHG�� 7KH� FDOFXODWLRQ� GHPRQVWUDWHG� WKH� LQFUHDVH� RI� WKH�
QXPEHU�RI�SKRWRQ�QXPEHU�SHU�VKRW�FDXVHG�E\� WKH�SODVPD�GHQVLW\�SURILOH�LQ�
ZLJJOHU�JHRPHWU\�����WLPHV��DQG�WKH�WRWDO�QXPEHU�RI�SKRWRQ�QXPEHU�UHDFKHG�
�î�����7KH�EHWDWURQ�V\QFKURWURQ�SDUDPHWHU�Kβ�LQFUHDVHG�IURP���WR�����ZKLOH�
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FKDQJLQJ�WKH�SODVPD�FRQFHQWUDWLRQ�IURP��î�����FP���WR��î�����FP����:LWK�WKH�
LPSOHPHQWDWLRQ� RI� WKH� SODVPD� GHQVLW\� SURILOH� LQ� ZLJJOHU� JHRPHWU\�� WKH�
EHWDWURQ�V\QFKURWURQ�SDUDPHWHU�Kβ�LQFUHDVHG�IURP �� WR��������7KH�EHWDWURQ�
V\QFKURWURQ�VWUHQJWK�SDUDPHWHU K𝛽�ZDV�HVWLPDWHG�XVLQJ�WKH�UHODWLRQ�������,Q�
WKHVH�UDQJHV�RI�Kβ�YDOXHV��WKH�EHWDWURQ�VRXUFH�RSHUDWHV�LQ�WKH�ZLJJOHU�PRGH�
DQG�KDV�D�EURDGEDQG�V\QFKURWURQ�OLNH�UDGLDWLRQ�VSHFWUXP��

���� 'LVFXVVLRQ�RQ�/:)$�6LPXODWLRQ�DQG�;�5D\�5DGLDWLRQ�
3DUDPHWHUV�

7KH� )%3,&� VLPXODWLRQ� RI�/:)$�KDV� VKRZQ� WKDW� WKH� VWUXFWXUHG� SODVPD�
WDUJHWV� FDQ�EH� LPSOHPHQWHG� IRU� WKH� FRQWURO�RI� LQMHFWLRQ�DQG�DFFHOHUDWLRQ�RI�
HOHFWURQV�DQG�HQKDQFH�WKH�HIILFLHQF\�RI�VHFRQGDU\�EHWDWURQ�;�UD\�UDGLDWLRQ��
9DU\LQJ�WKH�GHQVLW\�GRZQ�UDPS�JUDGLHQW��WKH�QXPEHU�RI�LQMHFWHG�HOHFWURQV��WKH�
SRVLWLRQ� RI� WKH� LQMHFWHG� HOHFWURQ� EXQFK�� DQG� ILQDO� HOHFWURQ� HQHUJ\� FDQ� EH�
FKDQJHG��$FFRUGLQJ�WR�WKH�UHODWLRQ������DQG��'�3,&�VLPXODWLRQV�>��������@��
WKHUH�LV�DQ�RSWLPDO�JUDGLHQW�OHQJWK�RI�WKH�RUGHU�RI�WKH�SODVPD�ZDNH�ZDYHOHQJWK�
HQDEOLQJ� WKH� IRUPDWLRQ� RI� D� TXDVL�PRQRHQHUJHWLF� EXQFK� RI� DFFHOHUDWHG�
HOHFWURQV�� 7KH� VKRUW� OHQJWK� RI� WKH� SODVPD� GRZQ�UDPS� UHJLRQ� OHDGV� WR� WKH�
EURDGHQLQJ�RI�WKH�HQHUJ\�VSHFWUXP�EHFDXVH�RI�WKH�ODUJH�QXPEHU�RI�LQMHFWHG�
HOHFWURQV��7KH�LQMHFWHG�VSDFH�FKDUJH�PRGLILHV�WKH�HOHFWULF�ILHOG�LQVLGH�WKH�ZDNH�
DQG�UHGXFHV�WKH�HQHUJ\�RI�DFFHOHUDWHG�HOHFWURQV��:KHQ�WKH�GHQVLW\�GRZQ�UDPS�
OHQJWK� LV� ODUJHU� WKDQ� WKH� SODVPD� ZDYHOHQJWK�� WKH� HOHFWURQV� DUH� WUDSSHG� LQ�
VHYHUDO�ZDNHILHOG�SHULRGV��,W�UHVXOWV�LQ�WKH�HQHUJ\�VSHFWUXP�EURDGHQLQJ��DQG�
WKH�GURS�RI�DFFHOHUDWHG�HOHFWURQ�HQHUJ\�DV�LQ�WKH�FDVH�RI�VKDUS�WUDQVLWLRQ��:KHQ�
WKH� OHQJWK� RI� WKH� SODVPD� FRQFHQWUDWLRQ� GRZQ�UDPS� LV� FORVH� WR� WKH� SODVPD�
ZDYHOHQJWK��WKH�QXPEHU�RI�LQMHFWHG�HOHFWURQV�LV�VPDOOHU��DQG�WKH�HOHFWULF�ILHOG�
LQVLGH�WKH�ZDNH�LV�OHVV�DIIHFWHG�>��@��7KH�VORZHU�HOHFWURQV�DUH�LQMHFWHG�LQ�WKH�
UHJLRQ�ZLWK�KLJKHU�ZDNHILHOG�DQG��YLFH�YHUVD�� WKH�IDVWHU�HOHFWURQV�UHDFK� WKH�
ZDNH� ZDYH� UHJLRQ� ZKHUH� WKH� ILHOG� LV� ZHDNHU�� ,Q� VXFK� D� ZD\�� D� TXDVL�
PRQRHQHUJHWLF� EXQFK� D� ILQLWH� OHQJWK� DQG� HQHUJ\� GLVSHUVLRQ� LQ� SXUH� +H� LV�
IRUPHG��)LJ����D���&KDQJLQJ�WKH�JUDGLHQW�VFDOH�DQG�SODVPD�FRQFHQWUDWLRQ��LW�LV�
SRVVLEOH�WR�HQVXUH�WKH�VWDEOH�LQMHFWLRQ�DQG�GHFUHDVH�WKH�HQHUJ\�GLVSHUVLRQ�RI�
DFFHOHUDWHG�HOHFWURQV��7KH�FKDUJH�RI�DFFHOHUDWHG�HOHFWURQV� LV� UHODWLYHO\� ORZ��
KRZHYHU���

,Q�WKH�FDVH�RI�D�VLQJOH�QR]]OH��)LJ����FG����FG��DQG����D���WKH�LRQL]DWLRQ�
LQMHFWLRQ�VFKHPH�OHG�WR�D�VWDEOH��WKRXJK�FRQWLQXRXV�LQMHFWLRQ�DQG�EURDG�HQHUJ\�
GLVSHUVLRQ�RI�DFFHOHUDWHG�HOHFWURQV��7KH�FKDUJH�RI�LQMHFWHG�HOHFWURQV�LQFUHDVHG�
ZLWK� WKH� LQFUHDVLQJ�RI� WKH�SODVPD�FRQFHQWUDWLRQ��7KH�HQHUJ\�RI�DFFHOHUDWHG�
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HOHFWURQV�UHGXFHG��DQG�WKH�HQHUJ\�GLVSHUVLRQ�ZDV�KLJKHU��)LJ����EG���,W�UDLVHG�
WKH�HIILFLHQF\�RI�VHFRQGDU\�;�UD\�EHWDWURQ�UDGLDWLRQ���

7KH�GHQVLW\�WULJJHUHG�LQMHFWLRQ�FDQ�EH�FRPELQHG�ZLWK�LRQL]DWLRQ�LQMHFWLRQ�
XVLQJ� WKH� PL[WXUH� +H���1��� %\� PDLQWDLQLQJ� WKH� OHQJWK� RI� SODVPD�
FRQFHQWUDWLRQ�JUDGLHQW�FORVH�WR�WKH�SODVPD�ZDYHOHQJWK�DQG�IRFXVLQJ�WKH�ODVHU�
EHDP�LQWR�WKH�EHJLQQLQJ�UHJLRQ�RI�GRZQ�UDPS��WKH�LQMHFWLRQ�RI�KLJKHU�FKDUJH�
LQWR�WKH�SODVPD�ZDNH�ZDV�DFKLHYHG��)LJ����E����E��DQG���E���7KH�ORDG�RI�WKH�
HOHFWULF�ILHOG�RI�WKH�ZDNH�KDV�WR�EH�RSWLPDO��KRZHYHU��7KH�ODVHU�LQWHQVLW\�KDV�
WR�EH�VXIILFLHQW�WR�DFFHOHUDWH�WKH�ELJJHU�QXPEHU�RI�LQMHFWHG�HOHFWURQV��KRZHYHU�
QRW�WR�H[FHHG�WKH�WKUHVKROG�RI�D�FRQWLQXRXV�LRQLVDWLRQ�LQMHFWLRQ�LQVLGH�RI�WKH�
SODVPD� EXEEOH�� ,QFUHDVLQJ� WKH� ODVHU� VWUHQJWK� SDUDPHWHU� IURP� D��  � ���� WR�
D�� ������ DQG� XVLQJ� FRPELQHG� LRQL]DWLRQ� DQG� GHQVLW\� GRZQ�UDPS� WULJJHUHG�
LQMHFWLRQ�UHVXOWHG�LQ�WKH�IRUPDWLRQ�RI�HOHFWURQ�EXQFK�RI�DYHUDJH�HQHUJ\�RI����
0H9� �)LJ�� ��E� DQG� ��E��� $FFHOHUDWLRQ� RI� TXDVL�PRQRHQHUJHWLF� HOHFWURQ�
EXQFKHV�FDQ�EH�DFKLHYHG�XVLQJ�VHOI�WUXQFDWHG�LRQL]DWLRQ�LQMHFWLRQ�VFKHPH�E\�
IRFXVLQJ� RI� ODVHU� EHDP� ��� PP� EHKLQG� WKH� JDV�MHW� H[LW� >��@�� +RZHYHU�� D�
FDUHIXO� DGMXVWPHQW� RI� WKH� ODVHU� SURILOH� DQG� VSHFWUDO�SKDVH� FRUUHFWLRQ� LQ� WKH�
LQWHUPHGLDWH� ILHOG� EHIRUH� WKH� ODVHU� IRFXV� LV� UHTXLUHG�� ,RQL]DWLRQ�DVVLVWHG�
WRJHWKHU�ZLWK�GHQVLW\�GRZQ�UDPS�LQMHFWLRQ�ZDV�LQYHVWLJDWHG�XVLQJ�WZR�MHWV�RI�
GLIIHUHQW�JDVHV��7KH�ILUVW�MHW�ZLWK�+H�1��PL[WXUH��DQG�WKH�VHFRQG�ZLWK�SXUH�
KHOLXP� UHVXOWHG� LQ� WKH� JHQHUDWLRQ� RI�TXDVL�PRQRHQHUJHWLF� HOHFWURQ� EXQFKHV�
>��@��,Q�WKLV�ZRUN��D�PRUH�VLPSOH�DQG�HIILFLHQW�PHWKRG�RI�FRPELQHG�GHQVLW\�
WULJJHUHG� DQG� RSWLFDO� LRQLVDWLRQ� LQMHFWLRQ� XVLQJ� QR]]OH� DUUD\� LQ� LQMHFWRU�
JHRPHWU\�DQG�+H�1��PL[WXUH�IRU�WKH�IRUPDWLRQ�RI�VWDEOH�TXDVL�PRQRHQHUJHWLF�
HOHFWURQ�EXQFKHV�ZDV�SURSRVHG���

,PSOHPHQWDWLRQ� RI� QR]]OH� DUUD\V� LQ� WKH�ZLJJOHU� JHRPHWU\� LQFUHDVHG� WKH�
GLYHUJHQFH�RI�WKH�HOHFWURQ�EHDP�E\�D�IDFWRU�������IRU�np� ��î�����FP���DQG�E\�
���������IRU�np� ��î�����FP����)LJ�������7KH�SODVPD�GHQVLW\�JULG�H[WHQGHG�WKH�
WUDQVYHUVDO�PRWLRQ�RI�HOHFWURQV�DQG�LQFUHDVHG�WKH�QXPEHU�RI�SKRWRQV�SHU�VKRW�
DQG�EULJKWQHVV�RI�;�UD\� UDGLDWLRQ����� WLPHV� �)LJ����G���0RUH�HOHFWURQV�KDG�
KLJKHU�FULWLFDO�HQHUJ\�RI�V\QFKURWURQ�UDGLDWLRQ��DQG�WKHLU�FRQWULEXWLRQ�WR�WKH�
WRWDO�;�UD\�HPLVVLRQ�ZDV�ODUJHU��)LJ����F���7KH�UHVXOWLQJ�VSHFWUXP�DQG�VRXUFH�
VL]H� RI� ;�UD\� UDGLDWLRQ� ZDV� GHILQHG� E\� WKH� VXSHUSRVLWLRQ� RI� UDGLDWLRQ� RI�
HOHFWURQV�ZLWK�GLYHUVH�PRPHQWD�UDGLDWLQJ�DW�GLIIHUHQW�VSDWLDO�SRVLWLRQV�LQ�WKH�
UDGLXV� RI� DSSUR[LPDWHO\� ��� ȝP�� 7KH� SUHYDLOLQJ� UDGLDWLRQ� RI� HOHFWURQV�
FRUUHVSRQGHG�WR�WKH�FULWLFDO�V\QFKURWURQ�HQHUJ\�Wcβ RI�����NH9���
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�
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���� &RQFOXVLRQV�

7KH� FKDUJH�� HQHUJ\�� DQG� GLYHUJHQFH� RI� DFFHOHUDWHG� HOHFWURQV� FDQ� EH�
FRQWUROOHG� E\� VWUXFWXUHG� SODVPD� WDUJHWV� FRPSULVLQJ� WDLORUHG� LQMHFWRU��
DFFHOHUDWLRQ��DQG�ZLJJOHU�VHFWLRQV��

x 7KH� FKDUJH� RI� DFFHOHUDWHG� HOHFWURQV� FDQ� EH� LQFUHDVHG� DQG� WKH�
HQHUJ\� GLVSHUVLRQ� RI� WKH� HOHFWURQV� FDQ� EH� ORZHUHG� XVLQJ�
FRPELQHG�LRQL]DWLRQ�DQG�GHQVLW\�GRZQ�UDPS�WULJJHUHG�LQMHFWLRQ�
RI� WKH� VWUXFWXUHG� SODVPD� FRQFHQWUDWLRQ� SURILOHV� LQ� LQMHFWRU�
JHRPHWU\��

x 7KH�SODVPD�FRQFHQWUDWLRQ��WKH�GLDPHWHU�RI�WKH�IRFXVHG�ODVHU�EHDP�
DQG� SXOVH� GXUDWLRQ� KDYH� WR� FRUUHVSRQG� WR� WKH� /:)$� EXEEOH�
UHJLPH��DQG�WKH�OHQJWK�RI�WKH�SODVPD�FRQFHQWUDWLRQ�JUDGLHQW�KDV�
WR�EH�FORVH�WR�WKH�SODVPD�ZDYHOHQJWK��

x 7KH�LQWHQVLW\�RI�WKH�ODVHU�EHDP�KDV�WR�EH�VXIILFLHQW�WR�DFFHOHUDWH�
WKH�KLJKHU� QXPEHU� RI� LQMHFWHG� HOHFWURQV� DQG�QRW� WR� H[FHHG� WKH�
WKUHVKROG�RI�FRQWLQXRXV�LRQLVDWLRQ�LQMHFWLRQ�LQVLGH�RI�WKH�SODVPD�
EXEEOH���

x :LWK�LQFUHDVLQJ�WKH�SODVPD�FRQFHQWUDWLRQ�E\�D�IDFWRU�RI������WKH�
DPRXQW� RI� DFFHOHUDWHG� FKDUJH� DQG� WKH� GLYHUJHQFH� RI� HOHFWURQ�
EHDP�LQFUHDVH�������WLPHV��,W�LQFUHDVHV�WKH�HIILFLHQF\�RI�EHWDWURQ�
RVFLOODWLRQ��

x ,QWURGXFLQJ�WKH�SODVPD�WDUJHW�LQ�ZLJJOHU�JHRPHWU\�LQFUHDVHV�WKH�
EHWDWURQ�UDGLXV�DQG� WKH�FULWLFDO�HQHUJ\�RI�EHWDWURQ�UDGLDWLRQ�E\�
��������7KH�EHWDWURQ�UDGLXV�GHILQHG�E\�QXPHULFDO�VLPXODWLRQ�LV�
���� ȝP�� 7KH� UDGLDWLQJ� HOHFWURQV� DW� D� GLVWDQFH� RI� ���� PP� DUH�
GLVWULEXWHG�ZLWKLQ�WKH�UDGLXV�RI����ȝP�RQ�DYHUDJH��

x ,PSOHPHQWDWLRQ�RI�SODVPD�WDUJHW�LQ�ZLJJOHU�JHRPHWU\�IRU�D�� �����
DQG�QS� ���î������FP���LQFUHDVHV�WKH�GLYHUJHQFH�E\���������DQG�
QXPEHU�RI�SKRWRQV�SHU�VKRW�RI�EHWDWURQ�;�UD\�UDGLDWLRQ�����WLPHV�
UHODWLYH�WR�D�VLQJOH�QR]]OH��
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�� 180(5,&$/�6,08/$7,21�2)�*$6�7$5*(76�

7KH�PDWHULDO�UHODWHG�WR�WKLV�FKDSWHU�ZDV�SXEOLVKHG�>$���$���$���$�@�DQG�LQ�
>&���&���&���&�@��

7R� HVWLPDWH� WKH� JDV� GHQVLW\� GLVWULEXWLRQ� RI� VWUXFWXUHG� JDV� WDUJHWV�� WKH�
YHORFLW\��SUHVVXUH��DQG�WHPSHUDWXUH�RI�JDV�MHWV�DQG�FRUUHVSRQGLQJ�VKRFN�ZDYHV�
RI�FRQYHUJLQJ�GLYHUJLQJ��DQG�KLJK�GHQVLW\�F\OLQGULFDO�FDSLOODULHV�PLFURQR]]OH�
DUUD\V� ZHUH� VLPXODWHG�� 7KH� QXPHULFDO� VLPXODWLRQ� ZDV� SHUIRUPHG� XVLQJ�
2SHQ)2$0� >���@� FRPSUHVVLEOH� VWHDG\�IORZ� VROYHU� UKR6LPSOH)RDP�� 7KH�
5H\QROGV�DYHUDJHG� 1DYLHU�6WRNHV� �5$16�� kt� - 휔t 6KHDU� 6WUHVV� 7UDQVSRUW�
�667� WXUEXOHQFH�PRGHO�ZDV�DSSOLHG��7KH�WXUEXOHQFH�ZDV�GHVFULEHG�XVLQJ�WZR�
WUDQVSRUW�HTXDWLRQV�DQG�WZR�YDULDEOHV�kt�DQG�휔t��ZKHUH�kt�LV�WKH�WXUEXOHQW�NLQHWLF�
HQHUJ\�DQG�휔t���WKH�VSHFLILF�UDWH�RI�GLVVLSDWLRQ�RI�WKH�WXUEXOHQFH�NLQHWLF�HQHUJ\�
kt� LQWR� LQWHUQDO� WKHUPDO� HQHUJ\�� $� JHQHUDO� WKHUPR�SK\VLFDO� PRGHO� RI�
FDOFXODWLRQ� ZDV� EDVHG� RQ� LQWHUQDO� HQHUJ\� DQG� FRPSUHVVLELOLW\� SDUDPHWHU�
ψ ��RVSHFT��ZKHUH�RVSHF�LV�WKH�VSHFLILF�JDV�FRQVWDQW�DQG�T�LV�WKH�WHPSHUDWXUH��
)RU� WKH� HVWLPDWLRQ� RI� WKH� GHSHQGHQFH� RI� JDV� FRQFHQWUDWLRQ� QJ� RQ� EDFNLQJ�
SUHVVXUH��WKH�DSSURDFK�RI�LGHDO�JDVHV�ZDV�XVHG��7KH�PROHFXODU�FRQFHQWUDWLRQ�
RI�LGHDO�JDVHV�QJ�ZDV�FDOFXODWHG�DV�ng = NA ρ/Mm��ZKHUH�NA�LV�WKH�$YRJDGUR�
FRQVWDQW� DQG� Mm� LV� WKH� PRODU� PDVV� RI� WKH� JDV� >���@�� $W� WKH� VWDQGDUG�
WHPSHUDWXUH�DQG�SUHVVXUH�RI�T �������.��DQG�P ��������N3D��ng�FRUUHVSRQGV�
WR�������î������P����)RU�WKH�FDOFXODWLRQ�RI�WKH�PROHFXODU�JDV�FRQFHQWUDWLRQ�RI�
WKH�VDPH�JDV�XQGHU�WZR�GLIIHUHQW�FRQGLWLRQV�RI�WKH�SUHVVXUH�3�����YROXPH�9����

DQG�WHPSHUDWXUH�7�����WKH�UHODWLRQ�S�9��7� �S�9��7��ZDV�XVHG��7KH�PROHFXODU�
JDV�FRQFHQWUDWLRQ�LQFUHDVHV�SURSRUWLRQDOO\�WR�WKH�UDWLR�RI�DFWXDO�SUHVVXUH�DQG�
WHPSHUDWXUH��0DWHULDO�SURSHUWLHV�XVHG�LQ�WKH�VLPXODWLRQ�DUH�JLYHQ�LQ�7DEOH����

Table 6��0DWHULDO�SURSHUWLHV�XVHG�LQ�VLPXODWLRQ�>���@�

3URSHUWLHV� 8QLWV� 1LWURJHQ� +HOLXP�
0ROHFXODU�PDVV� J�PRO� ������ �����
'HQVLW\�DW���EDU�DQG��������.� NJ�P�� ������ ������
6SHFLILF�KHDW�FDSDFLW\�Cp� -�NJ�.� ����� �����
Cp/Cv �� ���� �����
6SHHG�RI�VRXQG�DW��������.� P�V� ������ ����
6XWKHUODQG�FRQVWDQW�As �� �� �����î������ �����î�����
6XWKHUODQG�WHPSHUDWXUH�Ts� .� ������ ������
5HIUDFWLYH�LQGH[�Q�DW�����QP���
��EDU�DQG��������.� ��� ��������� ����������

�
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7KH�DFWXDO�YDOXHV�RI�WKH�GHQVLW\��WKH�VSHHG�RI�VRXQG�DQG�UHIUDFWLRQ�LQGH[�
ZHUH�UHFDOFXODWHG�LQ�WKH�VLPXODWLRQ�EDVHG�RQ�WKH�ORFDO�YDOXHV�RI�SUHVVXUH�DQG�
WHPSHUDWXUH��1LWURJHQ�JDV�ZDV�LPSOHPHQWHG�DV�WKH�PDLQ�PRGHOOLQJ�PHGLD�WR�
GHILQH� RSWLPDO� JHRPHWULHV� RI� WKH� QR]]OHV� GXULQJ� WKHLU� PDQXIDFWXULQJ�� 7KH�
UHVXOWV� DUH� DSSOLFDEOH� DOVR� WR� KHOLXP� IUHTXHQWO\� XVHG� DV� D� ODVHU� ZDNHILHOG�
DFFHOHUDWLRQ� PHGLD�� 7KH� FRQFHQWUDWLRQ� GLIIHUHQFHV� DW� WKH� QR]]OH� RXWOHW� IRU�
QLWURJHQ�DQG�KHOLXP�DUH�LQ�WKH�UDQJH�RI�������RQO\��

7KH� G\QDPLF� YLVFRVLW\� RI� WKH� IOXLG� μs� ZDV� FDOFXODWHG� DFFRUGLQJ� WR� WKH�
6XWKHUODQG� YLVFRVLW\� PRGHO� DV� D� IXQFWLRQ� RI� WKH� WHPSHUDWXUH� T� IURP� WKH�
6XWKHUODQG�FRHIILFLHQW�AV�DQG�6XWKHUODQG�WHPSHUDWXUH�TV��DFFRUGLQJ�WR��
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,QOHW�DQG�RXWOHW�ERXQGDU\�FRQGLWLRQV�ZHUH�GHILQHG�DV�WKH�WRWDO�SUHVVXUH�P��
FDOFXODWHG�E\�WKH�VWDWLF�JDV�SUHVVXUH�P��YHORFLW\�YHFWRU�U�DQG�GHQVLW\�ρ��
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)L[HG�YHORFLW\�DQG�WHPSHUDWXUH�ZHUH�VHW�DW�WKH�LQOHW�ERXQGDU\�DQG�WKH�VWDWLF�
SUHVVXUH�ZDV�GHILQHG�DW�WKH�RXWOHW�ERXQGDU\��)RU�WKH�ZDOO�W\SH�ERXQGDULHV��WKH�
QR�VOLS� FRQGLWLRQ� ZDV� XVHG�� DQG� WKH� WZR�GLPHQVLRQDO� JHRPHWU\� RI� ZHGJH�
V\PPHWU\�ZDV�LPSOHPHQWHG��

)RU� WKH� IRUPDWLRQ� RI� KLJK�FRQFHQWUDWLRQ� SODVPD� SURILOHV�� WKH� JDV� MHW�
H[SDQVLRQ�LQ�WR�WKH�YDFXXP�RI�FDSLOODU\�PLFURQR]]OHV�ZDV�LQYHVWLJDWHG��7KH�
FDSLOODULHV�RI�IL[HG�GLDPHWHU�KDYH�ORZHU�JDV�H[SDQVLRQ�UDWH�RI���������DW�WKH�
RXWOHW�RI� WKH�QR]]OH�FRPSDUHG�WR� WKH�W\SLFDO�FRQYHUJLQJ�GLYHUJLQJ�GH�/DYDO�
QR]]OHV��7KH�VRQLF�OLQH��ZKHUH�WKH�JDV�YHORFLW\�HTXDOV�WKH�VSHHG�RI�VRXQG��WKH�
0DFK�QXPEHU�0� �����LV�ORFDWHG�LQVLGH�RI�WKH�FDSLOODU\�>���@��7KH�IORZ�LQ�WKH�
PDMRU�SDUW�RI�WKH�FKDQQHO�LV�VXEVRQLF��6WDUWLQJ�ZLWK�WKH�SUHVVXUH�GLIIHUHQFH�RI�
DSSUR[LPDWHO\� ����PEDU�� WKH� JDV� YHORFLW\� UHDFKHV� WKH� VSHHG� RI� VRXQG� DQG�
0� ��������� LQ� WKH� YLFLQLW\� RI� WKH� H[LW� FURVV�VHFWLRQ� >���@�� %HFDXVH� RI� WKH�
VWURQJ�SUHVVXUH�JUDGLHQW��WKH�VWUHDPOLQHV�RYHUFRPH�WKH�YLVFRXV�VKHDU�IRUFHV�RI�
WKH� ZDOOV� DQG� IRUP� D� FRQYHUJLQJ�GLYHUJLQJ� ERXQGDU\� OD\HU� RI� YDU\LQJ�
WKLFNQHVV�FORVH�WR�WKH�FDSLOODU\�H[LW�>���@��,Q�VXFK�D�ZD\��DQ�HIIHFWLYH�GH�/DYDO�
QR]]OH�LV�IRUPHG�DQG�WKH�JDV�LV�DFFHOHUDWHG�WR�VXSHUVRQLF�YHORFLWLHV��
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���� 1XPHULFDO�6LPXODWLRQ�RI�+LJK�'HQVLW\�&DSLOODULHV�

7KH�VLPXODWHG�LPDJHV�RI�JDV�FRQFHQWUDWLRQ�DQG�0DFK�QXPEHU�RI�QLWURJHQ�
DQG�KHOLXP�DW�WKH�EDFNLQJ�SUHVVXUH�RI����EDU�RI�D�F\OLQGULFDO�QR]]OH�ZLWK�D�
IL[HG� GLDPHWHU� RI� ����ȝP� DUH� SUHVHQWHG� LQ� )LJ������ 7KH� VLPXODWLRQ� DUHD�
FRPSULVHV�WKH�OHQJWK�RI�PLFURFDSLOODU\�RI�����PP�DQG���î���PP�VLPXODWLRQ�
DUHD�RI�WKH�H[SDQVLRQ�RI�WKH�JDVHV��%HFDXVH�RI�WKH�KLJK�DVSHFW�UDWLR�����������
�P�DQG�����PP��RQO\�WKH�SDUW�RI�WKH�VLPXODWLRQ�������î������P�FORVH�WR�WKH�
RXWOHW�RI�WKH�QR]]OH���LV�VKRZQ���

�

�

Figure 23.� 6LPXODWHG� JDV� FRQFHQWUDWLRQ� (a)�� 0DFK� QXPEHU� (b)� RI� QLWURJHQ� DQG�
FRQFHQWUDWLRQ�(c)�DQG�0DFK�QXPEHU�(d)�RI�KHOLXP�DW�WKH�EDFNLQJ�SUHVVXUH�RI����EDU�RI�
D�F\OLQGULFDO�QR]]OH�ZLWK�WKH�IL[HG�GLDPHWHU�RI�����ȝP�>���@��

�
7KH�FRQFHQWUDWLRQV�DW�WKH�RXWOHW�RI�WKH�QR]]OH�IRU�QLWURJHQ�DQG�KHOLXP�DUH�

VLPLODU��DV�WKH�JDV�GHQVLW\�ρ�GHSHQGV�RQ�WKH�0DFK�QXPEHU�M�EHLQJ�FORVH�WR�
FULWLFDO�WR�ERWK�RI�JDVHV�>���@��
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ZKHUH� ρ0� LV� WKH� FULWLFDO� GHQVLW\� DW� WKH� SRLQW�ZKHUH� JDV� IORZ� WXUQV� IURP�
VXEVRQLF�WR�VXSHUVRQLF��6OLJKW�GLIIHUHQFHV�RI�FRQFHQWUDWLRQ�DUH�FDXVHG�PDLQO\�
E\�WKH�GLIIHUHQFH�RI�WKH�DGLDEDWLF�LQGH[�ka�RI�PRQRDWRPLF�JDV�RI�KHOLXP������
 � ������ DQG� DGLDEDWLF� LQGH[� RI� GLDWRPLF� QLWURJHQ� JDV� �����  � ������ +LJKHU�
GHYLDWLRQV�RI�0DFK�QXPEHU�EHWZHHQ�QLWURJHQ�DQG�KHOLXP�DW�ODUJHU�GLVWDQFHV�
GHSHQG� RQ� WKH� JDV� WHPSHUDWXUH� DQG� VSHHG� RI� VRXQG� EHLQJ� LQYHUVHO\�
SURSRUWLRQDO�WR�WKH�VTXDUH�URRW�RI�WKH�PROHFXODU�PDVV�RI�JDVHV��+HOLXP�KDYLQJ�
ORZHU�PROHFXODU�PDVV�H[SDQGV�TXLFNHU��DQG�WKH�ORFDO�WHPSHUDWXUH�GURSV�WR�WKH�
ORZHU� YDOXHV� FRPSDUHG� WR� QLWURJHQ�� ,W� UHVXOWV� LQ� KLJKHU�0DFK� QXPEHUV� RI�
KHOLXP�GHILQHG�DV�D�UDWLR�RI�JDV�IORZ�YHORFLW\�DQG�ORFDO�VSHHG�RI�VRXQG��

�

���� ,PSDFW�RI�WKH�:DOO�5RXJKQHVV�RQ�WKH�4XDOLW\�RI�1R]]OHV�

7R�HYDOXDWH�GLIIHUHQW�PLFURIDEULFDWLRQ�WHFKQLTXHV��WKH�LPSDFW�RI�WKH�ZDOO�
URXJKQHVV�RQ� WKH�TXDOLW\� DQG� MHW� FRQFHQWUDWLRQ�RI�F\OLQGULFDO�PLFURQR]]OHV��
PDQXIDFWXUHG�IURP�IXVHG�VLOLFD��ZLWK�IL[HG�GLDPHWHUV�RI����ȝP������ȝP�DQG�
����ȝP��ZDV�LQYHVWLJDWHG��7KH�VLPXODWLRQ�RI�WKH�LPSDFW�RI�WKH�ZDOO�URXJKQHVV�
RQ�WKH�JDV�IORZ�LQ�/DYDO�QR]]OHV�RI�WKH�GLDPHWHU�RI�PLOOLPHWHU�GLPHQVLRQV�FDQ�
EH�SHUIRUPHG�XVLQJ�DQDO\WLFDO�PHWKRGV�RI�LVHQWURSLF�JDV�IORZ��+RZHYHU��WKH�
VLPXODWLRQ�UHVXOWV�RI�WKH�LVHQWURSLF�JDV�IORZ�RI�WKH�QR]]OHV�RI�WKH�VL]H�RI�WHQV�
DQG�KXQGUHGV�RI�PLFURPHWHUV�GLIIHU�VLJQLILFDQWO\�IURP�WKH�H[SHULPHQWDO�UHVXOWV�
>���@�� 7KH� PHWKRGV� RI� FRPSXWDWLRQDO� IOXLG� G\QDPLFV� ZHUH� XVHG� IRU� WKH�
DQDO\VLV�RI�WKH�LPSDFW�RI�WKH�ZDOO�URXJKQHVV�RQ�WKH�VXSHUVRQLF�JDV�IORZ�LQVLGH�
RI� WKH�F\OLQGULFDO�QR]]OH��7ULDQJOH�PHVK�ZDV�FUHDWHG� LQ� WKH� VLPXODWLRQ�DUHD�
H[FHSW� IRU� WKH� UHJLRQ�FORVH� WR� WKH�ZDOO��)RU� WKH�PRGHOOLQJ�RI� WKH�ERXQGDU\�
OD\HU��D�TXDGULODWHUDO�FHOO�PHVK�ZLWK�LQFUHDVLQJ�WKLFNQHVV�ZDV�LPSOHPHQWHG��
6XEVRQLF� DQG� VXSHUVRQLF� JDV� IORZ�ZDV� VLPXODWHG� XVLQJ�5H\QROGV�DYHUDJHG�
1DYLHU�6WRNHV� �5$16�� IRUPXODWLRQ� DQG� WKH� WZR�HTXDWLRQ� kt-Ht� WXUEXOHQFH�
PRGHO��ZKHUH�Ht�LV�WKH�UDWH�RI�GLVVLSDWLRQ�RI�WXUEXOHQW�NLQHWLF�HQHUJ\��*DV�IORZ�
DQG�KHDW�H[FKDQJH�LQ�WKH�ERXQGDU\�OD\HU�ZHUH�HYDOXDWHG�XVLQJ�D�ZDOO�IXQFWLRQV�
PHWKRG��%RXQGDU\�FRQGLWLRQV�DW�WKH�LQSXW�ZHUH�GHILQHG�E\�WKH�WRWDO�SUHVVXUH�
P0��FRPSULVLQJ�VWDWLF�DQG�G\QDPLF�SUHVVXUH���XQLIRUP�LQSXW�YHORFLW\�DQG�IOXLG�
WHPSHUDWXUH�T0��2Q�WKH�ZDOO��WKH�QR�VOLS�ERXQGDU\�FRQGLWLRQ��DQG�DW�WKH�RXWOHW��
D�ERXQGDU\�FRQGLWLRQ�RI�IL[HG�VWDWLF�SUHVVXUH�����PEDU�ZDV�DSSOLHG��1LWURJHQ�
JDV�ZDV�LPSOHPHQWHG�DV�D�PRGHOOLQJ�PHGLD��7KH�G\QDPLF�YLVFRVLW\�RI�WKH�IOXLG�
μs�ZDV�FDOFXODWHG�DFFRUGLQJ�WR�WKH�WKUHH�FRHIILFLHQW�6XWKHUODQG�YLVFRVLW\�PRGHO�
DV� D� IXQFWLRQ� RI� WKH� WHPSHUDWXUH� 7�� UHIHUHQFH� YDOXH� RI� YLVFRVLW\� P0�  �
������î�����3D�V�� D� UHIHUHQFH� DPELHQW� WHPSHUDWXUH� T0�  � �������.� DQG�
6XWKHUODQG�WHPSHUDWXUH�Ts� ��������.��
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:DOO� URXJKQHVV� ZDV� PRGHOOHG� XVLQJ� WZR� SDUDPHWHUV�� kUI�� ZKLFK� LV�

HTXLYDOHQW� WR� WKH�VDQG� URXJKQHVV�KHLJKW��GHILQHG�DV�URXJKQHVV�RQ� WXUEXOHQW�
IORZV� E\� PHDVXULQJ� WKH� SUHVVXUH� GURS� LQ� SLSHV� FRDWHG� ZLWK� XQLIRUP� VDQG�
JUDLQ�DQG�QRQ�GLPHQVLRQDO�URXJKQHVV�SDUDPHWHU�CUD��ZKLFK�FDQ�DOORZ�IRU�RWKHU�
W\SHV�RI�URXJKQHVV�>���@��([SHULPHQWDOO\��D�QXPEHU�RI�GLIIHUHQW�SDUDPHWHUV�
ZDV�GHILQHG� WR� FKDUDFWHULVH� WKH� VXUIDFH� URXJKQHVV��7KH�HVWLPDWLRQ�RI� VDQG�
JUDLQ�URXJKQHVV�SDUDPHWHU�kUI�EDVHG�RQ� WKH�UHODWLRQV�ZLWK�PHDVXUHG�VXUIDFH�
URXJKQHVV�YDOXHV�LV�SUHVHQWHG�LQ�7DEOH�����

$Q�DULWKPHWLF�DYHUDJH�RI�DEVROXWH�YDOXHV�RD�ZDV�FDOFXODWHG�DV���

�

� �
n

a i
i
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ZKHUH� yi� LV� WKH� GLVWDQFH� IURP� WKH� DYHUDJH� KHLJKW� RI� D� SURILOH� IRU�
PHDVXUHPHQW�i��DQG�n�LV�WKH�QXPEHU�RI�PHDVXUHPHQWV��R506�DQG�R]G�URXJKQHVV�
SDUDPHWHUV�ZHUH�FDOFXODWHG�FRUUHVSRQGLQJO\�DV�D�PHDQ�VTXDUHG�DQG�WKH�SHDN�
WR�YDOOH\�YDOXHV�RI�IURP�WKH�DYHUDJH�KHLJKW�RI�D�SURILOH�XVLQJ�UHODWLRQV������
�����

�

Table 7.� (VWLPDWHG� VDQG�JUDLQ� URXJKQHVV� EDVHG� RQ� PHDVXUHG� VXUIDFH� URXJKQHVV�
SDUDPHWHUV�>���@�

0HDVXUHG�VXUIDFH�
URXJKQHVV�SDUDPHWHU� (VWLPDWHG�VDQG�JUDLQ�URXJKQHVV��kUI�

RD� kUI� ������5D�
R506� kUI� ������5506�
R]G� kUI� ������5]G�
�

7KH� SHDN�WR�YDOOH\� SDUDPHWHUV�RSL� DQG�RQL� UHIHU� WR� WKH� ODUJHVW� GLVWDQFHV�
DERYH� DQG� EHORZ� WKH� PHDQ� OLQH� IRU� RQH� RI� ILYH� PHDVXUHPHQWV� ZLWK� HTXDO�
VFDQQLQJ�OHQJWK�LQ�WKH�ORQJLWXGLQDO�GLUHFWLRQ��
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� n
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7KH�IOXLG�HQWHULQJ�D�SLSH�GHYHORSV�D�YHORFLW\�SURILOH�GXH�WR�YLVFRXV�IRUFHV�
SURSDJDWLQJ� IURP� WKH� LQWHULRU�ZDOO� RI� D�SLSH��7KH�YLVFRXV�GUDJ�RQ� WKH�ZDOO�
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GHFUHDVHV� WKH� YHORFLW\� RI� WKH� JDV� IORZ� DQG� OHDGV� WR� WKH� IRUPDWLRQ� RI� WKH�
ERXQGDU\� OD\HU�� � ,Q� WKH� FDVH� RI� ODPLQDU� IORZ�� WKH� YHORFLW\� SURILOH� EHFRPHV�
SDUDEROLF� LQ� WKH� IXOO\� GHYHORSHG� UHJLRQ�� ,Q� WKH� FDVH� RI� WXUEXOHQW� IORZ�� WKH�
YHORFLW\�SURILOH�LV�PRUH�IODWWHQHG�EHFDXVH�RI�PL[LQJ�LQ�D�UDGLDO�GLUHFWLRQ�>���@��
7KH�OHQJWK�RI�WKH�HQWU\�UHJLRQ�DORQJ�WKH�SLSH�LV�D�IXQFWLRQ�RI�5H\QROGV�QXPEHU�
5H�RI�WKH�IORZ��,Q�WKH�FDVH�RI�ODPLQDU�IORZ��WKH�K\GURG\QDPLF�HQWU\�OHQJWK�
Llam�FDQ�EH�HVWLPDWHG�E\�Llam = 0.06 Re Dh��ZKHUH�Dh�LV�WKH�K\GUDXOLF�GLDPHWHU�
RU�LQVLGH�SLSH�GLDPHWHU�LQ�WKH�FDVH�RI�FLUFXODU�SLSH�>���@��Llam�FDQ�H[FHHG�WKH�
SLSH�GLDPHWHU�E\���RUGHUV�RU�PDJQLWXGH��)RU�WXUEXOHQW�IORZ��WKH�HQWU\�OHQJWK�
Lturb�LV�PXFK�VKRUWHU��7KH�HQWUDQFH�HIIHFW�EHFRPHV�LQVLJQLILFDQW�EH\RQG�D�SLSH�
OHQJWK�RI�DSSUR[LPDWHO\����WLPHV���Lturb�~ 10Dh��7KH�5H\QROGV�QXPEHU�FDQ�EH�
FDOFXODWHG� DV� Re = ρUDh/μs= QpDh/A/ν�� ZKHUH� ν = μs/ρ� LV� WKH� NLQHPDWLF�
YLVFRVLW\��Qp�LV�WKH�YROXPHWULF�IORZ�UDWH��DQG�Ap�LV�WKH�SLSH¶V�FURVV�VHFWLRQDO�
DUHD�>�������@���

)RU�WKH�QLWURJHQ�ZLWK�μs = ������î������NJ�P�V�DQG�0 ����DW�WKH�FDSLOODU\�
RXWOHW� IRU� WKH�PLFURQR]]OHV�ZLWK� WKH� GLDPHWHU�RI� �������ȝP�� WKH�5H\QROGV�
QXPEHU� YDU\� LQ� WKH� UDQJH� RI� ���î���� �� ���î����� ,Q� WKLV� UDQJH� RI�5H\QROGV�
QXPEHUV�� WKH� IORZ� LV� WXUEXOHQW�� 7KH� VXUIDFH�WR�YROXPH� UDWLR� RI� WKH� IORZ�
LQFUHDVHV� ZLWK� WKH� UHGXFWLRQ� RI� SLSH� GLDPHWHU� DQG� LQFUHDVLQJ� RI� ZDOO�
URXJKQHVV�� 7KH� FRQWDFW� DUHD� EHWZHHQ� WKH� JDV� DQG� ZDOO� EHFRPHV� ODUJHU�� ,W�
UHVXOWV� LQ�LQFUHDVHG�IULFWLRQ�DQG�ORVV�RI�WKH�HQHUJ\�EHWZHHQ�WKH�IORZLQJ�JDV�
DQG�WKH�ZDOO��7KH�YHORFLW\�DQG�WRWDO�SUHVVXUH�RI�WKH�JDV�IORZ�GURS�>���@���

7KH�VLPXODWLRQ�UHVXOWV��SUHVHQWHG�LQ�)LJ����D��LQGLFDWH�WKDW�ZDOO�URXJKQHVV�
ZLWK� VDQG�JUDLQ� URXJKQHVV� SDUDPHWHU� kUI�  � �����P� �VHFRQG� OLQH�� KDV� D�
FRQVLGHUDEOH�LPSDFW�RQ�WKH�JDV�FRQFHQWUDWLRQ�YDOXHV�DW�WKH�RXWOHW�RI�WKH�����P�
GLDPHWHU�F\OLQGULFDO�QR]]OH��,Q�WKH�FDVH�RI�URXJKQHVV�SDUDPHWHU�NUI� ����P��WKH�
IORZ�DW� WKH�GLVWDQFH�RI�����PP�LV�QRW�GHYHORSHG�DQG� WKH�YHORFLW\�SURILOH� LV�
PRUH�IODWWHQHG��)LJ�����E���:LWK�WKH�LQFUHDVH�RI�URXJKQHVV�SDUDPHWHU�NUI�WR�����
���� WKH� WXUEXOHQFH�DQG� WKLFNQHVV�RI� WKH�ERXQGDU\� OD\HU�EHFRPH� ODUJHU��7KH�
YHORFLW\� SURILOH� JHWV� PRUH� GHYHORSHG�� +RZHYHU�� ERWK� WKH� WRWDO� DQG� VWDWLF�
SUHVVXUH�DV�ZHOO�DV�JDV�FRQFHQWUDWLRQ�DW�WKH�RXWOHW�RI�WKH�QR]]OH�GURS��)RU�WKH�
URXJKQHVV� SDUDPHWHU� NUI� RI� ������ȝP�� WKH� IULFWLRQ� HQHUJ\� ORVVHV� UDLVH� WKH�
WHPSHUDWXUH�LQ�WKH�YLFLQLW\�RI�WKH�ZDOO��,W�UHVXOWV�LQ�DQ�LQFUHDVH�RI�SUHVVXUH�DQG�
JDV�FRQFHQWUDWLRQ�LQ�WKH�ERXQGDU\�OD\HU��)LJ����FG���7KH�JDV�FRQFHQWUDWLRQ�DW�
WKH�D[LV�RI�WKH�����P���GLDPHWHU�QR]]OH�ZLWK�VDQG�JUDLQ�URXJKQHVV�SDUDPHWHU�
kUI� ���������P�GURSV� E\� ���� UHODWLYH� WR� WKH� VPRRWK�ZDOO�ZLWK� kUI�  � ���P�
�)LJ����D���7KH� LPSDFW�RI�ZDOO� URXJKQHVV�RQ� WKH�QR]]OH�ZLWK� D�GLDPHWHU�RI�
�����P�LV�UHODWLYHO\�VPDOOHU��7KH�JDV�FRQFHQWUDWLRQ�RQ�WKH�D[LV�RI�WKH�QR]]OH�
ZLWK�VDQG�JUDLQ�URXJKQHVV�SDUDPHWHU�kUI� �����P��VHFRQG�OLQH��FRQFHQWUDWLRQ�
GURSV�E\�����UHODWLYH�WR�WKH�VPRRWK�ZDOO��)LJ����F���7KH�VLPXODWLRQ�UHVXOWV�RI�
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WKH� QR]]OH� ZLWK� D� �����P� GLDPHWHU�� SUHVHQWHG� LQ� )LJ�����G�� VKRZ� WKDW� WKH�
LPSDFW�RQ�WKH�FRQFHQWUDWLRQ�DW�WKH�RXWOHW�RI�WKH�QR]]OH�GRHV�QRW�H[FHHG����IRU�
VDQG�JUDLQ�URXJKQHVV�SDUDPHWHU�kUI�XS�WR�����P���

�

Figure 24.�6LPXODWHG�WUDQVYHUVDO�1��FRQFHQWUDWLRQ�(a, c-d)�DQG�YHORFLW\�(b)�SURILOHV�
DW����EDU�EDFNLQJ�SUHVVXUH�DW�WKH�YDOYH�RI�WKH�QR]]OHV�ZLWK�WKH�IL[HG�GLDPHWHU�RI����
ȝP�(a, b)������ȝP�(c)�DQG�����ȝP�(d)�DQG�GLIIHUHQW�YDOXHV�RI�WKH�VDQG�JUDLQ�URXJKQHVV�
SDUDPHWHU�NUI�>���@��

$GGLWLRQDOO\�� WKH� FKLSSLQJ� RI� WKH� FKDQQHO� HGJHV� ZDV� PRGHOOHG� E\�
DSSUR[LPDWLRQ�RI�WKH�RXWOHW�VHFWLRQ�RI�WKH�FDSLOODU\�E\�D�FRQH�ZLWK�WKH�DQJOH�
RI������7KH�PRGHOOLQJ�KDV�VKRZQ�WKDW�WKH�FKLSSLQJ�RI�WKH�FKDQQHO�HGJHV�UHVXOWV�
LQ� WKH� PRUH� VWRFKDVWLF� EHKDYLRXU� RI� WKH� FRQFHQWUDWLRQ� RI� WKH� JDV� MHW� DQG�
GHYLDWLRQV�RI�WKH�FRQFHQWUDWLRQ�FDQ�QRW�EH�GHVFULEHG�E\�WKH�V\PPHWULFDO�PRGHO�
RI�F\OLQGULFDO�QR]]OHV��7KH�FKLSSLQJ�RI�WKH�HGJHV�UHGXFHG�JDV�FRQFHQWUDWLRQ�RI�
F\OLQGULFDO�QR]]OHV�E\�DGGLWLRQDO���������

���� ,PSOHPHQWDWLRQ�RI�6KRFN�:DYHV�LQ�6WUXFWXUHG�3ODVPD�3URILOHV�

,Q�)LJ������WKH�VLPXODWLRQ�UHVXOWV�RI�WKH�YHORFLW\��WHPSHUDWXUH��JDV�SUHVVXUH��
DQG� FRQFHQWUDWLRQ� RI� WKH� PLFURQR]]OH� DUUD\� $UU�� DUH� SUHVHQWHG�� 7KH�
LQWHUIHUHQFH� RI� VKRFN� ZDYHV� RI� FROOLGLQJ� MHWV� UHVXOWHG� LQ� WKH� IRUPDWLRQ� RI�
GLDPRQG�VKDSHG�SUHVVXUH� �)LJ����F�� DQG�GHQVLW\� �)LJ����G��JULG��7KH�VKRFN�
ZDYHV�DOVR�DIIHFWHG�WKH�UHJLRQ�RI�WKH�QR]]OH�DUUD\�XVHG�IRU�/:)$��7KXV��WKH�
UHJLRQ�ZDV�FRPSUHVVHG��DQG�D�VKRFN�ZDYHIURQW�EHWZHHQ�WKH�ILUVW�DQG�VHFRQG�
SDUW�RI�WKH�DUUD\�ZDV�EXLOW��
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Figure 25.�6LPXODWHG�VSDWLDO�GLVWULEXWLRQ�RI�D�YHORFLW\��a���WHPSHUDWXUH��b���SUHVVXUH�
�c��DQG�FRQFHQWUDWLRQ��d��RI�WKH�JDV�MHW�RI�Arr3�DW�WKH�EDFNLQJ�SUHVVXUH�RI����EDU��7KH�
JUHHQ�GDVKHG�OLQH�LQGLFDWHV�WKH�GLVWDQFH�RI�WKH�ODVHU�EHDP�RI�����ȝP��DQG�WKH�PDJHQWD�
GDVKHG�OLQH�VKRZV�WKH�GLVWDQFH�RI�����ȝP�DERYH�WKH�QR]]OH�>���@���

7KH�VKRFN�ZDYHV�LQFUHDVHG�WKH�JDV�GHQVLW\�RI�WKH�PLGGOH�MHWV�E\�D�IDFWRU�RI�
�� UHODWLYHO\� WR� WKH� HGJH� MHWV� QRW� KDYLQJ� WKH� QHLJKERXULQJ� MHW� VWUHDPV�� 7KH�
PLGGOH�MHWV�UHDFKHG�WKH�KHLJKW�RI���������PP�ZKLOH�WKH�KHLJKW�RI�RXWVLGH�MHWV�
ZDV���������PP��7KH�ODVHU�EHDP�SURSDJDWLQJ�DW�GLIIHUHQW�GLVWDQFHV�DERYH�WKH�
QR]]OH�FDQ�FURVV�GLIIHUHQW�SURILOHV�RI�SODVPD�FRQFHQWUDWLRQ��,Q�)LJ�����FG��WKH�
JUHHQ�DQG�PDJHQWD�GDVKHG�OLQHV�LQGLFDWH�WKH�ODVHU�QR]]OH�GLVWDQFH�RI�����ȝP�
DQG�����ȝP��FRUUHVSRQGLQJO\��

,Q�)LJ������WKH�VLPXODWHG�SURILOHV�RI�PROHFXODU�QLWURJHQ�FRQFHQWUDWLRQ�RI�
2QH�6LGHG�6KRFN� �266�� QR]]OH� SURSRVHG� E\� /2$� DUH� SUHVHQWHG�� 7KH�
IRUPDWLRQ�RI�WKH�VKRFN�IURQW�ZDV�GHVLJQHG�LQ�WKH�FRQVWUXFWLRQ�RI�WKH�QR]]OH��
FRQVLVWLQJ� RI� D� ���ȝP� WKURDW� DQG� ���ȝP�H[LW� GLDPHWHU� ³'H�/DYDO´� QR]]OH�
KDYLQJ�D�RQH�VLGH�VWUDLJKW�VHFWLRQ�RI����ȝP�DW�WKH�RXWOHW�RI�WKH�QR]]OH���

�'�&)'�VLPXODWLRQ�ZDV�UHDOL]HG�DW�/2$�XVLQJ�WKH�VRIWZDUH�$16<6�)OXHQW�
DW�WKH�EDFNLQJ�SUHVVXUH�RI���EDU��7KH�VLPXODWLRQ�FOHDUO\�VKRZV�WKH�GRZQ�UDPS�
JUDGLHQW�RULJLQDWLQJ�IURP�WKH�VKRFN�IURQW�DW�WKH�XSSHU�VWUDLJKW�VHFWLRQ�RI�WKH�
QR]]OH�ZDOO��

�
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Figure 26���'�JDV�FRQFHQWUDWLRQ�RI�PROHFXODU�QLWURJHQ�2QH�6LGHG�6KRFN�MHW�RI�WKH�
GLDPHWHU�RI�����PP�VLPXODWHG�XVLQJ�)OXHQW��'�DW�D�EDFNLQJ�SUHVVXUH�RI����%DU�(a)��
DQG� �'� JDV� FRQFHQWUDWLRQ� SURILOHV� DW� GLIIHUHQW� KHLJKWV� DERYH� WKH� QR]]OH� RXWOHW� (b) 
>���@���

���� 'LVFXVVLRQ�RQ�6LPXODWLRQ�RI�&RPSXWDWLRQDO�)OXLG�'\QDPLFV�

7KH� VLPXODWLRQ� UHVXOWV� RI� &RPSXWDWLRQDO� )OXLG� '\QDPLFV� �&)'�� KDYH�
VKRZQ� WKDW� WKH� VWUXFWXUHG� SODVPD� WDUJHWV� FDQ� EH� IRUPHG� XVLQJ� JDV� MHWV� RI�
FRQYHUJLQJ�GLYHUJLQJ�DQG�KLJK�GHQVLW\�F\OLQGULFDO�QR]]OHV�RI�IL[HG�GLDPHWHU��
7KH� GHQVLW\� SURILOHV� FDQ� EH� VKDSHG� E\� LPSOHPHQWLQJ� WKH� LQWHUIHUHQFH� RI�
LQWHUVHFWLQJ� VKRFN� ZDYHV�� 'HSHQGLQJ� RQ� WKH� QR]]OH� H[SDQVLRQ� UDWH� DQG�
EDFNLQJ� SUHVVXUH� RI� ��� WR� ���EDU�� WKH� JDV� FRQFHQWUDWLRQV� RI� FRQYHUJLQJ�
GLYHUJLQJ�QR]]OHV�RI��î��������î�����FPí��DW�WKH�GLVWDQFH�RI���������ȝP�IURP�
WKH�RXWOHW�RI�WKH�QR]]OH�FDQ�EH�DFKLHYHG��7KH�JDV�FRQFHQWUDWLRQ�RI�FRQYHUJLQJ�
GLYHUJLQJ� QR]]OHV� GURSV� VORZO\� E\� D� IDFWRU� RI� ������ DW� WKH� GLVWDQFH� RI� D�
GLDPHWHU� IURP� WKH� RXWOHW�� 7KH� JDV� FRQFHQWUDWLRQ� DW� WKH� H[LW� RI� F\OLQGULFDO�
PLFURQR]]OHV�RI�IL[HG�GLDPHWHU�DW�WKH�������EDU�RI�EDFNLQJ�SUHVVXUH�ZDV�LQ�WKH�
UDQJH�RI����î�����FP����7KLV�YDOXH�LV�KLJKHU�UHODWLYH�WR�FRQYHUJLQJ�GLYHUJLQJ�
QR]]OHV�ZLWK�WKH�WKURDW�RI�WKH�VDPH�VL]H�DV�WKH�F\OLQGULFDO�QR]]OH��7KH�RXWOHW�
DUHD�RI�FRQYHUJLQJ�GLYHUJLQJ�QR]]OHV� LV� W\SLFDOO\�VHYHUDO�WLPHV�JUHDWHU� WKDQ�
WKH� FULWLFDO� DUHD� RI� WKH� WKURDW��7KH� JDV� FRQFHQWUDWLRQ� RI� F\OLQGULFDO� QR]]OHV�
GURSSHG� E\� RUGHUV� RI�PDJQLWXGH� DW� WKH� GLVWDQFH� RI� ���� GLDPHWHUV� IURP� WKH�
RXWOHW�� $W� WKHVH� GLVWDQFHV�� WKH� JDV� FRQFHQWUDWLRQ� GHSHQGV� OLQHDUO\� RQ� WKH�
EDFNLQJ� SUHVVXUH� RI� WKH� YDOYH�� 7KH� GHQVLW\� DW� WKH� RXWOHW� RI� WKH� F\OLQGULFDO�
QR]]OH�LV�FORVH�WR�WKH�FULWLFDO�GHQVLW\�RI�VXEVRQLF�IORZ�LQVLGH�RI�WKH�FDSLOODU\��
DQG� WKH�0DFK�QXPEHU�RI�WKH�JDV�MHW� LV� LQ�WKH�UDQJH�RI����������/HDYLQJ� WKH�
FDSLOODU\��WKH�JDV�H[SDQGV�TXLFNO\��DQG�DW�WKH�GLVWDQFH�RI�WKH�GLDPHWHU�RI�WKH�
QR]]OH��UHDFKHV�WKH�YHORFLW\�RI�����0DFK��$W�D�GLVWDQFH��EHLQJ�HTXDO�WR���������
GLDPHWHUV�RI�WKH�QR]]OHV�IURP�WKH�RXWOHW��WKH�FRQFHQWUDWLRQ�SURILOH�LV�UHODWLYHO\�
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IODW��DQG�WKH�FRQFHQWUDWLRQ�FKDQJHV��������ZLWKLQ�WKH�IRFXVHG�EHDP�RI�������
ȝP� DW� ):+0� RI� DFFHOHUDWLQJ� ODVHU�� 7KH� FRQFHQWUDWLRQ� FDQ� EH� UDLVHG� E\�
LQFUHDVLQJ�WKH�EDFNLQJ�SUHVVXUH�VHYHUDO�WLPHV��7KH�PD[LPDO�SUHVVXUH�LV�OLPLWHG�
E\�WKH�PHFKDQLFDO�FKDUDFWHULVWLFV�RI�WKH�YDOYH�DQG�VWUHQJWK�RI�WKH�PDWHULDO��7KH�
VXSHUVRQLF� FRQYHUJLQJ�GLYHUJLQJ� QR]]OHV� KDYH� DGYDQWDJHV� ZKHUH� PRUH�
H[WHQGHG�IODW�SURILOHV�ZLWK�PRGHVW�JDV�FRQFHQWUDWLRQ�DQG�ORQJ�IRFXVLQJ�OHQJWK�
RI�WKH�ODVHU�EHDP�DUH�LPSOHPHQWHG��&\OLQGULFDO�QR]]OHV�RI�IL[HG�GLDPHWHU�KDYH�
DGYDQWDJHV�ZKHUH�KLJK�GHQVLW\��VKRUW�OHQJWK�JDV�WDUJHWV�DUH�UHTXLUHG��DQG�WKH�
ODVHU�EHDP�LV�IRFXVHG�FORVH�WR�WKH�QR]]OH�RXWOHW�DUHD��

7KH� VLPXODWLRQ� UHVXOWV� RI� WKH� F\OLQGULFDO� QR]]OH� ZLWK� WKH� URXJKQHVV�
SDUDPHWHU�RI�������� IURP� WKH�GLDPHWHU�RI� WKH�QR]]OH�KDYH� VKRZQ� WKDW� WKH�
WKLFNQHVV� DQG� WXUEXOHQFH� RI� WKH� ERXQGDU\� OD\HU� LQ� WKH� YLFLQLW\� RI� WKH�ZDOO�
LQFUHDVHV��%HFDXVH�RI�WKH�IULFWLRQ�ORVVHV��WKH�SUHVVXUH�DQG�JDV�FRQFHQWUDWLRQ�DW�
WKH�RXWOHW�RI�WKH�QR]]OH�GURSV��$W�WKH�URXJKQHVV�SDUDPHWHU�RI������IURP�WKH�
GLDPHWHU�RI�WKH�QR]]OH��WKH�FRQFHQWUDWLRQ�GURSV�E\�����UHODWLYH�WR�WKH�VPRRWK�
ZDOO���

7KH�&)'�VLPXODWLRQ�GHPRQVWUDWHG�WKH�IRUPDWLRQ�RI�SUHVVXUH�DQG�GHQVLW\�
JULG�DERYH�WKH�QR]]OH�DUUD\�FDXVHG�E\�WKH�LQWHUVHFWLQJ�VKRFN�ZDYHV�LQ�JDV��7KH�
LQWHUIHUHQFH�RI�VKRFN�ZDYHV�LV�GHILQHG�E\�WKH�SHULRG�RI�QR]]OH�DUUD\�DV�ZHOO�DV�
E\� WKH� SUHVVXUH�� WHPSHUDWXUH�� DQG� H[SDQVLRQ� UDWH� RI� FROOLGLQJ� MHWV��
$OWHUQDWLYHO\��LW�ZDV�GHPRQVWUDWHG�WKDW�WKH�GHQVLW\�GRZQ�UDPS�JUDGLHQW�FRXOG�
EH�IRUPHG�E\�D�VKRFN�ZDYH�UHIOHFWHG�IURP�WKH�VLGH�RI�WKH�QR]]OH�ZDOO��)LJ�������

���� &RQFOXVLRQV�

6WUXFWXUHG�SODVPD�WDUJHWV�FDQ�EH�EXLOW�E\�FRPELQLQJ�WKH�MHWV�RI�FRQYHUJLQJ�
GLYHUJLQJ�PLFURQR]]OHV�DQG�PLFURQR]]OHV�RI�IL[HG�GLDPHWHU�DQG�VKDSLQJ�WKH�
GHQVLW\�SURILOHV�E\�LQWHUVHFWLQJ�VKRFN�ZDYHV�RI�VXSHUVRQLF�MHWV��

x 'HSHQGLQJ� RQ� WKH� ORQJLWXGLQDO� DQG� WUDQVYHUVDO� GHQVLW\� SURILOH�
UHTXLUHPHQWV�� WKH�JDV�MHWV�EXLOGLQJ�VWUXFWXUHG�SODVPD�WDUJHWV�FDQ�
EH�IRUPHG�XVLQJ�FRQYHUJLQJ�GLYHUJLQJ�F\OLQGULFDO��VOLW�QR]]OHV�DV�
ZHOO�DV�F\OLQGULFDO�QR]]OHV�RI�IL[HG�GLDPHWHU��

x 7KH� JDV� GHQVLW\� GRZQ�UDPS� UHJLRQV� UHTXLUHG� IRU� LQMHFWRU� DQG�
ZLJJOHU� JHRPHWU\� FDQ� EH� EXLOW� E\� VXSHUSRVLWLRQ� RI� LQWHUVHFWLQJ�
VKRFN�ZDYHV�RI�VXSHUVRQLF� MHWV�RU�MHWV� UHIOHFWHG�IURP�WKH�QR]]OH�
ZDOO��

x 7KH�SRVLWLRQ�RI�WKH�VKRFN�ZDYH�IURQW�GHILQHV�WKH�SRVLWLRQ�RI�WKH�
GHQVLW\� GRZQ�UDPS� LQ� WKH� QR]]OH� DUUD\V� LQ� LQMHFWRU� DQG�ZLJJOHU�
JHRPHWU\��
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x 7KH�VXUIDFH�URXJKQHVV�KDV�DQ�LPSDFW�RQ�WKH�TXDOLW\�RI�WKH�MHW�ZKHQ�
WKH� VDQG�JUDLQ� URXJKQHVV� H[FHHGV� ����� RI� WKH� GLDPHWHU� RI� WKH�
QR]]OH�GLDPHWHU�RU�WKH�GLDPHWHU�RI�WKH�WKURDW�RI�WKH�FRQYHUJLQJ�
GLYHUJLQJ�QR]]OH��

x 7KH� FKLSSLQJ� RI� WKH� QR]]OH� HGJH� DW� WKH� DQJOH� RI� ���� RI� WKH�
F\OLQGULFDO� QR]]OHV� RI� IL[HG� GLDPHWHU� GHFUHDVHV� WKH� JDV�
FRQFHQWUDWLRQ�DW�WKH�RXWOHW�RI�WKH�QR]]OH�E\���������
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7KH�PDWHULDO�UHODWHG�WR�WKLV�FKDSWHU�ZDV�SXEOLVKHG�>$���$���$���$���$���
$�@�DQG�LQ�>&���&���&���&���&���&���&�@��

���� +\EULG�0HWKRG�RI��'�/DVHU�0DQXIDFWXULQJ�

$� QRYHO� PHWKRG� RI� K\EULG� �'� ODVHU� PDFKLQLQJ� WHFKQLTXH� IRU� WKH�
PDQXIDFWXULQJ� RI� QR]]OH� DUUD\V� ZDV� GHYHORSHG� >���@�� )DVW� UHPRYDO�
QDQRVHFRQG�UHDU�VLGH�SURFHVVLQJ�ZDV�XVHG�IRU�WKH�IUDPH�PDQXIDFWXULQJ��DQG�
)HPWRVHFRQG� /DVHU�DVVLVWHG� 6HOHFWLYH� &KHPLFDO� (WFKLQJ� �)/6(�� WHFKQLTXH�
ZDV� LPSOHPHQWHG� IRU� WKH� KLJK�SUHFLVLRQ� FKDQQHO� IRUPDWLRQ�� 7KH� QR]]OH�
FRQVLVWHG� RI� WKH� ������PP�GLDPHWHU� KROGHU� ZLWK� D� IUXVWXP� RI� D� FRQH� DQG�
PLFURQR]]OHV��IDEULFDWHG�DORQJ�WKH�HOHPHQW�D[LV��7KH�FRPPHUFLDOO\�DYDLODEOH�
����[�����PP��DQG����PP�GLDPHWHU�IXVHG�VLOLFD�SODWHV�ZLWK�WKH�WKLFNQHVVHV�
RI� ����PP� DQG� �����PP�� UHVSHFWLYHO\�� ZHUH� XVHG� DV� UDZ� PDWHULDO�� 7KH�
IORZFKDUW�RI�GLIIHUHQW�ODVHU�SURFHVVLQJ�WHFKQLTXHV�WHVWHG�LQ�PDQXIDFWXULQJ�LV�
SUHVHQWHG�LQ�)LJ������

�

�

Figure 27.�7KH�IORZFKDUW�RI�QR]]OH�IDEULFDWLRQ�E\�K\EULG�ODVHU�PDFKLQLQJ�WHFKQLTXH�
(a)��DQG�QDQRVHFRQG�UHDU�VLGH�PDFKLQLQJ�(b)��,Q�WKH�SURFHVVLQJ�VWHSV��WKH�ODVHU�EHDP�
SURSDJDWHV�IURP�WRS�WR�ERWWRP�>���@��

�
,Q�WKH�FDVH�RI�K\EULG�ODVHU�PDFKLQLQJ�WHFKQLTXH��)LJ����D���LQ�WKH�ILUVW�VWHS��

WKH�ODUJH�YROXPH�RI�WKH�PDWHULDO�ZDV�UHPRYHG�E\�QDQRVHFRQG�ODVHU�SXOVHV�YLD�
KLJKO\�HIILFLHQW�UHDU�VLGH�PDFKLQLQJ�WHFKQLTXH�DQG�WKH�SUHIRUP�IRU�D�QR]]OH�
ZDV�IDEULFDWHG��*DV�MHW�QR]]OHV�ZHUH�IDEULFDWHG�XVLQJ�WKH�VHFRQG�KDUPRQLFV�
�����QP�� RI� D� GLRGH�SXPSHG� VROLG�VWDWH� �'366�� ODVHU� �IURP� (NVSOD��� 7KH�
SXOVH�GXUDWLRQ��PHDVXUHG�DW�IXOO�ZLGWK�DW�KDOI�PD[LPXP��ZDV�����QV��7KH�ODVHU�
V\VWHP�SURYLGHG�WKH�PD[LPXP�DYHUDJH�ODVHU�SRZHU�RI����:�DW�WKH�����N+]�
SXOVH� UHSHWLWLRQ� UDWH�� 7KH� JDOYDQRPHWHU� VFDQQHU� LQWHOOLSCAN���� �IURP�
6&$1/$%��ZDV�XVHG�WR�JXLGH�WKH�ODVHU�EHDP�LQ�WKH�;<�SODQH��IRFXVHG�E\�WKH�
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WHOHFHQWULF�I�WKHWD�OHQV�ZLWK�WKH�IRFDO�OHQJWK�RI����PP��7KH�GLDPHWHU�RI�WKH�
IRFXVHG�EHDP�DW�WKH���H��OHYHO�HTXDOOHG�WR�������P��7\SLFDO�SXOVH�HQHUJ\�DQG�
ODVHU�IOXHQFH�ZDV�����-�DQG�����-�FP���UHVSHFWLYHO\��7KH�PDWHULDO�UHPRYDO�UDWH�
ZDV�RYHU���PP��V��,Q�WKH�VHFRQG�VWHS��WKH�VDPSOH�ZDV�WXUQHG�XSVLGH�GRZQ��DQG�
WKH�DGDSWHU�ZDV�IDEULFDWHG�YLD�UHDU�VLGH�PDFKLQLQJ�WR�FRQQHFW�WKH�PLFURQR]]OH�
WR�WKH�YDOYH�DQG�WR�UHGXFH�WKH�WKLFNQHVV�RI�JODVV�WR���PP�IRU�SURFHVVLQJ�XVLQJ�
)/6(���

,Q�WKH�WKLUG�VWHS��WKH�PDWHULDO�ZDV�PRGLILHG�XVLQJ�D�IHPWRVHFRQG�ODVHU�DQG�
WKHQ�HWFKHG�LQ�D�.2+�VROXWLRQ�RI���0�FRQFHQWUDWLRQ�WR�IRUP�D�PLFURFKDQQHO�
IRU� ��� KRXUV�� 7KLV� WHFKQLTXH� DOORZHG� WR� IDEULFDWH� �������P�GLDPHWHU�
FKDQQHOV��ZKLOH�IRU�WKH�QDQRVHFRQG�UHDU�VLGH�PDFKLQLQJ�DORQH��)LJ����E���WKH�
PLQLPXP�GLDPHWHU�ZDV������P��7KH�ZDYHOHQJWK��SXOVH�GXUDWLRQ�):+0��DQG�
SXOVH�HQHUJ\�RI�WKH�IHPWRVHFRQG�ODVHU�V\VWHP��<E�´.*:�3KDURV´�ODVHU�IURP�
/LJKW� &RQYHUVLRQ�� ZHUH� ����QP�� ����IV�� ���ȝ-�� FRUUHVSRQGLQJO\�� 7KH�
UHSHWLWLRQ�UDWH�ZDV�VHW�WR�����N+]��DQG�WKH�SURFHVVLQJ�VSHHG�ZDV�����PP�V�WR�
HQVXUH�WKH������SXOVHV��P�GHQVLW\��7KH�ODVHU�EHDP�ZDV�IRFXVHG�ZLWK�D����[�
PLFURVFRSH�REMHFWLYH��IURP�0LWXWR\R��1$ �����WR�DFKLHYH�a���P�VSRW�VL]H��

7KH�YHUWLFDO�FKDQQHO�ZDV� IRUPHG�DFFRUGLQJ� WR� WKH� IDEULFDWLRQ�JHRPHWU\��
GHPRQVWUDWHG� LQ�)LJ����D��7KH�ZKROH� FKDQQHO� OHQJWK�ZDV� GLYLGHG� LQWR� QLQH�
VHFWLRQV�ZLWK�D�VLQJOH�VHFWLRQ�OHQJWK�RI�a�����P��7KH�VHFWLRQ�ZDV�FRPSRVHG�
RI� WKH� OD\HUV� FRQVLVWLQJ� RI� D� VHW� RI� FRQFHQWULF� FLUFOHV��ZKLFK� LQFUHDVHG� WKH�
HWFKHG�FDYLW\�VL]H���

�

Figure 28.�)DEULFDWLRQ�JHRPHWU\�RI�WKH�PRGLILFDWLRQV�RI�WKH�QR]]OH�FKDQQHO�SUHSDUHG�
IRU�WKH�FKHPLFDO�HWFKLQJ�(a)�DQG�WKH�6(0�SLFWXUH�RI�WKH�FKDQQHO�HQWUDQFH�DIWHU����K�
HWFKLQJ�LQ���0�.2+�(b) >���@��

�
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7KH� FRQFHQWULF� FLUFOHV� ZHUH� PDQXIDFWXUHG� E\� WUDQVODWLQJ� WKH� VDPSOH�
UHODWLYH� WR� WKH� ODVHU� IRFXV�ZLWK� WKH�;<� SRVLWLRQLQJ� V\VWHP� WKDW� DOORZV� WKH�
DFFXUDF\�RI�a����QP��$HURWHFK�$17������7KH�VLQJOH�OD\HU�ZDV�QRW�HQWLUHO\�
ILOOHG�E\�WKH�FLUFOHV�WR�PLQLPLVH�WKH�IDEULFDWLRQ�WLPH��7KH�]�VWHS�EHWZHHQ�WKH�
OD\HUV�LQ�WKH�VLQJOH�VHFWLRQ�ZDV�GHILQHG�H[SHULPHQWDOO\�DQG�ZDV������P��7KH�
FLUFOH¶V�UDGLXV�LQ�WKH�OD\HU�ZDV�FKDQJHG�E\�WKH������P�VWHS��

7KLV� VHFWLRQDO� IDEULFDWLRQ� IDFLOLWDWHG� WKH�DFFHVV�RI�.2+�WR� WKH�PRGLILHG�
VWUXFWXUH��'XULQJ� WKH�HWFKLQJ�SURFHVV�� WKH�HWFKHG�VHFWLRQ�ZDV�VHSDUDWHG�DQG�
IDOO�RXW��7KHUHIRUH�WKH�FOHDU�HWFKDQW�FRXOG�DFKLHYH�WKH�GHHSHU�VHFWLRQV��'XH�WR�
WKH�DEHUUDWLRQV�>���@��IRU�WKH�GHHSHU�IRFXVLQJ�WKH�SXOVH�HQHUJ\�GLVVLSDWHG��DQG�
KLJKHU�HQHUJ\�ZDV�QHHGHG�WR�LQGXFH�WKH�UHTXLUHG�PRGLILFDWLRQV��,Q�WKLV�ZD\��
a����Q-�SXOVH�HQHUJ\�ZDV�XVHG�IRU�WKH�ILUVW�VHFWLRQ��DQG�a����Q-�SXOVH�HQHUJ\�
�� IRU� WKH� ODVW� VHFWLRQ�� 7KH� YHUWLFDO� FKDQQHO� VKDSH� ZDV� SUHFRPSHQVDWHG� E\�
FKDQJLQJ�WKH�PD[LPXP�VHFWLRQ�UDGLXV�WR�DFKLHYH�WKH�WDSHU�OHVV�PLFURFKDQQHO��
7KH�WRWDO�ODVHU�IDEULFDWLRQ�WLPH�RI������P�GLDPHWHU�FKDQQHO�ZDV�a���PLQ��,Q�
VXFK� ZD\�� WKH� PDQXIDFWXULQJ� VKRZHG� QR� FKLSSLQJ� RQ� WKH� PLFURFKDQQHO�
HQWUDQFH� VXUIDFH�� VKRZQ�LQ�)LJ����E��DQG� WKH�GLDPHWHU�DFFXUDF\�FRQWURO�KDV�
EHHQ� LPSURYHG� XS� WR� ���� ��ȝP�� GHSHQGLQJ� RQ� WKH� FKDQQHO� VL]H�
SUHFRPSHQVDWLRQ�� 7KH� LPDJHV� RI� D� QR]]OH� ZLWK� F\OLQGULFDO� PLFURFDSLOODU\�
PDQXIDFWXUHG�E\�D�K\EULG�WHFKQLTXH�DUH�SUHVHQWHG�LQ�)LJ������

�

Figure 29.�7KH�IUDPH�RI�WKH�QR]]OH�VWUXFWXUH��GLDPHWHU����PP��KHLJKW������PP��(a) 
RI���PP�OHQJWK�FDSLOODULHV�ZLWK�WKH�RXWOHW�GLDPHWHU�RI�����ȝP�(b)���ODVHU�PDFKLQHG�LQ�
IXVHG�VLOLFD�ZLWK�WKH�VXEVHTXHQW�HWFKLQJ�LQ�.2+�>���@��

�
7KH�RSWLFDO�PLFURVFRSH�LPDJHV�RI�IDEULFDWHG�/DYDO�PLFURQR]]OH�DUUD\V�DQG�

2QH�6LGHG� 6KRFN� QR]]OH� �266�� >�������@� XVLQJ� WKH� )/6(� WHFKQLTXH� DUH�
SUHVHQWHG�UHVSHFWLYHO\�LQ�)LJ�����DQG���D���



���
�
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Figure 30.�7KH�WRS�(a)�DQG�FURVV�VHFWLRQ�(b)�LPDJHV�RI�/DYDO�PLFURQR]]OH�DUUD\�RI�WKH�
GLDPHWHU�RI�����ȝP��PDQXIDFWXUHG�XVLQJ�WKH�)/6(�WHFKQLTXH���

�
7KH� IUDPH� RI� WKH� 266� QR]]OH� ZDV� PDQXIDFWXUHG� XVLQJ� QV�UHDU� VLGH�

SURFHVVLQJ�� DQG� WKH� LQQHU� FKDQQHO� ZDV� SURGXFHG� E\� )/6(� WHFKQLTXH�� 7KH�
XSSHU� VXUIDFH� ZDV� ILQLVKHG� XVLQJ� IHPWRVHFRQG� DQG� SLFRVHFRQG� DEODWLRQ��
HQDEOLQJ�PRUH�SUHFLVH�SURFHVVLQJ�WKDQ�WKH�QV�UHDU�VLGH�WHFKQLTXH��

�

�

Figure 31.�2SWLFDO�PLFURVFRSH� LPDJHV�RI�2QH�6LGHG�6KRFN�QR]]OH� (a)��DQG�GRXEOH�
QR]]OH�RI�WKH�GLDPHWHU�RI�����ȝP�DQG����ȝP�(b)�PDQXIDFWXUHG�E\�)/6(�WHFKQLTXH�
XVHG�LQ�/2$�H[SHULPHQWV��

�

���� 'HSHQGHQFH�RI�WKH�1R]]OH�4XDOLW\�RQ�6XUIDFH�5RXJKQHVV�

7KH�TXDOLW\�DQG�ZDOO�URXJKQHVV�RI�QR]]OHV��PDQXIDFWXUHG�IURP�IXVHG�VLOLFD�
XVLQJ�WKUHH�GLIIHUHQW�ODVHU�SURFHVVLQJ�WHFKQLTXHV��WKH�K\EULG�QDQRVHFRQG�UHDU�
VLGH� SURFHVVLQJ� DQG� IHPWRVHFRQG� ODVHU�DVVLVWHG� VHOHFWLYH� HWFKLQJ� �)/6(��
WHFKQLTXH� >�������@�� WKH� QDQRVHFRQG� ODVHU� UHDU�VLGH� �56�� SURFHVVLQJ�
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DORQH�>���@�� DQG� QDQRVHFRQG� ODVHU� UHDU�VLGH� SURFHVVLQJ� WHFKQLTXH� ZLWK� WKH�
VXEVHTXHQW�HWFKLQJ�LQ�.2+�VROXWLRQ�IRU���KRXUV�ZDV�LQYHVWLJDWHG��)LJ��������

�

�

Figure 32.� 2SWLFDO� PLFURVFRSH� LPDJHV� RI� F\OLQGULFDO� QR]]OHV�� PDQXIDFWXUHG� YLD�
GLIIHUHQW�WHFKQLTXHV��6FDOH�EDU�LV������P�OHQJWK�>���@��

�
7KH� F\OLQGULFDO�QR]]OHV�ZLWK� D�GLDPHWHU�RI�����P�������P�DQG������P�

ZHUH�IDEULFDWHG�DQG�FKDUDFWHULVHG�XVLQJ�0DFK�=HKQGHU�LQWHUIHURPHWHU�DQG�JDV�
MHW�FRQFHQWUDWLRQ�UHFRQVWUXFWLRQ��)/6(�DOORZHG�WKH�PDQXIDFWXULQJ�RI������P�
DQG������P�GLDPHWHU�QR]]OHV�ZLWK�H[FHOOHQW�JHRPHWU\�DQG�FKLS�IUHH�HGJHV��
+RZHYHU�� VOLJKW� FKLSSLQJ� �a����P�� DSSHDUHG� LQ� ����P�GLDPHWHU� KROHV�� ,W�
VKRXOG�EH�QRWHG�WKDW�WKH�UHDO�GLDPHWHU�RI�����P�QR]]OH�ZDV�����P��,Q�WKH�FDVH�
RI�QDQRVHFRQG�ODVHU�UHDU�VLGH�PDFKLQLQJ�WHFKQLTXH��WKH�VXUIDFH�FKLSSLQJ�ZDV�
DERXW������P��7KH�DFWXDO�GLDPHWHUV�RI�QR]]OHV��GLVFXVVHG�EHORZ��ZHUH�����P��
PDQXIDFWXUHG�XVLQJ�)/6(�WHFKQLTXH�������P��GULOOHG�XVLQJ�QDQRVHFRQG�ODVHU�
UHDU�VLGH� SURFHVVLQJ� DQG� �����P�� SURGXFHG� E\� QDQRVHFRQG� ODVHU� UHDU�VLGH�
SURFHVVLQJ�WHFKQLTXH�DQG�HWFKHG�DGGLWLRQDOO\�LQ�.2+�VROXWLRQ�IRU���KRXUV��)RU�
VLPSOLFLW\��WKHVH�DUH�UHIHUUHG�WR������P�GLDPHWHU�QR]]OHV��7KH�UHDO�GLDPHWHUV�
RI� �����P� QR]]OHV� ZHUH� �����P�� �����P� DQG� �����P�� UHVSHFWLYHO\�� 7KH�
EOXUUHG�JUH\�DQG�EODFN�DUHD� DURXQG� WKH�KROHV��ZKLFK�ZHUH� IDEULFDWHG�XVLQJ�
QDQRVHFRQG� ODVHU�� LQGLFDWHV� WKDW� WKH� RXWOHW� HGJH� RI� QR]]OHV� LV� FKDPIHUHG��
7KHUHIRUH�� WKH� SURILOHV� RI� PLFURFKDQQHOV� ZHUH� LQYHVWLJDWHG� XVLQJ� VW\OXV�
SURILOHU�'HNWDN������IURP�9HHFR����
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7KH�W\SLFDO�SURILOHV�DW�WKH�RXWOHW�RI�QR]]OHV�ZLWK�WKH�GLDPHWHU�RI������P�
DQG������P�IDEULFDWHG�E\�QDQRVHFRQG�UHDU�VLGH�PDFKLQLQJ� WHFKQLTXH�DORQH�
DUH�SUHVHQWHG�LQ�)LJ����DF��DQG�ZLWK�WKH�VXEVHTXHQW�HWFKLQJ�LQ�.2+�VROXWLRQ�
��LQ�)LJ����EG��$�JUH\�DUHD�UHSUHVHQWV�WKH�LGHDO�F\OLQGULFDO�QR]]OH��ZKLOH�WKH�
GLVWDQFH� [� ����P� LV� WKH� D[LV� RI� D� QR]]OH�� 5HG� GRWWHG� FRQWRXUV� VKRZ� WKH�
JHRPHWU\�RI�WKH�FKDPIHUHG�HGJH��XVHG�IRU�WKH�VLPXODWLRQV�RI�D�FRQLFDO�RXWOHW�
ZLWK�WKH�DQJOH�RI�������

�

�

Figure 33.�0HDVXUHG�SURILOHV��VROLG�EODFN�OLQHV��DW� WKH�RXWOHW�RI�F\OLQGULFDO�QR]]OHV�
ZLWK�WKH�GLDPHWHU�RI������P�(a, b) DQG������P�(c, d)��IDEULFDWHG�E\�QDQRVHFRQG�UHDU�
VLGH� PDFKLQLQJ� WHFKQLTXH� DORQH� (a, c)� DQG� E\� QDQRVHFRQG� UHDU�VLGH� PDFKLQLQJ�
WHFKQLTXH�ZLWK�WKH�VXEVHTXHQW�HWFKLQJ�LQ�.2+�(b, d)��$�JUH\�DUHD�UHSUHVHQWV�WKH�LGHDO�
F\OLQGULFDO�QR]]OH��ZKLOH�WKH�GLVWDQFH�[� ����P�LV�WKH�D[LV�RI�D�QR]]OH��5HG�GDVKHG�
FRQWRXUV�VKRZ�WKH�JHRPHWU\�RI�WKH�FKDPIHUHG�HGJH��XVHG�IRU�VLPXODWLRQV�>���@��

�
$IWHU�WKH�LQLWLDO�LQWHUIHURPHWULF�PHDVXUHPHQWV��WKH�VXUIDFH�RI�WKH�QR]]OHV��

GULOOHG� XVLQJ� QDQRVHFRQG� ODVHU� UHDU�VLGH� SURFHVVLQJ� DQG� SURGXFHG� E\�
QDQRVHFRQG� ODVHU� UHDU�VLGH� SURFHVVLQJ� WHFKQLTXH� DQG�HWFKHG� DGGLWLRQDOO\� LQ�
.2+� VROXWLRQ�� ZHUH� SROLVKHG�� 7KH� XSSHU� OD\HU�� FRQWDLQLQJ� WKH� FKDPIHUHG�
HGJH��ZDV�UHPRYHG��7KH�ULJKW�DQJOH�RI�WKH�RXWOHW�HGJH�ZDV�QHDUO\�UHVWRUHG��DQG�
WKH� FRQFHQWUDWLRQ� SURILOHV� ZHUH� PHDVXUHG� DJDLQ�� 7KH� VFDQQLQJ� HOHFWURQ�
PLFURVFRSH��6(0��LPDJHV�RI�WKH�RSHQHG�PLFURFKDQQHOV�DUH�SUHVHQWHG�LQ�)LJ��
��D�F��7KH� WRSRORJLHV�RI� VXUIDFHV�� IDEULFDWHG�E\�QDQRVHFRQG� ODVHU� UHDU�VLGH�
PDFKLQLQJ� DORQH� DQG�ZLWK� WKH� VXEVHTXHQW� HWFKLQJ� LQ�.2+� IRU� ��KRXUV� DUH�
SUHVHQWHG�LQ�)LJ����G�DQG���H��UHVSHFWLYHO\��7KH�PHDVXUHG�VXUIDFH�URXJKQHVV�
DQG�HVWLPDWHG�VDQG�JUDLQ�URXJKQHVV�SDUDPHWHU�NUI��DFFRUGLQJ�WR�WKH�UHODWLRQV��
DUH�SUHVHQWHG�LQ�7DEOH����7KH�DYHUDJH�URXJKQHVV�DQG�DYHUDJH�SHDN�WR�YDOOH\�
GLVWDQFH� RI� D� QR]]OH�� IDEULFDWHG� E\� UHDU�VLGH� PDFKLQLQJ� WHFKQLTXH�� ZHUH�
RD� ������P� DQG�R]G� ����P�� 7KH� VXEVHTXHQW� HWFKLQJ� LQ� .2+� IRU� �� KRXUV�
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UHVXOWHG� LQ� D� URXJKHU� VXUIDFH� ZLWK� WKH� DYHUDJH� URXJKQHVV� RI� �����P�
�R]G� �������P���

�

Figure 34.�6(0�LPDJHV�RI�WKH�RSHQHG�PLFURFKDQQHOV��IDEULFDWHG�E\�)/6(�WHFKQLTXH�
(a)��QDQRVHFRQG�UHDU�VLGH�PDFKLQLQJ�(b)�DQG�UHDU�VLGH�PDFKLQLQJ�ZLWK�WKH�VXEVHTXHQW�
HWFKLQJ�LQ�.2+�(c)������[�����PP��WRSRJUDSKLHV�RI�WKH�IODW�VXUIDFH��IDEULFDWHG�E\�UHDU�
VLGH�PDFKLQLQJ�(d)�DQG�UHDU�VLGH�PDFKLQLQJ�ZLWK�WKH�VXEVHTXHQW�HWFKLQJ�LQ�.2+�(e) 
>���@��

8VLQJ�IHPWRVHFRQG�DQG�SLFRVHFRQG�DEODWLRQ��WKH�VXUIDFH�URXJKQHVV�R]G�RI�
����ȝP��FRUUHVSRQGLQJO\��ZDV�DFKLHYHG��,Q�FRPSDULVRQ��WKH�)/6(�WHFKQLTXH�
DOORZHG�WR�UHDFK�WKH�VLJQLILFDQWO\�VPRRWKHU�VXUIDFH��,Q�WKLV�FDVH��WKH�DYHUDJH�
URXJKQHVV� DQG� DYHUDJH� SHDN�WR�YDOOH\� GLVWDQFH� ZHUH� RD� �������P� DQG�
R]G� �������P��

Table 8.�7KH�PHDVXUHG�VXUIDFH�URXJKQHVV�RI�WKH�IDEULFDWHG�FKDQQHOV�DQG�HVWLPDWHG�
VDQG�JUDLQ�URXJKQHVV�SDUDPHWHU��DFFRUGLQJ�WR�WKH�UHODWLRQV��JLYHQ�LQ�7DEOH���>���@��

� )/6(� 56�PDFKLQLQJ�
56�PDFKLQLQJ�
DQG�HWFKLQJ�

RD�>�P@� ����� ��� ��� 
R506�>�P@� � ��� ��� 
R]G�>�P@� ����� �� ���� 
kUI�#�RD�>�P@� ����� ���� �����
kUI�#�R506�>�P@ � ���� ����
kUI�#�R]G�>�P@ ����� ���� �����
�



���
�

7KH�HVWLPDWHG�VDQG�JUDLQ� URXJKQHVV�SDUDPHWHU�kUI��EDVHG�RQ� WKH�DYHUDJH�
URXJKQHVV�DQG�DYHUDJH�SHDN�WR�YDOOH\�GLVWDQFH��ZDV�LQ�WKH�VXEPLFURQ�UDQJH�
IRU� )/6(� WHFKQLTXH�� ZKLOH� IRU� WKH� UHDU�VLGH� PDFKLQLQJ� DORQH� DQG� ZLWK�
VXEVHTXHQW�HWFKLQJ�LQ�.2+�LW�ZDV�HTXDO�WR�a���P�DQG�a����P��UHVSHFWLYHO\��
7KH�YDOXHV�RI� VDQG�JUDLQ� URXJKQHVV��HVWLPDWHG�DFFRUGLQJ� WR� WKH� URRW�PHDQ�
VTXDUH�URXJKQHVV�R506��ZHUH�VOLJKWO\�ORZHU��

���� &KDUDFWHUL]DWLRQ�RI�*DV�-HW�3URILOHV�

7KH� UHVXOWV� RI� VLPXODWHG� �OHIW� VLGH�� DQG� UHFRQVWUXFWHG� �ULJKW� VLGH��
WUDQVYHUVDO�QLWURJHQ�FRQFHQWUDWLRQ�SURILOHV�IURP�PHDVXUHG�LQWHUIHURJUDPV�RI�
F\OLQGULFDO�QR]]OHV�ZLWK� WKH�GLDPHWHU�RI����ȝP������ȝP��DQG�����ȝP�XVLQJ�
,'($�VRIWZDUH�SDFNDJH�>���@�DQG�$EHO�WUDQVIRUPDWLRQ�>���@�DUH�JLYHQ�LQ�)LJ��
����7KH�FRQFHQWUDWLRQ�SURILOHV�RI�QR]]OHV��PDQXIDFWXUHG�E\�)/6(�WHFKQRORJ\��
DUH� SUHVHQWHG� LQ� )LJ�� ��DEH�� DQG� WKH� FRQFHQWUDWLRQ� SURILOHV� RI� QR]]OHV��
IDEULFDWHG� E\� QDQRVHFRQG� UHDU�VLGH�PDFKLQLQJ� WHFKQLTXH�� DUH� JLYHQ� LQ� )LJ��
��FI��7KH� FRQFHQWUDWLRQ� SURILOH� RI� D� ����ȝP�GLDPHWHU� QR]]OH��PDGH� E\� WKH�
QDQRVHFRQG� UHDU�VLGH� PDFKLQLQJ� WHFKQLTXH� ZLWK� WKH� VXEVHTXHQW� HWFKLQJ� LQ�
.2+��LV�VKRZQ�LQ�)LJ����G��$GGLWLRQDOO\��WKH�LPSDFW�RI�HGJH�FKLSSLQJ�DW�WKH�
RXWOHW�RI�WKH�QR]]OH�FKDQQHO��IDEULFDWHG�E\�WKH�QDQRVHFRQG�UHDU�VLGH�PDFKLQLQJ�
WHFKQLTXH��ZDV�HVWLPDWHG��&KLSSLQJ�UHVXOWHG�LQ�WKH�IRUPDWLRQ�RI�WKH�FRQLFDO�
FKDPIHUHG�HGJH�ZLWK�WKH�DQJOH�RI����GHJUHHV�DW�����P�GHSWK�EHORZ�WKH�RXWOHW�
RI�WKH�QR]]OH��7KH�FKLSSLQJ�GHFUHDVHG�WKH�JDV�FRQFHQWUDWLRQ�DW�WKH�RXWOHW�RI�WKH�
QR]]OH�E\���������7KH�WRWDO�UHGXFWLRQ�RI�WKH�FRQFHQWUDWLRQ��FRPSULVLQJ�WKH�
LPSDFW�RI�ZDOO�URXJKQHVV�ZLWK�WKH�SDUDPHWHU�kUI� �����P�DQG�HGJH�VHFWLRQ�ZLWK�
WKH�DQJOH�RI����GHJUHHV��ZDV�����IRU�WKH�QR]]OH�ZLWK�WKH�GLDPHWHU�RI������P��
DQG�����IRU�WKH�QR]]OH�ZLWK�WKH�GLDPHWHU�RI������P��7KH�VXEVHTXHQW�HWFKLQJ�
RI� FKDQQHOV�� IDEULFDWHG�ZLWK� QDQRVHFRQG� UHDU�VLGH�PDFKLQLQJ� WHFKQLTXH�� LQ�
.2+�VROXWLRQ�IRU���KRXUV�UHVXOWHG�LQ�WKH�TXLWH�GLIIHUHQW�VXUIDFH�PRUSKRORJ\��
DV�VHHQ�LQ�)LJ����FH��DQG�KLJKHU�VDQG�JUDLQ�URXJKQHVV�SDUDPHWHU�HTXDOOHG�WR�
����P��7KH� JDV� FRQFHQWUDWLRQ��PHDVXUHG� DW� ���EDU� EDFNLQJ� SUHVVXUH� DW� WKH�
RXWOHW�RI�����P�F\OLQGULFDO�FKDQQHO��PDQXIDFWXUHG�E\�)/6(�WHFKQLTXH��DW�WKH�
GLVWDQFH�RI�������ȝP�IURP�WKH�RXWOHW�RI�WKH�QR]]OH�ZDV����î�����FPí���7KH�
JDV� FRQFHQWUDWLRQ�� PHDVXUHG� DW� WKH� RXWOHW� RI� �����P� F\OLQGULFDO� FKDQQHO��
IDEULFDWHG�E\�QDQRVHFRQG�UHDU�VLGH�SURFHVVLQJ� WHFKQLTXH��DW� WKH�GLVWDQFH�RI�
������ȝP� IURP� WKH� RXWOHW� RI� WKH� QR]]OH� ZDV� ������� ORZHU� UHODWLYH� WR� WKH�
FKDQQHO�ZLWK�WKH�VDQG�URXJKQHVV�RI�WKH�ZDOO�kUI� �������P��DFKLHYHG�E\�)/6(�
WHFKQLTXH�� 7KH� PHDVXUHG� JDV� FRQFHQWUDWLRQV� ZHUH� ���������î����� DQG�
�������î�����FPí���FRUUHVSRQGLQJO\��
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Figure 35.� 6LPXODWHG� �OHIW� VLGH�� DQG� UHFRQVWUXFWHG� �ULJKW� VLGH�� WUDQVYHUVDO� 1��
FRQFHQWUDWLRQ�SURILOHV�RI�F\OLQGULFDO�QR]]OHV�ZLWK�WKH�GLDPHWHU�RI����ȝP�(a)������ȝP�
(b)�� ���� ȝP� (e)��PDQXIDFWXUHG� E\�)/6(� WHFKQRORJ\�� ���� ȝP� (c)� DQG� ����ȝP� (f)��
IDEULFDWHG� E\� WKH� QDQRVHFRQG� UHDU�VLGH� PDFKLQLQJ� WHFKQLTXH�� DQG� ���� ȝP� (d)��
IDEULFDWHG� E\� WKH� QDQRVHFRQG� UHDU�VLGH� PDFKLQLQJ� WHFKQLTXH� ZLWK� WKH� VXEVHTXHQW�
HWFKLQJ�LQ�.2+��DW����EDU�RI�EDFNLQJ�SUHVVXUH�DW�WKH�YDOYH�>���@��

�
7KH� JDV� FRQFHQWUDWLRQ�� PHDVXUHG� DW� WKH� RXWOHW� RI� �����P� F\OLQGULFDO�

FKDQQHO�DW�WKH�GLVWDQFH�RI��������ȝP�IURP�WKH�RXWOHW�RI�WKH�QR]]OH��ZDV����
���� ORZHU� LQ� WKH� FKDQQHO�� IDEULFDWHG� E\� QDQRVHFRQG� UHDU�VLGH� SURFHVVLQJ�
WHFKQLTXH�UHODWLYH�WR�WKH�FKDQQHO��PDGH�E\�)/6(�WHFKQLTXH��7KH�PHDVXUHG�JDV�
FRQFHQWUDWLRQV�ZHUH����������î�����DQG����������î�����FPí���FRUUHVSRQGLQJO\��

7KH� UHFRQVWUXFWHG� FRQFHQWUDWLRQ� SURILOHV� RI� WKH� ����� PP� F\OLQGULFDO�
FRQYHUJLQJ�GLYHUJLQJ�QR]]OH�DQG�����PP�VOLW�QR]]OH�6��DW�WKH�EDFNLQJ�SUHVVXUH�
RI� ���EDU� DUJRQ� XVHG� LQ� /XQG� /DVHU� &HQWHU� DUH� SUHVHQWHG� LQ� )LJ����D� DQG�
)LJ����E�� UHVSHFWLYHO\�� 7KH� QR]]OH� FKDUDFWHUL]DWLRQ� KDV� VKRZQ� WKDW� WKH� JDV�
WDUJHW�RI�WKH�VLQJOH�F\OLQGULFDO�/DYDO�QR]]OH�ZLWK�WKH�GLDPHWHU�RI������PP�KDV�
WKH�����PP�ORQJ�JDV�FRQFHQWUDWLRQ�SODWHDX�DQG�WKH�UDPSV�ZLWK�WKH�OHQJWK�RI�
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����PP�DW�HDFK�VLGH�RI�WKH�QR]]OH��7KH�VLQJOH�VOLW�/DYDO�QR]]OH�ZLWK�D�OHQJWK�
RI�����PP�6��KDV�WKH�����PP�ORQJ�JDV�FRQFHQWUDWLRQ�SODWHDX�DQG�WKH�UDPSV�
ZLWK�WKH�OHQJWK�RI�����PP�DW�HDFK�VLGH�RI�WKH�QR]]OH���

�

�

Figure 36.�*DV�FRQFHQWUDWLRQ�SURILOHV�UHFRQVWUXFWHG�XVLQJ�PHDVXUHG�ZDYHIURQW�VHQVRU�
SKDVH�GLDJUDPV�IRU�WKH�F\OLQGULFDO�FRQYHUJLQJ�GLYHUJLQJ�QR]]OH�ZLWK�WKH�GLDPHWHU�RI�
�����PP�(a)��VOLW�FRQYHUJLQJ�GLYHUJLQJ�QR]]OH�ZLWK�WKH�OHQJWK�RI�����PP�S1�(b)� �DW�
WKH�EDFNLQJ�SUHVVXUH�RI����EDU��6KDGRZJUDPV�RI�WKH�QR]]OH�S1 IRU�np� ���î������FP����
(c)��DQG�DUUD\�Arr4�IRU�np� ���î������FP���LQ�LQMHFWRU�JHRPHWU\�(d)�>���@��

�
(VWLPDWLQJ� WKH� GHSHQGHQFH� RI� SODVPD� FRQFHQWUDWLRQ� np� RQ� EDFNLQJ�

SUHVVXUH�� LW�ZDV�DVVXPHG�WKDW�WKH�SODVPD�FRQFHQWUDWLRQ�np LV�SURSRUWLRQDO�WR�
WKH�JDV�FRQFHQWUDWLRQ�ng�DQG�GHSHQGV�RQ�WKH�LRQLVDWLRQ�OHYHO��7KH�PROHFXODU�
FRQFHQWUDWLRQ�LQ�WKH�FHQWUDO�SDUW�RI�WKH�$UU��F\OLQGULFDO�QR]]OH�DW�WKH�EDFNLQJ�
SUHVVXUH� RI� ��� EDU� DQG� ng� ZDV� HVWLPDWHG� DV� �î����� FP���� 7KH� VDPH�
FRQFHQWUDWLRQ�IRU�WKH�6��QR]]OH�ZDV�UHDFKHG�DW�WKH�EDFNLQJ�SUHVVXUH�RI����EDU��
&DOFXODWLQJ�WKH�SODVPD�FRQFHQWUDWLRQ�np��LW�ZDV�DVVXPHG�WKDW�KHOLXP�LV�IXOO\�
LRQL]HG� WR�+H��� DQG� KHOLXP�SODVPD� FRQFHQWUDWLRQ�np� FRUUHVSRQGLQJ� WR�ng� �
�î�����FP���LV�HTXDO�WR�np� ��î�����FP����

7KH�SURSDJDWLRQ�RI�WKH�ODVHU�EHDP�DQG�WKH�IRUPDWLRQ�RI�WKH�SODVPD�FKDQQHO�
ZDV�PRQLWRUHG�XVLQJ�:ROODVWRQ�SULVP�DQG�D�SUREH�EHDP�VSOLW�IURP�WKH�GULYLQJ�
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ODVHU� DQG� FURVVLQJ� WKH� JDV� MHW� SHUSHQGLFXODUO\�� 7KH� LQWHUIHURJUDPV� RI�
:ROODVWRQ�SULVP�ZDV�XVHG�IRU�VKDGRZJUDSK\�GLDJQRVWLFV��7KH�VKDGRZJUDPV�
RI�WKH�VLQJOH�QR]]OH�6��IRU�np� ���î������FP����DQG�WKH�DUUD\�$UU��IRU�np� ���î�
�����FP��LQ�LQMHFWRU�JHRPHWU\�DUH�VKRZQ�LQ�)LJ����F�DQG�)LJ����G��UHVSHFWLYHO\��
,Q�)LJ������WKH�VKDGRZJUDPV�RI�$UU��DQG�$UU��VKRZLQJ�WKH�IRUPDWLRQ�RI�WKH�
JULG�RI�VKRFN�ZDYHV�DUH�VKRZQ���

�

�

Figure 37.�7KH�LQWHUIHURJUDPV�RI�WKH�DUUD\�Arr2��a��DQG�WKH�DUUD\�Arr3�IRU�WKH�ODVHU�
EHDP�DW�WKH�GLVWDQFH�RI�����ȝP��b��DQG�����ȝP��c��DERYH�WKH�QR]]OH�RXWOHW�IRU� WKH 
np  ��î����FP���>���@��

�
7KH� VKRFN� ZDYHV� RI� WKH� DUUD\� $UU�� ZHUH� REVHUYHG� DW� WKH� ODVHU�QR]]OH�

GLVWDQFH�RI�����ȝP��)LJ����D���7KH� LQWHUIHURJUDP� LPDJHV�RI� WKH�DUUD\�$UU��
�)LJ����EF�� VKRZHG� D� VXEVWDQWLDO� GLIIHUHQFH� LQ� WKH� GLVWULEXWLRQ� RI� SODVPD�
GHQVLW\�GHSHQGLQJ�RQ�WKH�GLVWDQFH�RI�WKH�ODVHU�EHDP�DERYH�WKH�QR]]OH��$W�WKH�
GLVWDQFH�RI�����ȝP��)LJ����E���WKH���������ȝP�ZLGWK�RI�WKH�ODVHU�ZDNHILHOG�RI�
WKH�LRQL]HG�UHJLRQ�ZDV�QDUURZHU��DQG�WKH�VKRFN�ZDYHV�ZHUH�VHHQ�RQO\�LQ�WKH�
FHQWHU�SDUW�RI�WKH�DUUD\�$UU���$W�WKH�GLVWDQFH�RI�����ȝP��)LJ����F���WKH�ZLGWK�
RI�WKH�LRQL]HG�UHJLRQ�LQFUHDVHG�WR���������ȝP�DQG�WKH�LQWHUVHFWLQJ�VKRFN�ZDYH�
IURQWV�RI�DOO�DUUD\�QR]]OHV�ZHUH�FOHDUO\�YLVLEOH���

,Q�)LJ�� ��D�� WKH� UHFRQVWUXFWHG� QLWURJHQ� SODVPD� FRQFHQWUDWLRQ� SURILOHV� RI�
2QH�6LGHG� 6KRFN� �266�� �����P� QR]]OH� XVLQJ� $EHO� LQYHUVLRQ� IURP� WKH�
LQWHUIHURJUDP�RI�WKH�SURSDJDWLQJ�ODVHU�EHDP�DUH�VKRZQ��7KH�266�QR]]OH�ZDV�
XVHG�LQ�/2$�H[SHULPHQWV��7KH�UHFRQVWUXFWHG�SURILOHV�VKRZ�WKH�IRUPDWLRQ�RI�
QHJDWLYH� SODVPD� GHQVLW\� JUDGLHQW�� 7KH� QLWURJHQ� FRQFHQWUDWLRQ� SURILOHV�
SUHVHQWHG�LQ�)LJ����D��FRUUHVSRQG�WR�WKH�DFWXDO�SODVPD�FRQFHQWUDWLRQ�XVHG�LQ�
WKH�H[SHULPHQWV��ZKHUH�/�VKHOO�RI�QLWURJHQ�LV�IXOO\�LRQLVHG�WR�1����7KH�QLWURJHQ�
SODVPD�FRQFHQWUDWLRQ�H[FHHGV�WKH�PROHFXODU�JDV�FRQFHQWUDWLRQ�DSSUR[LPDWHO\�
E\�D�IDFWRU�RI�����,Q�)LJ����E��WKH�LQWHJUDO�SKDVH�SURILOH�RI�GRXEOH���������P�
QR]]OH�LV�SUHVHQWHG���

�
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Figure 38.� 5HFRQVWUXFWHG� 1�� SODVPD� FRQFHQWUDWLRQ� SURILOHV� RI� 2QH�6LGHG� 6KRFN�
�����P� QR]]OH� (a) DW� WKH� EDFNLQJ� SUHVVXUH� RI� ��� DQG� ��� %DU� XVHG� LQ� WKH� /2$�
H[SHULPHQWV�� DQG� PHDVXUHG� 1�� LQWHJUDO� SKDVH� RI� GRXEOH� ��������P� QR]]OH� DW� WKH�
EDFNLQJ�SUHVVXUH�RI����%DU�(b) >���@��

�

���� 'LVFXVVLRQ�RQ�0LFURQR]]OH�0DQXIDFWXULQJ�

7KH�)/6(�WHFKQLTXH�DOORZHG�WR�IDEULFDWH�QR]]OHV�ZLWK�WKH�VPDOOHVW�VDQG�
JUDLQ�URXJKQHVV�kUI� ������RI� WKH�ZDOO��HVWLPDWHG�DFFRUGLQJ� WR�WKH�PHDVXUHG�
SHDN�WR�YDOOH\� GLVWDQFH�� ,Q� WKH� FDVH� RI� QDQRVHFRQG� UHDU�VLGH� SURFHVVLQJ�
WHFKQLTXH��WKH�VDQG�JUDLQ�URXJKQHVV�RI�WKH�ZDOO�HTXDOOHG�WR����P��ZKLFK�ZDV�
E\� RUGHU� RI� PDJQLWXGH� ODUJHU� FRPSDUHG� WR� WKH� )/6(� WHFKQLTXH�� 7KH�
QDQRVHFRQG�UHDU�VLGH�SURFHVVLQJ�WHFKQLTXH�FDXVHG�WKH�VLJQLILFDQW�FKLSSLQJ�RI�
JODVV�HGJHV�DW�WKH�RXWOHW�RI�D�QR]]OH��ZKLFK�RFFXUV�ZKHQ�D�WKLQ�OD\HU�RI�JODVV�
IUDFWXUHV�EUHDNV�LQ�WKH�ILQDO�VWDJH�RI�GULOOLQJ��&KLSSLQJ�UHVXOWHG�LQ�WKH�FRQLFDO�
FKDPIHUHG�QR]]OH�RXWOHW�ZLWK�WKH�DQJOH�RI����GHJUHHV�DW�����P�GHSWK�EHORZ�
WKH�RXWOHW�RI�WKH�QR]]OH��7KH�ZHW�HWFKLQJ�UHYHDOHG� WKH�UDQGRPO\�GLVWULEXWHG�
LQWUD�YROXPH�FUDFNV� FORVH� WR� WKH�PLFURFKDQQHO��ZKLFK�ZHUH� LQGXFHG�GXH� WR�
QDQRVHFRQG�ODVHU�SURFHVVLQJ��

7KH� VLPXODWLRQ� UHVXOWV� RI� WKH� F\OLQGULFDO� QR]]OHV� ZLWK� WKH� URXJKQHVV�
SDUDPHWHU� kUI� ����P�� SUHVHQWHG� LQ� )LJ�� ��DFG�� DUH� LQ� JRRG� FRUUHVSRQGHQFH�
ZLWK�H[SHULPHQWDO�UHVXOWV�RI�WKH�QR]]OHV�ZLWK�GLDPHWHUV�RI����ȝP������ȝP�DQG�
�����P�� PDQXIDFWXUHG� E\� )/6(� WHFKQLTXH� �)LJ�� ��DEH��� 7KH� VLPXODWLRQ�
UHVXOWV�RI�WKH�FKDQQHOV�ZLWK�kUI� �����P�DQG�RXWOHW�FRQXV�ZLWK�WKH�DQJOH�RI����
GHJUHHV��SUHVHQWHG�LQ�WKH�)LJ����DFG��FRUUHVSRQG�ZLWK�WKH�H[SHULPHQWDO�UHVXOWV�
RI� JDV� FRQFHQWUDWLRQ� RI� WKH� QR]]OHV� IDEULFDWHG� E\� QDQRVHFRQG� UHDU�VLGH�
SURFHVVLQJ� WHFKQLTXH�ZLWKLQ� ��������)LJ����FI���$IWHU� WKH� SROLVKLQJ� RI� WKH�
IURQW� VXUIDFH�ZLWK� FKDPIHUHG� HGJHV�� WKH�TXDOLW\�RI�QR]]OHV�� IDEULFDWHG�E\�D�
QDQRVHFRQG� ODVHU��ZDV� LPSURYHG� E\� �����7KH� JDV� FRQFHQWUDWLRQ� UHGXFWLRQ�
GHFUHDVHG�EHORZ�����IRU������P�GLDPHWHU�QR]]OHV��)LJ����G����
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7KH� PHDVXUHG� JDV� FRQFHQWUDWLRQV� RI� FRQYHUJLQJ�GLYHUJLQJ� ����� PP�
F\OLQGULFDO�QR]]OH�DQG�����PP�VOLW�QR]]OH�6��DW�WKH�EDFNLQJ�SUHVVXUH�RI����EDU�
ZHUH� �����î����� DQG� ���������î�����FPí��� FRUUHVSRQGLQJO\�� :LWKLQ� WKH�
DFFXUDF\� RI� ����� WKH�PHDVXUHG� JDV� FRQFHQWUDWLRQ� FRUUHVSRQGV� WR� WKH�&)'�
VLPXODWLRQV�� SUHVHQWHG� LQ� VHFWLRQ� ��� 'XULQJ� WKH� H[SHULPHQW�� KHOLXP� ZDV�
LRQL]HG� XS� WR� +H���� DQG� WKH� SODVPD� FRQFHQWUDWLRQ� H[FHHGHG� WZLFH� WKH� JDV�
FRQFHQWUDWLRQ�� 7KH� QLWURJHQ� SURILOHV�� VKRZQ� LQ� )LJ������ FRUUHVSRQG� WR� WKH�
DFWXDO�SODVPD�FRQFHQWUDWLRQ�XVHG�LQ�WKH�H[SHULPHQWV�ZKHQ�QLWURJHQ�/�VKHOO�LV�
IXOO\�LRQL]HG�XS�WR�1����7KH�SODVPD�FRQFHQWUDWLRQ�H[FHHGV�WKH�PROHFXODU�JDV�
FRQFHQWUDWLRQ�RI�QLWURJHQ�DSSUR[LPDWHO\�E\�D�IDFWRU�RI�����

���� &RQFOXVLRQV�

0LFURQR]]OH�DUUD\V�RI�PLFURPHWULF�GLPHQVLRQV�UHVLVWDQW�WR�RSWLFDO�GDPDJH�
FDQ� EH� PDQXIDFWXUHG� IURP� WUDQVSDUHQW� PDWHULDOV�� VXFK� DV� IXVHG� VLOLFD��
FRPELQLQJ�VHYHUDO�ODVHU�PLFURIDEULFDWLRQ�WHFKQLTXHV��

x 1DQRVHFRQG�UHDU�VLGH�SURFHVVLQJ�DOORZV�IDVW�PDWHULDO�UHPRYDO�RI�
KLJK�YROXPH� SDUWV� a������PP��V�ZLWK� WKH� ���:� DYHUDJH� ODVHU�
SRZHU���

x 7KH�SHDN�WR�SHDN�VXUIDFH�URXJKQHVV�5]G�RI�����ȝP�RI�WKH�ZDOOV�
RI� QDQRVHFRQG� UHDU�VLGH� SURFHVVLQJ� DQG� HGJH� FKLSSLQJ� RI� WKH�
QR]]OH� RXWOHW� OLPLWV� WKH� DSSOLFDWLRQ� RI� WKLV� WHFKQLTXH� WR� WKH�
PDQXIDFWXULQJ�RI�QR]]OHV�ZLWK�WKH�GLDPHWHU�PRUH�WKDQ���������
ȝP��

x 7KH�JDV�FRQFHQWUDWLRQ�DW� WKH�RXWOHW�RI�WKH�QR]]OH�PDQXIDFWXUHG�
E\�QDQRVHFRQG�UHDU�VLGH�WHFKQLTXH�GHFUHDVHV�E\��������IRU�WKH�
QR]]OH�ZLWK�WKH�GLDPHWHU�RI�����ȝP�DQG�E\��������IRU�WKH�QR]]OH�
ZLWK�WKH�GLDPHWHU�RI�����ȝP�UHODWLYH�WR�WKH�QR]]OHV�SURFHVVHG�E\�
)/6(�WHFKQLTXH���

x 7KH�ZDOO�URXJKQHVV�KDV�DQ�HIIHFW�RQ�WKH�JDV�IORZ�ZKHQ�WKH�KHLJKW�
RI�WKH�URXJKQHVV�VWUXFWXUH�5]G�H[FHHGV������RI�WKH�GLDPHWHU�RI�
WKH�QR]]OH���

x 7KH�IHPWRVHFRQG�DQG�SLFRVHFRQG�VXUIDFH�DEODWLRQ�LPSURYH� WKH�
VXUIDFH�URXJKQHVV�5]G�WR�����ȝP��

x 7KH�IRUPDWLRQ�RI�QR]]OHV�XVLQJ�WKH�)/6(�WHFKQLTXH�HQDEOHV�WKH�
IRUPDWLRQ�RI�FKDQQHOV�ZLWK�GLPHQVLRQV�RI�OHVV�WKDQ����ȝP�DQG�
VXUIDFH� URXJKQHVV� 5]G� �� ���� ȝP�� +RZHYHU�� GXH� WR� WKH� ORQJ�
IDEULFDWLRQ� WLPH�� LW� LV� OHVV� FRPSHWLWLYH� IRU� SURFHVVLQJ� RI� KLJK�
YROXPH�SDUWV�WKDQ�UHDU�VLGH�PDWHULDO�UHPRYDO��
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7KH�PDWHULDO�UHODWHG�WR�WKLV�FKDSWHU�ZDV�SXEOLVKHG�>$���$�@�DQG�>&���&���
&�@��

���� /DVHU�:DNHILHOG�$FFHOHUDWLRQ�RI�(OHFWURQ�%HDPV�

7KH� H[SHULPHQWDO� ZRUN� RQ� ODVHU� ZDNHILHOG� HOHFWURQ� DFFHOHUDWLRQ� DQG�
H[FLWDWLRQ�RI�EHWDWURQ�;�UD\� UDGLDWLRQ�ZDV�GRQH� LQ�/XQG�/DVHU�&HQWHU��7KH�
UHVXOWV� RI� WKH� HQHUJ\� DQG� VSDWLDO� GLVWULEXWLRQ� RI� DFFHOHUDWHG� HOHFWURQV� DUH�
SUHVHQWHG�LQ�)LJ������7KH� ODVHU� LQWHQVLW\�RQ�WDUJHW�FRUUHVSRQGHG� WR� WKH�ODVHU�
VWUHQJWK� SDUDPHWHU� D��≃������ 7KH� SDUDPHWHUV� RI� DFFHOHUDWHG� HOHFWURQV� ZHUH�
PHDVXUHG�XVLQJ�D�PDJQHWLF�VSHFWURPHWHU�DQG�/DQH[�VFLQWLOODWLRQ�VFUHHQ��

�

Figure 39.�([SHULPHQWDO�SURILOHV�RI�HQHUJ\�DQG�VSDWLDO�GLVWULEXWLRQ�RI�HOHFWURQV�IRU�
np� ��î�����FP���IRU�WKH�VLQJOH�S1�QR]]OH�IRU�WKH�PL[WXUH�+H����(a)� ��IRU�WKH�DUUD\�
Arr4�LQ�LQMHFWRU�JHRPHWU\�IRU�SXUH�+H�(b)�DQG�IRU�np� ��î�����FP���IRU�WKH�PL[WXUH�
+H���1��(c)��([SHULPHQWDO�SURILOHV�RI�HQHUJ\�DQG�VSDWLDO�GLVWULEXWLRQ�RI�WKH�FKDUJH�
RI�HOHFWURQV�IRU�np� ��î�����FP���IRU�WKH�VLQJOH�S1�QR]]OH�(d)�DQG�IRU�WKH�DUUD\�Arr2�
(e)�DQG�Arr3�(f)�IRU�WKH�PL[WXUH�+H���1��LQ�ZLJJOHU�JHRPHWU\�>���@��
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7KH�HQHUJ\�VSHFWUXP�GDWD�DQG�VSDWLDO�GLVWULEXWLRQ�RI�FKDUJH�RI�HOHFWURQV�IRU�
D�VLQJOH�6��QR]]OH�DQG�WKH�DUUD\V�$UU��$UU��ZHUH�DYHUDJHG�RYHU����VKRWV��$W�
D� ORZHU� EDFNLQJ� SUHVVXUH� RI� ����� EDU� RI� +H���1�� JDV�� WKH� HOHFWURQV�
DFFHOHUDWHG� XVLQJ� VLQJOH� QR]]OH� 6�� KDG� WKH� KLJKHVW� HQHUJ\� DQG� ORZHVW�
GLYHUJHQFH� �):+0�� �)LJ����D��� 7KH� LPSOHPHQWDWLRQ� RI� WKH� DUUD\� $UU�� LQ�
LQMHFWRU�JHRPHWU\� HQDEOHG�GHQVLW\�WULJJHUHG� LQMHFWLRQ�RI� HOHFWURQV��(OHFWURQ�
EXQFKHV�RI�������0H9�ZHUH�REVHUYHG�DW�D�ORZ�EDFNLQJ�SUHVVXUH�RI�����EDU�RI�
SXUH� +H� �)LJ����E��� 7KH� FRUUHVSRQGLQJ� SODVPD� FRQFHQWUDWLRQ� ZDV�
DSSUR[LPDWHO\ np  ��î�����FP���� 7KH� VHSDUDWH� HOHFWURQ� EXQFKHV� KDG� ORZ�
HQHUJ\�GLVSHUVLRQ�RI������0H9��+RZHYHU��WKH�IOXFWXDWLRQV�RI�WKH�DFFHOHUDWHG�
FKDUJH�DQG�VSDWLDO�GLVWULEXWLRQ�IURP�VKRW�WR�VKRW�ZHUH�REVHUYHG��,W�UHVXOWHG�LQ�
WKH�LQFUHDVHG�HQHUJ\�GLVSHUVLRQ�RI�HOHFWURQ�EXQFKHV�DYHUDJHG�RYHU����VKRWV��
)RU� WKH� PL[WXUH� RI� +H���1�� DW� EDFNLQJ� SUHVVXUH� RI� ����EDU�� PRUH� VWDEOH�
LQMHFWLRQ�RI�WKH�HOHFWURQV��DQG�TXDVL�PRQRHQHUJHWLF�HOHFWURQ�EXQFKHV�RI�����
S&�DQG�������0H9�ZHUH�PHDVXUHG��)LJ����F���)RU�DOO�RWKHU�FDVHV�SUHVHQWHG�
LQ�)LJ������QR�FRQVLGHUDEOH�IOXFWXDWLRQV�RI�WKH�VSDWLDO�GLVWULEXWLRQ�RI�FKDUJH�
DQG�GLYHUJHQFH�IURP�VKRW�WR�VKRW�ZHUH�REVHUYHG�� ,QFUHDVLQJ�RI� WKH�EDFNLQJ�
SUHVVXUH�XS�WR�������EDU�IRU�WKH�VLQJOH�QR]]OH�6���WKH�DUUD\�$UU���DQG�XS�WR����
��� EDU� IRU� WKH� DUUD\� $UU�� LQ� ZLJJOHU� JHRPHWU\�� UHVXOWHG� LQ� WKH� VXEVWDQWLDO�
JURZWK�RI�WKH�LQMHFWHG�HOHFWURQV�DQG�WKH�HQODUJHG�GLYHUJHQFH�RI�WKH�HOHFWURQ�
EHDP� �)LJ����G�I��� +LJKHU� GLYHUJHQFH� LQFUHDVHG� WKH� HIILFLHQF\� RI� EHWDWURQ�
UDGLDWLRQ�� ,Q� WKH� H[SHULPHQWV�� WKH� ���EDU� EDFNLQJ� SUHVVXUH� RI� +H���1��

PL[WXUH�IRU�6���$UU���$UU��DQG����EDU�IRU�$UU��FRUUHVSRQGHG�WR�WKH�SODVPD�
FRQFHQWUDWLRQ�RI�DSSUR[LPDWHO\�np �î�����FP�����

,Q�)LJ���������WKH�GHSHQGHQFH�RI�PHDQ�HQHUJ\��FKDUJH�DQG�GLYHUJHQFH�RI�
DFFHOHUDWHG�HOHFWURQV�RQ�JDV�EDFNLQJ�SUHVVXUH�DUH�SUHVHQWHG��7KH�KLJKOLJKWHG�
UHJLRQV� LQGLFDWH� WKH� SUHVVXUH� ZKHQ� ;�UD\� JHQHUDWLRQ� ZDV� PRVW� HIILFLHQW��
,QWHUSRODWHG�VROLG�OLQHV�SURYLGLQJ�D�JXLGH�WR�WKH�H\H�ZHUH�FDOFXODWHG�XVLQJ�D�
FXELF�VSOLQH��7KH�PD[LPXP�RI�;�UD\�UDGLDWLRQ�IRU�WKH�����PP�VLQJOH�QR]]OH�
6���ZDV�UHDFKHG�DW�WKH�EDFNLQJ�SUHVVXUH�RI�������EDU��)LJ����DE���7KH�QXPEHU�
RI�;�UD\�SKRWRQV�SHU�VKRW�LQFUHDVHG�DORQJ�ZLWK�WKH�JURZWK�RI�PHDQ�HQHUJ\��
WKH�FKDUJH�RI�DFFHOHUDWHG�HOHFWURQV��DQG�GLYHUJHQFH�RI�WKH�HOHFWURQ�EHDP��7KH�
LQMHFWHG�FKDUJH�RI�HOHFWURQV�PRGLILHV� WKH�HOHFWULF� ILHOG� LQVLGH�RI� WKH�SODVPD�
EXEEOH��DQG�WKH�PHDQ�HQHUJ\�RI�HOHFWURQV�VWDUWV�WR�GURS��$W�WKH�ORZ�EDFNLQJ�
SUHVVXUH�RI������EDU��WKH�PHDQ�HQHUJ\�ZDV�WKH�KLJKHVW��DQG�UHDFKHG����0H9��
+RZHYHU��WKH�LQMHFWHG�FKDUJH�ORZ��LQ�WKH�UDQJH�RI����S&��DQG�WKH�GLYHUJHQFH�
ZDV�DSSUR[LPDWHO\����PUDG��7KH�;�UD\�\LHOG�ZDV�ORZ��7KH�PRVW�HIILFLHQW�;�
UD\� JHQHUDWLRQ� ZDV� REVHUYHG� DW� WKH� EDFNLQJ� SUHVVXUH� ZKHQ� WKH� FKDUJH� RI�
DFFHOHUDWHG�HOHFWURQV�ZDV�QHDU�WKH�PD[LPXP�RI�������S&��WKH�GLYHUJHQFH�RI�
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WKH�HOHFWURQ�EHDP�LQFUHDVHG�WR�������PUDG��DQG�WKH�PHDQ�HOHFWURQ�HQHUJ\�RI�
�������0H9�ZDV�FORVH�WR�WKH�PD[LPXP�IRU�WKLV�DPRXQW�RI�LQMHFWHG�FKDUJH��

�

Figure 40.�([SHULPHQWDO�GHSHQGHQFH�RI�PHDQ�HQHUJ\�Wem��FKDUJH�qe40� IRU�We !����
0H9��a, c��DQG�PHDQ�GLYHUJHQFH�θye��):+0���b, d��RI�DFFHOHUDWHG�HOHFWURQV�RQ�JDV�
EDFNLQJ�SUHVVXUH��WS1, qS1, θS1 FRUUHVSRQG�WR�WKH�QR]]OH�S1 DQG�WArr2� qArr2�  θArr2���WR�
Arr2�LQ�ZLJJOHU�JHRPHWU\��,QWHUSRODWHG�VROLG�OLQHV�SURYLGH�D�JXLGH�WR�WKH�H\H�>���@���

)XUWKHU� LQFUHDVH� RI� WKH� EDFNLQJ� SUHVVXUH� OHG� WR� DQ� DGGLWLRQDO� JURZWK� RI�
GLYHUJHQFH�� 'URSSLQJ� WKH� PHDQ� HQHUJ\� DQG� D� VPDOOHU� DPRXQW� RI� WKH�
DFFHOHUDWHG�HOHFWURQV�UHVXOWHG�LQ�WKH�UHGXFWLRQ�RI�;�UD\�UDGLDWLRQ���

$W�WKH�ORZHU�EDFNLQJ�SUHVVXUH�RI����EDU��WKH�LPSOHPHQWDWLRQ�RI�WKH�DUUD\�
$UU�� LQ� WKH� ZLJJOHU� JHRPHWU\�� LQFUHDVHG� WKH� GLYHUJHQFH� RI� DFFHOHUDWHG�
HOHFWURQV�E\�����IURP����WR����PUDG��$W�WKH�EDFNLQJ�SUHVVXUH�RI����EDU��WKH�
DYHUDJH�GLYHUJHQFH�RI�DFFHOHUDWHG�HOHFWURQV�IRU�6��DQG�$UU��ZDV�VLPLODU��LQ�
WKH� UDQJH� RI� ��� PUDG�� +RZHYHU�� IRU� $UU�� WKH� LQFUHDVH� RI� WKH� FKDUJH� RI�
DFFHOHUDWHG� HOHFWURQV� �We!���0H9�� DQG� D� GURS� RI� PHDQ� HQHUJ\� E\� ����
UHODWLYH�WR�6��QR]]OH�ZHUH�REVHUYHG��7KH�PD[LPXP�RI�;�UD\�UDGLDWLRQ�IRU�WKH�
DUUD\�$UU��ZDV�UHDFKHG�DW�D�EDFNLQJ�SUHVVXUH�RI�������EDU��DQG�ZDV�KLJKHU�E\�
D�IDFWRU�RI�����UHODWLYH�WR�WKH�VLQJOH�QR]]OH�6���

7KH� VDPH� WUHQG� RI� WKH� LQFUHDVH� RI� ;�UD\� \LHOG� ZLWK� DQ� LQFUHDVH� RI�
GLYHUJHQFH� DQG� FKDUJH�ZDV� DOVR� REVHUYHG� IRU� WKH� DUUD\�$UU�� �)LJ������7KH�
�����PP�DFFHOHUDWLRQ�SDUW�RI�WKH�DUUD\�$UU��ZDV�E\�D�IDFWRU�RI�����WLPHV�ORQJHU�
WKDQ�DFFHOHUDWLRQ�GLVWDQFH�RI�WKH�QR]]OH�6��DQG�WKH�DUUD\�$UU���7KHUHIRUH��WKH�
HQHUJ\�RI�DFFHOHUDWHG�HOHFWURQV�ZDV�KLJKHU��7KH�PD[LPXP�RI�;�UD\�UDGLDWLRQ�
ZDV�UHDFKHG�DW�WKH�KLJKHU�EDFNLQJ�SUHVVXUH�RI�������EDU�EHFDXVH�RI�WKH�KLJKHU�
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H[SDQVLRQ�UDWLR�RI������PP�QR]]OH�UHODWLYH�WR�6��DQG�$UU��QR]]OHV��7KH�KLJKHU�
H[SDQVLRQ�UDWLR�RI�WKH������PP�QR]]OH�UHVXOWHG�LQ�GLIIHUHQW�GLVWULEXWLRQ�RI�JDV�
FRQFHQWUDWLRQ�GHILQHG�E\�WKH�LQWHUVHFWLQJ�VKRFN�ZDYHV�RI�MHWV�RI�WKH�ILUVW�DQG�
VHFRQG�SDUW�RI�WKH�DUUD\�$UU���+LJK�JDV�FRQFHQWUDWLRQ�UHJLRQV�RI�WKH�ZLJJOHU�
DUUD\�ZHUH�IRUPHG�DW�D�ORZHU�GLVWDQFH�IURP�WKH�QR]]OH�RXWOHW�UHODWLYH�WR�6��DQG�
$UU��QR]]OHV��$W�WKH�GLVWDQFH�RI�����ȝP�RI�ODVHU�EHDP�DERYH�WKH�DUUD\�$UU��
�)LJ����DE��� WKH� LQMHFWHG� FKDUJH�JUHZ�DORQJ�ZLWK� WKH� LQFUHDVLQJ�RI�EDFNLQJ�
SUHVVXUH�IURP����XQWLO����EDU��+RZHYHU��LW�UHPDLQHG�ORZ��LQ�WKH�UDQJH�RI����
���S&��7KH�GLYHUJHQFH�RI�WKH�HOHFWURQ�EHDP�LQFUHDVHG�IURP����WR����PUDG��
DQG�WKH�PHDQ�HQHUJ\�GURSSHG�IURP����0H9�WR����0H9��7KH�\LHOG�RI�;�UD\�
ZDV� ORZ�� $W� WKH� GLVWDQFH� RI� ���� ȝP� RI� ODVHU� EHDP� DERYH� WKH� DUUD\� $UU��
�)LJ�����FG���WKH�VXEVWDQWLDO�LQFUHDVH�RI�FKDUJH��We!���0H9��XS�WR�����S&�DQG�
PHDQ� HQHUJ\� XS� WR� ���0H9�ZDV�REVHUYHG��7KH� GLYHUJHQFH� RI� WKH� HOHFWURQ�
EHDP� UHPDLQHG� DW� WKH� VDPH� OHYHO� RI� ��� PUDG�� 7KH� FKDUJH� RI� DFFHOHUDWHG�
HOHFWURQV� LQFUHDVHG�E\�D� IDFWRU�RI����DQG�;�UD\� UDGLDWLRQ� ��E\�D� IDFWRU�RI���
UHODWLYH�WR�WKH�FDVH�ZKHQ�WKH�ODVHU�EHDP�SURSDJDWHG�����ȝP�RI�DERYH�WKH�RXWOHW�
RI�WKH�QR]]OH���

�
Figure 41.�([SHULPHQWDO�GHSHQGHQFH�RI�PHDQ�HQHUJ\�Wmean��FKDUJH�qe40�IRU�We !����
0H9��a, c��DQG�PHDQ�GLYHUJHQFH�θye��):+0���b, d��RI�DFFHOHUDWHG�HOHFWURQV�RQ�JDV�
EDFNLQJ�SUHVVXUH�IRU�WKH�DUUD\�Arr3�LQ�ZLJJOHU�JHRPHWU\��WArr3UP� qArr3UP� θArr3UP�ZHUH�
PHDVXUHG�DW�WKH�GLVWDQFH�RI�����ȝP��DQG�� WArr3DN� qArr3DN� θArr3DN - DW�WKH�GLVWDQFH�RI�
ODVHU�EHDP�DERYH�WKH�QR]]OH�RI�����ȝP�>���@��

,Q�)LJ������WKH�GHSHQGHQFH�RI�WKH�PHDQ�HQHUJ\�DQG�FKDUJH�RI�DFFHOHUDWHG�
HOHFWURQV��DQG�GLYHUJHQFH�RI�WKH�HOHFWURQ�EHDP�RQ�WKH�ODVHU�HQHUJ\�IRU�WKH�DUUD\�
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$UU��DUH�SUHVHQWHG��7KH�ODVHU�EHDP�ZDV�SURSDJDWLQJ�����ȝP�DERYH�WKH�QR]]OH�
RXWOHW��7KH�DFFHOHUDWHG�FKDUJH�JUHZ�E\�D�IDFWRU�������DQG�WKH�PHDQ�HQHUJ\�DQG�
GLYHUJHQFH�E\������E\�LQFUHDVLQJ�WKH�ODVHU�SXOVH�HQHUJ\�IURP�����WR�����-��,W�
UHVXOWHG�LQ�WKH�LQFUHDVH�RI�QXPEHU�RI�SKRWRQV�SHU�VKRW�DQG�EULJKWQHVV�RI�;�UD\�
UDGLDWLRQ�E\�D�IDFWRU�RI������DQG�JURZWK�RI�WKH�V\QFKURWURQ�FULWLFDO�HQHUJ\�E\�
�����,Q�WKH�UDQJH�RI���������-��WKH�SDUDPHWHUV�GHSHQGHG�ZHDNO\�RQ�ODVHU�SXOVH�
HQHUJ\�DQG�GLG�QRW�FKDQJH�PRUH�WKDQ�������

,Q� )LJ������ WKH� VSHFWUDO� LQWHQVLW\� DQG� VSDWLDO� GLVWULEXWLRQ� RI� FKDUJH� RI�
DFFHOHUDWHG�HOHFWURQV�IRU�2QH�6LGH�6KRFN��266��QR]]OH�XVLQJ�/2$�(167$�
����7:���IV���N+]�ODVHU�DUH�SUHVHQWHG�>���@��7KH�PHDVXUHG�HOHFWURQ�VSHFWUD�
ZHUH� DYHUDJHG� RYHU� ���� VKRWV�� 7KH� EOXH� OLQH� VKRZV� WKH� PHDQ� VSHFWUXP�
PHDVXUHG�RYHU�WKH�SHULRG�RI�������PLQ��DQG�WKH�\HOORZ�OLQH���RYHU�WKH�SHULRG�
RI� ��������PLQ��7KH� VKDGHG� DUHDV� VKRZ� WKH� VWDQGDUG� GHYLDWLRQ��7KH� EODFN�
HUURU�EDU�LQGLFDWHV�WKH�VSHFWURPHWHU�UHVROXWLRQ�DW����0H9��7KH�VWDWLVWLFV�WKH�
EHDP� FKDUJH� ZDV� FROOHFWHG� IURP� ��� DFTXLVLWLRQV�� HDFK� FRQVLVWLQJ� RI� DQ�
DFFXPXODWLRQ�RYHU����VKRWV��

�

Figure 42�� ([SHULPHQWDO� GHSHQGHQFH� RI� PHDQ� HQHUJ\� Wem�� FKDUJH� TH��� IRU� We� !�
���0H9�(a)�DQG�PHDQ�GLYHUJHQFH�ș\H�(b)�RI�DFFHOHUDWHG�HOHFWURQV��DQG�EHWDWURQ�FULWLFDO�
HQHUJ\��FRXQWV�SHU�SL[HO�(c)��SKRWRQV�SHU�VKRW�DQG�EULJKWQHVV�(d)�RI�;�UD\�UDGLDWLRQ�IRU�
WKH� DUUD\� Arr3� ODVHU�QR]]OH� GLVWDQFH� RI� ����ȝP� DQG� np  ��[����FP��� RQ� WKH� ODVHU�
HQHUJ\�RQ�WDUJHW��
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7KH�WRWDO�FKDUJH�SHU�VKRW�ZDV�����S&�������S&��DQG�WKH�EHDP�GLYHUJHQFH�LV�
DSSUR[LPDWHO\� ���PUDG�):+0��'HQVLW\� GRZQ�UDPS� WULJJHUHG� LQMHFWLRQ� RI�
266�QR]]OH�UHVXOWHG�LQ�D�VWDEOH�LQMHFWLRQ�DQG�DFFHOHUDWLRQ�RI�HOHFWURQV�ZLWKLQ�
��KRXUV�RI� D� ORQJ�WHUP�VWDELOLW\� WHVW��7KH� IXVHG�VLOLFD�QR]]OHV� VKRZHG�KLJK�
UHVLOLHQFH�WR�GDPDJH��DQG�HQVXUHG�FRQWLQXRXV�/:)$�RSHUDWLRQ�IRU�DERXW�����
��î�����VKRWV��

�

Figure 43.�([SHULPHQWDO�SURILOHV�RI�VSHFWUDO�LQWHQVLW\�(a)�DQG�VSDWLDO�GLVWULEXWLRQ�RI�
FKDUJH�RI�DFFHOHUDWHG�HOHFWURQV�(b)�XVLQJ�����ȝP�2QH�6LGHG�6KRFN�QR]]OH�XVLQJ�����
P-���IV���N+]�/2$�ODVHU�>���@��7KH�VKDGHG�DUHDV�VKRZ�WKH�VWDQGDUG�GHYLDWLRQ��

���� ([FLWDWLRQ�RI�6HFRQGDU\�;�5D\�5DGLDWLRQ�

7KH�H[SHULPHQWDO�GDWD�RI�EHWDWURQ�;�UD\�UDGLDWLRQ�PHDVXUHG�LQ�WKH�/XQG�
/DVHU�&HQWHU� DUH�SUHVHQWHG� LQ�)LJ�������DQG� LQ�7DEOH���� ,Q�)LJ��������� WKH�
GHSHQGHQFH�RI�FKDUDFWHULVWLFV�RI�;�UD\�EHWDWURQ�UDGLDWLRQ�FRUUHVSRQGLQJ�WR�WKH�
SDUDPHWHUV�RI�HOHFWURQ�EHDPV�SUHVHQWHG�LQ�)LJ��������DUH�VKRZQ���

$V�GLVFXVVHG�LQ�WKH�SUHYLRXV�VHFWLRQ��WKH�QXPEHU�RI�;�UD\�SKRWRQV�SHU�VKRW�
DQG� EULJKWQHVV� LQFUHDVHG� SURSRUWLRQDOO\� WR� WKH� PHDQ� HQHUJ\�� QXPEHU� RI�
UDGLDWLQJ� HOHFWURQV� DQG� WKH� GLYHUJHQFH� RI� WKH� HOHFWURQ� EHDP� HQKDQFLQJ� WKH�
RVFLOODWLRQV�RI�EHWDWURQ��$OO� WKHVH� WKUHH�SDUDPHWHUV�ZHUH�QRW� UHDFKHG�DW� WKH�
VDPH� WLPH��$W� ������EDU� RI� EDFNLQJ� SUHVVXUH�� IRU� WKH� VLQJOH� QR]]OH�6�� WKH�
KLJKHVW�QXPEHU�RI�;�UD\�SKRWRQV�SHU�VKRW�RI����î����DQG� WKH�EULJKWQHVV�RI�
���î�����SK�V�PUDG��PP������%:�ZHUH�REVHUYHG��)LJ�����DE���:LWK�IXUWKHU�
LQFUHDVH�RI�EDFNLQJ�SUHVVXUH�!����EDU�� WKH�GLYHUJHQFH�RI�WKH�HOHFWURQ�EHDP�
LQFUHDVHG�IXUWKHU��'HVSLWH�GHFOLQLQJ�HQHUJ\�RI�HOHFWURQV��WKH�HIILFLHQF\�RI�;�
UD\�UDGLDWLRQ�ZDV�FRPSHQVDWHG�E\�WKH�JURZLQJ�GLYHUJHQFH�RI�HOHFWURQ�EHDP�
DQG�GURSSHG�LQVLJQLILFDQWO\��,Q�WKH�ZKROH�EDFNLQJ�SUHVVXUH�UDQJH�RI�������EDU��
WKH�GLYHUJHQFH�RI�;�UD\�UDGLDWLRQ�LQFUHDVHG�ZLWK�WKH�UDLVH�RI�EDFNLQJ�SUHVVXUH�
IURP����WR����PUDG��
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Figure 44��([SHULPHQWDO�GHSHQGHQFH�RI�FRXQWV�SHU�SL[HO�C��GLYHUJHQFH�θA��)+:0��
�a, c��� SKRWRQV� SHU� VKRW�Nphot� DQG� EULJKWQHVV�Br� �b, d�� RI� ;��UD\� UDGLDWLRQ� RQ� JDV�
EDFNLQJ�SUHVVXUH��CS1, θAS1, PhS1� BrS1 FRUUHVSRQG�WR�WKH�QR]]OH�S1 DQG�CArr2� θAArr2��
PhArr2� BrArr2 ��WR�WKH�DUUD\�Arr2 LQ�ZLJJOHU�JHRPHWU\��,QWHUSRODWHG�VROLG�OLQHV�SURYLGH�
D�JXLGH�WR�WKH�H\H�>���@��

�

Figure 45��([SHULPHQWDO�GHSHQGHQFH�RI�FRXQWV�SHU�SL[HO�C��GLYHUJHQFH�θA��)+:0��
�a, c���SKRWRQV�SHU�VKRW�Nphot�DQG�EULJKWQHVV�Br��b, d��RI�;�UD\�UDGLDWLRQ�RQ�JDV�EDFNLQJ�
SUHVVXUH�IRU�WKH�DUUD\�Arr3�LQ�ZLJJOHU�JHRPHWU\��CArr3UP� θAArr3UP� PhArr3UP� BrArr3UP�
ZHUH� PHDVXUHG� DW� WKH� ODVHU� �� QR]]OH� GLVWDQFH� RI� ����ȝP�� DQG� ��CArr3DN� θAArr3DN� 
PhArr3DN� BrArr3DN�DW�WKH�GLVWDQFH�RI�����ȝP�>���@��
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$W�������EDU�RI�EDFNLQJ�SUHVVXUH��IRU�WKH�DUUD\�$UU��WKH�QXPEHU�RI�;�UD\�
SKRWRQV� SHU� VKRW� RI� ���î���� DQG� WKH� EULJKWQHVV� RI�
���î�����SK�V�PUDG��PP������%:�ZHUH�UHDFKHG��)LJ�����FG����7KHVH�YDOXHV�
ZHUH�E\�D�IDFWRU�RI�����KLJKHU�WKDQ�;�UD\�UDGLDWLRQ�REVHUYHG�IRU�D�VLQJOH�QR]]OH�
6���:LWK�IXUWKHU�LQFUHDVLQJ�RI�EDFNLQJ�SUHVVXUH�XS�WR����EDU��WKH�QXPEHU�RI�
;�UD\�SKRWRQV�IRU�VKRW�GURSSHG�E\�D�IDFWRU�RI������VLPLODUO\�DV�LQ�WKH�FDVH�RI�
VLQJOH�QR]]OH�6���:LWK�IXUWKHU�LQFUHDVLQJ�RI�EDFNLQJ�SUHVVXUH�XS�WR����EDU�WKH�
QXPEHU� RI� ;�UD\� SKRWRQV� IRU� VKRW� GHFUHDVHG� E\� D� IDFWRU� RI� ��� DQG� WKH�
GLYHUJHQFH�RI�;�UD\�UDGLDWLRQ�LQFUHDVHG�IURP����WR����PUDG���

$W�WKH�EDFNLQJ�SUHVVXUH�RI��������EDU�IRU�WKH�DUUD\�$UU���WKH�QXPEHU�RI�;�
UD\� SKRWRQV� IRU� VKRW� RI� �������î���� DQG� WKH� EULJKWQHVV� RI� ����
���î�����SK�V�PUDG��PP������%:� DW� WKH� ODVHU�QR]]OH� GLVWDQFH� RI� ���� ȝP�
DERYH�WKH�QR]]OH�ZHUH�REVHUYHG��)LJ����FG����

�
�
Figure 46��(VWLPDWLRQ�RI�*DXVVLDQ�GLVWULEXWLRQ�RI�FRXQWV�SHU�SL[HO�SHU�VKRW�RI�W\SLFDO�
H[DPSOHV�RI�;�UD\V�LPDJHV�XVLQJ�WKH�VLQJOH�QR]]OH�S1 �a - d���WKH�DUUD\�Arr2 �e- h���
DQG� WKH�DUUD\�Arr3 �i-l��DW� WKH�GLVWDQFH�RI� ODVHU�EHDP�DERYH� WKH�QR]]OH�RI�����ȝP�
>���@���

7KHVH�YDOXHV�ZHUH�E\�D�IDFWRU�RI�����KLJKHU�WKDQ�WKH�PD[LPXP�RI�;�UD\�
UDGLDWLRQ�UHDFKHG�IRU� WKH�DUUD\�$UU��DW� WKH� ODVHU�QR]]OH�GLVWDQFH�RI�����ȝP�
�)LJ�� ��� DE��� 7KH� OLPLWDWLRQV� RI� WKH� JDV� VXSSO\� V\VWHP� SUHYHQWHG� IXUWKHU�
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LQFUHDVH� RI� WKH� EDFNLQJ� SUHVVXUH�� 7KHUHIRUH�� QR� GDWD� DERXW� WKH� SRVVLEOH�
GHFUHDVH�RI�;�UD\�UDGLDWLRQ�DW�KLJKHU�EDFNLQJ�SUHVVXUH�ZHUH�REWDLQHG��)RU�WKH�
DUUD\�$UU��DQG�$UU��DW� WKH�ODVHU�QR]]OH�GLVWDQFH�RI�����ȝP��WKH�GURS�RI�WKH�
GLYHUJHQFH� RI� ;�UD\� UDGLDWLRQ� �)+:0�� E\� ������� LQ� WKH� UHJLRQ� RI� WKH�
EDFNLQJ� SUHVVXUH� FRUUHVSRQGLQJ� WR� WKH� KLJKHVW� ;�UD\� \LHOG� ZDV� REVHUYHG�
�)LJ����F�DQG���F���

7\SLFDO� H[DPSOHV� RI� WKH� VSDWLDO� GLVWULEXWLRQ� RI�;�UD\V� UDGLDWLRQ� IRU� WKH�
VLQJOH� QR]]OH� 6�� DQG� WKH� DUUD\V� $UU��� $UU�� DUH� VKRZQ� LQ�)LJ�� ���� 7KH�
PHDVXUHPHQW�RI�WKH�GLYHUJHQFH�θA��)+:0��RI�;�UD\�UDGLDWLRQ�KDV�VKRZQ�WKDW�
WKH�LQWHQVLW\�GLVWULEXWLRQ�LQ�WKH�[�\�GLUHFWLRQ�FKDQJHV�IURP�FLUFXODU�WR�HOOLSWLFDO�
IURP� VKRW� WR� VKRW�� ,Q� DYHUDJH�� WKH� ;�UD\� GLVWULEXWLRQ� IRU� $UU�� ZDV� PRUH�
HORQJDWHG� LQ�[�GLUHFWLRQ�SDUDOOHO� WR� WKH� ODVHU�SRODULVDWLRQ� UHODWLYH� WR�6��DQG�
$UU��QR]]OHV���

,Q�)LJ����D�� WKH�;�UD\� LPDJH�DQG�)LJ����E��WKH�WUDQVPLVVLRQ�GLDJUDPV�RI�
5RVV� ILOWHUV� DQG� FDPHUD�ZLQGRZ� XVHG� IRU� WKH�PHDVXUHPHQW� RI� V\QFKURWURQ�
FULWLFDO�HQHUJ\�RI�WKH�EHWDWURQ�VRXUFH�DUH�VKRZQ���

�

Fig. 47�� ;�UD\� LPDJH� (a)�� DQG� WUDQVPLVVLRQ� GLDJUDPV� RI� 5RVV� ILOWHUV� DQG� FDPHUD�
ZLQGRZ�(b) XVHG�IRU�WKH�PHDXVXUHPHQW�RI�FULWLFDO�HQHUJ\�RI�V\QFKURWURQ�UDGLDWLRQ�RI�
EHWDWURQ�VRXUFH��;�UD\� LPDJH�RI����ȝP�WXQJVWHQ�FURVV�ZLUHV� (c)��DQG� WKH�UHVXOWV�RI�
PHDVXUHPHQW�RI�;�UD\�VRXUFH�VL]H�(d)��

7KH�FULWLFDO�HQHUJ\�RI�EHWDWURQ�UDGLDWLRQ�ZDV�HYDOXDWHG�E\�FDOFXODWLQJ�WKH�
VTXDUHG�GLIIHUHQFH�EHWZHHQ�WKH�PHDVXUHG�;�UD\�UDGLDWLRQ�SDVVLQJ�WKURXJK�WKH�
5RVV� ILOWHUV�� DQG� WKH� WKHRUHWLFDO�RQH� IRU�HDFK�FULWLFDO�HQHUJ\�RI� V\QFKURWURQ�
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UDGLDWLRQ��)RU�WKH�VLQJOH�QR]]OH�6��DQG�WKH�DUUD\�$UU���WKH�EHWDWURQ�UDGLDWLRQ�
FRUUHVSRQGHG� WR� WKH� V\QFKURWURQ� UDGLDWLRQ� ZLWK� WKH� FULWLFDO� HQHUJ\� RI�
��������������NH9�� 7KH� UDGLDWLRQ� VSHFWUXP� RI� WKH� DUUD\� $UU�� IRU� WKH� ODVHU�
QR]]OH�GLVWDQFH�����ȝP�DQG�����ȝP�KDG� WKH�EHVW�PDWFK� WR�WKH�V\QFKURWURQ�
UDGLDWLRQ�ZLWK�WKH�FULWLFDO�HQHUJ\�RI�����NH9�����NH9�DQG�����NH9�����NH9��
FRUUHVSRQGLQJO\���

,Q�)LJ����F��WKH�;�UD\�LPDJH�RI����ȝP�WXQJVWHQ�FURVV�ZLUHV�DQG�WKH�)LJ��
��G��WKH�UHVXOWV�RI�PHDVXUHPHQW�RI�WKH�RVFLOODWLRQ�UDGLXV�RI�D�EHWDWURQ�VRXUFH�
DUH�VKRZQ��7KH�UDGLXV�RI�EHWDWURQ�VRXUFH�ZDV�PHDVXUHG�E\�D�FRPSDULVRQ�RI�
WKH�GLIIUDFWLRQ�VLJQDO�IURP�WKH�ZLUH�HGJH�ZLWK�WKH�FDOFXODWHG�LQWHQVLWLHV�RI�WKH�
)UHVQHO�GLIIUDFWLRQ�LQWHJUDO�VLJQDOV�IRU�GLIIHUHQW�VRXUFH�VL]HV�EHWZHHQ�����DQG�
���ȝP� �)LJ����G�� >�������@�� 7KH� UDGLXV� RI� EHWDWURQ� VRXUFH� FKDQJHG� IURP�
�������P�IRU�VLQJOH�VOLW�QR]]OH�6��DQG����EDU�RI�JDV�EDFNLQJ�SUHVVXUH�WR�������
�P�IRU�WKH�DUUD\�$UU��DQG����EDU�RI�JDV�EDFNLQJ�SUHVVXUH��)RU�WKH�FDOFXODWLRQ�
RI� WKH� EULJKWQHVV� RI�;�UD\� UDGLDWLRQ� LQ� WKH� UDQJH� RI� ������ EDU� RI� EDFNLQJ�
SUHVVXUH��WKH�IL[HG�DYHUDJH�UDGLXV�RI����P�ZDV�XVHG���

7KLV�PD[LPDO� YDOXHV� RI� QXPEHU� RI� SKRWRQV� SHU� VKRW� DQG� EULJKWQHVV� IRU�
QR]]OHV�LPSOHPHQWHG�LQ�WKH�H[SHULPHQW�DV�ZHOO�DV�FRUUHVSRQGLQJ�GLYHUJHQFH�
DQG�FKDUJH�RI�WKH�DFFHOHUDWHG�HOHFWURQ�DUH�VXPPDULVHG�LQ�7DEOH����7KH�QXPEHU�
RI�SKRWRQV�SHU�VKRW�DQG�VSDWLDO�GLVWULEXWLRQ�RI�;�UD\�UDGLDWLRQ�ZHUH�PHDVXUHG�
XVLQJ�WKH�$QGRU�L.RQ�/�62�;�UD\�FDPHUD�GHVFULEHG�LQ�6HFWLRQ����7KH�VSDWLDO�
SURILOHV� RI� WKH� EHWDWURQ� UDGLDWLRQ� ZHUH� FDOFXODWHG� XVLQJ� WKH� UHODWLRQV� RI�
*DXVVLDQ�DSSUR[LPDWLRQ�RI�LQWHQVLW\�RI�;�UD\�UDGLDWLRQ����������7KH�QXPEHU�
RI�SKRWRQV�SHU�VKRW�ZDV�HVWLPDWHG�E\�SRVWSURFHVVLQJ�RI�FRXQWV�SHU�SL[HO�RI�;�
UD\�LPDJHV�DW�):+0�OHYHO�DW�WKH�FRUUHVSRQGLQJ�FULWLFDO�HQHUJ\�WFȕ��,Q�7DEOH�
��� WKH� GLYHUJHQFH� RI�;�UD\� UDGLDWLRQ� θA� LV� JLYHQ� ILUVW�� DQG� WKH� QXPEHUV� LQ�
SDUHQWKHVHV�LQGLFDWH�WKH�PHDQ�GLYHUJHQFH�θye�RI�HOHFWURQV�LQ�WKH�\�GLUHFWLRQ��
7KH� GLYHUJHQFH� YDOXHV� θA� ZHUH� FDOFXODWHG� E\� PHDVXULQJ� VHSDUDWHO\� DQG�
DYHUDJLQJ�RI�WKH�HOOLSVH�UDGLL�DIWHUZDUGV���

7KH� LPSOHPHQWDWLRQ� RI� WKH� QR]]OH� DUUD\� $UU�� LQ� ZLJJOHU� JHRPHWU\�
LQFUHDVHG� WKH� FULWLFDO� HQHUJ\�RI�EHWDWURQ� UDGLDWLRQ�E\������� UHODWLYH� WR� WKH�
VLQJOH�QR]]OH�6���)RU�WKH�$UU���WKH�QXPEHU�RI�;�UD\�SKRWRQV�SHU�VKRW�DQG�WKH�
EULJKWQHVV�RI�WKH�VRXUFH�LQFUHDVHG�E\�D�IDFWRU�����UHODWLYH�WR�WKH�VLQJOH�QR]]OH�
6���)RU� WKH�DUUD\�$UU��� WKH�FKDQJLQJ�RI� WKH� ODVHU� ��QR]]OH�GLVWDQFH�RI� ODVHU�
EHDP�IURP�����ȝP�WR�����ȝP�LQFUHDVHG�WKH�QXPEHU�RI�;��UD\�SKRWRQV�SHU�
VKRW�DQG�WKH�EULJKWQHVV�RI�WKH�VRXUFH�E\�D�IDFWRU�RI������)RU�WKH�DUUD\�$UU���WKH�
FKDUJH�RI�DFFHOHUDWHG�HOHFWURQV�ZLWK�WKH�HQHUJ\�!���0H9�ZDV�������S&��DQG�
IRU�WKH�DUUD\�$UU�����������S&��7KH�ILHOG�RI�YLHZ�RI�WKH�FDPHUD�ZDV�RQO\����
PUDG�� WKHUHIRUH�� WKH� GLYHUJHQFH� YDOXHV� RI�;�UD\� UDGLDWLRQ� LQ�7DEOH� ��ZHUH�
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H[WUDSRODWHG� IURP� ;�UD\� LPDJHV� DVVXPLQJ� *DXVVLDQ� GLVWULEXWLRQ� RI� WKH�
EHWDWURQ�UDGLDWLRQ��)LJ��������

Table 9.�7KH�GDWD�RI�DFFHOHUDWHG�HOHFWURQV�DQG�EHWDWURQ�UDGLDWLRQ�RI�VLQJOH�QR]]OHV�DQG�
DUUD\V�LQ�ZLJJOHU�JHRPHWU\�IRU�np� ��î����FP���DQG�D�� ������,Q�WKH�FDVH�RI�������WKH�
ODVHU�QR]]OH�GLVWDQFH�ZDV�����ȝP��DQG�LQ�WKH�FDVH�RI�����������ȝP�>���@��

1R� 'HVFULSWLRQ�

&KDU�
JH!���
0H9��
S&�

&RXQWV�
SHU�SL�
[HO��
)+:0�

&ULWLFDO�
HQHUJ\��
NH9�

'LYHU�
JHQFH��
θA��θey���
PUDG��
)+:0�

3KRWRQV�
SHU�
VKRW��
)+:0�

%ULJKW�
QHVV�������
%:�V�
PUDG���
PP���
)+:0�

���

����PP�VLQJOH�
VOLW�
FRQYHUJLQJ�
GLYHUJLQJ�
QR]]OH�S1�
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��������
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î����
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î�����
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����PP�VOLW�
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���� $SSOLFDWLRQ�RI�/:)$�;�5D\�5DGLDWLRQ�

7KH�/:)$�GULYHQ�EHWDWURQ�VRXUFH�ZDV�XVHG�IRU�WKH�WUDQVPLVVLRQ�LPDJLQJ�
RI� ELRORJLFDO� REMHFWV� DQG� SRO\PHU� IRLO�� ,Q� )LJ�� ��E�G�� H[DPSOHV� RI� ;�UD\�
WUDQVPLVVLRQ�LPDJHV�RI�D�EHH�XVLQJ�WKH�VLQJOH�QR]]OH�6��DUH�VKRZQ���
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Figure 48.�$Q�RSWLFDO�(a)�DQG�H[DPSOHV�RI�;�UD\�WUDQVPLVVLRQ�LPDJHV�RI�D�EHH��b-d��
IRU�a�� �����DQG�SODVPD�FRQFHQWUDWLRQ�np� ��î�����FP����XVLQJ�;�UD\�VRXUFH�RI�VLQJOH�
QR]]OH�S1��

,Q�)LJ����E��DQ�H[DPSOH�RI�D�;�UD\�WUDQVPLVVLRQ�LPDJH�RI�D�SRO\PHU�IRLO�
XVLQJ�WKH�DUUD\�$UU��LV�VKRZQ��,Q�)LJ����E�G��WKH�;�UD\�WUDQVPLVVLRQ�LPDJHV�
DYHUDJHG�RYHU����VKRWV�RI�D�PRWK�XVLQJ�WKH�VLQJOH�QR]]OH�6���)LJ����E���WKH�
DUUD\�$UU���)LJ����F���DQG�WKH�DUUD\�$UU��DW�WKH�ODVHU�QR]]OH�GLVWDQFH�RI�����ȝP�
�)LJ����G�� DUH� SUHVHQWHG�� ,QFUHDVLQJ� WKH� QXPEHU� RI� SKRWRQV� SHU� VKRW� DQG�
EULJKWQHVV�RI�WKH�VRXUFH�UHVXOWHG�LQ�WKH�UHGXFWLRQ�RI�QRLVH�DQG�EHWWHU�LPDJH�
TXDOLW\��7DEOH����)LJ�����DQG�������

�

Figure 49.�$Q�RSWLFDO�DQG�;�UD\�WUDQVPLVVLRQ�LPDJH�RI����PP�WKLFN�SRO\PHU�IRLO�IRU�
a�� �����DQG�SODVPD�FRQFHQWUDWLRQ�np� ��î�����FP���XVLQJ�;�UD\�VRXUFH�RI� WKH�DUUD\�
Arr2��
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Figure 50.�$Q�RSWLFDO� (a)� DQG�;�UD\� WUDQVPLVVLRQ� LPDJH� �b-d��RI�D�PRWK�DYHUDJHG�
RYHU� ��� VKRWV� IRU� a�� ����� DQG� SODVPD� FRQFHQWUDWLRQ� np� ��î�����FP���� XVLQJ�;�UD\�
VRXUFH�RI� VLQJOH�QR]]OH�S1� WKH�DUUD\�Arr2,� DQG WKH DUUD\�Arr3 DW� WKH� ODVHU�QR]]OH�
GLVWDQFH�RI�����ȝP��

%RWK�DUUD\V�LQ�ZLJJOHU�JHRPHWULHV���$UU��DQG�$UU����SURGXFHG�PRUH�;�UD\�
UDGLDWLRQ�WKDQ�WKH�VLQJOH�QR]]OH�6���7KH�EHVW�LPDJH�TXDOLW\�ZDV�REWDLQHG�XVLQJ�
WKH�DUUD\�$UU��DW�WKH�ODVHU�QR]]OH�GLVWDQFH�RI�����ȝP��7KH�KLJKHVW�;�UD\�IOX[�
JHQHUDWHG� E\� HOHFWURQV� DFFHOHUDWHG� DW� D� ORQJHU� GLVWDQFH� XVLQJ� DUUD\� $UUU��
UHODWLYH�WR�$UU��HQVXUHG�WKH�PLQLPDO�LPDJH�QRLVH�RI�WKH�LPDJH��

,Q�)LJ������WKH�;�UD\�LPDJHV�XVHG�IRU�WKH�HVWLPDWLRQ�RI�LPDJLQJ�UHVROXWLRQ�
DUH�SUHVHQWHG��,Q�WKH�)LJ����EF��VPDOO�GHWDLOV���OHJ�RXWOLQHV�DQG�KDLU�RI�WKH�PRWK�
LPDJH��)LJ����D����RI�WKH�VL]H�RI�DSSUR[LPDWHO\�����P��FDQ�EH�REVHUYHG��7KH�
PRWK� LPDJLQJ� UHVROXWLRQ� ZDV� OLPLWHG� E\� WKH� SL[HO� VL]H� RI� ����� ȝP� RI� WKH�
GHWHFWRU��7KH�PRWK�ZDV�SODFHG�RXWVLGH�RI�WKH�YDFXXP�FKDPEHU�DW�WKH�GLVWDQFH�
RI���FP�EHIRUH�WKH�;�UD\�GHWHFWRU�DQG�LW�UHVXOWHG�LQ�ORZ�PDJQLILFDWLRQ�RI��������

,Q� WKH�FDVH�RI�)LJ����G�� WKH�FURVV�ZLUHV�ZHUH� ORFDWHG�DW����FP�IURP� WKH�
GHWHFWRU��DQG�WKH�PDJQLILFDWLRQ�ZDV�����)XUWKHU��WKH�UHVROXWLRQ�;�UD\�VRXUFH�
IRU� WKH�SKDVH�FRQWUDVW� LPDJLQJ� �3&,�� DQG� WRPRJUDSK\�>���@�ZDV� HVWLPDWHG��
3&,� DOORZV� QRQ�LQYDVLYH� DQDO\VLV� LQ� ORZ�DEVRUELQJ�PDWHULDOV�� VXFK� DV� VRIW�
WLVVXH�� 7KH� SKDVH�FRQWUDVW� LPDJLQJ� RI� SKDVH� JUDGLHQWV� RI� WKH� LQWHUIDFHV�
EHWZHHQ�WLVVXHV�LV�PXFK�PRUH�VHQVLWLYH�WKDQ�WUDQVPLVVLRQ�LPDJLQJ��,W�KHOSV�WR�
LGHQWLI\�WXPRXUV�ZLWKLQ�D�WLVVXH�ZLWK�VLPLODU�DEVRUSWLRQ�SURSHUWLHV�DW�DQ�HDUO\�
VWDJH��,Q�OLQH��RU�SURSDJDWLRQ�EDVHG�SKDVH�FRQWUDVW�LPDJLQJ��3%�3&,��UHTXLUHV�
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QR�RSWLFDO�FRPSRQHQWV�DQG�FDQ�EH�LPSOHPHQWHG�ZLWK�EURDGEDQG�;�UD\V�KDYLQJ�
VSDWLDO�FRKHUHQFH��

�

Figure 51.�7KH� LPDJHV�RI�;�UD\� WUDQVPLVVLRQ�RI� D�PRWK� (a-c)� DQG����ȝP� WXQJVWHQ�
FURVV�ZLUHV� (d)� DYHUDJHG� RYHU� ��� VKRWV� IRU� a0� ������ np� ��î�����FP��� XVHG� IRU� WKH�
HYDOXDWLRQ�RI�LPDJLQJ�UHVROXWLRQ�RI�;�UD\�VRXUFH�IRU�WKH�DUUD\�Arr3�DW�WKH�ODVHU�QR]]OH�
GLVWDQFH�RI�����ȝP�>���@��

7KH�3%�3&,�UHVROXWLRQ�ZDV�GHILQHG�HYDOXDWLQJ�WKH�3RLQW�VSUHDG�IXQFWLRQ�
Ps(x,y,Mg)��36)��RI�WKH�LPDJLQJ�V\VWHP�DW�WKH�REMHFW�SODQH�XVLQJ�WKH�UHODWLRQV�
LQ�UHIHUHQFHV�>�������@���
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ZKHUH�Mg = (r1sw + r2wd )/r1sw LV�WKH�JHRPHWULF�PDJQLILFDWLRQ�RI�WKH�LPDJLQJ�
V\VWHP��7KH�YDULDQFH�RI�WKH�36)���σsys
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ZKHUH� σsrc� � DQG� σdet� DUH� WKH� VWDQGDUG� GHYLDWLRQV� RI� WKH� VRXUFH� LQWHQVLW\�

GLVWULEXWLRQ�DQG�WKH�GHWHFWRU�SRLQW�GLVWULEXWLRQ��UHVSHFWLYHO\��7KH�GLIIUDFWLRQ�
WHUP� σmin

2 = λcβ r2wd /4Mg� �� LV� FDOFXODWHG� LI� HYDOXDWLQJ� σsys� EH\RQG� WKH� ILUVW�
)UHVQHO�]RQH��$W�D�ORQJ�GLVWDQFH�IURP�WKH�GLIIUDFWLQJ�REMHFW�DQG�H[FOXGLQJ�WKH�
LQIOXHQFH�RI�WKH�REMHFW��WKH�ILQHVW�DFKLHYDEOH�VSDWLDO�UHVROXWLRQ�RI�FURVV�ZLUH�

�� � � ������������

�� � � �����������
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LPDJLQJ� ZDV� HVWLPDWHG� DV� �σsys(Mg) >���@�� $VVXPLQJ� WKH� *DXVVLDQ�
GLVWULEXWLRQ�����ȝP�GLDPHWHU��):+0��RI�WKH�VRXUFH��DQG�PDJQLILFDWLRQ�RI�����
WKH� LPDJLQJ� UHVROXWLRQ�ZDV�HVWLPDWHG� WR�EH�RI����P��GHILQHG�DV�GRXEOH� WKH�
VWDQGDUG�GHYLDWLRQ�RI�WKH�VRXUFH�LQWHQVLW\�GLVWULEXWLRQ�σsrc DSSUR[LPDWHO\���

���� 'LVFXVVLRQ�RQ�/:)$�DQG�;�5D\�*HQHUDWLRQ�(IILFLHQF\�

7KH�DQDO\VLV�RI�;�UD\�UDGLDWLRQ�GHSHQGHQFH�RQ�EDFNLQJ�SUHVVXUH�KDV�VKRZQ�
WKDW� WKH�PD[LPXP�QXPEHU� RI� SKRWRQV� SHU� VKRW� FRUUHVSRQGV� WR� WKH� SHDN� RI�
FKDUJH�DQG�GLYHUJHQFH�RI�WKH�HOHFWURQ�EHDP�ZKLOH�PDLQWDLQLQJ�D�KLJK�HQHUJ\�
RI�DFFHOHUDWHG�HOHFWURQV��)RU� WKH� VLQJOH�QR]]OH�6��� WKH�PD[LPXP�HQHUJ\�RI�
DFFHOHUDWHG�HOHFWURQV�ZDV�UHDFKHG�DW� WKH�EDFNLQJ�SUHVVXUH�RI������EDU� �)LJ��
��D���$W� WKLV� EDFNLQJ� SUHVVXUH�� WKH� JDV� GHQVLW\�PDWFKHV� WKH� SODVPD�EXEEOH�
FRQGLWLRQ� DQG� LV� RSWLPDO� IRU� WKH� DFFHOHUDWLRQ� RI� HOHFWURQV�� +RZHYHU�� WKH�
GLYHUJHQFH�RI�WKH�HOHFWURQ�EHDP�ZDV�VPDOO��DQG�WKH�\LHOG�RI�;�UD\�UDGLDWLRQ�
ZDV�ORZ��7KH�LPSOHPHQWDWLRQ�RI�WKH�QR]]OH�DUUD\�$UU��LQ�LQMHFWLRQ�JHRPHWU\�
DQG� WKH�PL[WXUH�RI�+H���1��HQDEOHG�VWDEOH� LQMHFWLRQ�RI� WKH�HOHFWURQV��DQG�
IRUPDWLRQ�RI�TXDVL�PRQRHQHUJHWLF�HOHFWURQ�EXQFKHV�RI�����S&�DQG�������0H9�
�)LJ����F���

:LWK�LQFUHDVLQJ�RI�WKH�JDV�GHQVLW\�DQG�LPSOHPHQWDWLRQ�RI�QR]]OH�DUUD\�LQ�
ZLJJOHU�JHRPHWU\��WKH�DFFHOHUDWHG�FKDUJH�JURZV��DQG�WKH�GLYHUJHQFH�LQFUHDVHV�
�)LJ����G�I��� ,W� OHDGV� WR�D�KLJKHU�\LHOG�RI� LQ�;�UD\� UDGLDWLRQ�HYHQ� WKH�PHDQ�
HQHUJ\�VWDUWV� WR�GURS��7KH�PD[LPDO�QXPEHU�RI�;�UD\�SKRWRQV�SHU� VKRW�ZDV�
UHDFKHG�DW�WKH�EDFNLQJ�SUHVVXUH�RI�������EDU�IRU�WKH�VLQJOH�QR]]OH�6��DQG�$UU��
DQG�������EDU�IRU�WKH�DUUD\�$UU����7KH�QR]]OH�6���WKH�DUUD\V�$UU��DQG�$UU��KDG�
GLIIHUHQW� JDV� H[SDQVLRQ� UDWHV� UHVXOWLQJ� LQ� GLIIHUHQW� JDV� FRQFHQWUDWLRQ�DW� WKH�
RXWOHW�RI�WKH�QR]]OH��7KH�SODVPD�FRQFHQWUDWLRQ�RI�np� ��î�����FP���IRU�WKH�DUUD\�
$UU�� ZDV� UHDFKHG� DW� KLJKHU� JDV� EDFNLQJ� SUHVVXUH�� 7KH� GLVWDQFH� RI� /:)$�
DFFHOHUDWLRQ�IRU�$UU��QR]]OH�ZDV�ORQJHU�WKDQ�IRU�WKH�DUUD\�$UU���WKHUHIRUH��WKH�
HQHUJ\� RI� DFFHOHUDWHG� HOHFWURQV� DQG�;��UD\� \LHOG� XVLQJ� WKH� DUUD\�$UU��ZDV�
KLJKHU��

7KH�LPSOHPHQWDWLRQ�RI�QR]]OH�DUUD\V�LQ�ZLJJOHU�JHRPHWU\�UHVXOWHG�LQ�WKH�
LQFUHDVH�RI�GLYHUJHQFH�RI�WKH�HOHFWURQ�EHDP�IRU�a0� �����DQG�np� ��î�����FP���
E\� ������� �)LJ����FG�� ��D�� DQG� ����� 7KH� FRPSDULVRQ� RI� VKDGRZJUDPV� RI�
SODVPD� GLDJQRVWLFV� RI� 6��� $UU��� $UU�� QR]]OHV� �)LJ����F� DQG� ���� DQG� WKH�
2SHQ)RDP� VLPXODWLRQ� UHVXOWV� �)LJ����FG�� FRQILUPHG� WKH� IRUPDWLRQ� RI� WKH�
SODVPD�GHQVLW\�JULG�LQ�WKH�SURSDJDWLRQ�SDWK�RI�WKH�ODVHU�EHDP��,W�FRUUHVSRQGHG�
DSSUR[LPDWHO\� WR� WKH� SODVPD� GHQVLW\� SURILOHV� VLPXODWHG� XVLQJ� )%3,&�
DOJRULWKP��)RU�WKH�DUUD\�$UU���WKH�VKRFN�ZDYHV�ZHUH�SUHVHQW�DW�WKH�ODVHU�QR]]OH�
GLVWDQFH�RI������P��)RU� WKH�$UU��KDYLQJ�KLJKHU�JDV� MHW�H[SDQVLRQ�UDWH�� WKH�
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SODVPD�GHQVLW\� DUUD\�ZDV� IRUPHG�E\� LQWHUVHFWLQJ� VKRFN�ZDYHV� DW� WKH� ODVHU�
QR]]OH�GLVWDQFH�RI������P��7KH�PRGHOOHG�SODVPD�SURILOHV�LQ�ZLJJOHU�JHRPHWU\�
SUHGLFWHG� WKH� JURZWK� RI�;�UD\� SKRWRQ� QXPEHU� SHU� VKRW� UHODWLYH� WR� D� VLQJOH�
SODVPD�VHFWLRQ�SURILOH��7KH�H[SHULPHQWDO�UHVXOWV�FRQILUPHG�WKH�LQFUHDVH�LQ�WKH�
HIILFLHQF\� RI� ;�UD\� UDGLDWLRQ�� 7KH� VSDWLDO� GLVWULEXWLRQ� RI� ;��UD\� UDGLDWLRQ�
YDULHG� IURP�FLUFXODU� WR� HOOLSWLFDO�RQH�DV�ZHOO�DV� WKH�RULHQWDWLRQ�RI� HOOLSWLFDO�
GLVWULEXWLRQ� DOWHUHG� IURP� VKRW� WR� VKRW�� ,W� LQGLFDWHG� WKDW� WKH� GLYHUJHQFH� DQG�
GLUHFWLRQ�RI�;�UD\�UDGLDWLRQ�GHSHQG�RQ�WKH�VSDWLDO�GLVWULEXWLRQ�RI�SODVPD�UDWKHU�
WKDQ�RQ�ODVHU�SRODUL]DWLRQ��7KH�LQWHUIHUHQFH�RI�VKRFN�ZDYHV�ZDV�GHILQHG�E\�WKH�
SHULRG�RI�QR]]OH�DUUD\�DV�ZHOO�DV�E\�WKH�SUHVVXUH��WHPSHUDWXUH��DQG�H[SDQVLRQ�
UDWH�RI�FROOLGLQJ�MHWV��7KH�PHDVXUHG�FULWLFDO�HQHUJ\�RI�EHWDWURQ�UDGLDWLRQ�ZDV�
LQ�WKH�UDQJH�RI���������NH9�DQG�WKH�UDGLXV�RI�WKH�EHWDWURQ�VRXUFH�����ȝP�RQ�
DYHUDJH��,Q�WKH�QXPHULFDO�VLPXODWLRQV��WKH�EHWDWURQ�UDGLXV�GHILQHG�DV�WKH�UDWLR�
RI� WUDQVYHUVDO� DQG� ORQJLWXGLQDO� HOHFWURQ�PRPHQWD� RI� HOHFWURQV�ZDV� ����ȝP�
�)LJ����E��� 7KH� GLIIHUHQFH� EHWZHHQ� WKH� FDOFXODWHG� DQG� H[SHULPHQWDOO\�
PHDVXUHG� UDGLXV� RI�;�UD\� VRXUFH� FRXOG� EH� H[SODLQHG� E\� WKH�PXFK� EURDGHU�
WUDQVYHUVDO�GLVWULEXWLRQ�UDGLXV�!���PP�RI�HOHFWURQV�DW�WKH�DFFHOHUDWLRQ�GLVWDQFH�
RI�����PP��7KH� UHVXOWLQJ� VSHFWUXP�DQG� VRXUFH� VL]H�RI�;�UD\� UDGLDWLRQ�ZDV�
GHILQHG�E\�WKH�VXSHUSRVLWLRQ�RI�UDGLDWLRQ�RI�HOHFWURQV�ZLWK�GLYHUVH�PRPHQWD�
UDGLDWLQJ�DW�GLIIHUHQW�VSDWLDO�SRVLWLRQV��7KH�;�UD\�UDGLDWLRQ�ZLWK� WKH�SKRWRQ�
HQHUJ\�RI�VHYHUDO�NH9�LV�PDLQO\�JHQHUDWHG�E\�HOHFWURQV�KDYLQJ�KLJKHU�HQHUJ\�
DQG�FRQFHQWUDWHG�LQ�WKH�UDGLXV�RI�DSSUR[LPDWHO\���P��7KH�HOHFWURQV�ORFDWHG�LQ�
WKH�EURDG�KDOR�RI����P�KDYH�ORZHU�HQHUJ\�DQG�JHQHUDWH�UDGLDWLRQ�ZLWK�SKRWRQ�
HQHUJLHV�����NH9��)LJ����G���0RUH�LQWHQVH�;�UD\�UDGLDWLRQ�IURP�WKH�FHQWUDO�
SDUW�RI�HOHFWURQ�EXQFK�LQ�WKH�UDGLXV�RI����P�FDQ�DOVR�H[SODLQ�WKH�GHFUHDVH�RI�
;�UD\�GLYHUJHQFH��):+0��REVHUYHG�DW� WKH�EDFNLQJ�SUHVVXUH�FRUUHVSRQGLQJ�
WR�WKH�PD[LPXP�RI�;�UD\�\LHOG�IRU�$UU���)LJ���F���

7KH�VPDOO�VL]H�DQG�VKRUW�GXUDWLRQ�RI�EHWDWURQ�;�UD\�VRXUFH�SURYLGH�QHZ�
RSSRUWXQLWLHV�IRU�WKH�GLDJQRVWLFV�LQ�PDWHULDO�VFLHQFH��7KH�VSDWLDO�UHVROXWLRQ�RI�
WKH�FOLQLFDO�FRPSXWHG�WRPRJUDSK\��&7��VFDQQHUV�LV�XVXDOO\�LQ�WKH�PP�UDQJH��
;�UD\�PLFUR�FRPSXWHG� WRPRJUDSK\� �ȝ&7�� V\VWHPV� DFKLHYH� D� UHVROXWLRQ� RI�
OHVV� WKDQ������P�>���@��+RZHYHU�� WKH�;�UD\� IOX[�RI�ȝ&7� LV� OLPLWHG�E\� WKH�
PHOWLQJ�RI�DQ�DQRGH�RI�D�VXE�PP�VFDOH�LI�WKH�FXUUHQW�LV�WRR�KLJK�>���@��7KH�
/:)$�GULYHQ�;�UD\�VRXUFHV�DFKLHYH�UHVROXWLRQV�RI�IHZ�PLFURQV��7KH�SXOVH�
GXUDWLRQ�RI�WKH�EHWDWURQ�;�UD\�UDGLDWLRQ�FDQ�EH�DSSUR[LPDWHG�WR�WKH�GXUDWLRQ�
RI�HOHFWURQ�EXQFK�SURSDJDWLRQ�DQG�LV�LQ�WKH�UDQJH�RI�D�IHZ�IHPWRVHFRQG�>���@��
7KH�EHWDWURQ�;�UD\�UDGLDWLRQ�DOORZV�WR�VWXG\�IDVW�G\QDPLF�SURFHVVHV�LQ�SODVPD�
SK\VLFV�� SKDVH� WUDQVLWLRQV� DQG� VWDWHV� RI� :DUP� 'HQVH� 0DWWHU� �:'0�� DW�
IHPWRVHFRQG�DQG�SLFRVHFRQG�VFDOH�>�@���
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7UDQVLHQW�SKHQRPHQD�DUH�LQYHVWLJDWHG�ZLWK�SXPS�SUREH�WHFKQLTXHV��ZKHUH�
ODVHU�SXPS�UDGLDWLRQ�H[FLWHV�D�VDPSOH�RI�LQWHUHVW��DQG�DQRWKHU�EHDP�SUREHV�WKH�
SURFHVV�HYROXWLRQ��7KH�VKRUW�GXUDWLRQ�RI�WKH�/:)$�JHQHUDWHG�;�UD\V�FDQ�EH�
LPSOHPHQWHG� LQ� WHPSRUDOO\� UHVROYHG�;�UD\�DEVRUSWLRQ�VSHFWURVFRS\� �;$6���
7KH�HOHFWURQLF�GHQVLW\�RI�VWDWHV��HOHFWURQ�LRQ�HTXLOLEUDWLRQ�SURFHVVHV��WKH�VWDWLF�
DQG� ORFDO� DWRPLF� VWUXFWXUH� FDQ� EH� FKDUDFWHUL]HG� E\�;�UD\�$EVRUSWLRQ�1HDU�
(GJH� 6WUXFWXUH� �;$1(6�� DQG� ([WHQGHG� ;�UD\� $EVRUSWLRQ� )LQH� 6WUXFWXUH�
�(;$)6��WHFKQLTXHV�>���@��'XULQJ�WKH�H[FLWDWLRQ�SURFHVV��.Į�DEVRUSWLRQ�OLQHV�
DUH� VKLIWHG� GXH� WR� WKH� HOHFWURQ� VFUHHQLQJ� LV� UHGXFWLRQ�� 7KH� GHSWK� RI� WKH�
DEVRUSWLRQ�OLQHV�FKDQJHV�GXULQJ�WKH�WLPH�ZKHQ�D�SDUW�RI�HOHFWURQV�UHFRPELQHV�
>���@��([FLWHG�HOHFWURQV�OHDYH�XQRFFXSLHG�VWDWHV�DQG�LW�DOORZV�WKH�DEVRUSWLRQ�
EHORZ� /�HGJHV� FUHDWLQJ� WKH� DEVRUSWLRQ� SUH�HGJH� VWUXFWXUH� GXULQJ� WKH� ILUVW�
KXQGUHG� IHPWRVHFRQGV� WKDW� IROORZ� WKH� SXPS� ODVHU� LUUDGLDWLRQ� >���@��
)HPWRVHFRQG� ;�UD\� FU\VWDOORJUDSK\� DOORZV� WR� VWXG\� DWRPLF� PRWLRQV� RI�
ELRORJLFDO�DQG�FKHPLFDO�VWUXFWXUHV�ZLWK�WKH�GXUDWLRQ�RI�RQH�YLEUDWLRQDO�SHULRG�
RI�DSSUR[LPDWHO\�����IV��8OWUDIDVW�WLPH�UHVROYHG�;�UD\�GLIIUDFWLRQ�HQDEOHV�WKH�
REVHUYDWLRQ�RI�WKH�LQVWDQWDQHRXV�DWRPLF�SRVLWLRQV��SKDVH�WUDQVLWLRQ�EHWZHHQ�
DPRUSKRXV��OLTXLG�RU�FU\VWDOOLQH�>���@��8VLQJ�EHWDWURQ�;�UD\�VRXUFH��XOWUDIDVW�
WUDQVLHQW� :'0� SURFHVVHV� RI� H[WUHPH� WHPSHUDWXUH�� SUHVVXUH�� DQG� GHQVLW\�
SUHVHQW�LQ�VWDUV�DQG�LQHUWLDO�FRQILQHPHQW�IXVLRQ�FDQ�EH�VWXGLHG���

7KH�/:)$�GULYHQ�HOHFWURQ�EHDPV�FDQ�EH�LPSOHPHQWHG�IRU�WKH�H[FLWDWLRQ�
RI� KLJK� HQHUJ\� SKRWRQV� DW� 0H9� UDQJH� XVLQJ� &RPSWRQ� VFDWWHULQJ� DQG�
%UHPVVWUDKOXQJ�WR�SHQHWUDWH�GHQVH�REMHFWV��$�VPDOO�VRXUFH�VL]H�RI�IHZ�ȝP�DQG�
IHPWRVHFRQG�GXUDWLRQ�RI� HOHFWURQ�EXQFK�HQVXUHV�JRRG� VSDWLDO� DQG� WHPSRUDO�
UHVROXWLRQ� RI� WKH� UDGLRJUDSK\� LPDJLQJ� >�@�� 0LFURPHWULF� SODVPD� WDUJHWV� RI�
VXEFULWLFDO� GHQVLW\� FDQ� EH� XVHG� IRU� LRQ� DFFHOHUDWLRQ� LQ� WKH� ODVHUV� V\VWHPV�
RSHUDWLQJ�DW�D�KLJK�UHSHWLWLRQ�UDWH��

(PHUJLQJ� DGYDQFHG� V\QFKURWURQ� DQG� /:)$�GULYHQ� VRXUFHV� RI� LRQL]LQJ�
UDGLDWLRQ�IDFLOLWDWH�WKH�UHVHDUFK�DQG�GHYHORSPHQW�RI�QHZ�WKHUDS\�LUUDGLDWLRQ�
FRQFHSWV��7KH�QRYHO�PRGDOLW\�RI�)/$6+�UDGLRWKHUDS\�XVLQJ�V\QFKURWURQ�;�
UD\V� >���@� DQG�/,1$&�9HU\�+LJK�(QHUJ\�(OHFWURQ� �9+((�� EHDPV� RI� ���
����0H9�>���@�DOORZV�WKH�GHOLYHU\�RI�ODUJH�VLQJOH�GRVHV�RI�UDGLDWLRQ��������
*\��DW�PHDQ�GRVH�UDWHV�RI��������*\�V��0HGLFDO�OLQHDU�DFFHOHUDWRUV�JHQHUDWH�
SKRWRQ�DQG�HOHFWURQ�EHDPV�ZLWK�HQHUJLHV�LQ�WKH�UDQJH�EHWZHHQ���DQG����0H9�
DQG�GHSRVLW�D�ODUJH�IUDFWLRQ�RI�WKHLU�HQHUJ\�RQ�WKH�VNLQ��7KH�HOHFWURQV�RI�VLPLODU�
HQHUJ\�DUH�PRVWO\�XVHG�IRU� WUHDWPHQWV�RI�VXSHUILFLDO�FDQFHUV��7KH� LQFUHDVHG�
LQHUWLD� RI� YHU\� KLJK�HQHUJ\� HOHFWURQV� �9+((V�� GXH� WR� UHODWLYLVWLF� HIIHFWV�
UHGXFHV� VFDWWHULQJ� DQG� HQDEOHV� LUUDGLDWLRQ� RI� GHHS�VHDWHG� WXPRXUV�� 7KH�
PRGHOOLQJ� GDWD� LQGLFDWH� WKDW� IRFXVHG� ����0H9� DQG� ��*H9� EHDPV� DFKLHYH�
KLJKO\� ORFDOLVHG� GRVH� GHSRVLWLRQ� DW� WKH� WDUJHW� GHSWK� RI� ��� FP� >���@�� 7KH�
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UHGXFWLRQ�RI�LUUDGLDWLRQ�H[SRVXUH�WR�D�IHZ�PLOOLVHFRQGV�HQKDQFHV�WKH�WXPRXU�
FRQWURO�DQG�UHGXFHV�WKH�UDGLDWLRQ�VLGH�HIIHFWV�RQ�WKH�KHDOWK�WLVVXHV��6HYHUDO�SUH�
FOLQLFDO�PRGHOV�VKRZ�WKDW�9+((��GHOLYHUHG�DW�XOWUD�KLJK�GRVH�UDWHV�DUH�DEOH�WR�
SURWHFW�QRUPDO�OXQJ�>���@�DQG�EUDLQ�WLVVXHV�>���@��7KH�EDVLF�UHTXLUHPHQW�IRU�
D�)/$6+�WUHDWPHQW�LV�D�YHU\�KLJK�GRVH�UDWH��H[FHHGLQJ�a����*\�V��RYHU�VLQJOH�
XQIUDFWLRQDWHG�LUUDGLDWLRQ�FRPSDUHG�WR�WKH�FRQYHQWLRQDO�GRVH�UDWH�LUUDGLDWLRQ�
RI�����������*\�V�>�������@��7KH�SHDN�GRVH�UDWH�RI�WKH�SXOVH�LQ�WKH�/,1$&�
DQG�V\QFKURWURQ�H[SHULPHQWV�UHDFK����î����������î������*\�V��7KH�SUDFWLFDO�
LPSOHPHQWDWLRQ�RI�)/$6+�WUHDWPHQW�LV�OLPLWHG�E\�WKH�ODFN�RI�KRVSLWDOဨVFDOH�
DFFHOHUDWRUV��KRZHYHU��

7KH� 9+((� EHDPV� IURP� ODVHU�SODVPD� DFFHOHUDWRUV� FDQ� SURYLGH� DQ�
DOWHUQDWLYH�IRU�)/$6+�UDGLRWKHUDS\�DSSOLFDWLRQV��7KH�/:)$�VRXUFH�GHOLYHU�
WKH� XOWUDIDVW� GRVH� LQ� WKH� WLPH� VFDOH� RI� PROHFXODU� PRWLRQ�� 7KH� DGDSWDWLYH�
UHVSRQVHV� RI� FHOOV� DQG� WLVVXHV� WR� FOXVWHUHG� '1$� GDPDJHV�UHSDLUV�� WKH�
EHKDYLRXU� RI� VHFRQGDU\� HOHFWURQV� LQ� WKH� SUHWKHUPDO� UHJLPH� RI� LRQL]DWLRQ�
FOXVWHUV�KDV�VWLOO�WR�EH�LQYHVWLJDWHG�\HW�>���@��7\SLFDO�GRVHV�REWDLQHG�IURP�����
7:�ODVHU�SURGXFLQJ�a����Q&�HOHFWURQ�EXQFKHV�RI��������0H9�DUH�LQ�WKH�UDQJH�
RI� IHZ� F*\� SHU� VKRW�� 7KH� SHDN� GRVH� UDWH� SHU� VKRW� UHDFKHV� a����� *\� V���
>�������@��,Q�UHFHQW�/:)$�H[SHULPHQWV��WKH�GRVH�GHOLYHUHG�WR�WKH�WDUJHW�ZLWK�
IHZ�KXQGUHGV�RI�VKRWV�ZDV�����*\�>���@��7KH�/:)$�VRXUFH�ZDV�RSWLPL]HG�WR�
SURYLGH�D�³SHQFLO�EHDP´�VXLWDEOH�WR�LUUDGLDWH�PLOOLPHWUH�VL]H�YROXPHV�DW�GHSWKV�
XS� WR� ��� FP�� 7R� UHDFK� WKH� QHFHVVDU\� )/$6+� GRVH�UDWH� RI� ���*\�V�� WKH�
RSHUDWLRQ� DW� N+]� UHSHWLWLRQ� UDWH�� PRQRHQHUJHWLF� HOHFWURQ� EHDPV� DQG�
LPSURYHPHQW�RI�ORQJ�WHUP�VWDELOLW\�LV�UHTXLUHG��6WDEOH�GHOLYHU\�RI�����î�����
VKRWV�XVLQJ�/2$���7:���N+]� ODVHU�SDYHV� WKH�ZD\� IRU� WKH�GHYHORSPHQW�RI�
FRPSDFW�/:)$�GULYHQ�;�UD\�)/$6+�UDGLRWKHUDS\�V\VWHPV�>���@��
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���� &RQFOXVLRQV�

,Q� WKH� H[SHULPHQWDO� WHVWV�� WKH� FRQWURO� RI� LQMHFWLRQ� RI� HOHFWURQV� DQG� WKH�
LQFUHDVH�RI�WKH�QXPEHU�RI�SKRWRQV�SHU�VKRW��FULWLFDO�HQHUJ\�DQG�EULJKWQHVV�RI�
WKH�VHFRQGDU\�;�UD\�EHWDWURQ�UDGLDWLRQ�XVLQJ�VWUXFWXUHG�SODVPD�WDUJHWV��ZDV�
GHPRQVWUDWHG��

x 7KH�LPSOHPHQWDWLRQ�RI�WKH�QR]]OH�DUUD\�LQ�WKH�LQMHFWRU�JHRPHWU\�
DQG� WKH� FRPELQHG� GHQVLW\� GRZQ�UDPS� WULJJHUHG�� ZKLOH�
LRQL]DWLRQ�LQMHFWLRQ�RI�HOHFWURQV�HQDEOHG�WKH�IRUPDWLRQ�RI�TXDVL�
PRQRHQHUJHWLF�EXQFKHV�RI�HOHFWURQV�ZLWK�D�FKDUJH�RI�����S&�DQG�
HQHUJ\�RI�������0H9��

x 8VLQJ� ��� 7:�� ��� IV� ODVHU� DW� WKH� /XQG� /DVHU� &HQWUH� HQHUJLHV�
DFFHOHUDWHG� HOHFWURQV� RI� ������� 0H9� DQG� ���î���� �� ���î����
SKRWRQV�SHU�VKRW�RI�EHWDWURQ�UDGLDWLRQ�KDYH�EHHQ�PHDVXUHG���

x 7KH�LPSOHPHQWDWLRQ�RI�WKH�QR]]OH�DUUD\�LQ�WKH�ZLJJOHU�JHRPHWU\�
LQFUHDVHG�WKH�QXPEHU�RI�SKRWRQV�SHU�VKRW��DQG�WKH�EULJKWQHVV�RI�
;�UD\� E\� D� IDFWRU� RI� ���� UHODWLYH� WR� D� VLQJOH�MHW� SODVPD� WDUJHW�
VRXUFH��

x 7KH�PHDVXUHG�EHWDWURQ�VRXUFH�VL]H�ZDV�RI�����ȝP�RQ�DYHUDJH��
x 7KH�UHVROXWLRQ�RI�;�UD\�LPDJLQJ�OLPLWHG�E\�WKH�VRXUFH�VL]H�ZDV�

��ȝP��
x 8VLQJ�QHDU�VLQJOH�F\FOH�����7:��� IV���N+]� ODVHU�� WKH� HOHFWURQ�

EHDPV� ZLWK� D� FKDUJH� RI� ������ S&� DQG� ����0H9� HQHUJ\� ZHUH�
REWDLQHG�IRU�WKH�FRQWLQXRXV�RSHUDWLRQ�RI���KRXUV���

x 7KH�IXVHG�VLOLFD�QR]]OHV�VKRZHG�KLJK�UHVLOLHQFH�WR�GDPDJH�DQG�
SURYLGHG� UHOLDEOH� DQG� UHSURGXFLEOH� UHVXOWV� DIWHU� RSHUDWLRQ� IRU�
DERXW�������î�����VKRWV��

� �
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/,67�2)�0$,1�&21&/86,216�

��� 7KH� QXPHULFDO� 3,&� VLPXODWLRQ� DQG� H[SHULPHQWDO� UHVXOWV� FRQILUPHG�
WKDW� WKH� FKDUJH� RI� DFFHOHUDWHG� HOHFWURQV� FRXOG� EH� LQFUHDVHG� DQG� WKH� HQHUJ\�
GLVSHUVLRQ�RI�WKH�HOHFWURQV�FDQ�EH�ORZHUHG�XVLQJ�WKH�FRPELQHG�LRQL]DWLRQ�DQG�
GHQVLW\� GRZQ�UDPS� WULJJHUHG� LQMHFWLRQ� RI� VWUXFWXUHG� SODVPD� FRQFHQWUDWLRQ�
SURILOHV�LQ�LQMHFWRU�JHRPHWU\��

��� )RU�a0� �����DQG�np� ���î������FP���WKH�LPSOHPHQWDWLRQ�RI�VWUXFWXUHG�
SODVPD� FRQFHQWUDWLRQ� SURILOHV� LQ� ZLJJOHU� JHRPHWU\� LQFUHDVHG� WUDQVYHUVDO�
HOHFWURQ� GLYHUJHQFH� E\� �������� DQG� WKH� QXPEHU� RI� SKRWRQV� SHU� VKRW� RI�
EHWDWURQ�;�UD\�UDGLDWLRQ�����WLPHV�UHODWLYH�WR�WKH�VLQJOH�MHW�JDV�WDUJHW��

��� 7KH�VLPXODWLRQ�RI�FRPSXWDWLRQDO�IOXLG�G\QDPLFV�DQG�LQWHUIHURPHWULF�
PHDVXUHPHQWV�FRQILUPHG�WKDW�VWUXFWXUHG�SODVPD�FRQFHQWUDWLRQ�SURILOHV�FRXOG�
EH� EXLOW� E\� LQWHUVHFWLQJ� VKRFN� ZDYHV� RI� VXSHUVRQLF� MHWV� RI� DUUD\V� RI�
FRQYHUJLQJ�GLYHUJLQJ�PLFURQR]]OHV�DQG�PLFURQR]]OHV�RI�D�IL[HG�GLDPHWHU��

��� 0LFURQR]]OH� DUUD\V� RI� PLFURPHWULF� GLPHQVLRQV� UHVLVWDQW� WR� RSWLFDO�
GDPDJH�FDQ�EH�PDQXIDFWXUHG�IURP�WUDQVSDUHQW�PDWHULDOV��VXFK�DV�IXVHG�VLOLFD��
FRPELQLQJ� IDVW� UHPRYDO� ODVHU� QDQRVHFRQG� UHDU� VLGH� SURFHVVLQJ� DQG� KLJK�
SUHFLVLRQ�)/6(�WHFKQLTXH���
� �
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,Q� WKLV� WKHVLV�� WKH� SURSHUWLHV� RI� HOHFWURQ� EHDPV� DQG� VHFRQGDU\� ;�UD\�
UDGLDWLRQ�XVLQJ�KLJK�LQWHQVLW\�/DVHU�3ODVPD�:DNHILHOG�$FFHOHUDWRUV��/:)$��
DQG�VWUXFWXUHG�SODVPD�FRQFHQWUDWLRQ�SURILOHV�LQ�ZLJJOHU�DQG�LQMHFWRU�JHRPHWU\�
ZHUH�VWXGLHG��

7KH�/:)$�HOHFWURQ�DFFHOHUDWLRQ�XVLQJ�3DUWLFOH�LQ�&HOO�)%3,&�FRGH�ZDV�
QXPHULFDOO\� VLPXODWHG��7KH� VLPXODWLRQ� UHVXOWV� RI� HOHFWURQ� GLVWULEXWLRQ�ZHUH�
SRVW�SURFHVVHG� IRU� WKH� HVWLPDWLRQ� RI� WKH� SDUDPHWHUV� RI� VHFRQGDU\� ;�UD\�
UDGLDWLRQ��7KH� IRUPDWLRQ� RI� JDV� WDUJHWV� E\� LQWHUVHFWLQJ� VXSHUVRQLF� MHWV�ZDV�
PRGHOOHG� XVLQJ� 2SHQ)2$0� VRIWZDUH� RI� FRPSXWDWLRQDO� IOXLG� G\QDPLFV��
$UUD\V� RI� FRQYHUJLQJ�GLYHUJLQJ� PLFURQR]]OHV� DQG� PLFURQR]]OHV� RI� IL[HG�
GLDPHWHU�ZHUH�GHVLJQHG�IRU�WKH�IRUPDWLRQ�RI�UHTXLUHG�JDV�GHQVLW\�SURILOHV��7KH�
QR]]OHV�ZHUH�PDQXIDFWXUHG�IURP�IXVHG�VLOLFD�XVLQJ�K\EULG�QDQRVHFRQG�ODVHU�
UHDU�VLGH�PDFKLQLQJ�DQG�IHPWRVHFRQG�ODVHU�DVVLVWHG�VHOHFWLYH�HWFKLQJ��)/6(��
WHFKQLTXH��7KH�ZDOO�URXJKQHVV�DQG�HGJH�FKLSSLQJ�LPSDFW�RQ�WKH�VXEVRQLF�DQG�
VXSHUVRQLF�JDV�IORZ�ZDV�HVWLPDWHG��

7KH�H[SHULPHQWDO�ZRUN�RI�/:)$�HOHFWURQ�DFFHOHUDWLRQ�DQG�PHDVXUHPHQW�
RI�VHFRQGDU\�EHWDWURQ�;�UD\�UDGLDWLRQ�ZDV�GRQH�XVLQJ�WKH����7:�����IV�ODVHU�
DW� WKH� /XQG� /DVHU� &HQWUH�� (OHFWURQ� HQHUJLHV� RI� �������0H9� DQG� ���î�����
���î���� SKRWRQV�SHU� VKRW�RI� EHWDWURQ� UDGLDWLRQ� KDYH�EHHQ�PHDVXUHG��8VLQJ�
QR]]OH� DUUD\V� LQ� LQMHFWRU� JHRPHWU\� DQG� FRPELQHG� GHQVLW\� GRZQ�UDPS� DQG�
LRQL]DWLRQ� LQMHFWLRQ�� TXDVL�PRQRHQHUJHWLF� HOHFWURQ� EXQFKHV� RI� ���� S&� DQG�
������0H9�ZHUH�JHQHUDWHG��7KH�LPSOHPHQWDWLRQ�RI�WKH�EHWDWURQ�VRXUFH�ZLWK�
VWUXFWXUHG� SODVPD� FRQFHQWUDWLRQ� SURILOHV� LQ� ZLJJOHU� JHRPHWU\� UDLVHG� WKH�
HIILFLHQF\�RI�;�UD\�JHQHUDWLRQ�DQG�LQFUHDVHG�WKH�QXPEHU�RI�SKRWRQV�SHU�VKRW�
E\�D�IDFWRU�RI�����FRPSDUHG�WR�D�VLQJOH�MHW�JDV�WDUJHW��7KH�UHVROXWLRQ�RI�;��UD\�
WUDQVPLVVLRQ�LPDJLQJ�OLPLWHG�E\�WKH�VRXUFH�VL]H�ZDV���ȝP��

7KH�PLFURQR]]OH� IDEULFDWLRQ� WHFKQRORJ\�ZDV� LPSOHPHQWHG�IRU� WKH� VWDEOH�
/:)$� DFFHOHUDWLRQ� RI� HOHFWURQV� XVLQJ� /2$�(167$� QHDU�VLQJOH�F\FOH� ����
7:� ��IV� �� N+]� ODVHU�� 7KH� HOHFWURQ� EHDPV� ZLWK� D� FKDUJH� RI� VHYHUDO�
SLFRFRXORPEV� DQG� ����0H9� HQHUJ\� ZHUH� REWDLQHG� IRU� WKH� FRQWLQXRXV�
RSHUDWLRQ� RI� �� KRXUV�� 7KH� IXVHG�VLOLFD� QR]]OHV� VKRZHG� KLJK� UHVLOLHQFH� WR�
GDPDJH� DQG� SURYLGHG� UHOLDEOH� DQG� UHSURGXFLEOH� UHVXOWV� DIWHU� RSHUDWLRQ� IRU�
DERXW� ���� î� ���� VKRWV�� 7KH� IRUPDWLRQ� RI� WDLORUHG� SODVPD� SURILOHV� ZLWK� WKH�
GLPHQVLRQV�RI� OHVV� WKDQ����ȝP�ZLWK�QR]]OH� VXUIDFH� URXJKQHVV�����ȝP�ZDV�
GHPRQVWUDWHG��
� �



����
�

5()(5(1&(6�

��� ��������7�� 7DMLPD� DQG� *�� 0RXURX�� ³=HWWDZDWW�H[DZDWW� ODVHUV� DQG� WKHLU�
DSSOLFDWLRQV� LQ� XOWUDVWURQJ�ILHOG� SK\VLFV´�� 3K\VLFDO� 5HYLHZ� 6SHFLDO�
7RSLFV���$FFHOHUDWRUV�DQG�%HDPV�5��������������������

��� ��������*�� $�� 0RXURX�� 7�� 7DMLPD�� DQG� 6�� 9�� %XODQRY�� ³2SWLFV� LQ� WKH�
UHODWLYLVWLF�UHJLPH´��5HYLHZV�RI�0RGHUQ�3K\VLFV�78�������������

�����������-��)��2QJ��:��5��7HR��7��0RULWDND��DQG�+��7DNDEH��³5DGLDWLRQ�UHDFWLRQ�
LQ� WKH� LQWHUDFWLRQ� RI� XOWUDLQWHQVH� ODVHU�ZLWK�PDWWHU� DQG� JDPPD� UD\�
VRXUFH´��3K\VLFV�RI�3ODVPDV�23�������������

��� ��������'�� 6WULFNODQG� DQG�*��0RXURX�� ³&RPSUHVVLRQ� RI� DPSOLILHG� FKLUSHG�
RSWLFDO�SXOVHV´��2SWLFV�&RPPXQLFDWLRQV�56����������������������

��� ��������)�� $OEHUW� DQG�$��*�� 5�� 7KRPDV�� ³$SSOLFDWLRQV� RI� ODVHU� ZDNHILHOG�
DFFHOHUDWRU�EDVHG� OLJKW� VRXUFHV´�� 3ODVPD� 3K\VLFV� DQG� &RQWUROOHG�
)XVLRQ�58����������������������

�����������-��6��/HH�DQG�*��%��&OHDYHU��³,QYHVWLJDWLRQ�RI�WKH�4XDQWXP�9DFXXP�
DV� DQ� (QHUJ\� 6LQN� IRU� 6XEFULWLFDO� DQG� 6XSHUFULWLFDO� 9DSRUL]DWLRQ�
/DVHUV´��+HOL\RQ�6�������������

�����������*��$��0RXURX��*��.RUQ��:ROIJDQJ��6DQGQHU��DQG�-��/��&ROOLHU��ELI - 
Extreme Light Infrastructure: Science and Technology with Ultra-
Intense Lasers, Whitebook��7+266�0HGLD�*PE+���������

�����������7��3RSPLQWFKHY��0��&��&KHQ��'��3RSPLQWFKHY��3��$USLQ��6��%URZQ��
6�� $OLãDXVNDV�� *�� $QGULXNDLWLV�� 7�� %DOþLXQDV�� 2�� '�� 0�FNH�� $��
3XJ]O\V�� $�� %DOWXãND�� %�� 6KLP�� 6�� (�� 6FKUDXWK�� $�� *DHWD�� &��
+HUQiQGH]�*DUFtD�� /�� 3ODMD�� $�� %HFNHU�� $�� -DURQ�%HFNHU�� 0�� 0��
0XUQDQH��DQG�+��&��.DSWH\Q��³%ULJKW�FRKHUHQW�XOWUDKLJK�KDUPRQLFV�
LQ� WKH� NHY� [�UD\� UHJLPH� IURP� PLG�LQIUDUHG� IHPWRVHFRQG� ODVHUV´��
6FLHQFH�336���������������������������

��� ��������0��0��0XUQDQH��+��&��.DSWH\Q��0��'��5RVHQ��DQG�5��:��)DOFRQH��
³8OWUDIDVW� ;�UD\� SXOVHV� IURP� ODVHU�SURGXFHG� SODVPDV´�� 6FLHQFH�
251�������������������������

���� �������.��6RNRORZVNL�7LQWHQ��&��%ORPH��&��'LHWULFK��$��7DUDVHYLWFK��0��
+RUQ�YRQ�+RHJHQ��'��YRQ�GHU�/LQGH��$��&DYDOOHUL��-��6TXLHU��DQG�0��
.DPPOHU��³)HPWRVHFRQG�[�UD\�PHDVXUHPHQW�RI�XOWUDIDVW�PHOWLQJ�DQG�
ODUJH�DFRXVWLF� WUDQVLHQWV´��3K\VLFDO�5HYLHZ�/HWWHUV�87�������������
������������������

���� �������7��7XRKLPDD��0��2WHQGDO�� DQG�+��0��+HUW]� ³3KDVH�FRQWUDVW� [�UD\�
LPDJLQJ�ZLWK� D� OLTXLG�PHWDO�MHW�DQRGH�PLFURIRFXV� VRXUFH´��$SSOLHG�
3K\VLFV�/HWWHUV�91�������������
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�����������3��6FDPSROL��&��&DUSHQWLHUL��0��*LDQQHOOL��9��0DJDGGLQR��/��0DQWL��
&�� 0RULHOOR�� 0�� $�� 3LOLHUR�� 6�� 5LJKL�� DQG� )�� GL� 0DUWLQR��
³5DGLRELRORJLFDO�FKDUDFWHUL]DWLRQ�RI�WKH�YHU\�KLJK�GRVH�UDWH�DQG�GRVH�
SHU� SXOVH� HOHFWURQ� EHDPV� SURGXFHG� E\� DQ� ,257� �LQWUD� RSHUDWLYH�
UDGLDWLRQ� WKHUDS\�� GHGLFDWHG� OLQDF´�� 7UDQVODWLRQDO� &DQFHU� 5HVHDUFK�
6�6����6����6�������������

���� �������(�� -�� -DHVFKNH�� 6�� .KDQ�� -�� 5�� 6FKQHLGHU�� DQG� -�� %�� +DVWLQJV��
Synchrotron Light Sources and Free-Electron Lasers: Accelerator 
Physics, Instrumentation and Science Applications� �6SULQJHU�
,QWHUQDWLRQDO�3XEOLVKLQJ���������

�����������:��'��.LOSDWULFN��³&ULWHULRQ�IRU�YDFXXP�VSDUNLQJ�GHVLJQHG�WR�LQFOXGH�
ERWK�UI�DQG�GF´��5HYLHZ�RI�6FLHQWLILF� ,QVWUXPHQWV�28���������������
��������

�����������$��*UXGLHY�DQG�:��:XHQVFK��³$�QHZ�ORFDO�ILHOG�TXDQWLW\�GHVFULELQJ�
WKH�KLJK�JUDGLHQW�OLPLW�RI�DFFHOHUDWLQJ�VWUXFWXUHV´��LQ�Proceedings of 
the 24th Linear Accelerator Conference, LINAC 2008� �$PHULFDQ�
3K\VLFDO�6RFLHW\���������12������SS�����������

�����������%��+LGGLQJ��$��%HDWRQ��/��%RXOWRQ��6��&RUGH��$��'RHSS��)��$��+DELE��
7��+HLQHPDQQ��$��,UPDQ��6��.DUVFK��*��.LUZDQ��$��.QHWVFK��*��*��
0DQDKDQ��$��0��0��GH�OD�2VVD��$��1XWWHU��3��6FKHUNO��8��6FKUDPP��
DQG�'��8OOPDQQ��³)XQGDPHQWDOV�DQG�$SSOLFDWLRQV�RI�+\EULG�/:)$�
3:)$´�� LQ�Springer Proceedings in Physics� �6SULQJHU�6FLHQFH�DQG�
%XVLQHVV�0HGLD��//&���������231��SS����������

�����������(��(VDUH\��3��6SUDQJOH��DQG�-��.UDOO��³/DVHU�DFFHOHUDWLRQ�RI�HOHFWURQV�
LQ�YDFXXP´��3K\VLFDO�5HYLHZ�(�52������������������������

�����������0��:HQ��<��,��6DODPLQ��DQG�&��+��.HLWHO��³(OHFWURQ�DFFHOHUDWLRQ�E\�D�
UDGLDOO\�SRODUL]HG� ODVHU� SXOVH� LQ� D� SODVPD� PLFUR�FKDQQHO´�� 2SWLFV�
([SUHVV�27������������������

�����������/��-��:RQJ��.��+��+RQJ��6��&DUEDMR��$��)DOODKL��3��3LRW��0��6ROMDþLü��
-��'��-RDQQRSRXORV��)��;��.lUWQHU��DQG� ,��.DPLQHU��³/DVHU�,QGXFHG�
/LQHDU�)LHOG�3DUWLFOH�$FFHOHUDWLRQ�LQ�)UHH�6SDFH´��6FLHQWLILF�5HSRUWV�
7������������������

���������-��/��6KDZ��1��/HPRV��.��$��0DUVK��)��6��7VXQJ��:��%��0RUL��DQG�&��
-RVKL�� ³(VWLPDWLRQ� RI� GLUHFW� ODVHU� DFFHOHUDWLRQ� LQ� ODVHU� ZDNHILHOG�
DFFHOHUDWRUV�XVLQJ�SDUWLFOH�LQ�FHOO� VLPXODWLRQV´��3ODVPD�3K\VLFV�DQG�
&RQWUROOHG�)XVLRQ�58�������������

�����������&��*DKQ��*��'��7VDNLULV��$��3XNKRY��-��0H\HU�7HU�9HKQ��*��3UHW]OHU��
3�� 7KLUROI�� '�� +DEV�� DQG� .�� -�� :LWWH�� ³0XOWL�0H9� HOHFWURQ� EHDP�
JHQHUDWLRQ� E\� GLUHFW� ODVHU� DFFHOHUDWLRQ� LQ� KLJK�GHQVLW\� SODVPD�
FKDQQHOV´��3K\VLFDO�5HYLHZ�/HWWHUV�83�������������������������
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����������7��7DMLPD�DQG�-��0��'DZVRQ��³/DVHU�HOHFWURQ�DFFHOHUDWRU´��3K\VLFDO�
5HYLHZ�/HWWHUV�43����������������������

���� ������ 3DXO�� *LEERQ�� Short Pulse Laser Interactions with Matter: An 
Introduction��,PSHULDO�&ROOHJH�3UHVV���������

�����������:��/��.UXHU��The Physics of Laser Plasma Interactions��&5&�3UHVV��
�������

�����������6��&RUGH��.��7D�3KXRF��*��/DPEHUW��5��)LWRXU��9��0DOND��$��5RXVVH��
$��%HFN�� DQG�(��/HIHEYUH�� ³)HPWRVHFRQG�[� UD\V� IURP� ODVHU�SODVPD�
DFFHOHUDWRUV´��5HYLHZV�RI�0RGHUQ�3K\VLFV�85�������������������

���� �������:�� /X�� &�� +XDQJ�� 0�� =KRX�� :�� %�� 0RUL�� DQG� 7�� .DWVRXOHDV��
³1RQOLQHDU� WKHRU\� IRU� UHODWLYLVWLF�SODVPD�ZDNHILHOGV� LQ� WKH�EORZRXW�
UHJLPH´��3K\VLFDO�5HYLHZ�/HWWHUV�96����������������������

�����������,��.RVW\XNRY��$��3XNKRY��DQG�6��.LVHOHY��³3KHQRPHQRORJLFDO�WKHRU\�
RI�ODVHU�SODVPD�LQWHUDFWLRQ�LQ�³EXEEOH´�UHJLPH´��3K\VLFV�RI�3ODVPDV�
11������������������������

�����������:��/X��0��7]RXIUDV��&��-RVKL��)��6��7VXQJ��:��%��0RUL��-��9LHLUD��5��
$��)RQVHFD��DQG�/��2��6LOYD��³*HQHUDWLQJ�PXOWL�*H9�HOHFWURQ�EXQFKHV�
XVLQJ� VLQJOH� VWDJH� ODVHU� ZDNHILHOG� DFFHOHUDWLRQ� LQ� D� �'� QRQOLQHDU�
UHJLPH´��3K\VLFDO�5HYLHZ�6SHFLDO�7RSLFV���$FFHOHUDWRUV�DQG�%HDPV�
10���������������������

�����������-��)DXUH��'��*XVWDV��'��*XpQRW��$��9HUQLHU��)��%|KOH��0��2XLOOp��6��
+DHVVOHU��5��/RSH]�0DUWHQV�� DQG�$��/LIVFKLW]�� ³$� UHYLHZ�RI� UHFHQW�
SURJUHVV�RQ�ODVHU�SODVPD�DFFHOHUDWLRQ�DW�N+]�UHSHWLWLRQ�UDWH´��3ODVPD�
3K\VLFV�DQG�&RQWUROOHG�)XVLRQ�61���������������������

�����������:��/X��&��+XDQJ��0��=KRX��0��7]RXIUDV��)��6��7VXQJ��:��%��0RUL��
DQG� 7�� .DWVRXOHDV�� ³$� QRQOLQHDU� WKHRU\� IRU� PXOWLGLPHQVLRQDO�
UHODWLYLVWLF� SODVPD� ZDYH� ZDNHILHOGV´�� LQ� Physics of Plasmas�
�$PHULFDQ�,QVWLWXWH�RI�3K\VLFV�$,3���������13�����S����������

�����������$��%��%RULVRY��$��Y��%RURYVNL\��2��%��6KLU\DHY��9��Y��.RURENLQ��$��
0��3URNKRURY��-��&��6ROHP��7��6��/XN��.��%R\HU��DQG�&��.��5KRGHV��
³5HODWLYLVWLF� DQG� FKDUJH�GLVSODFHPHQW� VHOI�FKDQQHOLQJ� RI� LQWHQVH�
XOWUDVKRUW�ODVHU�SXOVHV�LQ�SODVPDV´��3K\VLFDO�5HYLHZ�$�45����������
��������������

�����������3��6SUDQJOH�DQG�(��(VDUH\��³,QWHUDFWLRQ�RI�XOWUDKLJK�ODVHU�ILHOGV�ZLWK�
EHDPV�DQG�SODVPDV´��3K\VLFV�RI�)OXLGV�%�4������������������������

����������&��5HQ��%��-��'XGD��5��*��+HPNHU��:��%��0RUL��7��.DWVRXOHDV��7��0��
$QWRQVHQ��DQG�3��0RUD��³&RPSUHVVLQJ�DQG�IRFXVLQJ�D�VKRUW�ODVHU�SXOVH�
E\� D� WKLQ� SODVPD� OHQV´�� 3K\VLFDO� 5HYLHZ� (� �� 6WDWLVWLFDO� 3K\VLFV��
3ODVPDV��)OXLGV��DQG�5HODWHG�,QWHUGLVFLSOLQDU\�7RSLFV�63����������������
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���������%��%HDXUHSDLUH��$��/LIVFKLW]��DQG�-��)DXUH��³(OHFWURQ�DFFHOHUDWLRQ�LQ�
VXE�UHODWLYLVWLF� ZDNHILHOGV� GULYHQ� E\� IHZ�F\FOH� ODVHU� SXOVHV�´� 1HZ�
-RXUQDO�RI�3K\VLFV�16�����������������

���� �����/�� Y��.HOG\VK�� ³,RQL]DWLRQ� LQ� WKH� ILHOG� RI� D� VWURQJ� HOHFWURPDJQHWLF�
ZDYH´��6RYLHW�3K\VLFV�-(73�20������������������������

���������6��%XODQRY��1��1DXPRYD��)��3HJRUDUR��DQG�-��6DNDL��³3DUWLFOH�LQMHFWLRQ�
LQWR� WKH� ZDYH� DFFHOHUDWLRQ� SKDVH� GXH� WR� QRQOLQHDU� ZDNH� ZDYH�
EUHDNLQJ´��3K\VLFDO�5HYLHZ�(���6WDWLVWLFDO�3K\VLFV��3ODVPDV��)OXLGV��
DQG�5HODWHG�,QWHUGLVFLSOLQDU\�7RSLFV�58�����5�����5��������������

���������1��+��0DWOLV��$��-��*RQVDOYHV��6��6WHLQNH��-��YDQ�7LOERUJ��%��6KDZ��'��
(��0LWWHOEHUJHU�� &��*�� 5��*HGGHV�� DQG�:�� 3�� /HHPDQV�� ³7UDQVLHQW�
EHKDYLRU� RI� D� VXSHUVRQLF� WKUHH�GLPHQVLRQDO� PLFURQR]]OH� ZLWK� DQ�
LQWHUVHFWLQJ�FDSLOODU\´��-RXUQDO�RI�$SSOLHG�3K\VLFV�119�������������

�����������$��-��*RQVDOYHV��.��1DNDPXUD��&��/LQ��'��3DQDVHQNR��6��6KLUDLVKL��7��
6RNROOLN��&��%HQHGHWWL��&��%��6FKURHGHU��&��*��5��5��*HGGHV��-��YDQ�
7LOERUJ�� -�� 2VWHUKRII�� (�� (VDUH\�� &�� 7RWK�� DQG� :�� 3�� /HHPDQV��
³7XQDEOH� ODVHU� SODVPD� DFFHOHUDWRU� EDVHG� RQ� ORQJLWXGLQDO� GHQVLW\�
WDLORULQJ´��1DWXUH�3K\VLFV�7�����������������������

�����������0��+DQVVRQ��%��$XUDQG��;��'DYRLQH��+��(NHUIHOW��.��6YHQVVRQ��$��
3HUVVRQ��&��*��:DKOVWU|P��DQG�2��/XQGK��³'RZQ�UDPS�LQMHFWLRQ�DQG�
LQGHSHQGHQWO\�FRQWUROOHG�DFFHOHUDWLRQ�RI�HOHFWURQV�LQ�D�WDLORUHG�ODVHU�
ZDNHILHOG� DFFHOHUDWRU´�� 3K\VLFDO� 5HYLHZ� 6SHFLDO� 7RSLFV� ��
$FFHOHUDWRUV�DQG�%HDPV�18�������������

�����������/��)DQ�&KLDQJ��+��6��0DR��+��(��7VDL��7��2VWHUPD\U��.��.��6ZDQVRQ��
6��.��%DUEHU��6��6WHLQNH��-��YDQ�7LOERUJ��&��*��5��*HGGHV��DQG�:��3��
/HHPDQV��³*DV�GHQVLW\�VWUXFWXUH�RI�VXSHUVRQLF�IORZV�LPSLQJHG�RQ�E\�
WKLQ� EODGHV� IRU� ODVHU�SODVPD� DFFHOHUDWRU� WDUJHWV´�� 3K\VLFV� RI� )OXLGV�
32���������������������
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WUDQVODWLRQ�RI�2SWLND�L�6SHNWURVNRSL\D��115����������������������

����� ������³0DWSORWOLE�� 3\WKRQ� SORWWLQJ� ±� 0DWSORWOLE� ������ GRFXPHQWDWLRQ´��
KWWSV���PDWSORWOLE�RUJ���

����� ������� KWWSV���ZZZ�� HQJLQHHULQJWRROER[�� FRP�PDWHULDO�SURSHUWLHV�WB����
KWPO� (QJLQHHULQJ� WRROER[�� ³(QJLQHHULQJ� 7RRO%R[�� 0DWHULDO�
3URSHUWLHV�´�� KWWSV���ZZZ�HQJLQHHULQJWRROER[�FRP�PDWHULDO�
SURSHUWLHV�WB���KWPO��

����� ������+��5��0XUSK\� DQG�'��5��0LOOHU�� ³(IIHFWV� RI� QR]]OH� JHRPHWU\� RQ�
NLQHWLFV�LQ�IUHH�MHW�H[SDQVLRQV´��-RXUQDO�RI�3K\VLFDO�&KHPLVWU\�88������
�������������������

����� ������0�� 6NREOLQ�� $�� &KXGLQRY�� ,�� 6RXOLPHQNRY�� 9�� %UXVRY�� DQG� 9��
.R]ORYVNL\�� ³*DV� )ORZ� LQ� WKH� &DSLOODU\� RI� WKH� $WPRVSKHUH�WR�
9DFXXP�,QWHUIDFH�RI�0DVV�6SHFWURPHWHUV´��-RXUQDO�RI�WKH�$PHULFDQ�
6RFLHW\�IRU�0DVV�6SHFWURPHWU\�28�������������������������

����� ������/��%HUQLHU��0��7DHVFK�� 6��5DXVFKHQEDFK�� DQG� -��5HLVV�� ³7UDQVIHU�
FRQGLWLRQV�DQG�WUDQVPLVVLRQ�ELDV�LQ�FDSLOODULHV�RI�YDFXXP�LQWHUIDFHV´��
,QWHUQDWLRQDO�-RXUQDO�RI�0DVV�6SHFWURPHWU\�447������������������

�����������7��$GDPV��&��*UDQW��DQG�+��:DWVRQ��³$�6LPSOH�$OJRULWKP�WR�5HODWH�
0HDVXUHG�6XUIDFH�5RXJKQHVV�WR�(TXLYDOHQW�6DQG�JUDLQ�5RXJKQHVV´��
1�������������

����� ������<�� dHQJHO� DQG� -�� &LPEDOD�� Fluid Mechanics Fundamentals and 
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����� ������*�� 3UHW]LHU�� ³$� 1HZ� 0HWKRG� IRU� 1XPHULFDO� $EHO�,QYHUVLRQ´��
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����� ������7��(��*XUH\HY��<��,��1HVWHUHWV��$��:��6WHYHQVRQ��3��5��0LOOHU��$��
3RJDQ\��DQG�6��:��:LONLQV��³6RPH�VLPSOH�UXOHV�IRU�FRQWUDVW��VLJQDO�
WR�QRLVH� DQG� UHVROXWLRQ� LQ� LQ�OLQH� [�UD\� SKDVH�FRQWUDVW� LPDJLQJ´��
2SWLFV�([SUHVV�16�������������������

�����������$��:��6WHYHQVRQ��6��:��:LONLQV��<D��,��1HVWHUHWV��7��(��*XUH\HY��6��
&��0D\R��$��3RJDQ\��DQG�$��:��6WHYHQVRQ��³2Q�WKH�HYROXWLRQ�DQG�
UHODWLYH� PHULWV� RI� KDUG� ;�UD\� SKDVH�FRQWUDVW� LPDJLQJ� PHWKRGV´��
3KLORVRSKLFDO� 7UDQVDFWLRQV� RI� WKH� 5R\DO� 6RFLHW\� $��0DWKHPDWLFDO��
3K\VLFDO�DQG�(QJLQHHULQJ�6FLHQFHV�372����������������������

�����������-��'��%��2¶6XOOLYDQ��-��%HKQVHQ��7��6WDUERUJ��$��6��0DF'RQDOG��$��
7��3K\WKLDQ�$GDPV��.��-��(OVH��6��0��&UXLFNVKDQN��DQG�3��-��:LWKHUV��
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³;�UD\� PLFUR�FRPSXWHG� WRPRJUDSK\� �ȝ&7��� $Q� HPHUJLQJ�
RSSRUWXQLW\� LQ� SDUDVLWH� LPDJLQJ´�� 3DUDVLWRORJ\� 145����� ���������
��������

�����������-��0��&ROH��-��&��:RRG��1��&��/RSHV��.��3RGHU��5��/��$EHO��6��$ODWDEL��
-��6��-��%U\DQW��$��-LQ��6��.QHLS��.��0HFVHNL��'��5��6\PHV��6��3��'��
0DQJOHV��DQG�=��1DMPXGLQ��³/DVHU�ZDNHILHOG�DFFHOHUDWRUV�DV�KDUG�[�
UD\� VRXUFHV� IRU� �'� PHGLFDO� LPDJLQJ� RI� KXPDQ� ERQH´�� 6FLHQWLILF�
5HSRUWV�5����������������������

�����������0��6DHV��&��%UHVVOHU��5��$EHOD��'��*UROLPXQG��6��/��-RKQVRQ��3��$��
+HLPDQQ��DQG�0��&KHUJXL��³2EVHUYLQJ�3KRWRFKHPLFDO�7UDQVLHQWV�E\�
8OWUDIDVW�;�5D\�$EVRUSWLRQ�6SHFWURVFRS\´��3K\VLFDO�5HYLHZ�/HWWHUV�
90���������������������

����� ������0��=��0R��=��&KHQ��6��)RXUPDX[��$��6DUDI��6��.HUU��.��2WDQL��5��
0DVRXG�� -�� &�� .LHIIHU�� <�� 7VXL�� $�� 1J�� DQG� 5�� )HGRVHMHYV��
³0HDVXUHPHQWV� RI� LRQL]DWLRQ� VWDWHV� LQ�ZDUP� GHQVH� DOXPLQXP�ZLWK�
EHWDWURQ�UDGLDWLRQ´��3K\VLFDO�5HYLHZ��(�95�����������������������

�����������%��0DKLHX��1��-RXUGDLQ��.��7D�3KXRF��)��'RUFKLHV��-��3��*RGGHW��$��
/LIVFKLW]�� 3�� 5HQDXGLQ�� DQG� /�� /HFKHUERXUJ�� ³3URELQJ�ZDUP� GHQVH�
PDWWHU�XVLQJ�IHPWRVHFRQG�;�UD\�DEVRUSWLRQ�VSHFWURVFRS\�ZLWK�D�ODVHU�
SURGXFHG�EHWDWURQ�VRXUFH´��1DWXUH�&RPPXQLFDWLRQV�9�����������������
��������

����� ������$�� 5RXVVH�� &�� 5LVFKHO�� DQG� -�� &�� *DXWKLHU�� ³&ROORTXLXP��
)HPWRVHFRQG� [�UD\� FU\VWDOORJUDSK\´�� 5HYLHZV� RI� 0RGHUQ� 3K\VLFV�
73��������������������

�����������3��0RQWD\�*UXHO��$��%RXFKHW��0��-DFFDUG��'��3DWLQ��5��6HUGXF��:��
$LP��.��3HWHUVVRQ��%��3HWLW��&��%DLODW��-��%RXUKLV��(��%UlXHU�.ULVFK��
DQG�0��&��9R]HQLQ��³;�UD\V�FDQ�WULJJHU�WKH�)/$6+�HIIHFW��8OWUD�KLJK�
GRVH�UDWH�V\QFKURWURQ�OLJKW�VRXUFH�SUHYHQWV�QRUPDO�EUDLQ�LQMXU\�DIWHU�
ZKROH�EUDLQ�LUUDGLDWLRQ�LQ�PLFH´��5DGLRWKHUDS\�DQG�2QFRORJ\�129�����
�����������������

�����������0��%D]DORYD�&DUWHU��%��4X��%��3DOPD��%��+nUGHPDUN��(��+\QQLQJ��
&�� -HQVHQ�� 3��*��0D[LP�� DQG�%��:��/RR�� ³7UHDWPHQW� SODQQLQJ� IRU�
UDGLRWKHUDS\�ZLWK�YHU\�KLJK�HQHUJ\�HOHFWURQ�EHDPV�DQG�FRPSDULVRQ�
RI� 9+((� DQG� 90$7� SODQV´�� 0HGLFDO� 3K\VLFV� 42����� �����������
��������
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$��6RUHQVHQ��$��-��&KDOPHUV��*��6FKHWWLQR��$��6XELHO��&��'HV5RVLHUV��
DQG�'��$��-DURV]\QVNL��³)RFXVHG�YHU\�KLJK�HQHUJ\�HOHFWURQ�EHDPV�DV�
D� QRYHO� UDGLRWKHUDS\� PRGDOLW\� IRU� SURGXFLQJ� KLJK�GRVH� YROXPHWULF�
HOHPHQWV´��6FLHQWLILF�5HSRUWV�9��������������������
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7RPDVVLQL��&��7UDLQR��DQG�/��$��*L]]L��³7RZDUG�DQ�HIIHFWLYH�XVH�RI�
ODVHU�GULYHQ�YHU\�KLJK�HQHUJ\�HOHFWURQV�IRU�UDGLRWKHUDS\��)HDVLELOLW\�
DVVHVVPHQW� RI� PXOWL�ILHOG� DQG� LQWHQVLW\� PRGXODWLRQ� LUUDGLDWLRQ�
VFKHPHV´��6FLHQWLILF�5HSRUWV�10��������������������

�����������9��0DOND��-��)DXUH��DQG�<��$��*DXGXHO��³8OWUD�VKRUW�HOHFWURQ�EHDPV�
EDVHG�VSDWLR�WHPSRUDO�UDGLDWLRQ�ELRORJ\�DQG�UDGLRWKHUDS\´��0XWDWLRQ�
5HVHDUFK���5HYLHZV�LQ�0XWDWLRQ�5HVHDUFK�704������������������������

�����������<��*OLQHF��-��)DXUH��9��0DOND��7��)XFKV��+��6]\PDQRZVNL��DQG�8��
2HOINH��³5DGLRWKHUDS\�ZLWK� ODVHU�SODVPD�DFFHOHUDWRUV��0RQWH�&DUOR�
VLPXODWLRQ�RI�GRVH�GHSRVLWHG�E\�DQ�H[SHULPHQWDO�TXDVLPRQRHQHUJHWLF�
HOHFWURQ�EHDP´��0HGLFDO�3K\VLFV�33����������������������
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$��±�DWRPLF�PDVV�QXPEHU�
Ap���SLSH
V�FURVV�VHFWLRQDO�DUHD��
AV���6XWKHUODQG�FRHIILFLHQW�
a0���QRUPDOL]HG�ODVHU�YHFWRU�SRWHQWLDO��ODVHU�VWUHQJWK�SDUDPHWHU��
Bbend���PDJQHWLF�ILHOG�RI�D�EHQGLQJ�PDJQHW�

LB ���PDJQHWLF�ILHOG�RI�ODVHU�UDGLDWLRQ�
B0L���DPSOLWXGH�RI�ODVHU�UDGLDWLRQ�PDJQHWLF�ILHOG�
Bu���PDJQHWLF�ILHOG�RI�WKH�XQGXODWRU�PDJQHWV�
Br � EULJKWQHVV�
F���VSHHG�RI�OLJKW�LQ�YDFXXP�
C���FRXQWV�SHU�SL[HO��
CUD���QRQ�GLPHQVLRQDO�URXJKQHVV�SDUDPHWHU��
Cp���FRQVWDQW�SUHVVXUH�VSHFLILF�KHDW�FDSDFLW\�
Cv���FRQVWDQW�YROXPH�VSHFLILF�KHDW�FDSDFLW\�
Cbg���EDFNJURXQG�SDUW�RI�FRXQWV�SHU�SL[HO�
Cgd���*DXVVLDQ�SDUW�RI�FRXQWV�SHU�SL[HO�
Dh���K\GUDXOLF�GLDPHWHU�
dp���VNLQ�GHSWK�
GY���UHFRQVWUXFWLRQ�OHQJWK�RI�FXELF�YR[HO�
H���HOHFWURQ�FKDUJH�

LE ���HOHFWULF�ILHOG�RI�ODVHU�UDGLDWLRQ�
E0L ��DPSOLWXGH�RI�ODVHU�UDGLDWLRQ�HOHFWULF�ILHOG�
Ep���SODVPD�HOHFWULF�ILHOG�
Epmax���PD[LPDO�SODVPD�HOHFWULF�ILHOG�
Epz���D�SRQGHURPRWLYH�HOHFWULF�ILHOG�LQ�WKH�D[LDO�]�GLUHFWLRQ�
EWB���ZDYH�EUHDNLQJ�OLPLW�RI�SODVPD�HOHFWULF�ILHOG�
Fp���SRQGHURPRWLYH�IRUFH�
Fpz ��SRQGHURPRWLYH�IRUFH�LQ�WKH�D[LDO�]�GLUHFWLRQ�
h���3ODQFN�FRQVWDQW�
ħ���UHGXFHG�3ODQFN�FRQVWDQW�
,/�����ODVHU�UDGLDWLRQ�LQWHQVLW\�LQ�:�FP��UHODWLYH�WR�WKH������:�FP��
IL ��ODVHU�UDGLDWLRQ�LQWHQVLW\�
Isfr���UDGLDWLRQ�LQWHQVLW\�RI�)UHVQHO�GLIIUDFWLRQ�
K2/3���PRGLILHG�%HVVHO�IXQFWLRQ�RI�WKH�VHFRQG�NLQG�
Kβ���EHWDWURQ�XQGXODWRU�VWUHQJWK�SDUDPHWHU�
KICS���,&6�XQGXODWRU�VWUHQJWK�SDUDPHWHU��
Ku���XQGXODWRU�VWUHQJWK�SDUDPHWHU�



����
�

ka ��DGLDEDWLF�LQGH[�
kβ ��EHWDWURQ�RVFLOODWLRQ�ZDYH�YHFWRU�
kp���SODVPD�ZDYH�QXPEHU�
kUI���VDQG�URXJKQHVV�SDUDPHWHU�
kt ��WXUEXOHQW�NLQHWLF�HQHUJ\�
L2π���FDUULHU�HQYHORSH�SKDVH��&(3��SKDVH�VOLSSDJH�OHQJWK�
Ld���ODVHU�SXOVH�GHSKDVLQJ�OHQJWK�
Ldisp���ODVHU�SXOVH�GLVSHUVLRQ�OHQJWK�
Letch��ODVHU�SXOVH�HWFKLQJ�OHQJWK�
Llam���K\GURG\QDPLF�HQWU\�OHQJWK�RI�ODPLQDU�IORZ�
Lturb���K\GURG\QDPLF�HQWU\�OHQJWK�RI�WXUEXOHQW�IORZ�
Lpd���ODVHU�SXOVH�GHSOHWLRQ�OHQJWK�
Ldr��OHQJWK�RI�SODVPD�FRQFHQWUDWLRQ�GRZQ�UDPS��
lt���WDUJHW�WKLFNQHVV�
lpx���SL[HO�VL]H�
lsd��WKH�GLVWDQFH�EHWZHHQ�WKH�VRXUFH�;�UD\�FDPHUD�GHWHFWRU�
me���HOHFWURQ�UHVW�PDVV�
mi���LRQ�UHVW�PDVV�
mp ��SURWRQ�UHVW�PDVV�
M���0DFK�QXPEHU�
Mg���JHRPHWULF�PDJQLILFDWLRQ�RI�WKH�LPDJLQJ�V\VWHP�
Mm���PRODU�PDVV�
Mxx��Myy�DQG�Mxy����PRPHQWD�RI�*DXVVLDQ�GLVWULEXWLRQ�
NA���$YRJDGUR�QXPEHU�
Nβ���WRWDO�QXPEHU�RI�RVFLOODWLRQV�RI�RQH�HOHFWURQ�LQ�WKH�EHWDWURQ�LRQ�
�������FKDQQHO�
Nc���QXPEHU�RI�FRXQWV�RI�;�UD\�FDPHUD�SHU�VKRW�
Ne���QXPEHU�RI�HOHFWURQV�
Nphot���QXPEHU�RI�SKRWRQV�SHU�VKRW�
NphotC���QXPEHU�RI�SKRWRQV�SHU�FRXQW��
Nphot1 ��QXPEHU�RI�SKRWRQV�UDGLDWHG�E\�RQH�HOHFWURQ�
1SROHV���QXPEHU�RI�PDJQHWLF�SROHV�
ncL���FULWLFDO�SODVPD�FRQFHQWUDWLRQ�RI�WKH�ODVHU�ZDYHOHQJWK�
n���QXPEHU�RI�PHDVXUHPHQWV�
ng���JDV�FRQFHQWUDWLRQ�
np���SODVPD�FRQFHQWUDWLRQ�
np18���LV�WKH�SODVPD�FRQFHQWUDWLRQ�LQ�FP���UHODWLYH�WR�WKH������FP���
np20����SODVPD�FRQFHQWUDWLRQ�LQ�FP���UHODWLYH�WR�WKH������FP���

nr���SODVPD�UHIUDFWLRQ�LQGH[�
nr0���LQLWLDO�SODVPD�UHIUDFWLRQ�LQGH[�
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ep ���HOHFWURQ�PRPHQWXP�
pz���HOHFWURQ�PRPHQWXP�LQ�D[LDO�]�GLUHFWLRQ�
pA���HOHFWURQ�PRPHQWXP�LQ�SHUSHQGLFXODU�WR�WKH�SURSDJDWLRQ�RI�ODVHU�
�������GLUHFWLRQ�
PL ��SRZHU�RI�ODVHU�UDGLDWLRQ�
PLc ��FULWLFDO�SRZHU�RI�ODVHU�UDGLDWLRQ�
P0���WRWDO�JDV�SUHVVXUH�
P���VWDWLF�JDV�SUHVVXUH�
qe���WRWDO�FKDUJH�RI�HOHFWURQV�
qe40 ��WRWDO�FKDUJH�RI�HOHFWURQV�ZLWK�HQHUJ\�!���0H9�
qrA ��WRWDO�FKDUJH�RI�HOHFWURQV�KDYLQJ�UDGLXV�FRRUGLQDWH�SHUSHQGLFXODU�WR�]�
qrβ ��WRWDO�FKDUJH�RI�HOHFWURQV�KDYLQJ�EHWDWURQ�UDGLXV�rβ�
qcβ���WRWDO�FKDUJH�RI�HOHFWURQV�ZLWK�FULWLFDO�EHWDWURQ�HQHUJ\�
QH���TXDQWXP�\LHOG�RI�DQ�;�UD\�FDPHUD�
Qp���YROXPHWULF�IORZ�UDWH�
RD���DULWKPHWLF�DYHUDJH�RI�DEVROXWH�URXJKQHVV�YDOXHV�
5E���EORZRXW�UDGLXV�RI�SODVPD�ZDYH�
5H���5H\QROGV�QXPEHU��
RSL���SHDN�WR�YDOOH\�ODUJHVW�GLVWDQFH�RI�URXJKQHVV�DERYH�WKH�PHDQ�OLQH��
RQL���SHDN�WR�YDOOH\�ODUJHVW�GLVWDQFH�RI�URXJKQHVV�EHORZ�WKH�PHDQ�OLQH��
R506���PHDQ�VTXDUHG�DYHUDJH�RI�URXJKQHVV�YDOXHV�
R]G���DYHUDJH�RI�SHDN�WR�YDOOH\�YDOXHV�RI�URXJKQHVV�YDOXHV�
RVSHF���VSHFLILF�JDV�FRQVWDQW�
Rw���UDGLXV�RI�WKH�FURVV�ZLUHV�
rβ ��EHWDWURQ�RVFLOODWLRQ�UDGLXV�

�er ���UDGLXV�YHFWRU�RI�WKH�HOHFWURQ�RVFLOODWLRQ�
r1sw���GLVWDQFH�EHWZHHQ�WKH�VRXUFH�DQG�FURVV�ZLUHV��
r2wd���GLVWDQFH�EHWZHHQ�WKH�FURVV�ZLUHV�DQG�GHWHFWRU�
rsd ��GLVWDQFH�EHWZHHQ�WKH�VRXUFH�DQG�GHWHFWRU�
Ss � GLVWULEXWLRQ�RI�;�UD\�VRXUFH�UDGLDWLRQ�
6����QRUPDOL]HG�V\QFKURWURQ�OLNH�VSHFWUXP�
6HII���HIIHFWLYH�V\QFKURWURQ�OLNH�VSHFWUXP�
t ��WLPH�
T���WHPSHUDWXUH�
T����UHIHUHQFH�DPELHQW�WHPSHUDWXUH��
TL���RVFLOODWLRQ�SHULRG�RI�WKH�HOHFWULF�ILHOG�RI�ODVHU�UDGLDWLRQ�
TV���6XWKHUODQG�WHPSHUDWXUH�
Trcβ���;�UD\�WUDQVPLVVLRQ�FRHIILFLHQW�DW�WKH�FULWLFDO�ZDYHOHQJWK�RI�EHWDWURQ�
����������UDGLDWLRQ�
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Trtot���;�UD\�WUDQVPLVVLRQ�IDFWRU�RI�DOO�DWWHQXDWLQJ�PDWHULDOV��
U���JDV�YHORFLW\�
V���JDV�YROXPH�
Vi ��LRQ�YHORFLW\�
[G���FRRUGLQDWHV�RI�WKH�;�UD\�GHWHFWRU�SODQH�
[V���FRRUGLQDWHV�RI�WKH�;�UD\�VRXUFH�SODQH��
Wcβ���FULWLFDO�HQHUJ\�RI�V\QFKURWURQ�RI�EHWDWURQ�UDGLDWLRQ�
We���HQHUJ\�RI�DFFHOHUDWHG�HOHFWURQV��
Wem���PHDQ�HQHUJ\��RI�DFFHOHUDWHG�HOHFWURQV�
Wekin���HOHFWURQ�NLQHWLF�HQHUJ\�
Wi ��DFFHOHUDWHG�LRQ�HQHUJ\�
WL ��ODVHU�SXOVH�HQHUJ\�
WLS ��HQHUJ\�RI�LRQV�DFFHOHUDWHG�LQ�/LJKW�VDLO�UHJLPH�
WLSopt ��HQHUJ\�RI�LRQV�DFFHOHUDWHG�LQ�RSWLPDO�/LJKW�VDLO�UHJLPH�
Wrβ���SKRWRQ�HQHUJ\�RI�HOHFWURQ�EHWDWURQ�UDGLDWLRQ�
Wrβtot���WRWDO�HQHUJ\�RI�HOHFWURQ�EHWDWURQ�UDGLDWLRQ�
Wru���SKRWRQ�HQHUJ\�RI�XQGXODWRU�UDGLDWLRQ�
z���FRRUGLQDWH DORQJ�WKH�ODVHU�WKH�SURSDJDWLRQ�D[LV�
ZR��5D\OHLJK�OHQJWK�RI�*DXVVLDQ�ODVHU�EHDP�
Z ��LRQ�FKDUJH�QXPEHU�
�
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𝛼0���UHODWLYLVWLF�WUDQVSDUHQF\�SDUDPHWHU�
𝛼c���;�UD\�GHWHFWRU�VHQVLWLYLW\�FDOLEUDWLRQ�FRQVWDQW�
𝛼p���SRODUL]DELOLW\�RI�WKH�DUJRQ�JDV�DWRPV�
βφ���GLPHQVLRQOHVV�SKDVH�YHORFLW\�RI�WKH�SODVPD�ZDNH�ZDYH�
γ���/RUHQW]�IDFWRU�RI�WKH�HOHFWURQ�
γp���/RUHQW]�IDFWRU�RI�WKH�SODVPD�ZDYH�
γz���/RUHQW]�IDFWRU�RI�DQ�HOHFWURQ�LQ�WKH�D[LDO�GLUHFWLRQ�RI�ODVHU�SURSDJDWLRQ�
γ⊥���/RUHQW]�IDFWRU�RI�DQ�HOHFWURQ�LQ�SHUSHQGLFXODU�WR�WKH�ODVHU�SURSDJDWLRQ�
������GLUHFWLRQ�
δa���WDUJHW�WKLFNQHVV�SDUDPHWHU�
εp ��QRUPDOL]HG�VXUIDFH�GHQVLW\�
Ht���UDWH�RI�GLVVLSDWLRQ�RI�WXUEXOHQW�NLQHWLF�HQHUJ\�
𝜁���QRUPDOL]HG�]�FRRUGLQDWH DORQJ�ODVHU�WKH�SURSDJDWLRQ�D[LV�
Tgd���WLOWLQJ�DQJOH�RI�*DXVVLDQ�GLVWULEXWLRQ�
θey ��GLYHUJHQFH�RI�WKH�HOHFWURQ�EHDP�LQ�WKH�\�GLUHFWLRQ��
𝜃u���XQGXODWRU�UDGLDWLRQ�DQJOH�UHODWLYH�WR�WKH�HOHFWURQ�EHDP�D[LV�
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θAE ��GLYHUJHQFH�RI�WKH�EHWDWURQ�UDGLDWLRQ�LQ�WKH�RVFLOODWLRQ�SODQH��
θsE ��GLYHUJHQFH�RI�WKH�EHWDWURQ�UDGLDWLRQ�LQ�WKH�SHUSHQGLFXODU�RI�WKH��
��������RVFLOODWLRQ�SODQH�
λcbend���FKDUDFWHULVWLF�FULWLFDO�ZDYHOHQJWK�RI�EHQGLQJ�PDJQHW�UDGLDWLRQ�
λICS ��IXQGDPHQWDO�ZDYHOHQJWK�RI�,&6�UDGLDWLRQ�

ƛC���UHGXFHG�&RPSWRQ�ZDYHOHQJWK�
λβ���ZDYHOHQJWK�RI�WKH�HOHFWURQ�EHWDWURQ�RVFLOODWLRQ�
λcβ���FULWLFDO�ZDYHOHQJWK�RI�HOHFWURQ�EHWDWURQ�UDGLDWLRQ�
λL���ODVHU�UDGLDWLRQ�ZDYHOHQJWK�
λp���SODVPD�ZDYHOHQJWK�
λrE���IXQGDPHQWDO�ZDYHOHQJWK�RI�EHWDWURQ�UDGLDWLRQ�
λru���IXQGDPHQWDO�ZDYHOHQJWK�RI�XQGXODWRU�UDGLDWLRQ  
λu���D�VSDWLDO�SHULRG�RI�WKH�XQGXODWRU�PDJQHWV�
µcβ ��;�UD\�DWWHQXDWLRQ�FRHIILFLHQW�DW�WKH�FULWLFDO�ZDYHOHQJWK�RI�EHWDWURQ�
��������UDGLDWLRQ�
μs ��G\QDPLF�IOXLG�YLVFRVLW\�
μs0 ��LQLWLDO�G\QDPLF�IOXLG�YLVFRVLW\��
ν � NLQHPDWLF�YLVFRVLW\���

ev ���HOHFWURQ�YHORFLW\��
vph���ODVHU�UDGLDWLRQ�SKDVH�YHORFLW\ 
vg  ��ODVHU�UDGLDWLRQ�JURXS�YHORFLW\�
vetch���ODVHU�SXOVH�HWFKLQJ�YHORFLW\�

vϕ ��SODVPD�ZDNH�ZDYH�SKDVH�YHORFLW\�
ρ ��JDV GHQVLW\�
ρ0���FULWLFDO�JDV�GHQVLW\�DW�WKH�SRLQW�RI�WUDQVLWLRQ�IURP�VXEVRQLF�WR�
������VXSHUVRQLF�IORZ�
σdet ��VWDQGDUG�GHYLDWLRQ�RI�WKH�SRLQW�GLVWULEXWLRQ�RI�WKH�GHWHFWRU�
σsrc���VWDQGDUG�GHYLDWLRQ�RI�;�UD\�VRXUFH�LQWHQVLW\�GLVWULEXWLRQ�
σsys���VWDQGDUG�GHYLDWLRQ�RI�WKH�SRLQW�GLVWULEXWLRQ�RI�WKH�LPDJLQJ�V\VWHP�
σx���VWDQGDUG�GHYLDWLRQ�RI�*DXVVLDQ�GLVWULEXWLRQ�LQ�[�GLUHFWLRQ�
σy���VWDQGDUG�GHYLDWLRQ�RI�*DXVVLDQ�GLVWULEXWLRQ�LQ�\�GLUHFWLRQ�
σcompt���&RPSWRQ�VFDWWHULQJ�FURVV�VHFWLRQ�
WL���ODVHU�SXOVH�GXUDWLRQ�
WL0���ODVHU�SXOVH�)RXULHU WUDQVIRUP�OLPLWHG�GXUDWLRQ�
ĳLQW���LQWHJUDO�SKDVH�RI�WKH�LQWHUIHURJUDP�
ψc���JDV�FRPSUHVVLELOLW\�SDUDPHWHU��
휓pond���SRQGHURPRWLYH�SRWHQWLDO�
휔cβ���F\FOLF�FULWLFDO�IUHTXHQF\�RI�EHWDWURQ�UDGLDWLRQ�
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ωL ��F\FOLF�IUHTXHQF\�RI�HOHFWULF�ILHOG�RI�ODVHU�UDGLDWLRQ��
Zp ��F\FOLF�IUHTXHQF\�RI�WKH�SODVPD��
휔t ��WKH�VSHFLILF�UDWH�RI�GLVVLSDWLRQ�RI�WKH�WXUEXOHQFH�NLQHWLF�HQHUJ\�
Zs���ZDLVW�RI�*DXVVLDQ�ODVHU�EHDP�
Z0���ZDLVW�RI�*DXVVLDQ�ODVHU�EHDP�DW�WKH�IRFDO�SRLQW�
Ω���VROLG�DQJOH��

�
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�� Ʋ9$'$6�

'LGHOLR�LQWHQV\YXPR�OD]HULDL�VXWHLNLD�JDOLP\EĊ�NXUWL�NRPSDNWLãNXV�GDOHOLǐ�
JUHLWLQWXYXV� LU� DQWULQơV� VSLQGXOLXRWơV� ãDOWLQLXV�� $QWULQơV� 5HQWJHQR� LU� Ȗ�
VSLQGXOLXRWơV� ãDOWLQLDL� SODþLDL� WDLNRPL� PHGåLDJRW\URMH�� ELRFKHPLMRV� LU�
EUDQGXROLQơV� IRWRQLNRV� W\ULPXRVH�� 'LGHOơV� HQHUJLMRV� MRQL]XRMDQþLRML�
VSLQGXOLXRWơ� LãSOHþLD� IXQGDPHQWDOLDV� PDWHULMRV� SDåLQLPR� ULEDV� LU� OHLGåLD�
DQDOL]XRWL� VXEDWRPLQLXV� SURFHVXV� DWRVHNXQGåLǐ� WLNVOXPX�� 7UDGLFLQLDL� UDGLMR�
GDåQLR� GDOHOLǐ� JUHLWLQWXYDL� XåLPD� GLGåLXOHV� WHULWRULMDV�� R� Mǐ� ƳUHQJLPR� NDãWDL�
VLHNLD�NHOLV�ãLPWXV�PLOLMRQǐ�HXUǐ��'ơO�WR�Mǐ�SDQDXGRMLPDV�W\ULPǐ�ODERUDWRULMRVH�
LU� SUDPRQơMH� \UD� ULERWDV�� /D]HULQLDL� SOD]PRV� JUHLWLQWXYDL� �/3*� ±� /:)$��
/DVHU� :DNHILHOG� $FFHOHUDWRU�� OHLGåLD� SDVLHNWL� GDXJ� GLGHVQƳ� JUHLWLQDQþLR�
HOHNWULQLR�ODXNR�VWLSUXPą�LU�ãLPWXV�NDUWǐ�VXWUXPSLQD�JUHLWLQLPR�DWVWXPą��

âLDPH� GDUEH� WLULDPL� VWUXNWǌULQLDL� SOD]PRV� SURILOLDL�� WDLNRPL� JUHLWLQDPǐ�
HOHNWURQǐ�SOXRãWR�YDOG\PXL�LU�5HQWJHQR�VSLQGXOLXRWơV�åDGLQLPXL��6WUXNWǌULQLǐ�
SURILOLǐ�SOD]PRV�NRQFHQWUDFLMą�DSLEUơåLD�YLUãJDUVLQLǐ�GXMǐ�þLXUNãOLǐ�VNLUVWLQ\V�
LU� VXVLNHUWDQþLǐ� VPǌJLQLǐ� EDQJǐ� LQWHUIHUHQFLMD�� 'XMǐ� þLXUNãOHV� VXIRUPXRMD�
PLNURWǌWRV�� SDJDPLQWRV� Lã� PRQROLWLQLR� O\G\WR� NYDUFR� EORNR� �'� OD]HULQLR�
PLNURDSGLUELPR�EǌGX��5HQWJHQR�VSLQGXOLXRWĊ�åDGLQD�VNHUVLQH�NU\SWLPL�OD]HULR�
SOXRãWR�VXIRUPXRWDPH�MRQǐ�NDQDOH�VY\UXRMDQW\V�HOHNWURQDL��

âLV�GDUEDV�VXVNLUVW\WDV� Ƴ�VHSW\QLV�VN\ULXV��3LUPXRVLXV�WULV�VN\ULXV�VXGDUR�
ƳYDGDV�� JLQDPLHML� WHLJLQLDL�� DSUREDFLMD�� OLWHUDWǌURV� DSåYDOJD� LU� PHWRGDL��
��VN\ULXMH� DSUDãRPDV� VNDLWPHQLQLV� /3*� PRGHOLDYLPDV�� SDQDXGRMDQW�
VWUXNWǌULQLXV� SOD]PRV� NRQFHQWUDFLMRV� SURILOLXV�� �� VN\ULXMH� SDWHLNLDPL�
VNDLWPHQLQLR�YLUãJDUVLQLǐ�GXMǐ�þLXUNãOLǐ�GLQDPLNRV�PRGHOLDYLPR�UH]XOWDWDL����
VN\ULXMH� DSUDãRPL� WǌWǐ� OD]HULQLR� PLNURDSGLUELPR� EǌGDL� LU� GXMǐ� þLXUNãOLǐ�
SDUDPHWUǐ�PDWDYLPDV�LQWHUIHURPHWULQLDLV�PHWRGDLV����VN\ULXMH�DSWDULDPL�/3*�
LU� DQWULQơV� VSLQGXOLXRWơV� åDGLQLPR� HNVSHULPHQWLQLDL� UH]XOWDWDL�� 'DUER�
SDEDLJRMH�SDWHLNLDPD�SDJULQGLQLǐ�LãYDGǐ�VDQWUDXND���

���� 'LVHUWDFLMRV�WLNVODV�

'LVHUWDFLMRV� GDUER� WLNVODV� ±� LãWLUWL� DQWULQơV� 5HQWJHQR� VSLQGXOLXRWơV��
åDGLQDPRV�GLGHOLR�LQWHQV\YXPR�OD]HULR�ODXNDLV��VDY\EHV�LU�5HQWJHQR�YDL]Gǐ�
WDLN\Pą� PHGåLDJRW\URMH�� âLDP� WLNVOXL� SDVLHNWL� EXYR� VXIRUPXOXRWL� GX�
XåGDYLQLDL��

��� /3*�HOHNWURQǐ�NLHNLR� LQMHNFLMRV� LU� DQWULQơV�5HQWJHQR� VSLQGXOLXRWơV�
SULNODXVRP\EơV�QXR�VWUXNWǌULQLǐ�SOD]PRV�NRQFHQWUDFLMRV�SURILOLǐ�W\ULPDV��
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��� 1DXMǐ� DGDSW\YLǐ� SOD]PRV� NRQFHQWUDFLMRV� SURILOLǐ� IRUPDYLPR� LU�
PLNURWǌWǐ�VWUXNWǌUǐ�JDP\ERV�PHWRGǐ�W\ULPDV��

���� 'DUER�QDXMXPDV�LU�SUDNWLQơ�QDXGD�

������ 'DUER�QDXMXPDV�

��� (NVSHULPHQWLãNDL�SDGHPRQVWUXRWDV�QDXMDV�/3*�HOHNWURQǐ�LQMHNFLMRV�LU�
DQWULQơV�5HQWJHQR�VSLQGXOLXRWơV�YDOG\PR�PHWRGDV��SDQDXGRMDQW�LQMHNWRULDXV�
LU� VY\UDYLPR� VWUXNWǌUǐ� SOD]PRV� NRQFHQWUDFLMRV� SURILOLXV��$WOLNWDV� HOHNWURQǐ�
JUHLWLQLPR�LU�DQWULQơV�VSLQGXOLXRWơV�VNDLWPHQLQLV�PRGHOLDYLPDV��

��� 3DVLǌO\WDV� QDXMDV� VWUXNWǌULQLǐ� SOD]PRV� NRQFHQWUDFLMRV� SURILOLǐ�
IRUPDYLPR� EǌGDV� QDXGRMDQW� VXVLNHUWDQþLǐ� YLUãJDUVLQLǐ� GXMǐ� þLXUNãOLǐ�
VPǌJLQLǐ� EDQJǐ� LQWHUIHUHQFLMą�� 'XMǐ� þLXUNãOLǐ� NRQFHQWUDFLMRV� VNLUVWLQLDL�
DSVNDLþLXRWL�VNDLWPHQLQLR�PRGHOLDYLPR�EǌGX�LU�LãPDWXRWL�HNVSHULPHQWLãNDL��

��� 0LNURWǌWǐ� JDP\EDL� SDQDXGRWDV� QDXMDV� KLEULGLQLV� O\G\WR� NYDUFR�
OD]HULQLR�DSGLUELPR�PHWRGDV��SDVLå\PLQWLV�GLGHOH�DSGRURMLPR�VSDUWD�� WLNVOLX�
PLNURPHWULQLǐ�VWUXNWǌUǐ�LU�UHLNLDPRV�NRN\EơV�SDYLUãLǐ�IRUPDYLPX��

������ 3UDNWLQơ�GDUER�QDXGD�

��� 3DVLǌO\WDV� HOHNWURQǐ� LQMHNFLMRV� EǌGDV� SDGLGLQD� /3*� SDJUHLWLQWǐ�
HOHNWURQǐ�SOXRãWR�NUǌYLR�NLHNƳ�LU�VXPDåLQD�HQHUJLMRV�VNODLGą��,QMHNFLMRV�EǌGą�
JDOLPD�QDXGRWL�HOHNWURQǐ�SOXRãWR�SDUDPHWUǐ�YDOG\PXL� LU�DQWULQơV�EHWDWURQR��
VWDEG\PR� LU� LQYHUVLQơV� .RPSWRQR� VNODLGRV� ±� VSLQGXOLXRWơV� ãDOWLQLǐ�
RSWLPL]DFLMDL��

��� 3DQDXGRMDQW�VY\UDYLPR�VWUXNWǌURV�SOD]PRV�NRQFHQWUDFLMRV�SURILOLXV��
SDGLGơMD� HOHNWURQǐ� EHWDWURQR� VNHUVLQLǐ� VY\UDYLPǐ� DPSOLWXGơ� LU� DQWULQơV�
VSLQGXOLXRWơV� U\ãNLV�� $QWULQLXV� EHWDWURQR� 5HQWJHQR� VSLQGXOLXRWơV� ãDOWLQLXV�
JDOLPD� SDQDXGRWL� PLNURPHWULQLǐ� REMHNWǐ� YDL]GDYLPXL� ELRPHGLFLQRMH��
PHGåLDJRW\URMH�LU�IHPWRVHNXQGLQLǐ�SHUHLQDPǐMǐ�SURFHVǐ�W\ULPDPV��

��� 6WUXNWǌULQLXV� SOD]PRV� NRQFHQWUDFLMRV� SURILOLXV� JDOLPD� SDQDXGRWL�
HOHNWURQǐ� JUHLWLQLPXL� ƳYDLULDLV� WHUDYDWLQơV� LU� SHWDYDWLQơV� VPDLOLQơV� JDOLRV�
OD]HULDLV��3URILOLDL�VXWHLNLD�\SDþ�GDXJ�SULYDOXPǐ��JUHLWLQDQW�XOWUDWUXPSDLV�NHOLǐ�
FLNOǐ� WUXNPơV� LPSXOVǐ� N+]� GDåQLR� OD]HULDLV�� 0LNURPHWULQLXV� VXENULWLQơV�
SOD]PRV�NRQFHQWUDFLMRV�SOD]PRV�SURILOLXV�JDOLPD�SULWDLN\WL� MRQǐ�JUHLWLQLPXL�
OD]HULDLV��YHLNLDQþLDLV�GLGHOLR�SDVLNDUWRMLPR�GDåQLX��

� �



����
�

���� *LQDPLHML�WHLJLQLDL�

��� /3*� SDJUHLWLQWǐ� HOHNWURQǐ� SOXRãWR� NUǌYLR� NLHNƳ� JDOLPD� SDGLGLQWL� LU�
HQHUJLMRV�VNODLGą�JDOLPD�VXPDåLQWL�QDXGRMDQW�LQMHNWRULDXV�VWUXNWǌURV�SOD]PRV�
NRQFHQWUDFLMRV� SURILOLXV� EHL� GHULQDQW� QHLJLDPR� SOD]PRV� NRQFHQWUDFLMRV�
JUDGLHQWR�LU�MRQL]DFLMRV�LQMHNFLMą��

��� %HWDWURQR�5HQWJHQR�VSLQGXOLXRWơV� OD]HULR� LPSXOVR� IRWRQǐ�VNDLþLǐ� LU�
U\ãNƳ� JDOLPD� SDGLGLQWL� SDQDXGRMDQW� VY\UDYLPR� VWUXNWǌURV� SOD]PRV�
NRQFHQWUDFLMRV� SURILOLXV�� SDGLGLQDQþLXV� VNHUVLQĊ� HOHNWURQǐ� VY\UDYLPR�
DPSOLWXGĊ��

��� ,QMHNWRULDXV�LU�VY\UDYLPR�VWUXNWǌUǐ�SOD]PRV�NRQFHQWUDFLMRV�SURILOLXV�
JDOLPD�VXIRUPXRWL�QDXGRMDQW�VXVLNHUWDQþLǐ�VLDXUơMDQþLǐ�SODWơMDQþLǐ�LU�ILNVXRWR�
VNHUVPHQV�PLNURWǌWǐ�YLUãJDUVLQHV�þLXUNãOHV��

��� $WVSDULDV� RSWLQLDPV� SDåHLGLPDPV� PLNURPHWULQLǐ� PDWPHQǐ� WǌWDV� Lã�
VNDLGULǐ�PHGåLDJǐ�� SY]��� O\G\WR� NYDUFR�� JDOLPD� SDJDPLQWL� GHULQDQW� GLGHOơV�
VSDUWRV� QDQRVHNXQGLQƳ� OD]HULQƳ� DSGLUELPą� Lã� DSDþLRV� EHL� DXNãWR� WLNVOXPR�
IHPWRVHNXQGLQLR�OD]HULR�LQLFLMDYLPR�LU�VHOHNW\YDXV�ơVGLQLPR��)/6(��PHWRGą��

���� $SUREDFLMD�

âLRMH� GLVHUWDFLMRMH� SDWHLNWL� UH]XOWDWDL� EXYR� SXEOLNXRWL� �� UHFHQ]XRWXRVH�
PRNVOLQLXRVH� VWUDLSVQLXRVH� LU� NDUWX� VX� EHQGUDDXWRULDLV� SULVWDW\WL� ��
WDUSWDXWLQơVH�PRNVOLQơVH�NRQIHUHQFLMRVH��3DWHLNWRV���QDFLRQDOLQơV�SDWHQWLQơV�
SDUDLãNRV��

������� 3XEOLNDFLMǐ�VąUDãDV�

3XEOLNDFLMRV� GLVHUWDFLMRV� WHPD� åXUQDOXRVH�� UHIHUXRMDPXRVH� &$� :R6�
GXRPHQǐ�ED]ơMH��

�
$��� /�� 5RYLJH�� ,�� $QGUL\DVK�� -�� +XLMWV�� $�� 9HUQLHU�� 9�� 7RPNXV��

9��*LUGDXVNDV��*��5DFLXNDLWLV��-��'XGXWLV��9��6WDQNHYLF��3��*HF\V��0��2XLOO��
=��&KHQJ��5��/RSH]�0DUWHQV��DQG�-��)DXUH��Demonstration of stable long-
term operation of a kilohertz laser-plasma�accelerator��3K\V��5HY��$FFHO��
%HDPV��� ���� ����������� ��������
KWWSV���GRL�RUJ���������3K\V5HY$FFHO%HDPV�����������

$��� 9�� 7RPNXV�� 9�� *LUGDXVNDV�� -�� 'XGXWLV�� 9�� 6WDQNHYLF�� 3�� *HF\V��
*��5DFLXNDLWLV��,��*DOODUGR�*RQ]iOH]��'��*XpQRW��-��%��6YHQVVRQ��$��3HUVVRQ��
2��/XQGK��Radiation from laser wakefield accelerated electron beams and 
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betatron radiation using multijet gas targets��6FL��5HS���������������������
KWWSV���GRL�RUJ���������V������������������

$��� 9�� 7RPNXV�� 9�� *LUGDXVNDV�� -�� 'XGXWLV�� 3�� *Hþ\V�� 9�� 6WDQNHYLþ��
*��5DþLXNDLWLV��Impact of the wall roughness on the quality of micrometric 
nozzles manufactured from fused silica by hybrid different laser 
processing techniques�� $SSO�� 6XUI�� 6F��� ����� ��������� ��������
KWWSV���GRL�RUJ���������M�DSVXVF�������������

$��� 9�� 7RPNXV�� 9�� *LUGDXVNDV�� -�� 'XGXWLV�� 3�� *Hþ\V�� 9�� 6WDQNHYLþ��
*��5DþLXNDLWLV�� High-density gas capillary nozzles manufactured by 
hybrid 3D laser machining technique from fused silica��2SW��([SUHVV������
���������������KWWSV���GRL�RUJ���������2(�����������

�
.LWRV�SXEOLNDFLMRV�GLVHUWDFLMRV�WHPD�SHULRGLQLXRVH�OHLGLQLXRVH���
�
$��� 9�� 7RPNXV�� /�� 5LPJDLOD�� 9�� 6WDQNHYLþ� *�� 5DþLXNDLWLV�� Three-

dimensional Supersonic Sapphire Micronozzles for Laser-Plasma 
Wakefield Accelerators�� &KDSWHU� LQ�� .DZDFKL� 7��� %XODQRY� 6��� 'DLGR� +���
.DWR�<�� �HGV�� ;�5D\� /DVHUV� ������ ,&;5/� ������ 6SULQJHU� 3URFHHGLQJV� LQ�
3K\VLFV�� ����� ���±����� �������� KWWSV���GRL�RUJ�������������������������
�B����

$��� 9�� 7RPNXV�� /�� 5LPJDLOD�� 9�� 6WDQNHYLþ�� *�� 5DþLXNDLWLV��
Characterisation of Tuneable Gas Target Profiles for Laser Wakefield 
Acceleration�� +LJK�EULJKWQHVV� 6RXUFHV� DQG� /LJKW�GULYHQ� ,QWHUDFWLRQV�
&RQJUHVV������+LJK�%ULJKWQHVV�6RXUFHV�DQG�/LJKW�GULYHQ�,QWHUDFWLRQV��26$�
7HFKQLFDO� 'LJHVW�� (0�%���� ��������
KWWSV���GRL�RUJ���������(89;5$<������(0�%���

$��� 9�� 7RPNXV�� /�� 5LPJDLOD�� 9�� 6WDQNHYLþ�� *�� 5DþLXNDLWLV��Real-time 
characterization of profiles of laser wakefield and electrons accelerated 
by few-cycle 1 kHz OCPA system�������&RQIHUHQFH�RQ�/DVHUV�DQG�(OHFWUR�
2SWLFV�(XURSH�	�(XURSHDQ�4XDQWXP�(OHFWURQLFV�&RQIHUHQFH��&/(2�(XURSH�
(4(&��� &*B3B��� �������� KWWSV���GRL�RUJ���������&/(2(�
(4(&��������������

�
3XEOLNDFLMRV�QH�GLVHUWDFLMRV�WHPD��
�
$��� 9�� 7RPNXV�� /�� 5LPJDLOD�� 9�� 6WDQNHYLþ�� *�� 5DþLXNDLWLV�� Plasma 

Guiding and Scattering Microstructures for Laser Driven Thomson 
Sources�� )LUVW� ,QWHUQDWLRQDO�&RQIHUHQFH�RQ�1XFOHDU�3KRWRQLFV�� 3URF�� 63,(��
�����������������������������KWWSV���GRL�RUJ��������������������
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������� 3DWHQWDL�

3���9��7RPNXV��9��*LUGDXVNDV��-��'XGXWLV��9��6WDQNHYLþ��*��5DþLXNDLWLV��
Koherentinės spinduliuotės generavimo būdas ir įrenginys�� �����������
SDWHQWDV�1U�������������������SDWHQWR�SDUDLãND�1U��/7���������

3���9��7RPNXV��9��*LUGDXVNDV��-��'XGXWLV��9��6WDQNHYLþ��*��5DþLXNDLWLV��
Lazerinis jonizuojančios spinduliuotės didelės momentinės dozės 
generavimo įrenginys�������������SDWHQWR�SDUDLãND�1U��/7���������

������� 3UDQHãLPǐ�NRQIHUHQFLMRVH�VąUDãDV�

3XEOLNDFLMRV�GLVHUWDFLMRV�WHPD��
&O��9��7RPNXV��9��*LUGDXVNDV��-��'XGXWLV��9��6WDQNHYLF��*��5DFLXNDLWLV��

,��*DOODUGR� *RQ]iOH]�� '�� *XpQRW�� -�� %�� 6YHQVVRQ�� $�� 3HUVVRQ�� 2�� /XQGK��
Enhanced betatron radiation from multistage gas targets�� (/,� 8VHU�
:RUNVKRS� RQ� /DVHU�'ULYHQ� ;�UD\� 6RXUFHV� DQG� $SSOLFDWLRQV�� 3UDJXH�� ���
�����������

&���9��7RPNXV��9��*LUGDXVNDV��-��'XGXWLV��9��6WDQNHYLF��*��5DFLXNDLWLV��
,��*DOODUGR� *RQ]iOH]�� '�� *XpQRW�� -�� %�� 6YHQVVRQ�� $�� 3HUVVRQ�� 2�� /XQGK��
Multistage gas targets from fused silica���WK�7DUJHWU\�IRU�+LJK�5HSHWLWLRQ�
5DWH�/DVHU�'ULYHQ�6RXUFHV�:RUNVKRS��0LODQ��,WDO\����������������

&���9��7RPNXV��9��*LUGDXVNDV��-��'XGXWLV��9��6WDQNHYLF��*��5DFLXNDLWLV��
,��*DOODUGR�*RQ]iOH]��'��*XpQRW��-��%��6YHQVVRQ��$��3HUVVRQ��2��/XQGK��The 
control of laser wakefield accelerated electron beams and betatron X-ray 
radiation using arrays of multiple gas jets�� /DVHU�3ODVPD� $FFHOHUDWRU�
:RUNVKRS���/3$:�������6SOLW��&URDWLD����������������

&��� 9�� 7RPNXV�� 9�� *LUGDXVNDV�� -�� 'XGXWLV�� 9�� 6WDQNHYLF�� 3�� *HF\V��
*��5DFLXNDLWLV�� Impact of the Wall Roughness on the Quality of 
Micrometric Nozzles Manufactured from Fused Silica by Hybrid Laser 
Processing�� 7KH� ,QWHUQDWLRQDO� &RQIHUHQFH� RQ� 3KRWR�([FLWHG� 3URFHVVHV� DQG�
$SSOLFDWLRQV�,&3(3$�����³��9LOQLXV��/LWKXDQLD����������������

&���9��7RPNXV��9��*LUGDXVNDV��-��'XGXWLV��9��6WDQNHYLF��*��5DFLXNDLWLV��
High Density Gas Capillaries for Betatron X-ray Sources of Laser 
Accelerated Electrons��1XFOHDU�3KRWRQLFV�13�����³��%UDãRY��5RPDQLD�����
������������

&���9��7RPNXV��9��*LUGDXVNDV��-��'XGXWLV��9��6WDQNHYLF��*��5DFLXNDLWLV��
Characterisation of Tuneable Gas Target Profiles for Laser Wakefield 
Acceleration��+LJK��EULJKWQHVV�&RQJUHVV�+%�����³��6WUDVERXUJ��)UDQFH�����
������������
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&��� 9�� 7RPNXV�� /�� 5LPJDLOD�� 9�� 6WDQNHYLþ�� *�� 5DþLXNDLWLV��Real-time 
Characterization of Profiles of Laser Wakefield and Electrons 
Accelerated by Few-Cycle 1 kHz OCPA system�� &/(2�(XURSH�(4(&��
0XQLFK��*HUPDQ\�����������������

&��� 9�� 7RPNXV�� /�� 5LPJDLOD�� 9�� 6WDQNHYLþ�� *�� 5DþLXNDLWLV�� Three-
dimensional Supersonic Sapphire Micronozzles for Laser-Plasma 
Wakefield Accelerators�� ��WK� ,QWHUQDWLRQDO� &RQIHUHQFH� RQ� ;�5D\� /DVHUV�
�,&;5/�������.DQVDL��-DSDQ����������������

�
3XEOLNDFLMRV�QH�GLVHUWDFLMRV�WHPD��
�
&��� 9�� 7RPNXV�� /�� 5LPJDLOD�� 9�� 6WDQNHYLþ�� *�� 5DþLXNDLWLV�� Plasma 

Guiding and Scattering Microstructures for Laser Driven Thomson 
Sources� 1XFOHDU� 3KRWRQLFV� ����� &RQIHUHQFH�� 0RQWHUH\�� 86$�� ���
�����������

���� $XWRULDXV�LU�EHQGUDDXWRULǐ�LQGơOLV�

������ $XWRULDXV�LQGơOLV�

'LVHUWDFLMRV�DXWRULXV�DWOLNR�ãLXRV�WHRULQLXV�LU�HNVSHULPHQWLQLXV�GDUEXV��
�
x 7\ULPR� PHWRGǐ� NǌULPDV�� HNVSHULPHQWR� SODQDYLPDV�� WHFKQLQLV� LU�

RUJDQL]DFLQLV�YDGRYDYLPDV�W\ULPǐ�YHLNORPV��
x 6WUXNWǌULQLǐ� SOD]PRV� NRQFHQWUDFLMǐ� SURILOLǐ� SDULQNLPDV�� /3*�

HOHNWURQǐ� JUHLWLQLPR� LU� DQWULQơV� 5HQWJHQR� VSLQGXOLXRWơV� VNDLWPHQLQLV�
PRGHOLDYLPDV��

x 0LNURWǌWǐ�SDUDPHWUǐ�QXVWDW\PDV�LU�YLUãJDUVLQLǐ�þLXUNãOLǐ�GLQDPLNRV�
VNDLWPHQLQLV�PRGHOLDYLPDV��

x /\G\WR� NYDUFR� PLNURWǌWǐ� SURMHNWDYLPDV� LU� GDO\YDYLPDV� PLNURWǌWǐ�
þLXUNãOLǐ�NRQFHQWUDFLMRV�SURILOLǐ�PDWDYLPXRVH�LQWHUIHURPHWULQLDLV�PHWRGDLV��

x 'DO\YDYLPDV� /3*� HOHNWURQǐ� JUHLWLQLPR� HNVSHULPHQWXRVH��
SDQDXGRMDQW�PLNURWǌWǐ�VWUXNWǌUDV�LU�PDWXRMDQW�DQWULQĊ�5HQWJHQR�VSLQGXOLXRWĊ��

x $QWULQơV� 5HQWJHQR� VSLQGXOLXRWơV� WDLN\PDV� ELRORJLQLǐ� REMHNWǐ� LU�
SROLPHULQLǐ�SOơYHOLǐ�YDL]GDPV�EHL�YDL]Gǐ�SDUDPHWUǐ�QXVWDW\PDV��

x 5H]XOWDWǐ�DQDOL]ơ��LQWHUSUHWDFLMD�LU�YL]XDOL]DFLMD��PRNVOLQLǐ�VWUDLSVQLǐ�
UHQJLPDV�LU�SULVWDW\PDV�NRQIHUHQFLMRVH��

�
�
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������ %HQGUDDXWRULǐ�LQGơOLV�

x -XR]DV�'XGXWLV�� GU��9DOGHPDU�6WDQNHYLþ� LU� GU��3DXOLXV�*Hþ\V� DWOLNR�
O\G\WR�NYDUFR�PLNURWǌWǐ�VWUXNWǌUǐ��'�OD]HULQơV�JDP\ERV�GDUEXV��

x GU�� 9DOGDV� *LUGDXVNDV� NRQVXOWDYR� GơO� YLUãJDUVLQLǐ� GXMǐ� þLXUNãOLǐ�
VNDLWPHQLQLR�PRGHOLDYLPR�LU�VXNǌUơ�LQWHUIHURPHWULQLǐ�WǌWǐ�PDWDYLPR�PHWRGą��

x GU��,VDEHO� *DOODUGR� *RQ]iOH]�� GU��'LHJR� *XpQRW�� -RQDV� %M|UNOXQG�
6YHQVVRQ�� $QGHUV� 3HUVVRQ�� GU��2OOH� /XQGK� GDO\YDYR� /3*� HOHNWURQǐ�
JUHLWLQLPR� LU� DQWULQơV� 5HQWJHQR� VSLQGXOLXRWơV� PDWDYLPR� HNVSHULPHQWXRVH�
/XQGR�OD]HULǐ�FHQWUH���

x /XFDV� 5RYLJH�� GU�� ,JRU� $QGUL\DVK� VXNǌUơ� YLHQRV� SXVơV� VPǌJLQLǐ�
EDQJǐ� PLNURWǌWDV� LU� NDUWX� VX� GU�� -XOLXPL� +XLMWV�� GU�� $OLQH� 9HUQLHU�� 0DULH�
2XLOOp��=KDR�&KHQJ��5RGULJR�/RSH]�0DUWHQV��SURI��GU��-pU{PH�)DXUH�GDO\YDYR�
/3*� HOHNWURQǐ� JUHLWLQLPR� HNVSHULPHQWXRVH� /2$�� 3DOH]R� Ä(FROH�
3RO\WHFKQLTXH�(167$³��

x GU�� .ĊVWXWLV� 5HJHOVNLV� LU� GU�� *HGLPLQDV� 5DþLXNDLWLV� GDO\YDYR�
GLVNXVLMRVH�LU�NRQVXOWDYR�UHQJLDQW�GLVHUWDFLMRV�UDQNUDãWƳ��

���� 'LVHUWDFLMRV�VDQGDUD�

'DNWDUR�GLVHUWDFLMD��NXULRV�DSLPWLV�����SXVODSLDL�LU�NXULRMH�\UD���OHQWHOơV��
��� SDYHLNVODV� LU� ���� OLWHUDWǌURV� ãDOWLQLDL�� SDUDã\WD� DQJOǐ� NDOED�� 'LVHUWDFLMą�
VXGDUR� �� VN\ULDL�� SDGơND�� VXWUXPSLQLPǐ� LU� QDXGRWRV� OLWHUDWǌURV� VąUDãDL��
.LHNYLHQR� VN\ULDXV�� SUDGHGDQW�QXR�NHWYLUWR�� SDEDLJRMH� SDWHLNWL� DSLEHQGULQWL�
UH]XOWDWDL�LU�LãYDGRV��3DJULQGLQơV�LãYDGRV�SDWHLNLDPRV�GLVHUWDFLMRV�SDEDLJRMH���

� �
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�� /,7(5$7ǋ526�$3ä9$/*$�

'LVHUWDFLQLR�GDUER�OLWHUDWǌURV�DSåYDOJRMH�DSUDãRPL�NUǌYLQLQNǐ�JUHLWLQLPR�
GLGHOLR� LQWHQV\YXPR� OD]HULR� LPSXOVǐ�SOD]PRV�JUHLWLQWXYDLV� �/3*�±�/:)$��
/DVHU�:DNHILHOG�$FFHOHUDWRU��LU�DQWULQơV�VSLQGXOLXRWơV�åDGLQLPR�SULQFLSDL�EHL�
YDOG\PR� EǌGDL�� $SåYDOJRV� SDEDLJRMH� SDWHLNLDPD� /3*� 5HQWJHQR� ãDOWLQLǐ�
SDUDPHWUǐ� VXYHVWLQơ� LU� WUXPSDL� DSLEǌGLQDPRV� SOD]PRV� SURILOLǐ� IRUPDYLPXL�
QDXGRMDPǐ�YLUãJDUVLQLǐ�GXMǐ�WǌWǐ�JDP\ERV�WHFKQRORJLMRV��

����� :�FP�� OD]HULR� LQWHQV\YXPR� HOHNWURPDJQHWLQLV� ODXNDV� HOHNWURQXV�
SDJUHLWLQD� LNL� UHOLDW\YLVWLQLǐ� HQHUJLMǐ�� 3HWDYDWLQLDL� OD]HULDL�� NXULǐ� VPDLOLQLV�
LQWHQV\YXPDV�VLHNLD�����±�����:�FP���OHLGåLD�SDJUHLWLQWL�QH�WLN�HOHNWURQXV��EHW�
LU� SURWRQXV� EHL� VXQNHVQLXV� MRQXV� >�@�� âLXRODLNLQLǐ� VLQFKURWURQǐ� 5HQWJHQR�
VSLQGXOLǐ� YLGXWLQLV� U\ãNLV� \UD� a� ������ R� VPDLOLQLV� ODLVYǐMǐ� HOHNWURQǐ� OD]HULǐ�
�/(/� ±� )(/�� )UHH� (OHFWURQ� /DVHU�� U\ãNLV� \UD� DSLH�
�����IRWRQǐ�V�PP��PUDG��������-3��������-3�UHLãNLD�±�����MXRVWRV�SORþLR�QXR�
DWLWLQNDPR�NYDQWR�HQHUJLMRV���7DL�GDXJHOLX�HLOLǐ�YLUãLMD�5HQWJHQR�OHPSǐ�U\ãNƳ��
NXULV� \UD� PDåGDXJ� ����� ��±��� NH9� VLQFKURWURQǐ� LU� /(/� 5HQWJHQR�
VSLQGXOLXRWơV� ãDOWLQLDPV� UHLNLD� �±��� *H9� HQHUJLMRV� HOHNWURQǐ� SOXRãWǐ�� R�
NLHNYLHQDP�*H9�UHLNLD�DS\WLNVOLDL�����P�UDGLMR�GDåQLR��5'��JUHLWLQWXYR�LOJLR�
>��@��'LGHOLǐ�PDWPHQǐ�5'�JUHLWLQWXYǐ�NDãWDL�VLHNLD�ãLPWXV�PLOLMRQǐ�HXUǐ��

/3*� VXNXULDPDV� ���� *9�P� ±� �� 79�P� HOHNWULQLV� ODXNDV� GDXJLDX� NDLS�
��HLOơPLV� YLUãLMD� GLGåLDXVLą� 5'� JUHLWLQWXYXRVH� QDXGRMDPą� ���±����09�P�
ODXNą�� /3*� SDJUHLWLQD� HOHNWURQǐ� SOXRãWXV� LNL� ãLPWǐ� 0H9� ±� NHOLǐ� *H9�
HQHUJLMRV�� (OHNWURQǐ� SOXRãWDL� QDXGRMDPL� EHWDWURQR�� DWYLUNãWLQơV� .RPSWRQR�
VNODLGRV� �$.6� ±� ,&6�� ,QYHUVHG� &RPSWRQ� 6FDWWHULQJ�� LU� VWDEG\PR�
�%UHPVVWUDKOXQJ�� DQWULQơV� VSLQGXOLXRWơV� ãDOWLQLXRVH�� /3*� OHLGåLD� å\PLDL�
VXWUXPSLQWL� JUHLWLQLPR� DWVWXPą�� VXPDåLQWL� ƳUHQJLPR� LãODLGDV� LU� VXWHLNLD�
XQLYHUVLWHWDPV�� PRNVOLQLǐ� W\ULPǐ� LQVWLWXFLMRPV� EHL� SUDPRQơV� ƳPRQơPV�
JDOLP\EĊ�QDXGRWLV�ãLXRODLNLQLDLV�MRQL]XRMDQþLRVLRV�VSLQGXOLXRWơV�ãDOWLQLDLV�>�@��

/3*� HOHNWURQDL� JUHLWLQDPL� LãLOJLQLDPH� SOD]PRV� HOHNWULQLDPH� ODXNH��
VXVLGDUDQþLDPH�GơO�OD]HULR�*DXVR�SOXRãWR�QHWLHVLQơV�SDQGHURPRWRULQơV�MơJRV��
1HKRPRJHQLQLR� VLOSQHVQLR� HOHNWULQLR� ODXNR� MơJD� QHDWVYHULD� MơJRV� VWLSUHVQLR�
ODXNR� VULW\MH� LU� OD]HULR� ODXNH� VY\UXRMDQW\V� NUǌYLQLQNDL� SHU� VY\UDYLPR� FLNOą�
MXGD�PDåHVQơV� MơJRV� OLQN�� 3RQGHURPRWRULQơ� MơJD� DWVNLULD� NUǌYLXV� LãLOJLQH� ]�
NU\SWLPL� LU� VXNXULD�SOD]PRV�EDQJą��JUHLWLQDQþLą� HOHNWURQXV��/3*�HOHNWURQDL�
HIHNW\YLDXVLDL�JUHLWLQDPL�QXVNXUGLQWR�HOHNWURQDLV�SOD]PRV�EXUEXOR�UHåLPX��NDL�
VNHUVLQơ�OD]HULR�HOHNWULQLR�ODXNR�SRQGHURPRWRULQơ�MơJD�NRPSHQVXRMD�DWVNLUWǐ�
NUǌYLQLQNǐ�MRQLQLR�NDQDOR�WUDXNRV�MơJą��3OD]PRV�EXUEXOR�VSLQGXO\V�DS\WLNVOLDL�
O\JXV� NHWYLUþLXL� SOD]PRV� EDQJRV� LOJLR�� R� ãLR� UHåLPR� OD]HULR� ODXNR� VWLSULR�
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SDUDPHWUDV�D��!����D��DSUDãRPDV�NDLS�QRUPXRWDV�OD]HULR�YHNWRULQLR�ODXNR� LE �

SRWHQFLDODV��a0 = e LE /mec2��NXU�H�±�HOHNWURQR�NUǌYLV��PH�±�HOHNWURQR�PDVơ��R�
F� ±� ãYLHVRV� JUHLWLV� YDNXXPH�� (OHNWURQǐ� /3*� SDUDPHWUǐ� VXYHVWLQơ� SDWHLNWD�
��OHQWHOơMH��

�
1 lentelė.�/D]HULR�SOD]PRV�EXUEXOR�JUHLWLQWXYǐ�SDUDPHWUDL��NDL� OD]HULR�EDQJRV� LOJLV�
λL ����ȝP�>��@��

3/� D�� WL��-� ĲL��IV� ω0��
ȝP�

ZR��
PP�

np��
FP���

Ld��
PP�

We��
0H9�

����
3:�

���� ��� ��� ��� ���� ����� ��� �����

���7:� ���� �� ��� ��� ���� ����� ���� ����
��7:� �� ������ �� ���� ������ ����� ������ ���
�
PL�\UD�OD]HULR�LPSXOVR�VPDLOLQơ�JDOLD��a0 ±�OD]HULR�ODXNR�VWLSULR�SDUDPHWUDV��

τL ±� OD]HULR� LPSXOVR� WUXNPơ��ω0� ±� OD]HULR�*DXVR� SOXRãWR� VąVPDXNRV� SORWLV��
ZR�±�*DXVR�SOXRãWR�5D\OHLJK�LOJLV��np ±�SOD]PRV�NRQFHQWUDFLMD��Ld�±�JUHLWLQLPR�
LãVLID]DYLPR�DWVWXPDV��/D]HULR�LPSXOVR�HQHUJLMD�WL��UHLNDOLQJD�HOHNWURQDPV�
SDJUHLWLQWL�� SURSRUFLQJD� WL ~ τL

3 ~ 𝜆p
3�� R� SDJUHLWLQWǐ� HOHNWURQǐ� HQHUJLMD�

SURSRUFLQJD�We ~ τL
2 ~ 𝜆p

2��*UHLWLQDPǐ� HOHNWURQǐ�SOXRãWR� HQHUJLMą� LU� VNơVWƳ�
JDOLPD� NHLVWL� NHLþLDQW� LQMHNWXRMDPR� Ƴ� SOD]PRV� EDQJą� NUǌYƳ�� 'LVHUWDFLQLDPH�
GDUEH� QDJULQơMDPRV� EHWDWURQR� VSLQGXOLXRWơV� SDUDPHWUDL� SULNODXVR� QXR�
HOHNWURQǐ�HQHUJLMRV��VY\UDYLPR�DPSOLWXGơV�LU�SOD]PRV�NRQFHQWUDFLMRV��

� �
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�� 7<5,02�0(72'$,�

(NVSHULPHQWLQLDL� GLVHUWDFLMRV� GDUEDL� EXYR� DWOLNWL� /XQGR� OD]HULǐ� FHQWUH�
�//&�� LU� &156� �� Ä(FROH� 3RO\WHFKQLTXH³� �(3�� LU� Ä(167$�3DULVWHFK³� ��
Ä/DERUDWRLUH�G¶2SWLTXH�$SSOLTXp³��/2$���3ULHLJą�SULH�OD]HULǐ�ƳUHQJLQLǐ�UơPơ�
(XURSRV�6ąMXQJRV�PRNVOLQLǐ�W\ULPǐ�LU�LQRYDFLMǐ�SURJUDPD�Ä+RUL]RQWDV�����³�
SDJDO�$5,(6�GRWDFLMRV�VXVLWDULPą�1U���������LU�Ä/DVHUODE�(XURSH³��+�����
SURMHNWDV�1U��(&�*$����������

3DJULQGLQLDL� DQWULQơV� 5HQWJHQR� VSLQGXOLXRWơV� W\ULPDL� EXYR� DWOLNWL� VX�
���7:����IV� OD]HULX�/XQGR�OD]HULǐ�FHQWUH��//&�HNVSHULPHQWR�PHWX�����P-�
HQHUJLMRV� OD]HULR� LPSXOVDV�EXYR� IRNXVXRMDPDV� Ƴ� ��ȝP�G\GåLR�):+0��)XOO�
:LGWK� +DOI�0D[LPXP� ±� YLVDV� SORWLV� WLHV� SXVH�PDNVLPXPR�� SOXRãWą�� NXULV�
DWLWLQND� ����î������:�FP�� VPDLOLQƳ� LQWHQV\YXPą� LU� OD]HULR� ODXNR� VWLSULR�
SDUDPHWUą�a0  ������3R�WR�GLVHUWDFLMRMH�SDVLǌO\WD�SOD]PRV�VWUXNWǌULQLǐ�SURILOLǐ�
IRUPDYLPR�LU�WǌWǐ�DSGLUELPR�WHFKQRORJLMD�EXYR�SULWDLN\WD�/2$�VXSURMHNWXRWǐ�
YLHQRV�SXVơV�VPǌJLQLǐ�EDQJǐ��266��WǌWǐ�JDP\EDL��âLǐ�WǌWǐ�VXNXUWL�SOD]PRV�
NRQFHQWUDFLMRV�SURILOLDL�EXYR�QDXGRMDPL�/3*�HOHNWURQǐ�JUHLWLQLPXL�VX�����7:�
�� IV� ��N+]� OD]HULX��/2$�HNVSHULPHQWR�PHWX� ����P-� OD]HULR� LPSXOVDV�EXYR�
IRNXVXRMDPDV� Ƴ� ����ȝP�î����� ȝP� G\GåLR� ):+0� SOXRãWą�� NXULV� DWLWLQND�
����î������:�FP��VPDLOLQƳ�LQWHQV\YXPą�LU�ODXNR�VWLSULR�SDUDPHWUą�a0�≃������

//&� HNVSHULPHQWH� SOD]PRV� SURILOLǐ� IRUPDYLPXL� EXYR� QDXGRWRV�
YLUãJDUVLQLǐ� WǌWǐ� VWUXNWǌURV�� QXURG\WRV� �� OHQWHOơMH�� -RV� VXVLGHGD� Lã� GYLHMǐ�
VHNFLMǐ��3LUPRML�VHNFLMD��NXULą�VXGDUR�����PP�SO\ãLQơ�DUED������PP�/DYDOLR�
WǌWD��EXYR�QDXGRMDPD�HOHNWURQǐ�JUHLWLQLPXL��$QWURML�VHNFLMD�VXVLGHGD�Lã�YLHQRV�
DU�NHWXULǐ�PDåHVQLǐ�PDWPHQǐ����±����ȝP�WǌWǐ�VWUXNWǌURV��HVDQþLRV�����ȝP�
DWVWXPX�QXR�SLUPRVLRV� VHNFLMRV��6XWUXPSLQLPDL� �/[:�� LU� �/�[:���QXURGR�
DWLWLQNDPDL�SLUPRVLRV�LU�DQWURVLRV�VHNFLMRV�åLRþLǐ�LOJƳ� LU�SORWƳ��R��/�[:���LU�
�/[:��LU��/�[:���QXURGR�SLUPRVLRV�LU�DQWURVLRV�VHNFLMRV�WǌWRV�NDNOLXNR�LOJƳ�
LU�SORWƳ��3ULNODXVRPDL�QXR�WǌWǐ�RULHQWDFLMRV�OD]HULR�SOXRãWR�VNOLGLPR�DWåYLOJLX��
ãLRV� WǌWRV� VXGDUơ� HOHNWURQǐ� LQMHNWRULDXV� DUED� VY\UDYLPR� VWUXNWǌUą� ���SDY����
$WVLåYHOJLDQW� Ƴ� PHGåLDJRV� DWVSDUXPą� RSWLQLDPV� SDåHLGLPDPV�� JDP\ERV�
WLNVOXPą� EHL� ODQNVWXPą�� GLVHUWDFLMRV� GDUEH� PLNURWǌWǐ� JDP\EDL� EXYR�
SDVLULQNWDV�O\G\WDV�NYDUFDV��WXULQWLV�UHLNãPLQJǐ�SULYDOXPǐ�SODVWLNǐ�LU�PHWDOǐ�
DWåYLOJLX�>���@���
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1 pav.��Arr2�(a)�LU�Arr4�(d)�WǌWǐ�VWUXNWǌUǐ��QDXGRWǐ�//&�HNVSHULPHQWXRVH��VFKHPD�LU�
SHUSMDXWRV�SXVLDX�Arr2�VWUXNWǌURV�(c, d)�6(0�YDL]GDV�>���@��

�
//&� HNVSHULPHQWR�PHWX� /3*� SDJUHLWLQWǐ� HOHNWURQǐ� HQHUJLMD� LU� HUGYLQLV�

VNLUVWLQ\V��SDQDXGRMDQW�VWUXNWǌULQLXV�SOD]PRV�NRQFHQWUDFLMRV�SURILOLXV��EXYR�
PRGHOLXRMDPL� VNDLWPHQLQLX� EǌGX� QDXGRMDQW� )%3,&� 3,&� �3DUWLFOH�LQ�&HOO��
DOJRULWPą�>���@�� 5HPLDQWLV� PRGHOLDYLPR� UH]XOWDWDLV� LU� QDXGRMDQW� DQDOLWLQHV�
LãUDLãNDV� >���@�� EXYR� DSVNDLþLXRWL� OD]HULR� LPSXOVR� åDGLQDPRV� EHWDWURQR�
5HQWJHQR� VSLQGXOLXRWơV� IRWRQǐ� VNDLþLXV� EHL� VSLQGXOLXRWơV� U\ãNLV��'XMǐ� WǌWǐ�
þLXUNãOLǐ� NRQFHQWUDFLMD�� JUHLWLV�� VOơJLV� LU� WHPSHUDWǌUD� EXYR� PRGHOLXRMDPL�
VNDLWPHQLQLX�EǌGX��QDXGRMDQW�2SHQ)2$0�SURJUDPLQĊ�ƳUDQJą�>���@��

�
�
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�
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2 lentelė.�7ǌWǐ�VWUXNWǌUǐ��QDXGRWǐ�//&�HNVSHULPHQWXRVH��PDWPHQ\V�>���@��

1U��

3LUPRML�VHNFLMD� $QWURML�VHNFLMD�

6WUXNWǌUD�

äLRþLǐ�
PDWPHQ\V��
PP��
�/[:��

.DNOLXNR�
PDWPHQ\V��
PP��
�/�[:���

6WUXNWǌUD�

äLRþLǐ�
PDWPHQ\V��
PP��
�/�[:���

.DNOLXNR�
PDWPHQ\V
��PP��
�/�[:���

���
3O\ãLQơ�
/DYDOLR�WǌWD�
6��

����[����� ����[������ ±� ±� ±�

���
3O\ãLQơ�
/DYDOLR�WǌWD�
$UU��

����[����� ����[������
3O\ãLQơ���WǌWǐ�
VWUXN�WǌUD�

����[����� ����[�����

���
&LOLQGULQơ�
/DYDOLR�WǌWD�
$UU��

������� ������
3O\ãLQơ���WǌWǐ�
VWUXN�WǌUD�

����[����� ����[�����

���
3O\ãLQơ�
/DYDOLR�WǌWD�
$UU��

����[����� ����[������
3O\ãLQơ�
/DYDOLR�WǌWD�

����[������ ����[������

�
'LGHOơV� SOD]PRV� NRQFHQWUDFLMRV� SURILOLǐ� IRUPDYLPXL� EXYR� QDXGRMDPRV�

ILNVXRWR� VNHUVPHQV� NDSLOLDULQơV� WǌWRV�� 7ǌWǐ� þLXUNãOLǐ� D]RWR� GXMǐ�
NRQFHQWUDFLMRV�SURILOLDL�EXYR�PDWXRMDPL�0DFKR±=HKQGHULR�LQWHUIHURPHWUX�VX�
������QP�+H�1H�OD]HULX��3R�WR�LQWHUIHURJUDPRV�EXYR�ILOWUXRMDPRV�QDXGRMDQW�
)XUMơ� WUDQVIRUPDFLMą�� 1DXGRMDQW� $EHOLR� WUDQVIRUPDFLMą� LU� ,'($� DOJRULWPą�
EXYR�DSVNDLþLXRMDPL��'�GXMǐ�NRQFHQWUDFLMRV�VNLUVWLQLDL� >���@��//&�LU�/2$�
HNVSHULPHQWXRVH� QDXGRWǐ� WǌWǐ� VWUXNWǌUǐ� GXMǐ� NRQFHQWUDFLMRV� SURILOLDL� EXYR�
LãPDWXRWL�QDXGRMDQW�EDQJRV�IURQWR�MXWLNOLR�LQWHUIHURPHWUą��6,'��+5��3KDVLFV���
//&�DWYHMX�EXYR�QDXGRWRV�DUJRQR��R�/2$�±�D]RWR�GXMRV��/2$�HNVSHULPHQWR�
PHWX�EXYR�SDSLOGRPDL�PDWXRWD�MRQL]XRWǐ�D]RWR�GXMǐ�SOD]PRV�NRQFHQWUDFLMD��
1HVLPHWULQLǐ�WǌWǐ�þLXUNãOLǐ�GXMǐ�NRQFHQWUDFLMRV�VNLUVWLQ\V�EXYR�DSVNDLþLXRWDV�
QDXGRMDQW�6,57�DOJRULWPą�>���@��

3DJUHLWLQWǐ�HOHNWURQǐ�HQHUJLMD�LU�VNơVWLV�EXYR�PDWXRMDPD�����7�PDJQHWLQLR�
VSHNWURPHWUR�� NDOLEUXRWR� QDXGRMDQW� .RGDN� /DQH[� 5HJXODU� VFLQWLOLDFLMRV�
HNUDQą�LU�&&'�NDPHUą��/2$�HNVSHULPHQWR�PHWX�EXYR�QDXGRWDV�NDOLEUXRWDV�
&V,� �7O�� IRVIRUR� HNUDQDV�� %HWDWURQR� VSLQGXOLXRWơ� //&� HNVSHULPHQWH� EXYR�
UHJLVWUXRMDPD� Ä$QGRU�L.RQ���/�62³� 5HQWJHQR� NDPHUD�� MDXWULD� 5HQWJHQR�
VSLQGXOLXRWHL� QXR� ����H9� LNL� ���NH9�� 5HQWJHQR� NDPHURV� ODQJDV� EXYR�
SDJDPLQWDV�Lã�����ȝP�VWRULR�EHULOLR��6LHNLDQW�DSVDXJRWL�NDPHUą�QXR�����QP�
OD]HULR�LU�GLGHOơV�HQHUJLMRV�XOWUDYLROHWLQơV��;89��VSLQGXOLXRWơV��JHQHUXRMDPRV�
HOHNWURQǐ�� DWOHQNLDPǐ� VSHNWURPHWUR� PDJQHWLQLDPH� ODXNH�� YDNXXPLQơV�
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NDPHURV� ODQJDV�EXYR�XåGHQJWDV�SDSLOGRPD���ȝP�DOLXPLQLR� IROLMD� LU� ���ȝP�
NDSWRQX��5HQWJHQR�NDPHUD�EXYR�VXPRQWXRWD�YDNXXPLQơV�NDPHURV�LãRUơMH����
FP�DWVWXPX�QXR�ãDOWLQLR�� LU�EHWDWURQR�VSLQGXOLXRWơ�SUDHLGDYR�SUR����FP�RUR�
WDUSą�� %HWDWURQR� ãDOWLQLR� HQHUJLMRV� VSHNWUDV� EXYR�PDWXRWDV� QDXGRMDQW� 5RVV�
ILOWUXV�� WXULQþLXV� VNLUWLQJXV� VWRULXV� LU� VNLUWLQJDV� .�/� DEVRUEFLMRV� NUDãWR�
HQHUJLMDV� >���@�� %HWDWURQR� ãDOWLQLR� VSLQGXO\V� EXYR� DSVNDLþLXRWDV�PDWXRMDQW�
)UHQHOLR�GLIUDNFLMą�QXR����ȝP�YROIUDPR�VXNU\åLXRWǐ�YLHOǐ��VXPRQWXRWǐ����PP�
DWVWXPX�QXR�ãDOWLQLR�>���@��/D]HULR�LPSXOVR�5HQWJHQR�IRWRQǐ�VNDLþLXV��VNơVWLV�
LU�U\ãNLV�EXYR�DSVNDLþLXRWL�DSGRURMDQW�5HQWJHQR�YDL]Gǐ�GXRPHQLV� LU� WDLNDQW�
VSLQGXOLXRWơV�HUGYLQLR�*DXVR�VNLUVWLQLR�DSURNVLPDFLMą��
� �
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�� 6.$,70(1,1,6�/$=(5,1,2�3/$=026�*5(,7,17892�

02'(/,$9,0$6�

âLDPH� VN\ULXMH� SDWHLNWD� PHGåLDJD� EXYR� SXEOLNXRWD� PRNVOLQLXRVH�
VWUDLSVQLXRVH�>$�@�LU�NRQIHUHQFLMǐ�SUDQHãLPXRVH�>&���&���&�@��

���� 6NDLWPHQLQLV�OD]HULQLR�JUHLWLQWXYR�PRGHOLDYLPDV�

/3*�SDJUHLWLQWǐ�HOHNWURQǐ�SOXRãWR�NUǌYLR�HQHUJLMD�LU�HUGYLQLV�VNLUVWLQ\V�EHL�
EHWDWURQR� DQWULQơ� 5HQWJHQR� VSLQGXOLXRWơ�� JHQHUXRMDPD� HOHNWURQǐ��
VY\UXRMDQþLǐ�MRQǐ�NDQDOH��EXYR�PRGHOLXRMDPL�VNDLWPHQLQLX�EǌGX�QDXGRMDQW�
)%3,&�3,&�DOJRULWPą�>���@��.YD]LFLOLQGULQLV�)%3,&�3,&�DOJRULWPDV� OHLGåLD�
JUHLþLDX�LãVSUĊVWL�OD]HULR�LU�HOHNWURQǐ�SOXRãWǐ�VNOLGLPR�XåGDYLQLXV��SDO\JLQWL�VX�
YLVRV� DSLPWLHV� �'� DOJRULWPDLV�� ,QMHNWRULDXV� LU� VY\UDYLPR� VWUXNWǌUǐ�
PRGHOLDYLPXL�EXYR�QDXGRWL�VXSDSUDVWLQWL�LQMHNWRULDXV���DE�SDY���LU�VY\UDYLPR�
��FG�SDY���SOD]PRV�NRQFHQWUDFLMRV�SURILOLDL��3DVLULQNWDV�LQMHNWRULDXV�VWUXNWǌURV�
SOD]PRV�NRQFHQWUDFLMRV�SURILOLV�EXYR�VXGDU\WDV�Lã�WUXPSRV�����ȝP�SOD]PRV�
VHNFLMRV������ȝP�WDUSR�LU�����PP�SOD]PRV�JUHLWLQLPR�VHNFLMRV���

�

2 pav.� 0RGHOLDYLPXL� QDXGRWL� VXSDSUDVWLQWL� LQMHNWRULDXV� (a, b)� LU� VY\UDYLPR� (c, d)�
VWUXNWǌUǐ�SOD]PRV�NRQFHQWUDFLMRV�SURILOLDL�>���@��

6Y\UDYLPR� VWUXNWǌUD� EXYR� VXGDU\WD� Lã� ����PP� LOJLR� SOD]PRV� JUHLWLQLPR�
VHNFLMRV� LU� VY\UDYLPR� VWUXNWǌURV�� VXVLGHGDQþLRV� Lã� NHWXULǐ� ����ȝP� SOD]PRV�
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VULþLǐ�LU�����ȝP�LOJLR�WDUSǐ��,QMHNWRULDXV�VWUXNWǌURV�PRGHOLV�EXYR�SDQDXGRWDV�
$UU�� WǌWǐ� VWUXNWǌURV� SURMHNWDYLPXL�� R� VY\UDYLPR� PRGHOLV� ±� $UU�� WǌWǐ�
VWUXNWǌURV� SURMHNWDYLPXL�� ����PP� SOD]PRV� JUHLWLQLPR� VHNFLMRV� PRGHOLV�
DWLWLQND�6��SDYLHQơV�WǌWRV�VXIRUPXRMDPą�GXMǐ�þLXUNãOơV�NRQFHQWUDFLMRV�SURILOƳ��
âLH�WǌWǐ�SDYDGLQLPDL�WROLDX�YDUWRMDPL�DSWDULDQW�WHRULQLXV�LU�HNVSHULPHQWLQLXV�
UH]XOWDWXV���

0RGHOLDYLPR�SDUDPHWUDL�EXYR�SDULQNWL�DWVLåYHOJLDQW�Ƴ�//&�HNVSHULPHQWR�
PHWX� QDXGRWR� IRNXVXRMDQþLR� YHLGURGåLR� ���� PP� åLGLQLR� QXRWROƳ� LU�
VXIRNXVXRWR� OD]HULR� SOXRãWR� ���� �P� VNHUVPHQƳ� ):+0�� 7DL� DWLWLNR� OD]HULR�
ODXNR�VWLSULR�SDUDPHWUą�a0� ������1RULQW� ƳYHUWLQWL� ƳYDLULDV�/3*�VąO\JDV�EXYR�
DWOLNWDV� PRGHOLDYLPDV� VX� D��  � ���� LU� ����� �P� OD]HULR� SOXRãWR� VNHUVPHQLX��
0RGHOLDYLPR�]RQRV�VSLQGXO\V�EXYR�����P��R�LOJLV����±����PP��6NDLWPHQLQLR�
WLQNOHOLR� VNLULDPRML�JHED�EXYR������ȝP��R� ODLNR�åLQJVQLV� ±������IV��3UDGLQơ�
np� ��î�����FP����SOD]PRV�NRQFHQWUDFLMD��DWLWLQNDQWL�SOD]PRV�EXUEXOR�UHåLPą��
EXYR� DSVNDLþLXRWD� WDLNDQW� DQDOLWLQHV� IRUPXOHV�� 0RGHOLXRMDQW� SOD]PRV�
NRQFHQWUDFLMD�EXYR�NHLþLDPD�QXR���î������LNL�����î������FP����0RGHOLDYLPDV�
EXYR�DWOLNWDV�JU\QR�+H�LU�+H�������1��GXMǐ�PLãLQLR�DWYHMDPV��0RGHOLXRMDQW�
EXYR� SDO\JLQWL� QHLJLDPR� SOD]PRV� NRQFHQWUDFLMRV� JUDGLHQWR�� MRQL]DFLMRV� LU�
NRPELQXRWR� QHLJLDPR� SOD]PRV� NRQFHQWUDFLMRV� JUDGLHQWR� LU� MRQL]DFLMRV�
LQMHNWDYLPR�EǌGDL��(VDQW�D�� ����� LU�np� ��î�����FP���� WLHN�JU\QR�KHOLR�� WLHN�
+H����� �� 1�� GXMǐ� PLãLQLR� DWYHMX� EHL� QDXGRMDQW� QHLJLDPą� SOD]PRV�
NRQFHQWUDFLMRV�JUDGLHQWą�EXYR�SDJUHLWLQDPL�QHGLGHOLR�NUǌYLR�PDåRV�HQHUJLMRV�
VNODLGRV�HOHNWURQǐ�SOXRãWDL��(VDQW� WLHPV�SDWLHPV�SDUDPHWUDPV�+H�������1��
GXMǐ� PLãLQLR� DWYHMX� EHL� QDXGRMDQW� NRPELQXRWą� QHLJLDPą� SOD]PRV�
NRQFHQWUDFLMRV�JUDGLHQWą� LU� MRQL]DFLMą�EXYR�LQMHNWXRMDPD�GDXJLDX�HOHNWURQǐ��
WDþLDX�ãLV�SDGLGơMLPDV�QHEXYR�å\PXV��3DGLGLQXV�OD]HULR�ODXNR�VWLSUƳ�LNL�D�� �
���� LU� VXPDåLQXV� SOD]PRV� NRQFHQWUDFLMą� LNL� np� ���î������FP���� EXYR�
MRQL]XRMDPD�GDXJLDX�HOHNWURQǐ��WDþLDX�GơO�PDåHVQơV�SOD]PRV�NRQFHQWUDFLMRV�
LQMHNWXRWDV�NUǌYLV�LãOLNR�PDåDV����

(VDQW� a0�  � ���� LU� np� ��� î� �����FP��� RSWLPDODXV� SOD]PRV� EXUEXOR� DWYHMX�
��D�SDY���EHL�QDXGRMDQW�SDYLHQĊ�6��WǌWą�EXYR�SDVLHNWD�GLGåLDXVLD�SDJUHLWLQWǐ�
HOHNWURQǐ�HQHUJLMD�EHL�PDåLDXVLD�HOHNWURQǐ�SOXRãWR�VNơVWLV��âLą�NRQFHQWUDFLMą�
DWLWLQNDQWLV�SOD]PRV�EDQJRV� LOJLV�ȜS� �������P��VXIRNXVXRWR� OD]HULR�SOXRãWR�
VNHUVPXR�)+:0�������P�LU�QXRWROLV��SHU�NXUƳ�QXVNOLQGD�Ĳ/� ����IV�WUXNPơV�
LPSXOVDV��DWLWLNR�SOD]PRV�EXUEXOR�UHåLPą��(OHNWURQǐ��SDJUHLWLQWǐ�SDYLHQơV�����
PP�LOJLR�6��WǌWRV�þLXUNãOơV�SOD]PRMH��HQHUJLMD�VLHNơ����±����0H9��R�VNơVWLV�
±� ��±���PUDG�� 1XRODW� LQMHNWXRMDPL� MRQL]XRWR� D]RWR� HOHNWURQDL� WXUơMR� GLGHOĊ�
SDJUHLWLQWǐ�HOHNWURQǐ�HQHUJLMRV�VNODLGą��(VDQW�WLHPV�SDWLHPV�SDUDPHWUDPV�EHL�
QDXGRMDQW�$UU��NRPELQXRWR� LQMHNWDYLPR�VWUXNWǌUą� LU� MRQL]DFLMRV� LQMHNWXRWXV�
HOHNWURQXV���E�SDY���EXYR�SDJUHLWLQWDV�GLGHVQLR�NUǌYLR�NYD]LPRQRHQHUJHWLQLV�
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HOHNWURQǐ� SOXRãWDV�� NXULR� YLGXWLQơ� HQHUJLMD� ���0H9��/D]HULR� SOXRãWDV� EXYR�
IRNXVXRMDPDV� Ƴ� SOD]PRV� NRQFHQWUDFLMRV� JUDGLHQWR� SURILOLR� SUDGåLą�� /D]HULR�
LQWHQV\YXPDV� EXYR�SDNDQNDPDV�� NDG� SDJUHLWLQWǐ� GLGHVQLR� NUǌYLR� HOHNWURQǐ�
NLHNƳ��EHW�QHYLUã\Wǐ�QXRODWLQơV�MRQL]DFLMRV�LQWHQV\YXPR�YHUWơV��

�FG�SDY��SDYDL]GXRWL�SDYLHQơV�WǌWRV�6����F�SDY���LU�SOD]PRV�NRQFHQWUDFLMRV�
VY\UDYLPR� VWUXNWǌUǐ� ��G�SDY��� SDJUHLWLQWǐ� HOHNWURQǐ� NUǌYLR� VNLUVWLQLDL� HVDQW 
np� ���î� �����FP��� LU� a0�  � ����� (VDQW� np� ��� î� �����FP��� WUXPSHVQƳ� SOD]PRV�
EDQJRV� LOJƳ� DWLWLQND� ����ȝP� )+:0� RSWLPDOXV� OD]HULR� SOXRãWR� VNHUVPXR��
2SWLPDOL�OD]HULR�LPSXOVǐ�WUXNPơ�τL� ����IV�\UD�WUXPSHVQơ�QHL�HNVSHULPHQWH�
QDXGRMDPD� τL� ����IV�� 'ơO� WR� EXYR� VXåDGLQDPRV� NHOLRV� SOD]PRV� EDQJRV� LU�
HOHNWURQDL� EXYR� LQMHNWXRMDPL� QH� WLN� Ƴ� XåSDNDOLQĊ�� EHW� LU� Ƴ� ãRQLQHV� SOD]PRV�
EXUEXOR� GDOLV�� 3DJUHLWLQWǐ� HOHNWURQǐ� SOXRãWR� HQHUJLMD� VXPDåơMR�� R� VNơVWLV�
LãDXJR��3DGLGLQXV�GXMǐ�NRQFHQWUDFLMą�QXR�np� ���î������FP���LNL�np� �����î������
FP����SDYLHQơV�����PP�LOJLR�6��WǌWRV�SDJUHLWLQWǐ�HOHNWURQǐ�HQHUJLMD�VLHNơ���±
����0H9��R�HOHNWURQǐ�SOXRãWR�VNơVWLV�SDGLGơMR�LNL����±����PUDG���F�SDY����

��

3 pav.� S1� SDYLHQơV� WǌWRV� (a)� LU� Arr4� LQMHNWRULDXV� VWUXNWǌURV� (b)� VNDLWPHQLQLR�
PRGHOLDYLPR� EǌGX� DSVNDLþLXRWDV� HOHNWURQǐ� NUǌYLR� LU� HQHUJLMRV� HUGYLQLV� VNLUVWLQ\V�
MRQL]DFLMRV� (a)� LU� NRPELQXRWR� QHLJLDPR� SOD]PRV� NRQFHQWUDFLMRV� JUDGLHQWR� LU�
MRQL]DFLMRV�LQMHNWDYLPR�(b)�DWYHMX�HVDQW�np� ���î������FP���EHL�SDYLHQơV�WǌWRV�S1�(c)�
EHL�Arr2 VY\UDYLPR�VWUXNWǌURV� (d)� HOHNWURQǐ�NUǌYLR� LU� HQHUJLMRV�HUGYLQLV� VNLUVWLQ\V�
HVDQW�np� ���î������FP����>���@��
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(VDQW�np� ���î������FP���EHL�QDXGRMDQW�$UU��VY\UDYLPR�VWUXNWǌURV�SOD]PRV�
NRQFHQWUDFLMRV� SURILOƳ� HOHNWURQǐ� SOXRãWR� VNơVWLV� SDGLGơMR� LNL� ��±��� PUDG��
3OXRãWR�VNơVWLV�EXYR��±��NDUWXV�GLGHVQơ�SDO\JLQWL�VX�SDYLHQơV�WǌWRV�HOHNWURQǐ�
SOXRãWR�VNơVWLPL��(OHNWURQǐ�HQHUJLMD�LãOLNR�SDQDãL��(VDQW�np� ���î������FP�����G�
SDY��� HOHNWURQǐ� SOXRãWR� VNơVWLV� SDGLGơMR� LNL� ��±���PUDG� LU� EXYR� ��±�����
GLGHVQơ� SDO\JLQWL� VX� SDYLHQơV� WǌWRV� HOHNWURQǐ� SOXRãWR� VNơVWLPL�� SDURG\WD�
�F�SDY��'ơO�PDåHVQơV� VNơVWLHV� HVDQW� np� ���î������ FP��� VY\UDYLPR� VWUXNWǌUD�
SDGLGLQR�VNơVWƳ�GDXJLDX�QHL�HVDQW�np� ���î������FP�����

���� 6NDLWPHQLQLV�DQWULQơV�VSLQGXOLXRWơV�PRGHOLDYLPDV�

/D]HULR� LPSXOVR� åDGLQDPRV� EHWDWURQR� DQWULQơV� 5HQWJHQR� VSLQGXOLXRWơV�
IRWRQǐ�VNDLþLXV� LU� U\ãNLV�EXYR�DSVNDLþLXRWL�� UHPLDQWLV�)%3,&�3,&�HOHNWURQǐ�
LPSXOVǐ�HUGYLQLR�VNLUVWLQLR�GXRPHQLPLV���

%HWDWURQR� VY\UDYLPR� VSLQGXO\V� rβ� VNOLQGDQþLR� OD]HULR� LPSXOVR�
VXIRUPXRWDPH� MRQǐ� NDQDOH� EXYR� ƳYHUWLQWDV� WDLNDQW� DSURNVLPDFLMą�

� � � � �� z e ez e zr p p pE J JA A � LU� WDULDQW�� NDG� EHWDWURQR� VY\UDYLPR� VSLQGXO\V�
\UD�SURSRUFLQJDV�HOHNWURQǐ�VNHUVLQLR�pe⊥�LU�LãLOJLQLR�pez�LPSXOVǐ�VDQW\NLXL�>�@��
�D�±F�SDY�� SDYDL]GXRWL� HOHNWURQǐ�� DWLWLQNDQþLǐ� VNHUVLQĊ� HOHNWURQǐ� SOXRãWR�
VNơVWƳ𝜃⊥��D���EHWDWURQR�VSLQGXOƳ�r𝛽��E��LU�NULWLQĊ�VLQFKURWURQR�HQHUJLMą�Wc𝛽��F���
NUǌYLR�PRGHOLDYLPR�UH]XOWDWDL��6NHUVLQơ�HOHNWURQǐ�SOXRãWR�VNơVWLV�𝜃⊥ �):+0� 
EXYR�DSVNDLþLXRWD�NDLS�HOHNWURQǐ�SOXRãWR�VNơVWLHV�x� LU�y�NU\SWLPLV�YLGXUNLV��
0RGHOLDYLPR� UH]XOWDWDL� SDURGơ�� NDG� $UU� VY\UDYLPR� VWUXNWǌURV� SOD]PRV�
NRQFHQWUDFLMRV�VNLUVWLQ\V�SDGLGLQD�HOHNWURQǐ��WXULQþLǐ�GLGHVQĊ�SOXRãWR�VNơVWƳ��
VNDLþLǐ���D�SDY���LU���±�����SDGLGLQD�EHWDWURQR�VSLQGXOLR�LU�NULWLQơV�HQHUJLMRV�
YLGXUNƳ� ��EF�SDY���� 1RUV� EHWDWURQR� VSLQGXO\V�� DSVNDLþLXRWDV� UHPLDQWLV�
HOHNWURQǐ� VNHUVLQLR� pe⊥� LU� LãLOJLQLR� pez� LPSXOVǐ� VDQW\NLX�� SDGLGơMD� SDO\JLQWL�
QHGDXJ�� HOHNWURQǐ� SOXRãWR� VNơVWƳ� $UU� VY\UDYLPR� VWUXNWǌUD� SDYLHQơV� WǌWRV�
DWåYLOJLX�6��SDGLGLQD���±��������SDY����$SVNDLþLXRWDVLV�EHWDWURQR�VY\UDYLPǐ�
VSLQGXO\V� VLHNLD� �±�� ȝP�� R� HOHNWURQǐ� SOXRãWR� VNơVWLV� ���� PP� JUHLWLQLPR�
DWVWXPX�DWLWLQND����ȝP�VSLQGXOLR�HOHNWURQǐ�HUGYLQƳ�VNLUVWLQƳ��6XPLQơ�EHWDWURQR�
VSLQGXOLXRWơ� VXVLGHGD� Lã� DWVNLUǐ� HOHNWURQǐ�� HVDQþLǐ� VNLUWLQJRVH� HUGYLQơVH�
SR]LFLMRVH��åDGLQDPRV�VSLQGXOLXRWơV���G�SDY��SDYDL]GXRWDV�$UU��VWUXNWǌURV�LU�
6�� SDYLHQơV� WǌWRV� DSVNDLþLXRWDV� OD]HULR� LPSXOVR� 5HQWJHQR� IRWRQǐ� VSHNWUR�
WDQNLV�dNphot/dWrβ��$UU��SOD]PRV�NRQFHQWUDFLMRV�VY\UDYLPR�VWUXNWǌUD�SDGLGLQR�
OD]HULR�LPSXOVR�5HQWJHQR�IRWRQǐ�VNDLþLǐ��±��NDUWXV���G�SDY����

$SVNDLþLXRWǐ� IRWRQǐ� VNDLþLXV� VLHNơ� �� î� ����� 3DGLGLQXV� SOD]PRV�
NRQFHQWUDFLMą� QXR� �� î� �����FP��� LNL� �� î� ����� FP���� EHWDWURQR� VLQFKURWURQR�
SDUDPHWUDV� Kβ� SDGLGơMR� QXR� �� LNL� ���� $UU�� VY\UDYLPR� VWUXNWǌURV� DWYHMX��
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SDO\JLQWL�VX�SDYLHQH�6��WǌWD��SDUDPHWUDV�Kβ�SDGLGơMR�QXR ���LNL���±����(VDQW�
ãLRPV�Kβ  SDUDPHWUR�YHUWơPV�EHWDWURQR�VSLQGXOLXRWơ� WXUL� LãWLVLQƳ�SODþLDMXRVWƳ�
VSHNWUą�� 9\UDXMDQWL� VSLQGXOLXRWơ� DWLWLNR� VLQFKURWURQR� VSLQGXOLXRWĊ�� NXULRV�
NULWLQơ�HQHUJLMD�Wcȕ�a��±��NH9���

�

4 pav. Arr2� VY\UDYLPR� VWUXNWǌURV� LU� SDYLHQơV� WǌWRV� S1� VNDLWPHQLQLR�PRGHOLDYLPR�
EǌGX� DSVNDLþLXRWDV� HOHNWURQǐ� NUǌYLV�� DWLWLQNDQWLV� VNHUVLQĊ� VNơVWƳ� 𝜃A (a)�� EHWDWURQR�
VSLQGXOƳ�rE�(b)�LU�NULWLQĊ�VLQFKURWURQR�HQHUJLMą�Wcβ�(c)��Arr2�VY\UDYLPR�VWUXNWǌURV�LU�
SDYLHQơV�WǌWRV�S1 DSVNDLþLXRWDV�OD]HULR�LPSXOVR�5HQWJHQR�IRWRQǐ�WDQNLV�dNphot/dWrβ 

(d)�� 3XQNW\ULQơV� OLQLMRV�Arr2c� LU�S1c� YDL]GXRMD� DSVNDLþLXRWą�dNphot/dWrβ�5HQWJHQR�
IRWRQǐ� WDQNƳ�� WDãNLQơV� OLQLMRV� ±� DSVNDLþLXRWą� 5HQWJHQR� IRWRQǐ� WDQNƳ�� QXVORSLQWR�
PHGåLDJǐ��HVDQþLǐ�WDUS�ãDOWLQLR�LU�IRWRNDPHURV��R�LãWLVLQơV�OLQLMRV�Arr2�LU�S1�YDL]GXRMD�
5HQWJHQR� IRWRQǐ� WDQNƳ�� DWLWLQNDQWƳ� YLGXWLQĊ� VLQFKURWURQR� NULWLQĊ� HQHUJLMą� Wcβ��
LãPDWXRWą�QDXGRMDQW�5RVV�ILOWUXV�>���@��

� �



����
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���� ,ãYDGRV�

3DJUHLWLQWǐ� HOHNWURQǐ� NUǌYƳ�� HQHUJLMą�� VNơVWƳ� EHL� DQWULQơV� VSLQGXOLXRWơV�
SDUDPHWUXV� JDOLPD� YDOG\WL� QDXGRMDQW� VWUXNWǌULQLXV� SOD]PRV� NRQFHQWUDFLMRV�
SURILOLXV��VXGDU\WXV�Lã�LQMHNWRULDXV��JUHLWLQLPR�LU�VY\UDYLPR�VHNFLMǐ���

x /3*�SDJUHLWLQWǐ�HOHNWURQǐ�SOXRãWR�NUǌYLR�NLHNƳ�JDOLPD�SDGLGLQWL�LU�
HQHUJLMRV� VNODLGą� JDOLPD� VXPDåLQWL� QDXGRMDQW� LQMHNWRULDXV�
VWUXNWǌULQLXV� SOD]PRV� SURILOLXV� EHL� GHULQDQW� QHLJLDPR� SOD]PRV�
NRQFHQWUDFLMRV�JUDGLHQWR�LU�MRQL]DFLMRV�LQMHNFLMą��

x 1RULQW� SDVLHNWL� GLGåLDXVLą� SDJUHLWLQWǐ� HOHNWURQǐ� HQHUJLMą� LU�
PDåLDXVLą� GLVSHUVLMą�� /3*� VHNFLMRV� SOD]PRV� NRQFHQWUDFLMD� WXUL�
DWLWLNWL� QXVNXUGLQWR� HOHNWURQDLV� SOD]PRV� EXUEXOR� UHåLPR�
UHLNDODYLPXV��

x /D]HULR� SOXRãWR� LQWHQV\YXPDV� WXLU� EǌWL� SDNDQNDPDV�� NDG�
SDJUHLWLQWǐ� GLGHVQLR� NUǌYLR� HOHNWURQǐ� NLHNƳ�� EHW� QHYLUã\Wǐ�
QXRODWLQơV�MRQL]DFLMRV�LQWHQV\YXPR�YHUWơV�SOD]PRV�EXUEXOR�VULWLHV�
YLGXMH��

x 3DGLGLQXV�SOD]PRV�NRQFHQWUDFLMą��±��NDUWXV���±����NDUWR�SDGLGơMR�
SDJUHLWLQWR�NUǌYLR�NLHNLV�LU�HOHNWURQǐ�SOXRãWR�VNơVWLV��7DL�SDGLGLQR�
EHWDWURQR�VSLQGXOLXRWơV�HIHNW\YXPą��

x 1DXGRMDQW� VY\UDYLPR� VWUXNWǌURV� SOD]PRV� NRQFHQWUDFLMRV� SURILOƳ�
EHWDWURQR� VY\UDYLPR� VSLQGXO\V� LU� VSLQGXOLXRWơV� NULWLQơ� HQHUJLMD�
SDGLGơMR� ��±������ $SVNDLþLXRWDVLV� EHWDWURQR� VY\UDYLPǐ�
VSLQGXO\V� VLHNơ� �±��ȝP�� ���� PP� JUHLWLQLPR� DWVWXPX� DQWULQĊ�
VSLQGXOLXRWĊ� JHQHUXRMDQW\V� HOHNWURQDL� EXYR� SDVLVNLUVWĊ� a��� ȝP�
VSLQGXOLX��

x 6Y\UDYLPR�VWUXNWǌURV�SOD]PRV�NRQFHQWUDFLMRV�VNLUVWLQ\V��SDO\JLQWL�
VX�SDYLHQơV�WǌWRV�SOD]PRV�NRQFHQWUDFLMRV�SURILOLX��HOHNWURQǐ�VNơVWƳ�
HVDQW�D�� �����LU�QS� ���î������FP���SDGLGLQR���±������R� OD]HULR�
LPSXOVR�5HQWJHQR�IRWRQǐ�VNDLþLXV�SDGLGơMR��±��NDUWXV��
� �
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�� 6.$,70(1,1,6�'8-Ǐ�ý,85.â/,Ǐ�02'(/,$9,0$6�

âLDPH�VN\ULXMH�SDWHLNWD�PHGåLDJD�EXYR�SXEOLNXRWD�PRNVOLQLXRVH�VWUDLSVQLXRVH�
>$���$���$���$�@�LU�NRQIHUHQFLMǐ�SUDQHãLPXRVH�>&���&���&���&�@��

)%3,&� VXSDSUDVWLQWXV� SOD]PRV� NRQFHQWUDFLMRV� SURILOLXV� DWLWLQNDQW\V� WǌWǐ�
þLXUNãOLǐ� GXMǐ� NRQFHQWUDFLMRV� SURILOLDL� EXYR� PRGHOLXRMDPL� SULWDLNLXV�
2SHQ)2$0�SURJUDPLQƳ�SDNHWą�>��@��QDXGRMDQW�VSǌGåLǐMǐ�VN\VþLǐ�SDVWRYDXV�
VUDXWR�ÄUKR6LPSOH)RDP³�DOJRULWPą�LU�NW�휔W�ãO\WLHV�ƳWHPSLǐ��667�±�6KHDU�6WUHVV�
7XUEXOHQFH��WXUEXOHQFLMRV�PRGHOƳ��NW�DSUDãR�WXUEXOHQFLMRV�NLQHWLQĊ�HQHUJLMą��R�
휔W�±�VDYLWąMą�WXUEXOHQFLMRV�NLQHWLQơV�HQHUJLMRV�VNODLGRV�VSDUWą���

ƲYHUWLQDQW� GXMǐ� NRQFHQWUDFLMRV� QJ� SULNODXVRP\EĊ� QXR� SDGXRGDPǐ� GXMǐ�
VOơJLR��EXYR�WDLNRPD�LGHDOLǐMǐ�GXMǐ�DSURNVLPDFLMD��,GHDOLǐMǐ�GXMǐ�PROHNXOLQơ�
NRQFHQWUDFLMD�ng�EXYR�DSVNDLþLXRWD�NDLS�ng = NAρ/Mm��NXU�NA�\UD�$YRJDGUR�
NRQVWDQWD�� ρ ± GXMǐ� WDQNLV�� R�Mm� ±� PROLQơ� GXMǐ� PDVơ�� (VDQW� VWDQGDUWLQHL�
WHPSHUDWǌUDL� T�  � ������� .� LU� VOơJLXL�3� ��������� N3D�� LGHDOLǐMǐ� GXMǐ�
NRQFHQWUDFLMD�ng� �������î������P����/RNDOLDL�PROHNXOLQHL�GXMǐ�NRQFHQWUDFLMDL�
DSVNDLþLXRWL� HVDQW� GYLHP� VNLUWLQJLHPV� VOơJLDPV� P1,2�� WǌULDPV� V1,2� LU�
WHPSHUDWǌURPV�T1,2��EXYR�QDXGRMDPD�IRUPXOơ�p1V1/T1 = p2V2/T2��0ROHNXOLQơ�
GXMǐ�NRQFHQWUDFLMD�GLGơMD�SURSRUFLQJDL�HVDPR�VOơJLR�LU�WHPSHUDWǌURV�VDQW\NLXL��
0RGHOLDYLPXL�QDXGRWǐ�PHGåLDJǐ�VDY\EơV�SDWHLNWRV���OHQWHOơMH���

�

3 lentelė.�0RGHOLDYLPXL�QDXGRWǐ�PHGåLDJǐ�VDY\EơV�>���@��

6DY\EơV� 9LHQHWDL� $]RWDV� +HOLV�
0ROHNXOLQơ�PDVơ� J�PRO� ������ �����
7DQNLV�HVDQW���EDUR�VOơJLXL�LU�
�������.� NJ�P�� ������ ������
6DYLWRML�ãLOXPLQơ�WDOSD Cp� -��NJ�.�� ����� �����
Cp/Cv ±� ���� �����
*DUVR�JUHLWLV�HVDQW��������.� P�V� ������ ����
6XWKHUODQGR�NRQVWDQWD�As�� ±� ������î������ ������î������
6XWKHUODQGR�WHPSHUDWǌUD�Ts� .� ������ ������
/ǌåLR�URGLNOLV�HVDQW����QP��
��EDUR�VOơJLXL�LU��������.� ±�� ��������� ����������
�
6N\VþLR� NODPSXPDV� EXYR� DSVNDLþLXRWDV� DWVLåYHOJLDQW� Ƴ� 6XWKHUODQGR�

NODPSRV�SULNODXVRP\EĊ�QXR�WHPSHUDWǌURV��6NDLWPHQLQLV�PRGHOLDYLPDV�EXYR�
DWOLNWDV� D]RWR� LU� KHOLR� GXMǐ� þLXUNãOơPV�� +HOLV� SDSUDVWDL� QDXGRMDPDV� NDLS�
SDJULQGLQơ�/3*�HOHNWURQǐ�JUHLWLQLPR�WHUSơ��$]RWR�LU�KHOLR�GXMǐ�NRQFHQWUDFLMRV�
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WǌWǐ�åLRW\VH�VNLULDVL�WLN�DSLH��±������'ơO�GLGHVQLR�OǌåLR�URGLNOLR�D]RWą�SDWRJX�
QDXGRWL�HNVSHULPHQWLQLXRVH�WǌWǐ�þLXUNãOLǐ�FKDUDNWHULVWLNǐ�PDWDYLPXRVH���

'LGHOơV� SOD]PRV� NRQFHQWUDFLMRV� SURILOLDPV� IRUPXRWL� EXYR� WLULDPDV�
NDSLOLDULQLǐ� PLNURWǌWǐ� GXMǐ� þLXUNãOLǐ� LãVLSOơWLPDV� Ƴ� YDNXXPą�� )LNVXRWR�
VNHUVPHQV� NDSLOLDUDL� WXUL� PDåHVQƳ� ���±���� GXMǐ� LãVLSOơWLPR� NRHILFLHQWą��
SDO\JLQWL� VX� WLSLãNRPLV� VLDXUơMDQþLRPLV�SODWơMDQþLRPLV� /DYDOLR� WǌWRPLV��
3DJULQGLQơMH�NDQDOR�GDO\MH�VUDXWR�JUHLWLV�\UD�PDåHVQLV�Xå�JDUVR�JUHLWƳ��*DUVR�
EDUMHUDV��WLHV�NXULXR�GXMǐ�JUHLWLV�\UD�O\JXV�JDUVR�JUHLþLXL��0DFKR�VNDLþLXV�0� �
����\UD�NDSLOLDUR�YLGXMH�QHWROL�WǌWRV�åLRþLǐ��'ơO�GLGHOLR�VOơJLR�JUDGLHQWR�QHWROL�
WǌWRV�åLRþLǐ�GXMǐ�VUDXWDV�� ƳYHLNGDPDV�NODPSXPR�ãO\WLHV�MơJDV��ãDOLD�VLHQHOLǐ�
VXIRUPXRMD� VNLUWLQJR� VWRULR� VLDXUơMDQWƳ�SODWơMDQWƳ� SDVLHQLR� VOXRNVQƳ�� 7RNLX�
EǌGX� VXVLIRUPXRMD� /DYDOLR� WǌWD� LU� WǌWRV� åLRW\VH� GXMǐ� VUDXWDV� SDVLHNLD�
YLUãJDUVLQƳ�0� ����±����JUHLWƳ�>���@��

���� 6NDLWPHQLQLV�GXMǐ�þLXUNãOLǐ�LU�SDYLUãLDXV�ãLXUNãWXPR�
PRGHOLDYLPDV�

��SDY��SDURG\WL�ILNVXRWR�����ȝP�VNHUVPHQV�DSVNDLþLXRWDV�FLOLQGULQơV�WǌWRV�
D]RWR�LU�KHOLR�GXMǐ�NRQFHQWUDFLMRV�EHL�0DFKR�VNDLþLDXV�VNLUVWLQ\V�HVDQW����EDUǐ�
VOơJLXL��'XMǐ�SOơWLPDVLV�EXYR�PRGHOLXRWDV���î���PP�SORWH��WDþLDX�GơO�GLGHOLR�
NUDãWLQLǐ� VDQW\NLR� ����� �����PP� LU� ����ȝP�� SDURG\WD� WLN� ���� î� ���� ȝP�
VNLUVWLQLR�GDOLV��HVDQWL�DUWL�WǌWRV�åLRþLǐ��$]RWR�LU�KHOLR�NRQFHQWUDFLMǐ�VNLUVWLQLDL�
\UD�SDQDãǌV��QHV�DELHP�DWYHMDLV�GXMǐ�VUDXWDV�Lã�LNLJDUVLQLR�YLUVWD�Ƴ�YLUãJDUVLQƳ�
DUWL�WǌWRV�åLRþLǐ��1HGLGHOLXV�NRQFHQWUDFLMRV�VNLUWXPXV�QXOHPLD�PRQRDWRPLQLǐ�
KHOLR�LU�GLDWRPLQLǐ�D]RWR�GXMǐ�DGLDEDWLQLR�LQGHNVR�VNLUWXPDV��'LGHVQL�D]RWR�LU�
KHOLR�0DFKR�VNDLþLDXV�VNLUWXPDL�SULNODXVR�QXR�GXMǐ�PDVơV��'XMǐ�WHPSHUDWǌUD�
LU�JDUVR�JUHLWLV�\UD�DWYLUNãþLDL�SURSRUFLQJL�NYDGUDWLQHL�ãDNQLDL�Lã�PROHNXOLQơV�
GXMǐ� PDVơV�� 0DåHVQơV� PDVơV� KHOLR� GXMRV� SOHþLDVL� JUHLþLDX�� R� ORNDOL�
WHPSHUDWǌUD�QXNULQWD�LNL�åHPHVQLǐ��SDO\JLQWL�VX�D]RWX��YHUþLǐ��

6LHNLDQW� ƳYHUWLQWL� WǌWǐ� YLGLQLǐ� SDYLUãLǐ� DSGRURMLPR� NRN\EơV� ƳWDNą�� EXYR�
LãWLUWDV� VLHQHOLǐ� ãLXUNãWXPR� SRYHLNLV� ILNVXRWR� ��� ȝP�� ���� ȝP� LU� ���� ȝP�
VNHUVPHQV� FLOLQGULQLǐ� O\G\WR� NYDUFR� PLNURWǌWǐ� NRN\EHL� EHL� þLXUNãOLǐ� GXMǐ�
NRQFHQWUDFLMDL��,]RHQWURSLQLR�VUDXWR�WHRULMD�LU�DQDOLWLQơV�LãUDLãNRV��QDXGRMDPRV�
GLGHOLR�VNHUVPHQV�WǌWǐ�PRGHOLDYLPXL��QHDWVLåYHOJLD�Ƴ�WULQWLHV�QXRVWROLXV�LU�QơUD�
WLQNDPRV� PDåHVQLǐ� QHL� �� PP� VNHUVPHQV� PLNURWǌWǐ� GXMǐ� NRQFHQWUDFLMRV� LU�
JUHLþLR� VNLUVWLQLǐ� VNDLþLDYLPXL�� 6LHQHOLǐ� ãLXUNãWXPDV� EXYR� PRGHOLXRMDPDV�
VNDLWPHQLQLX� EǌGX�� QDXGRMDQW� VPLOWHOLǐ� ãLXUNãWXPR� SDUDPHWUą� krf��
DSVNDLþLXRMDPą�PDWXRMDQW� WXUEXOHQWLQLR� VUDXWR� VOơJLR� NULWLPą� YDP]GåLXRVH��
SDGHQJWXRVH�YLHQRGR�VNHUVPHQV�VPLOWHOơPLV�>���@��
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5�pav.�����ȝP�ILNVXRWR�VNHUVPHQV�FLOLQGULQơV�WǌWRV�VNDLWPHQLQLR�PRGHOLDYLPR�EǌGX�
DSVNDLþLXRWD� D]RWR� GXMǐ� NRQFHQWUDFLMD�(a)�� 0DFKR� VNDLþLXV� (b)� LU� KHOLR� GXMǐ�
NRQFHQWUDFLMD�(c)�EHL�0DFKR�VNDLþLXV�(d)�HVDQW����EDUǐ�VOơJLXL�>���@��

(NVSHULPHQWLãNDL�EXYR�PDWXRMDPD�NHOHWDV�NLWǐ�SDUDPHWUǐ��DSLEǌGLQDQþLǐ�
SDYLUãLDXV�ãLXUNãWXPą��ãLXUNãWXPR�QXRNU\SLR�PRGXOLR�DULWPHWLQLV�YLGXUNLV�5D��
YLGXWLQLV� NYDGUDWLQLV� ãLXUNãWXPR� QXRNU\SLV� RRMS� LU� SHQNLǐ� VNLUWXPR� WDUS�
PLQLPDODXV�LU�PDNVLPDODXV�SDYLUãLDXV�DXNãþLR�PDWDYLPǐ�DULWPHWLQLV�YLGXUNLV�
Rzd.� 5HPLDQWLV� LãPDWXRWDLV� SDYLUãLDXV� ãLXUNãWXPR� SDUDPHWUDLV�� VPLOWHOLǐ�
ãLXUNãWXPR�SDUDPHWUDV�krf�EXYR�DSVNDLþLXRWDV�UHPLDQWLV���OHQWHOơMH�SDWHLNWDLV�
VąU\ãLDLV��

4 lentelė.� 6PLOWHOLǐ� ãLXUNãWXPR� SDUDPHWUR� kUI� VąU\ãLDL� VX� LãPDWXRWDLV� SDYLUãLDXV�
ãLXUNãWXPR�SDUDPHWUDLV�>���@��

,ãPDWXRWDV�ãLXUNãWXPR�
SDUDPHWUDV�

$SVNDLþLXRWDV�VPLOWHOLǐ�ãLXUNãWXPR�
SDUDPHWUDV�kUI�

RD� kUI� �������5D�
R506� kUI� �������5506�
R]G� kUI� �������5]G�
�
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/DPLQDUDXV�GXMǐ�VUDXWR�JUHLþLR�SURILOLV�GơO�VLHQHOLǐ�WULQWLHV�LU�NODPSXPR�
MơJǐ� SR� WDP� WLNUR� DWVWXPR� QXR� YDP]GHOLR� ƳơMLPR� WDPSD� SDUDEROLQLV�� 7RNV�
SURILOLV�YDGLQDPDV�YLVLãNDL�LãVLY\VþLXVLX��R�DWVWXPDV��SHU�NXUƳ�SURILOLV�WDPSD�
SDUDEROLQLV��YDGLQDPDV�KLGURGLQDPLQLX�ƳơMLPR�LOJLX��/DPLQDUDXV�VUDXWR�ƳơMLPR�
LOJLV� JDOL� YLUã\WL� YDP]GHOLR� VNHUVPHQƳ� GYLHP� HLOơPLV�� 7XUEXOHQWLQLR� VUDXWR�
DWYHMX� JUHLþLR� SURILOLV� \UD� ODELDX� SORNãþLDV� GơO� GXMǐ� PDLã\PRVL� UDGLDOLQH�
NU\SWLPL�� R� KLGURGLQDPLQLV� ƳơMLPR� LOJLV� DS\WLNVOLDL� ���NDUWǐ� GLGHVQLV� Xå�
YDP]GHOLR� VNHUVPHQƳ�� 6UDXWR� SDYLUãLDXV� SORWR� LU� WǌULR� VDQW\NLV� GLGơMD��
PDåLQDQW�YDP]GHOLR�VNHUVPHQƳ�LU�GLGơMDQW�VLHQHOơV�ãLXUNãWXPXL��NDGDQJL�GXMǐ�
VUDXWR� LU� VLHQHOLǐ� VąO\þLR� SORWDV� WDPSD� GLGHVQLV�� 'ơO� WR� SDGLGơMD� WULQWLV� LU�
HQHUJLMRV� QXRVWROLDL�� ��±���� ȝP� VNHUVPHQV� NDSLOLDUXRVH� GXMǐ� VUDXWDV� \UD�
WXUEXOHQWLQLV�� 0DåR� VNHUVPHQV� ãLXUNãþLǐ� VLHQHOLǐ� NDSLOLDUXRVH� GXMǐ� VUDXWR�
JUHLWLV�LU�EHQGUDVLV�VOơJLV��SDO\JLQWL�VX�GLGHVQLR�VNHUVPHQV�WǌWRPLV��VXPDåơMD��
6NDLWPHQLQLR�ãLXUNãWXPR�PRGHOLDYLPR�UH]XOWDWDL��SDWHLNWL��D�SDY���URGR��NDG�
VLHQHOơV�QHO\JXPDL��NXULǐ�VPLOWHOLǐ�ãLXUNãWXPR�SDUDPHWUDV�krf� �����ȝP��GDUR�
GLGHOĊ�ƳWDNą����ȝP�VNHUVPHQV�FLOLQGULQLǐ�WǌWǐ�GXMǐ�NRQFHQWUDFLMRV�VNLUVWLQLXL��

�

�

6 pav.�)LNVXRWR����ȝP�(a, b)������ȝP�(c)�LU�����ȝP�(d)�VNHUVPHQV�WǌWǐ�VNDLWPHQLQLR�
PRGHOLDYLPR�VNHUVLQLDL�1��GXMǐ�NRQFHQWUDFLMRV�ng�(a, c, d)�LU�JUHLþLR�(b)�SURILOLDL�WLHV�
WǌWǐ� åLRWLPLV� HVDQW� ��� EDUǐ� VOơJLXL� LU� VNLUWLQJRPV� VPLOWHOLǐ� ãLXUNãWXPR� SDUDPHWUR�
YHUWơPV�NUI�>���@��

(VDQW�krf� ���ȝP�����PP�DWVWXPX�QXR�NDSLOLDUR�ƳơMLPR�GXMǐ�VUDXWR�JUHLþLR�
SURILOLV�QơUD�LãVLY\VWĊV�LU�\UD�JDQD�SORNãþLDV���E�SDY����(VDQW�NUI� ����±���GXMǐ�
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VUDXWDV� WDPSD� ODELDX� WXUEXOHQWLQLV�� R� JUHLþLR� SURILOLV� ±� GDXJLDX� LãY\VW\WDV��
7DþLDX�GXMǐ�VUDXWR�JUHLWLV��EHQGUDVLV�LU�VWDWLQLV�VOơJLV�EHL�GXMǐ�NRQFHQWUDFLMD�
WLHV�åLRWLPLV�NUHQWD�����SDO\JLQWL�VX�krf� ���ȝP��'ơO�GXMǐ�VUDXWR�WULQWLHV�ãDOLD�
VLHQHOLǐ�SDGLGơMD�SDVLHQLR�VOXRNVQLR�WHPSHUDWǌUD��VOơJLV�LU�GXMǐ�NRQFHQWUDFLMD�
��F�SDY����7RNLR�SDWLHV�ãLXUNãWXPR�VLHQHOLǐ�ƳWDND�����ȝP�VNHUVPHQV�FLOLQGULQơV�
WǌWRV� VUDXWXL�\UD� VDQW\NLQDL�PDåHVQơ��(VDQW�krf� ����ȝP�����ȝP�VNHUVPHQV�
FLOLQGULQơV� WǌWRV� ��F�SDY��� GXMǐ� NRQFHQWUDFLMD�� SDO\JLQWL� VX� O\JLD� VLHQHOH��
VXPDåơMD� ������ R� HVDQW� krf� ���� ȝP� ����ȝP� VNHUVPHQV� FLOLQGULQơV� WǌWRV�
��G�SDY���GXMǐ�NRQFHQWUDFLMD� VXPDåơMD������0RGHOLDYLPR�UH]XOWDWDL�SDURGơ��
NDG�SDYLUãLDXV�ãLXUNãWXPDV�WXUL�ƳWDNRV�WǌWRV�NRN\EHL�LU�þLXUNãOơV�SDUDPHWUDPV��
NDL� VPLOWHOLǐ� ãLXUNãWXPR� SDUDPHWUDV� krf� YLUãLMD� �±���� QXR� FLOLQGULQơV� WǌWRV�
VNHUVPHQV� DUED� /DYDOLR� WǌWRV� NDNOLXNR� VNHUVPHQV�� )LNVXRWR� VNHUVPHQV�
FLOLQGULQơV�WǌWRV�NUDãWǐ�QXVNLOLPR�����NDPSX�PRGHOLDYLPDV�SDURGơ��NDG�GXMǐ�
NRQFHQWUDFLMD�GơO�QXVNLOLPR�WLHV�WǌWRV�åLRWLPLV�VXPDåơMD���±������

���� 'XMǐ�þLXUNãOLǐ�VPǌJLQLǐ�EDQJǐ�PRGHOLDYLPDV�

��SDY�� SDWHLNWL� $UU�� VY\UDYLPR� VWUXNWǌURV� KHOLR� þLXUNãOLǐ� JUHLþLR��
WHPSHUDWǌURV�LU�NRQFHQWUDFLMRV�PRGHOLDYLPR�UH]XOWDWDL�HVDQW����EDUǐ�VOơJLXL��
6XVLNHUWDQþLǐ� þLXUNãOLǐ� VPǌJLQơV� EDQJRV� VXIRUPXRMD� URPER� IRUPRV� VOơJLR�
��F�SDY���LU�WDQNLR���G�SDY���HUGYLQĊ�JDUGHOĊ��6PǌJLQơV�EDQJRV�WXUL�ƳWDNRV�LU�
JUHLWLQLPXL�QDXGRMDPRV�VHNFLMRV�GXMǐ�NRQFHQWUDFLMDL��'ơO�VPǌJLQơV�EDQJRV�ãL�
VULWLV� VXVLVSDXGåLD� LU� VXWUXPSơMD�� 6Y\UDYLPR� VWUXNWǌURV� VHNFLMRMH� VPǌJLQơV�
EDQJRV���NDUWXV�SDGLGLQD�YLGXULQLǐ�WǌWǐ�þLXUNãOLǐ�GXMǐ�NRQFHQWUDFLMą��SDO\JLQWL�
VX�NUDãWLQơPLV�WǌWRPLV��9LGXULQLǐ�WǌWǐ�þLXUNãOLǐ�DXNãWLV�YLUã�WǌWRV�åLRþLǐ�VLHNLD�
���±����PP�� R� NUDãWLQLǐ� þLXUNãOLǐ� DXNãWLV� ±� ���±����PP�� /D]HULR� SOXRãWDV��
VNOLVGDPDV�VNLUWLQJX�DXNãþLX�YLUã�WǌWRV�åLRþLǐ��SUDHLQD�SUR�VNLUWLQJRV�SOD]PRV�
NRQFHQWUDFLMRV� VULWLV�� �� SDY�� SDWHLNWL� /2$� VNDLWPHQLQLR�PRGHOLDYLPR� EǌGX�
DSVNDLþLXRWL� YLHQRV� SXVơV� VPǌJLQơV� WǌWRV� D]RWR� GXMǐ� PROHNXOLQơV�
NRQFHQWUDFLMRV� SURILOLDL�� 6PǌJLQơ� EDQJD� VXVLIRUPXRMD� GơO� YLHQRMH� SXVơMH�
HVDQþLRV�����ȝP�DXNãþLR�WLHVLRV�VLHQHOơV�SULH�����ȝP�VNHUVPHQV�/DYDOLR�WǌWRV�
åLRþLǐ� LU� VXNXULD� QHLJLDPą� GXMǐ� NRQFHQWUDFLMRV� JUDGLHQWą�� �'� VNDLWPHQLQLV�
PRGHOLDYLPDV�EXYR�DWOLNWDV�QDXGRMDQW�$16<6�)OXHQW�SURJUDPLQĊ�ƳUDQJą���

6NDLWPHQLQLDL� GXMǐ� þLXUNãOLǐ� PRGHOLDYLPR� UH]XOWDWDL� SDURGơ�� NDG�
VWUXNWǌULQLXV� SOD]PRV� NRQFHQWUDFLMRV� SURILOLXV� JDOLPD� VXIRUPXRWL� QDXGRMDQW�
VLDXUơMDQþLDV�SODWơMDQþLDV� LU� ILNVXRWR� VNHUVPHQV� WǌWDV� EHL� Mǐ� VXNXULDPDV�
VPǌJLQHV�EDQJDV��$WVLåYHOJLDQW�Ƴ�WǌWǐ�LãVLSOơWLPR�VDQW\NƳ�LU���±���EDUǐ�VOơJƳ�
LU� QDXGRMDQW� /DYDOLR� WǌWDV� ���±���� ȝP� DWVWXPX� QXR� WǌWRV� åLRþLǐ� JDOLPD�
SDVLHNWL� ��î� ����� ±� ��î������FP±�� þLXUNãOLǐ� GXMǐ� NRQFHQWUDFLMą�� /DYDOLR� WǌWǐ�
þLXUNãOLǐ�GXMǐ�NRQFHQWUDFLMD��WROVWDQW�QXR�åLRþLǐ��NULQWD�OơWDL�LU�VXPDåơMD����±
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��NDUWXV�SHU�DWVWXPą��O\Jǐ�WǌWRV�VNHUVPHQLXL��)LNVXRWR�VNHUVPHQV�FLOLQGULQLǐ�
PLNURWǌWǐ�þLXUNãOLǐ�GXMǐ�NRQFHQWUDFLMD� WLHV�åLRWLPLV�\UD�GLGHVQơ�QHL�/DYDOLR�
WǌWǐ�LU�VLHNLD���±���î������FP�����

�

7 pav.�6NDLWPHQLQLR�PRGHOLDYLPR�EǌGX�DSVNDLþLXRWL�Arr3�VY\UDYLPR�VWUXNWǌURV�+H�
GXMǐ�þLXUNãOLǐ�JUHLþLR�(a)��WHPSHUDWǌURV�(b)��VOơJLR�(c)�LU�+H�GXMǐ�NRQFHQWUDFLMRV�ng�(d)�
HUGYLQLDL�VNLUVWLQLDL�HVDQW����EDUǐ�VOơJLXL��äDOLD�SXQNW\ULQơ�OLQLMD�YDL]GXRMD�����ȝP��R�
YLROHWLQơ�SXQNW\ULQơ�OLQLMD�±�����ȝP�OD]HULR�SOXRãWR�DWVWXPą�YLUã�WǌWRV�åLRþLǐ�>���@���

�

8 pav.�����ȝP�VNHUVPHQV�YLHQRV�SXVơV�VPǌJLQơV�EDQJRV�WǌWRV��'�GXMLQơ�PROHNXOLQLR�
D]RWR�NRQFHQWUDFLMD��DSVNDLþLXRWD�QDXGRMDQW�)OXHQW��'��HVDQW����EDUǐ�VOơJLXL�(a)��LU��'�
GXMǐ�NRQFHQWUDFLMRV�SURILOLDL�HVDQW�VNLUWLQJLHPV�DXNãþLDPV�YLUã�WǌWRV�åLRþLǐ�(b) >���@��
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7DþLDX�ãL�NRQFHQWUDFLMD�JUHLWDL�NULQWD�LU�VXPDåơMD�HLOH�SHU�DWVWXPą��O\Jǐ��±
�� WǌWǐ� VNHUVPHQLPV�� ,OJHVQL� /DYDOLR� WǌWǐ� IRUPXRMDPL� PDåHVQơV� SOD]PRV�
NRQFHQWUDFLMRV�SURILOLDL�WLQND�/3*�HOHNWURQǐ�JUHLWLQLPXL��)LNVXRWR�VNHUVPHQV�
FLOLQGULQơV� WǌWRV� SDGHGD� VXIRUPXRWL� PDåǐ� PDWPHQǐ� GLGHOơV� NRQFHQWUDFLMRV�
GXMǐ� VULWLV�� VPǌJLQLǐ� EDQJǐ� IURQWXV� EHL� LQMHNWDYLPR� LU� VY\UDYLPR� VWUXNWǌUǐ�
SOD]PRV�NRQFHQWUDFLMRV�SURILOLXV��

���� ,ãYDGRV�

6WUXNWǌULQLXV� SOD]PRV� NRQFHQWUDFLMRV� SURILOLXV� JDOLPD� VXIRUPXRWL�
QDXGRMDQW�PLNURWǌWǐ�YLUãJDUVLQHV�GXMǐ�þLXUNãOHV��

x $WVLåYHOJLDQW� Ƴ� LãLOJLQLǐ� LU� VNHUVLQLǐ� SOD]PRV� NRQFHQWUDFLMRV�
SURILOLǐ� UHLNDODYLPXV�� GXMǐ� þLXUNãOLǐ� NRQFHQWUDFLMRV� VNLUVWLQLDL�
JDOL� EǌWL� IRUPXRMDPL� QDXGRMDQW� VLDXUơMDQþLDV�SODWơMDQþLDV�
FLOLQGULQHV��SO\ãLQHV�/DYDOLR�EHL�ILNVXRWR�VNHUVPHQV�WǌWDV��

x ,QMHNWRULDXV� LU� VY\UDYLPR� VWUXNWǌULQLXV� SOD]PRV� NRQFHQWUDFLMRV�
SURILOLXV�JDOLPD�VXIRUPXRWL�QDXGRMDQW�VXVLNHUWDQþLǐ�YLUãJDUVLQLǐ�
GXMǐ� þLXUNãOLǐ� VPǌJLQLǐ� EDQJǐ� DUED� GXMǐ� þLXUNãOLǐ� VPǌJLQLǐ�
EDQJǐ��DWVLVSLQGơMXVLǐ�QXR�WǌWRV�VLHQHOơV��LQWHUIHUHQFLMą��

x 6PǌJLQơV� EDQJRV� IURQWR� SDGơWLV� DSLEUơåLD� QHLJLDPR� SOD]PRV�
NRQFHQWUDFLMRV� JUDGLHQWR� YLHWą� LQMHNWRULDXV� LU� VY\UDYLPR�
VWUXNWǌULQLXRVH�SOD]PRV�SURILOLXRVH��

x 3DYLUãLDXV� ãLXUNãWXPDV� WXUL� ƳWDNRV� WǌWRV� NRN\EHL� LU� þLXUNãOơV�
SDUDPHWUDPV��NDL�VPLOWHOLǐ�ãLXUNãWXPR�SDUDPHWUDV�YLUãLMD��±����
QXR� FLOLQGULQơV� WǌWRV� VNHUVPHQV� DUED� /DYDOLR� WǌWRV� NDNOLXNR�
VNHUVPHQV��

x )LNVXRWR� VNHUVPHQV� FLOLQGULQơV� WǌWRV� NUDãWǐ� QXVNLOLPDV� ����
NDPSX�VXPDåLQD�WǌWRV�åLRþLǐ�GXMǐ�NRQFHQWUDFLMą���±������

� �
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�� 0,.527ǋ7Ǐ�*$0<%$�,5�&+$5$.7(5,=$9,0$6�

âLDPH� VN\ULXMH� SDWHLNWD� PHGåLDJD� EXYR� SXEOLNXRWD� PRNVOLQLXRVH�
VWUDLSVQLXRVH� >$���$���$���$���$���$�@� LU�NRQIHUHQFLMǐ�SUDQHãLPXRVH� >&���
&���&���&���&���&���&�@��

���� 0LNURWǌWǐ�JDP\ED�

/\G\WR� NYDUFR� PLNURWǌWǐ� VWUXNWǌUǐ� JDP\EDL� EXYR� VXNXUWDV� QDXMDV�
KLEULGLQLV��'�OD]HULQLR�DSGLUELPR�WHFKQRORJLMRV�PHWRGDV��7ǌWRV�UơPR�JDP\EDL�
EXYR�QDXGRMDPDV�JUHLWDV�QDQRVHNXQGLQLV�PHGåLDJRV�DSGLUELPDV�Lã�DSDþLRV��R�
GLGHOLR� WLNVOXPR� NDQDOǐ� IRUPDYLPXL� ±� IHPWRVHNXQGLQLV� OD]HULX� LQLFLMXRWR�
VHOHNW\YDXV�FKHPLQLR�ơVGLQLPR��)/6(�±�)HPWRVHFRQG�ODVHU�DVVLVWHG�VHOHFWLYH�
HWFKLQJ��EǌGDV���D�SDY������±���PP�VNHUVPHQV�NǌJLQLV�WǌWǐ�ODLNLNOLR�UơPDV�
EXYR�SDJDPLQWDV�Lã�LãWLVLQơV����±�����PP�O\G\WR�NYDUFR�SORNãWơV�����SDY����
3R� WR� LãLOJDL� NǌJLR� DãLHV� EXYR� VXIRUPXRWRV� PLNURPHWULQLǐ� PDWPHQǐ� WǌWǐ�
VWUXNWǌURV���D�SDY������SDY����1DQRVHNXQGLQLR�PHGåLDJRV�DSGLUELPR�Lã�DSDþLRV�
VFKHPD�SDWHLNWD��E�SDY��

�

�

9 pav.�7ǌWǐ�JDP\ERV�VFKHPD��QDXGRMDQW�KLEULGLQƳ� OD]HULQƳ�DSGLUELPR�PHWRGą� (a)� LU�
QDQRVHNXQGLQƳ�DSGLUELPą�Lã�DSDþLRV�(b)��/D]HULR�SOXRãWDV�QXNUHLSWDV�Lã�YLUãDXV�Ƴ�DSDþLą�
>���@��

�
3LUPRMR� KLEULGLQơV� WHFKQRORJLMRV� HWDSR�PHWX� ��D�SDY��� DSGLUELPXL� EXYR�

QDXGRMDPD�'366��'LRGH�3XPSHG�6ROLG�6WDWH��Ä(NVSOD³�OD]HULR�DQWURML������
QP��KDUPRQLND�� ,PSXOVǐ�)+:0�WUXNPơ�EXYR�����QV��/D]HULV� YHLNơ����:�
YLGXWLQH�JDOLD�����N+]�LPSXOVǐ�SDVLNDUWRMLPR�GDåQLX��/D]HULR�VSLQGXOLXL�;<�
SORNãWXPRMH�QXNUHLSWL�EXYR�QDXGRMDPDV�Ä6&$1/$%³�JDOYDQRPHWUR�VNHQHULV�
LQWHOOL6&$1����� ��� PP� REMHNW\YX� OD]HULR� VSLQGXOLXRWơ� EXYR� IRNXVXRMDPD�
��H��O\J\MH�Ƴ������ȝP�VNHUVPHQV�SOXRãWą��/D]HULR�LPSXOVR�HQHUJLMD�LU�HQHUJLMRV�
WDQNLV�EXYR�DWLWLQNDPDL����ȝ-�LU�����-�FP���0HGåLDJRV�ãDOLQLPR�JUHLWLV�EXYR�
GLGHVQLV�QHL���PP��V��
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$QWURMR�HWDSR�PHWX���D�SDY���UXRãLQ\V�EXYR�DSYHUVWDV�LU�VXIRUPXRWDV�GXMǐ�
WLHNLPR�NDQDODV��SDOLHNDQW���PP�VWRULR�O\G\WR�NYDUFR�VULWƳ�PLNURPHWULQLǐ�WǌWǐ�
VWUXNWǌUǐ�PRGLILNDYLPXL�)/6(�EǌGX��)HPWRVHNXQGLQLR�Ä/LJKW�&RQYHUVLRQ³�
<E��Ä.*:� 3KDURV³� OD]HULR� EDQJRV� LOJLV� EXYR� ���� QP�� LPSXOVǐ� )+:0�
WUXNPơ�±�����IV��R�LPSXOVǐ�HQHUJLMD�����ȝ-��3DVLNDUWRMLPR�GDåQLV�EXYR�����
N+]�� 6NHQXRMDPD� EXYR� ���� PP�V� JUHLþLX�� NDG� EǌWǐ� XåWLNULQWDV� ������
LPSXOVǐ�ȝP�WDQNLV��/D]HULR�VSLQGXOLXRWơ�EXYR�IRNXVXRMDPD����[�PLNURVNRSX�
REMHNW\YX��0LWXWR\R��1$� ������Ƴ�a���ȝP�VNHUVPHQV�OD]HULR�SOXRãWą��

�

�

10 pav.����PP�VNHUVPHQV�LU������PP�DXNãþLR�WǌWRV�UơPDV�(a)�VX���PP�LOJLR�����ȝP�
VNHUVPHQV� FLOLQGULQH� WǌWD� (b)�� SDJDPLQWD� PRGLILNXRMDQW� OD]HULX� O\G\Wą� NYDUFą� LU�
ơVGLQDQW�.2+�>���@��

�

�

11 pav.�����ȝP�/DYDOLR�PLNURWǌWǐ�VWUXNWǌURV��SDJDPLQWRV�QDXGRMDQW�)/6(�PHWRGą��
YDL]GDV�Lã�YLUãDXV�(a) LU�SMǌYLR�YDL]GDV�(b)��JDXWL�RSWLQLX�PLNURVNRSX��

�



����
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�

12 pav. )/6(�O\G\WR�NYDUFR�PRGLILNDFLMǐ�VWUXNWǌUD��VNLUWD�FKHPLQLDP�ơVGLQLPXL�(a)��
LU�FLOLQGULQơV�WǌWRV�NDQDOR�6(0�YDL]GDV�SR����K�ơVGLQLPR���0�.2+�(b) >���@��

�
��D�SDY�� SDURG\WD� YHUWLNDODXV� NDQDOR� OD]HULQLR� PRGLILNDYLPR� VFKHPD��

.DQDODV�EXYR�SDGDOLQWDV�Ƴ���LDV�����ȝP�LOJLR�VHNFLMDV��.LHNYLHQRMH�VHNFLMRMH��
QDXGRMDQW� ;<� SDGơWLHV� ���� QP� WLNVOXPR� �$HURWHFK� $17����� QXVWDW\PR�
VLVWHPą�LU�SHUVWXPLDQW�EDQGLQƳ�VXIRNXVXRWR�OD]HULR�SOXRãWR�DWåYLOJLX��O\G\WDPH�
NYDUFH� �±��ȝP� åLQJVQLX� EXYR� PRGLILNXRMDPDL� NRQFHQWULQLDL� DSVNULWLPDL��
6LHNLDQW� NRPSHQVXRWL� NǌJLQĊ� YHUWLNDODXV� NDQDOR� IRUPą�� PRGLILNDFLMRV�
VSLQGXO\V� EXYR�NHLþLDPDV� DSGLUELPR�PHWX�� ����ȝP� VNHUVPHQV� ��PP� LOJLR�
NDQDOR�PRGLILNDFLMD�OD]HULX�XåWUXNR�a����PLQ����E�SDY��SDURG\WDV�FLOLQGULQơV�
WǌWRV�NDQDOR�6(0�YDL]GDV�SR����K� ơVGLQLPR���0�.2+��.DQDOR�VNHUVPXR�
EXYR�SDJDPLQWDV���±���ȝP�WLNVOXPX��âL�WHFKQRORJLMD�OHLGR�VXIRUPXRWL���±���
ȝP� VNHUVPHQV� NDQDOXV�� 1DQRVHNXQGLQLR� PHGåLDJRV� DSGLUELPR� Lã� DSDþLRV�
DWYHMX���E�SDY���PDåLDXVLR�NDQDOR�VNHUVPXR�EXYR�����ȝP��

�

13 pav.� /2$� HNVSHULPHQWXRVH� QDXGRWǐ� YLHQRV� SXVơV� VPǌJLQơV� EDQJRV� WǌWRV� (a)� LU�
GYLJXERV� WǌWRV� (b)�� NXULRV� åLRþLǐ� VNHUVPXR� ���� ȝP� LU� ���ȝP�� SDJDPLQWǐ� )/6(�
PHWRGX��YDL]GDL��JDXWL�RSWLQLX�PLNURVNRSX��
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)/6(� PHWRGX� SDJDPLQWǐ� /2$� YLHQRV� SXVơV� VPǌJLQơV� EDQJRV� WǌWRV� LU�
GYLJXERV�WǌWRV�YDL]GDL�SDURG\WL�DWLWLQNDPDL���D�SDY��LU���E�SDY��9LHQRV�SXVơV�
VPǌJLQơV� EDQJRV� WǌWRV� UơPDV� EXYR� SDJDPLQWDV� QDXGRMDQW� QDQRVHNXQGLQƳ�
DSGLUELPą� Lã� DSDþLRV�� R� YLGLQLV� NDQDODV� EXYR� VXIRUPXRWDV� )/6(� PHWRGX��
9LUãXWLQLV�SDYLUãLXV�EXYR�SDSLOGRPDL�DSGRURWDV�QDXGRMDQW�IHPWRVHNXQGLQĊ�LU�
SLNRVHNXQGLQĊ� DEOLDFLMą�� OHLGåLDQþLą� SDJHULQWL� SDYLUãLDXV� ãLXUNãWXPą� LNL� �±
��ȝP��SDO\JLQWL�VX������ȝP�QDQRVHNXQGLQLX�DSGLUELPR�SDYLUãLDXV�ãLXUNãWXPX��

���� 0LNURWǌWǐ�FKDUDNWHUL]DYLPDV�

���SDY�� SDURG\WL� SDJDPLQWǐ� WǌWǐ� SHUSMDXWǐ� PLNURWǌWǐ� 6(0� HOHNWURQLQLR�
PLNURVNRSR�SDYLUãLDXV�YDL]GDL�LU�WRSRORJLMRV��$WOLNXV�SUDGLQLXV�GXMǐ�WDQNLR�LU�
SDYLUãLDXV�ãLXUNãWXPR�PDWDYLPXV��WǌWǐ��SDJDPLQWǐ�QDQRVHNXQGLQLX�DSGLUELPX�
Lã� DSDþLRV�� SDYLUãLXV� EXYR� SDSLOGRPDL� ơVGLQWDV� .2+� WLUSDOH�� 9LUãXWLQLV�
QXWUXSơMĊV� VOXRNVQLV�EXYR�QXSROLUXRWDV� LU� EXYR�DWNXUWDV� VWDWXV�NDPSDV� WDUS�
WǌWRV�VLHQHOLǐ�LU�åLRþLǐ��3R�WR�PLNURWǌWǐ�SURILOLDL�EXYR�YơO�LãPDWXRWL�Ä9HHFR³�
SURILORPHWUX�Ä'HNWDN����³���

�

14 pav.�3HUSMDXWǐ�PLNURWǌWǐ� NDQDOǐ�� SDJDPLQWǐ�)/6(�PHWRGX� (a)�� QDQRVHNXQGLQLX�
DSGLUELPX�Lã�DSDþLRV�(b)�LU�QDQRVHNXQGLQLX�DSGLUELPX�Lã�DSDþLRV�VX�YơOHVQLX�ơVGLQLPX�
.2+� (c)�� 6(0� YDL]GDL�� ���� ×� ���� PP�� SORWR� WǌWǐ�� SDJDPLQWǐ� QDQRVHNXQGLQLX�
DSGLUELPX�Lã�DSDþLRV�(d)�LU�QDQRVHNXQGLQLX�DSGLUELPX�Lã�DSDþLRV�VX�YơOHVQLX�ơVGLQLPX�
.2+�(e)��SDYLUãLDXV�WRSRJUDILMRV�>���@���

0LNURWǌWǐ�� SDJDPLQWǐ� QDQRVHNXQGLQLX� DSGLUELPX� Lã� DSDþLRV�� ãLXUNãWXPR�
QXRNU\SLR�PRGXOLR�DULWPHWLQLV�YLGXUNLV�EXYR�Ra� �����ȝP��R�PLQLPDODXV� LU�
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PDNVLPDODXV�SDYLUãLDXV�DXNãþLR�PDWDYLPǐ�DULWPHWLQLV�YLGXUNLV�Rzd� ���ȝP��3R�
��YDODQGǐ�ơVGLQLPR�.2+�SDYLUãLDXV�ãLXUNãWXPDV�SDGLGơMR�LNL�Ra� �����ȝP�LU�
Rzd� ������ȝP��6PLOWHOLǐ�ãLXUNãWXPR�SDUDPHWUDV�krf��EXYR�O\JXV�DWLWLQNDPDL�a�
��ȝP�LU�a����ȝP��)/6(�DWYHMX�EXYR�SDVLHNWL�ãLXUNãWXPR�SDUDPHWUDL�Ra� ������
ȝP� LU� Rzd� ������ ȝP�� $SVNDLþLXRWDV� VPLOWHOLǐ� ãLXUNãWXPR� SDUDPHWUDV� krf��
UHPLDQWLV�Ra�LU�Rzd��YHUWơPLV�EXYR�������ȝP��3DYLUãLDXV�VPLOWHOLǐ�ãLXUNãWXPR�
SDUDPHWUR� krf� YHUWơV�� DSVNDLþLXRWRV� QDXGRMDQW� ��OHQWHOơV� VąU\ãLXV�� SDWHLNWRV�
��OHQWHOơMH��

0DFKR±=HKQGHULR� LQWHUIHURPHWUX� LãPDWXRWL� GXMǐ� NRQFHQWUDFLMRV� SURILOLDL�
EXYR� UHNRQVWUXRWL� QDXGRMDQW� ,'($� SURJUDPLQơV� ƳUDQJRV� SDNHWą� LU� $EHOLR�
WUDQVIRUPDFLMą��'ơO�WǌWRV�krf�� ���ȝP�VLHQHOLǐ�ãLXUNãWXPR�LU�WǌWRV�åLRþLǐ�NUDãWǐ�
QXVNLOLPR� ��� ODLSVQLǐ� NDPSX� ����ȝP� ILNVXRWR� VNHUVPHQV� FLOLQGULQơV� WǌWRV��
SDJDPLQWRV�QDXGRMDQW�QDQRVHNXQGLQƳ�DSGLUELPą�Lã�DSDþLRV��GXMǐ�NRQFHQWUDFLMD�
��±���ȝP�DWVWXPX�QXR�WǌWRV�åLRþLǐ�EXYR���±�����PDåHVQơ��SDO\JLQWL�VX�WǌWRV��
SDJDPLQWRV� QDXGRMDQW� )/6(� EǌGą�� )/6(� PHWRGX� SDJDPLQWǐ� WǌWǐ� VLHQHOơV�
VPLOWHOLǐ� ãLXUNãWXPDV� EXYR� krf� ������ȝP�� ,ãPDWXRWD� GXMǐ� þLXUNãOLǐ�
NRQFHQWUDFLMD�DWLWLQNDPDL� VLHNơ����±����î������ LU����±��î������FP��������ȝP�
FLOLQGULQơV�WǌWRV��SDJDPLQWRV�QDXGRMDQW�QDQRVHNXQGLQƳ�DSGLUELPą�Lã�DSDþLRV��
GXMǐ�þLXUNãOLǐ�NRQFHQWUDFLMD���±����ȝP�DWVWXPX�QXR�WǌWRV�åLRþLǐ�EXYR���±
����� PDåHVQơ� QHL� QDXGRMDQW� )/6(� PHWRGą�� 'XMǐ� NRQFHQWUDFLMRV� EXYR�
DWLWLQNDPDL����±����î������LU����±����î������FP±���

5 lentelė.�,ãPDWXRWL�LU�DSVNDLþLXRWL�NDQDOǐ�SDYLUãLDXV�ãLXUNãWXPR�SDUDPHWUDL��UHPLDQWLV�
VąU\ãLDLV��SDWHLNWDLV���OHQWHOơMH�>���@��

� )/6(�
1DQRVHNXQGLQLV�

DSGLUELPDV�Lã�DSDþLRV�

1DQRVHNXQGLQLV�
DSGLUELPDV�Lã�DSDþLRV�LU�

ơVGLQLPDV�.2+�
RD�>�P@� ����� ��� ��� 
R506�>�P@� � ��� ��� 
R]G�>�P@� ����� �� ���� 
kUI�#�RD�>�P@� ����� ��� �����
kUI�#�R506�>�P@ � ���� ����
kUI�#�R]G�>�P@ ����� ���� �����
�
��DE�SDY�� SDYDL]GXRWL� /XQGR� OD]HULR� FHQWUH� QDXGRWǐ� SDYLHQLǐ� �����PP�

VNHUVPHQV� LU� ���� PP� LOJLR� SO\ãLQơV� 6�� WǌWRV� UHNRQVWUXRWL� NRQFHQWUDFLMRV�
SURILOLDL�HVDQW����EDUǐ�DUJRQR�VOơJLXL�������PP�VNHUVPHQV�FLOLQGULQơ�/DYDOLR�
WǌWD�VXIRUPXRMD�SORNãþLą�����PP�LOJLR�GXMǐ�NRQFHQWUDFLMRV�SURILOƳ�LU�����PP�
LOJLR�NRQFHQWUDFLMRV�GLGơMLPR�LU�PDåơMLPR�VULWLV�WǌWRV�NUDãWXRVH������PP�LOJLR�
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6��SO\ãLQơ�/DYDOLR�WǌWD�WXUL�����PP�LOJLR�SORNãþLą�GXMǐ�NRQFHQWUDFLMRV�SURILOƳ�
LU�����PP�LOJLR�NRQFHQWUDFLMRV�GLGơMLPR�LU�PDåơMLPR�VULWLV�WǌWRV�NUDãWXRVH���

�

15 pav.�5HNRQVWUXRWL������PP�VNHUVPHQV�FLOLQGULQơV�/DYDOLR�WǌWRV�(a)�LU�����PP�LOJLR�
SO\ãLQơV� /DYDOLR� WǌWRV�S1� (b)� GXMǐ� NRQFHQWUDFLMRV� VNLUVWLQLDL� HVDQW� ��� EDUǐ� VOơJLXL��
LãPDWXRWL�QDXGRMDQW�EDQJRV�IURQWR�MXWLNOLR�ID]Lǐ�GLDJUDPDV��3DYLHQơV�WǌWRV�S1�(c)�LU�
Arr4�LQMHNWRULDXV�VWUXNWǌURV�ãO\QRJUDPRV�(d) >���@��

,ãPDWXRWD������PP�VNHUVPHQV�FLOLQGULQơV�/DYDOLR�WǌWRV�LU�6��SO\ãLQơV�WǌWRV�
GXMǐ�NRQFHQWUDFLMD�ng� ���î������FP���EXYR�SDVLHNWD�DWLWLQNDPDL�HVDQW����LU����
EDUǐ� SDGXRGDPǐ� GXMǐ� VOơJLXL� LU� ��� �� WLNVOXPX� DWLWLNR� VNDLWPHQLQLR�
PRGHOLDYLPR�UH]XOWDWXV��SDWHLNWXV���DPH�VN\ULXMH��(NVSHULPHQWR�PHWX�KHOLV�
EXYR�MRQL]XRWDV�LNL�+H����LU�SOD]PRV�NRQFHQWUDFLMD�np� ���î������FP���GX�NDUWXV�
YLUãLMR�PROHNXOLQĊ�GXMǐ�NRQFHQWUDFLMą��3DYLHQơV�WǌWRV�6��LU�$UU��LQMHNWRULDXV�
VWUXNWǌURV�ãO\QRJUDPRV�HVDQW�DWLWLQNDPDL�np� ���î������FP���LU�np� ���î������
FP���SDURG\WRV���F�LU���G�SDY�����SDY��SDURG\WL�LQWHUIHUHQFLQLDL�YDL]GDL��JDXWL�
QDXGRMDQW�:ROODVWRQR�SUL]PĊ� OD]HULR�SOXRãWR�VXNXUWRV�SOD]PRV�ãO\QRJUDPǐ�
GLDJQRVWLNDL��$UU��VWUXNWǌURV�DWYHMX�VPǌJLQơV�EDQJRV�EXYR�VWHELPRV�OD]HULR�
SOXRãWXL� VNOLQGDQW� ���� ȝP� DWVWXPX� QXR� WǌWRV� åLRþLǐ� ���D�SDY���� $UU��
VY\UDYLPR�VWUXNWǌURV�ãO\QRJUDPRV�åHQNOLDL�VN\UơVL�SULNODXVRPDL�QXR�OD]HULR�
SOXRãWR�DWVWXPR�YLUã�WǌWRV�åLRþLǐ������ȝP�DWVWXPX����E�SDY���OD]HULR�SOXRãWR�
MRQL]XRWD�VULWLV�EXYR�VLDXUHVQơ�±����±����ȝP�SORþLR��R�VPǌJLQơV�EDQJRV�EXYR�
PDWRPRV� WLN� $UU�� VWUXNWǌURV� FHQWULQơMH� GDO\MH�� ���� ȝP� DWVWXPX� YLUã� WǌWRV�
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åLRþLǐ����F�SDY���MRQL]XRWRV�VULWLHV�SORWLV�SDGLGơMR� LNL����±����ȝP�� LU�EXYR�
DLãNLDL�PDWRPL�YLVǐ�VWUXNWǌURV�WǌWǐ�VXVLNHUWDQþLǐ�VPǌJLQLǐ�EDQJǐ�IURQWDL��

�

16 pav.�Arr2 (a) LU�Arr3 VY\UDYLPR� VWUXNWǌUǐ� LQWHUIHURJUDPRV� HVDQW� np ��× �����
FP����� OD]HULR�SOXRãWXL�VNOLQGDQW�����ȝP� (b) LU�����ȝP�(c)�DWVWXPX�YLUã� WǌWRV�åLRþLǐ�
>���@��

��D�SDY��SDURG\WDV�����ȝP�YLHQRV�SXVơV�VPǌJLQơV�EDQJRV�WǌWRV��QDXGRWRV�
/2$� HNVSHULPHQWXRVH�� $EHOLR� WUDQVIRUPDFLMRV� EǌGX� UHNRQVWUXRWDV� D]RWR�
SOD]PRV�NRQFHQWUDFLMRV�SURILOLV���

�

�

17 pav.�/2$�HNVSHULPHQWXRVH�QDXGRWRV�YLHQRV�SXVơV�VPǌJLQơV�EDQJRV�����ȝP�WǌWRV�
þLXUNãOLǐ�HNVSHULPHQWLQLDL�1��SOD]PRV�NRQFHQWUDFLMRV�np�SURILOLDL�HVDQW����LU����EDUǐ�
VOơJLXL�(a)��,ãPDWXRWDV�GYLJXERV���������P�WǌWRV�1��LQWHJUDOLQLV�ID]ơV�SURILOLV�HVDQW�
���EDUǐ�VOơJLXL�(b) >���@��

5HNRQVWUXRWL� SURILOLDL� SDWYLUWLQR� QHLJLDPR� SOD]PRV� NRQFHQWUDFLMRV�
JUDGLHQWR� VXVLIRUPDYLPą�� ��E�SDY�� SDYDL]GXRWDV� GYLJXERV� �������ȝP� WǌWRV�
1��LQWHJUDOLQơV�ID]ơV�SURILOLV��3URILOLDL�DWLWLQND�WLNUąMą�SOD]PRV�NRQFHQWUDFLMą��
QDXGRWą�HNVSHULPHQWXRVH��NXULǐ�PHWX�D]RWR�/�HOHNWURQǐ�VOXRNVQLV�\UD�YLVLãNDL�
MRQL]XRWDV�LNL�1���LU�DS\WLNVOLDL����NDUWǐ�YLUãLMD�PROHNXOLQĊ�GXMǐ�NRQFHQWUDFLMą��

�
�
�
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���� ,ãYDGRV�

$WVSDULDV�RSWLQLDPV�SDåHLGLPDPV�PLNURPHWULQLǐ�PDWPHQǐ�WǌWǐ�VWUXNWǌUDV�
JDOLPD� SDJDPLQWL� Lã� VNDLGULǐ�PHGåLDJǐ�� SY]��� O\G\WR� NYDUFR�� GHULQDQW� NHOLV�
OD]HULQLR�DSGLUELPR�EǌGXV��

x 1DQRVHNXQGLQLV� OD]HULQLV� DSGLUELPDV� Lã� DSDþLRV�� NXULR� DSGRURMLPR�
VSDUWD�a��±����PP��V��JUHLWDL�SDãDOLQD�GLGHOLXV�PHGåLDJRV�NLHNLXV� LU�
QDXGRMD����:�YLGXWLQĊ�OD]HULR�JDOLą��

x 1DQRVHNXQGLQLR� OD]HULQLR� DSGLUELPR� Lã� DSDþLRV� �±�� ȝP� SDYLUãLDXV�
ãLXUNãWXPR�QXRNU\SLV�5]G�LU�WǌWRV�åLRþLǐ�NUDãWǐ�QXVNLOLPDV�ULERMD�ãLR�
PHWRGR�WDLN\Pą�PDåHVQLǐ�QHL����±����ȝP�VWUXNWǌUǐ�IRUPDYLPXL���

x 1DQRVHNXQGLQLR� OD]HULQLR� DSGLUELPR� Lã� DSDþLRV� DWYHMX� ����ȝP�
VNHUVPHQV� WǌWRV� åLRW\VH� GXMǐ� NRQFHQWUDFLMD� VXPDåơMD� ��±��� ��� R�
����ȝP� VNHUVPHQV� WǌWRV� åLRW\VH� ±� ��±��� ��� SDO\JLQWL� VX� )/6(�
PHWRGX���

x 6LHQHOLǐ� ãLXUNãWXPDV� GDUR� UHLNãPLQJą� ƳWDNą� GXMǐ� þLXUNãOLǐ�
NRQFHQWUDFLMDL��NDL�SDYLUãLDXV�ãLXUNãWXPR�QXRNU\SLV�5]G�YLUãLMD��±����
QXR�WǌWRV�VNHUVPHQV��

x )HPWRVHNXQGLQơ� LU� SLNRVHNXQGLQơ� SDYLUãLDXV� DEOLDFLMD�� SDO\JLQWL� VX�
QDQRVHNXQGLQLX� OD]HULQLX� DSGLUELPX� Lã� DSDþLRV�� SDJHULQD� SDYLUãLDXV�
ãLXUNãWXPR�QXRNU\SƳ�5]G�LNL��±��ȝP��

x 1DXGRMDQW� )/6(� PHWRGą�� JDOLPD� VXIRUPXRWL� WǌWǐ� NDQDOXV�� NXULǐ�
PDWPHQ\V�\UD�PDåHVQL�QHL����ȝP��R�SDYLUãLDXV�ãLXUNãWXPR�QXRNU\SLV�
5]G��� ���� ȝP�� 'LGHOLǐ� PHGåLDJRV� NLHNLǐ� DSGLUELPXL� )/6(� EǌGDV�
PDåLDX�HIHNW\YXV�QHL�QDQRVHNXQGLQLR�DSGLUELPR�Lã�DSDþLRV�PHWRGDV��
� �
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�� (.63(5,0(17,1,6�(/(.7521Ǐ�*5(,7,1,0$6�,5�
$175,1Ė6�63,1'8/,827Ė6�ä$',1,0$6�

âLDPH� VN\ULXMH� SDWHLNWD� PHGåLDJD� EXYR� SXEOLNXRWD� PRNVOLQLXRVH�
VWUDLSVQLXRVH�>$���$�@�LU�NRQIHUHQFLMǐ�SUDQHãLPXRVH�>&���&��LU�&�@��

���� (OHNWURQǐ�JUHLWLQLPDV�LU�VSLQGXOLXRWơV�åDGLQLPDV�

(NVSHULPHQWLQLDL� /3*� HOHNWURQǐ� JUHLWLQLPR� LU� EHWDWURQR� VSLQGXOLXRWơV�
åDGLQLPR� GDUEDL� EXYR� DWOLNWL� /XQGR� OD]HULǐ� FHQWUH�� 6XIRNXVXRWR� OD]HULR�
SOXRãWR� LQWHQV\YXPDV� DWLWLNR� OD]HULR� ODXNR� VWLSULR� SDUDPHWUą� D�� ≃� �����
3DJUHLWLQWǐ�HOHNWURQǐ�NUǌYLR�HQHUJLMRV�LU�VNơVWLHV�HUGYLQLDL�VNLUVWLQLDL�SDWHLNWL�
���SDY�� (OHNWURQǐ� HQHUJLMRV� VSHNWUDV�� JUHLWLQLPR� HOHNWURQǐ� VNơVWLV� LU� NUǌYLV�
EXYR�PDWXRMDPL�QDXGRMDQW�PDJQHWLQƳ�VSHNWURPHWUą�LU�Ä/DQH[³�VFLQWLOLDFLMRV�
HNUDQą���

�

18 pav.� 3DYLHQơV� S1� WǌWRV� np�  � �� î� ����FP��� +H�������1��PLãLQLR� (a) LU Ar4 
LQMHNWRULDXV� VWUXNWǌURV�JU\QR�+H� (b)�EHL�np� ���î������FP���+H�������1��PLãLQLR�(c) 
HOHNWURQǐ� NUǌYLR� LU� HQHUJLMRV� VXYLGXUNLQWL� HUGYLQLDL� VNLUVWLQLDL� 3DYLHQơV� S1� WǌWRV�
np� ���î������FP��� +H�������1��PLãLQLR� (d) LU Arr2 (e)� EHL� Arr3�� OD]HULR� SOXRãWXL�
VNOLQGDQW�����ȝP�DWVWXPX�YLUã�WǌWRV�åLRþLǐ��(f)�VY\UDYLPR�VWUXNWǌUǐ�HOHNWURQǐ�NUǌYLR�
LU�HQHUJLMRV�VXYLGXUNLQWL�HUGYLQLDL�VNLUVWLQLDL�>���@��
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���SDY��SDWHLNWL�VXYLGXUNLQWǐ����LHV�OD]HULR�LPSXOVǐ�6��WǌWRV�LU�$UU���$UU���
$UU�� VWUXNWǌUǐ� HOHNWURQǐ� HQHUJLMRV� LU� NUǌYLR� HUGYLQLǐ� VNLUVWLQLǐ�
HNVSHULPHQWLQLDL� GXRPHQ\V�� 'LGåLDXVLD� SDJUHLWLQWǐ� HOHNWURQǐ� HQHUJLMD� LU�
PDåLDXVLD�VNơVWLV�EXYR�JDXWRV�HVDQW�QHGLGHOLDP��±���EDUǐ�+H�������1��GXMǐ�
VOơJLXL�EHL�QDXGRMDQW�SDYLHQĊ�6��WǌWą����D�SDY����1DXGRMDQW�$UU��LQMHNWRULDXV�
VWUXNWǌUą� EHL� HVDQW� �±�� EDUǐ� JU\QR� +H� VOơJLXL� EXYR� VWHELPL� ��±��� 0H9�
HOHNWURQǐ� SOXRãWDL� ���E�SDY���� VXVLIRUPXRMDQW\V� GơO� QHLJLDPR� SOD]PRV�
NRQFHQWUDFLMRV� JUDGLHQWR� HOHNWURQǐ� LQMHNFLMRV�� âLV� GXMǐ� VOơJLV� DS\WLNVOLDL�
DWLWLQND� SOD]PRV� NRQFHQWUDFLMą� np� ��î�����FP���� $WVNLUǐ� HOHNWURQǐ� SOXRãWǐ�
HQHUJLMRV� GLVSHUVLMD� EXYR� QHGLGHOơ� ±� �±���0H9�� WDþLDX� SDJUHLWLQWR� NUǌYLR�
G\GLV� LU�HUGYLQLV�VNLUVWLQ\V�NHLWơVL�QXR� LPSXOVR�SULH�LPSXOVR� LU� WDL�SDGLGLQR�
VXYLGXUNLQWR� ���LHV� LPSXOVǐ� HQHUJLMRV� VNLUVWLQLR� GLVSHUVLMą�� ���D�F±I�SDY���
HNVSHULPHQWǐ� PHWX� YLHQR� LPSXOVR� HUGYLQLV� NUǌYLR� VNLUVWLQ\V� LU� HOHNWURQǐ�
SOXRãWR� VNơVWLV� Lã� HVPơV� QHVLVN\Uơ� QXR����LHV� LPSXOVǐ� YLGXUNLR��1DXGRMDQW�
$UU��LQMHNWRULDXV�VWUXNWǌUą�LU�����NDUWR�PDåHVQƳ�QHL�JU\QR�KHOLR�+H�������1��
PLãLQLR�SDGXRGDPǐ�GXMǐ�VOơJƳ��NUǌYLR�LQMHNFLMD�EXYR�VWDELOHVQơ��âLXR�DWYHMX�
EXYR� LãPDWXRWL� �±�� S&� LU� ��������0H9� NYD]LPRQRHQHUJHWLQLDL� HOHNWURQǐ�
SOXRãWDL� ���F�SDY���� (VDQW� GLGHVQLDP� ��±��� EDUǐ� VOơJLXL� EHL� JUHLWLQLPXL�
QDXGRMDQW� 6�� WǌWą� LU� $UU�±$UU�� VY\UDYLPR� VWUXNWǌUDV�� EXYR� LQMHNWXRMDPDV�
GLGHVQLV� HOHNWURQǐ� NLHNLV� LU� SOXRãWR� VNơVWLV� SDGLGơMR� ���G±I�SDY���� ��� EDUǐ�
VOơJLV�6��WǌWRV��$UU���$UU��VWUXNWǌUǐ�DWYHMX�LU����EDUǐ�VOơJLV�$UU��VWUXNWǌURV�
DWYHMX�DS\WLNVOLDL�DWLWLQND�SOD]PRV�NRQFHQWUDFLMą�np� ��î������FP����6Y\UDYLPR�
VWUXNWǌUD�SDGLGLQR�YLGXWLQĊ�HOHNWURQǐ�SOXRãWR�VNơVWƳ�LU�EHWDWURQR�VSLQGXOLXRWơV�
åDGLQLPR�HIHNW\YXPą����HI�SDY�����

�

19 pav.����� ȝP� YLHQRV� SXVơV� VPǌJLQơV� WǌWRV� /2$� ���� P-� �� IV� �� N+]� OD]HULR�
SDJUHLWLQWǐ� HOHNWURQǐ� HQHUJLMRV� VSHNWULQLR� LQWHQV\YXPR� (a)� LU� NUǌYLR� (b)� VNLUVWLQLR�
SURILOLDL� >���@�� âHãơOLR� ]RQD� SDURGR� VWDQGDUWLQƳ� QXRNU\SƳ�� R� SDNODLGǐ� MXRVWD� URGR�
VSHNWURPHWUR�UH]ROLXFLMą�(a)��

���SDY��SDYDL]GXRWDV�/2$�����7:���IV���N+]�OD]HULX�SDJUHLWLQWǐ�HOHNWURQǐ�
HQHUJLMRV� VSHNWULQLR� LQWHQV\YXPR� LU� NUǌYLR� VNLUVWLQ\V�� NXULR� VWDELOXPą� ��
YDODQGDV� WUXQNDQþLR� HNVSHULPHQWR� PHWX� XåWLNULQR� ���� ȝP� YLHQRV� SXVơV�
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VPǌJLQơV�WǌWRV��266��QHLJLDPR�SOD]PRV�NRQFHQWUDFLMRV�JUDGLHQWR�HOHNWURQǐ�
LQMHNFLMD�� (OHNWURQǐ� HQHUJLMD� EXYR� �±�� 0H9�� R� VXYLGXUNLQWDV� ���� OD]HULR�
LPSXOVǐ� SDJUHLWLQWǐ� HOHNWURQǐ� NUǌYLV� DSLH� ����S&�� /\G\WR� NYDUFR� WǌWRV�
SDVLå\PơMR�GLGHOLX�DWVSDUXPX�SDåHLGLPDPV�LU�SDWLNLPDL�YHLNơ�SR��±��î�����
OD]HULR�LPSXOVǐ�HNVSORDWDFLMRV��

(NVSHULPHQWLQơ� 5HQWJHQR� VSLQGXOLXRWơV� SULNODXVRP\Eơ� QXR� SDGXRGDPǐ�
GXMǐ� VOơJLR� SDWHLNWD� ��±���SDY�� /D]HULR� LPSXOVR� 5HQWJHQR� IRWRQǐ� VNDLþLXV�
GLGơMR�NDUWX�VX�HOHNWURQǐ�YLGXWLQơV�HQHUJLMRV��SDJUHLWLQWǐ�HOHNWURQǐ�NUǌYLR�LU�
HOHNWURQǐ�SOXRãWR�VNơVWLHV�GLGơMLPX��,QMHNWXRWDV�HOHNWURQǐ�NUǌYLV�PRGLILNXRMD�
HOHNWULQƳ�ODXNą�SOD]PRV�EXUEXOR�YLGXMH��LU�YLGXWLQơ�HOHNWURQǐ�HQHUJLMD�SUDGHGD�
NULVWL������PP�SDYLHQơV�WǌWRV�6��DWYHMX��HVDQW�PDåDP��±���EDUǐ�SDGXRGDPǐ�
GXMǐ� VOơJLXL�� YLGXWLQơ� HOHNWURQǐ� HQHUJLMD� EXYR� GLGåLDXVLD� LU� VLHNơ� ���0H9��
3DJUHLWLQWǐ�HOHNWURQǐ�NUǌYLV�EXYR�PDåDV��DSLH����S&��R�VNơVWLV�VLHNơ����PUDG��
5HQWJHQR�VSLQGXOLDYLPR�LQWHQV\YXPDV�EXYR�PDåDV��(IHNW\YLDXVLDL�5HQWJHQR�
VSLQGXOLXRWơ� EXYR� åDGLQDPD� HVDQW� ��±��� EDUǐ� SDGXRGDPǐ� GXMǐ� VOơJLXL�
���DE�SDY���� NDL� ��±��� S&� SDJUHLWLQWǐ� HOHNWURQǐ� NUǌYLV� EXYR� DUWLPDV�
PDNVLPDOLDP�� HOHNWURQǐ� SOXRãWR� VNơVWLV� SDGLGơMR� LNL� ��±���PUDG�� R� ��±���
0H9� YLGXWLQơ� HOHNWURQǐ� HQHUJLMD� EXYR� DUWLPD� PDNVLPDOLDL� ãLR� LQMHNWXRWR�
NUǌYLR�SDVLHNLDPDL�HQHUJLMDL���

�

20 pav.� (NVSHULPHQWLQơ� 5HQWJHQR� VSLQGXOLXRWơV� SLNVHOLR� VLJQDOR� C�� VNơVWLHV� θA�
�)+:0���a, c���LPSXOVR�IRWRQǐ�VNDLþLDXV�Nphot�LU�U\ãNLR�Br��b, d��SULNODXVRP\Eơ�QXR�
SDGXRGDPǐ�GXMǐ�VOơJLR��CS1, θAS1, PhS1� BrS1 DWLWLQND�SDYLHQơV�WǌWRV�S1� R�CArr2� θAArr2��
PhArr2� BrArr2 ± Arr2 VY\UDYLPR� VWUXNWǌURV� SDUDPHWUXV�� ,ãWLVLQơV� OLQLMRV� YDL]GXRMD�
PDWDYLPR�UH]XOWDWǐ�LQWHUSROLDFLQHV�NUHLYHV�>���@��
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7ROLDX�GLGLQDQW�GXMǐ�VOơJƳ��HOHNWURQǐ�VNơVWLV�LUJL�GLGơMR��1XNULWXV�HOHNWURQǐ�
HQHUJLMDL� LU� VXPDåơMXV� SDJUHLWLQWǐ� HOHNWURQǐ� NUǌYLXL�� VXPDåơMR� 5HQWJHQR�
VSLQGXOLXRWơV�LQWHQV\YXPDV��(VDQW�PDåHVQLDP����EDUǐ�VOơJLXL�$UU��VY\UDYLPR�
VWUXNWǌUD�HOHNWURQǐ�SOXRãWR�VNơVWƳ�SDYLHQơV�6��WǌWRV�DWåYLOJLX�SDGLGLQR������
QXR����PUDG�LNL����PUDG��(VDQW����EDUǐ�VOơJLXL�YLGXWLQơ�6��LU�$UU��HOHNWURQǐ�
VNơVWLV�EXYR�SDQDãL��WDþLDX�$UU��DWYHMX�EXYR�VWHELPDV������HOHNWURQǐ�NUǌYLR�
�We !����0H9��SDGLGơMLPDV�LU�YLGXWLQơV�HQHUJLMRV�VXPDåơMLPDV��(VDQW���±���
EDUǐ�VOơJLXL�VY\UDYLPR�VWUXNWǌUD�SDYLHQơV�6��WǌWRV�DWåYLOJLX�OD]HULR�LPSXOVR�
5HQWJHQR� IRWRQǐ� VNDLþLǐ� Nph� EHL� U\ãNƳ� SDGLGLQR� �±��NDUWXV� ���FG�SDY����
,PSXOVR�IRWRQǐ�VNDLþLXV��):+0��O\J\MH�SDGLGơMR�QXR�����î�����LNL�����î������
R�ãDOWLQLR�U\ãNLV�QXR�����î������LNL�����î������IRWRQǐ�V�PUDG��PP��������-3��

����� PP� FLOLQGULQơV� WǌWRV� $UU�� VY\UDYLPR� VWUXNWǌURV� DWYHMX� ���� SDY���
HOHNWURQǐ�JUHLWLQLPR�DWVWXPDV�EXYR�����NDUWR�LOJHVQLV�QHL�6��LU�$UU��DWYHMX��
'ơO� WR� EXYR� SDVLHNWD� GLGHVQơ� SDJUHLWLQWǐ� HOHNWURQǐ� HQHUJLMD�� $UU�� GXMǐ�
þLXUNãOơV� LãVLSOơWLPR� NRHILFLHQWDV�� SDO\JLQWL� VX� 6�� LU� $UU��� EXYR� GLGHVQLV��
'LGåLDXVLD� 5HQWJHQR� VSLQGXOLXRWơV� YHUWơ� EXYR� SDVLHNWD� HVDQW� ��±��� EDUǐ�
SDGXRGDPǐ�GXMǐ�VOơJLXL���

�

21 pav.� (NVSHULPHQWLQơ� 5HQWJHQR� VSLQGXOLXRWơV� SLNVHOLR� VLJQDOR� C�� VNơVWLHV� θA�
�)+:0���a, c���LPSXOVR�IRWRQǐ�VNDLþLDXV�Nphot�LU�U\ãNLR�Br��b, d��SULNODXVRP\Eơ�QXR�
SDGXRGDPǐ� GXMǐ� VOơJLR�� CArr3UP� θAArr3UP� PhArr3UP� BrArr3UP� DWLWLQND� VY\UDYLPR�
VWUXNWǌURV�Arr3�SDUDPHWUXV�� OD]HULR�SOXRãWXL� VNOLQGDQW�����ȝP��R�CArr3DN� θAArr3DN� 
PhArr3DN� BrArr3DN ±� ����ȝP� YLUã� WǌWRV� åLRþLǐ�� ,ãWLVLQơV� OLQLMRV� YDL]GXRMD�PDWDYLPR�
UH]XOWDWǐ�LQWHUSROLDFLQHV�NUHLYHV�>���@��
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'LGLQDQW�VOơJƳ�QXR����LNL����EDUǐ�LU�OD]HULR�SOXRãWXL�VNOLQGDQW�����ȝP�YLUã�
$UU��VWUXNWǌURV�åLRþLǐ��HOHNWURQǐ�NUǌYLV��We !����0H9��QXRODW�GLGơMR��WDþLDX�
QHYLUãLMR� ��� S&��9LGXWLQơ� HOHNWURQǐ� HQHUJLMD� VXPDåơMR� QXR� ���0H9� LNL� ���
0H9��R�VNơVWLV�SDGLGơMR�QXR����LNL����PUDG��'LGLQDQW�SDGXRGDPǐ�GXMǐ�VOơJƳ�
QXR����LNL����EDUǐ��GLGơMR�LU� OD]HULR�LPSXOVR�5HQWJHQR�IRWRQǐ�VNDLþLXV�Nph��
5HQWJHQR� VSLQGXOLXRWơV� VNơVWLV� EHL� U\ãNLV� ���DE�SDY���� /D]HULR� SOXRãWXL�
VNOLQGDQW� ����ȝP� YLUã� $UU�� VWUXNWǌURV� åLRþLǐ�� EXYR� XåILNVXRWDV� å\PXV�
HOHNWURQǐ�NUǌYLR�SDGLGơMLPDV�LNL�����S&��R�YLGXWLQơ�HQHUJLMD�LãDXJR�QXR����
0H9�LNL����0H9��(OHNWURQǐ�SOXRãWR�VNơVWLV�LãOLNR�WR�SDWLHV����PUDG�O\JLR�NDLS�
LU�����ȝP�DWVWXPR�DWYHMX��6XPDåLQXV�DWVWXPą�WDUS�VWUXNWǌURV�åLRþLǐ�LU�OD]HULR�
SOXRãWR�LNL�����ȝP��HVDQW���±���EDUǐ�GXMǐ�VOơJLXL�SDJUHLWLQWǐ�HOHNWURQǐ�NUǌYLV�
SDGLGơMR���NDUWXV��R� OD]HULR� LPSXOVR�5HQWJHQR�IRWRQǐ�VNDLþLXV�Nph� LU� U\ãNLV�
SDGLGơMR� �� NDUWXV� ���FG�SDY���� )RWRQǐ� VNDLþLXV� SDGLGơMR� QXR� ����î����� LNL�
���î������ R� ãDOWLQLR� U\ãNLV� QXR� ����î������ IRWRQǐ�V�PUDG��PP��������-3� LNL�
����î������IRWRQǐ�V�PUDG��PP��������-3���

�
22 pav.� %ǌGLQJǐ� 5HQWJHQR� VSLQGXOLXRWơV� *DXVR� VNLUVWLQLǐ� YDL]GDL�� HOHNWURQǐ�
JUHLWLQLPXL�QDXGRMDQW�SDYLHQĊ�WǌWą�S1 �a–d��LU�VY\UDYLPR�VWUXNWǌUDV�Arr2 �e–h��EHL�
Arr3 �i–l���OD]HULR�SOXRãWXL�VNOLQGDQW�����ȝP�DWVWXPX�YLUã�WǌWRV�åLRþLǐ�>���@��

'XMǐ�WLHNLPR�VLVWHPRV�DSULERMLPDL�QHOHLGR�WROLDX�GLGLQWL�SDGXRGDPǐ�GXMǐ�
VOơJLR��WRGơO�GXRPHQǐ�DSLH�JDOLPą�5HQWJHQR�VSLQGXOLXRWơV�VXPDåơMLPą�WROLDX�
GLGLQDQW� SDGXRGDPǐ� GXMǐ� VOơJƳ� QHJDXWD�� $UU�� LU� $UU�� ����� ȝP� YLUã� WǌWRV�
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åLRþLǐ�� VWUXNWǌUǐ� DWYHMX�� HVDQW� SDGXRGDPǐ� GXMǐ� VOơJLXL�� DWLWLQNDQþLDP�
GLGåLDXVLą� 5HQWJHQR� VSLQGXOLXRWơV� åDGLQLPR� LQWHQV\YXPą�� EXYR� SDVWHEơWDV�
5HQWJHQR�VSLQGXOLXRWơV���±������)+:0��VNơVWLHV�VXPDåơMLPDV����F�SDY���
��F�SDY�����

6��WǌWRV��$UU��LU�$UU��VWUXNWǌUǐ�EǌGLQJL�5HQWJHQR�VSLQGXOLXRWơV�HUGYLQLDL�
VNLUVWLQLDL� SDURG\WL� ��� SDY�� (NVSHULPHQWR� PHWX� HUGYLQLV� 5HQWJHQR�
VSLQGXOLXRWơV�LQWHQV\YXPR�VNLUVWLQ\V�[�LU�\�NU\SWLPLV�NHLWơVL�QXR�VLPHWULQLR�
DSVNULWLPR� LNL� HOLSVơV�� NXULRV� RULHQWDFLMRV� NDPSDV� NHLWơVL� QXR� LPSXOVR� SULH�
LPSXOVR��$UU��VWUXNWǌURV�5HQWJHQR�VSLQGXOLXRWơV�VNLUVWLQ\V�� OD]HULR�SOXRãWXL�
VNOLQGDQW� ���� ȝP� DWVWXPX� YLUã� WǌWRV� åLRþLǐ�� YLGXWLQLãNDL� EXYR� LOJHVQLV� [�
NRRUGLQDWơV�NU\SWLPL��DWLWLQNDQþLD�OD]HULR�SROLDUL]DFLMą��

%HWDWURQR�5HQWJHQR�ãDOWLQLR�VSLQGXOLR�G\GLV�NHLWơVL�QXR���������ȝP�HVDQW�
���EDUǐ�GXMǐ�VOơJLXL�6��SDYLHQơV�WǌWRV�DWYHMX�LNL���������ȝP�HVDQW����EDUǐ�GXMǐ�
VOơJLXL� $UU�� VWUXNWǌURV� DWYHMX�� (VDQW� ��±��� EDUǐ� VOơJLXL�� DWLWLQNDQþLDP�
GLGåLDXVLą�5HQWJHQR� VSLQGXOLXRWơV� åDGLQLPR� HIHNW\YXPą�� EHWDWURQR� ãDOWLQLR�
VSLQGXO\V�EXYR�YLGXWLQLãNDL�������ȝP�KRUL]RQWDOLD�LU�YHUWLNDOLD�NU\SWLPLV��âL�
ILNVXRWD�EHWDWURQR�ãDOWLQLR�VSLQGXOLR�YHUWơ�EXYR�SDQDXGRWD�5HQWJHQR�ãDOWLQLR�
U\ãNLXL� DSVNDLþLXRWL�� 3DYLHQơV� WǌWRV� 6�� LU� $UU�� VWUXNWǌURV� EHWDWURQR�
VSLQGXOLXRWơV� VLQFKURWURQR�NULWLQơ� HQHUJLMD�EXYR����±����������NH9��R�$UU���
OD]HULR� SOXRãWXL� VNOLQGDQW� ����ȝP� LU� ����ȝP� DWVWXPX� QXR� WǌWRV� åLRþLǐ��
VWUXNWǌURV�±�DWLWLQNDPDL�����NH9�������NH9�LU�����NH9�������NH9���

���� $QWULQơV�VSLQGXOLXRWơV�WDLN\PDV�PHGåLDJRW\URMH�

$QWULQLDL� /3*� HOHNWURQǐ� EHWDWURQR� ãDOWLQLDL� EXYR� SDQDXGRWL� ELRORJLQLǐ�
REMHNWǐ�LU�SROLPHULQơV�IROLMRV�YDL]GLQLPXL�SUDHLQDQþLD�5HQWJHQR�VSLQGXOLXRWH��
��E±G�SDY��SDWHLNWL�SDYLHQơV�WǌWRV�6�����E�SDY���LU�VY\UDYLPR�VWUXNWǌUǐ�$UU��
���F�SDY��� EHL� $UU�� ���G�SDY��� QDNWLQLR� GUXJHOLR� YDL]GDL�� JDXWL� SUDHLQDQþLD�
5HQWJHQR� VSLQGXOLXRWH�� ��E�SDY�� SDURG\WL� SROLPHULQơV� IROLMRV� YDL]GDL�� JDXWL�
SUDHLQDQþLD�5HQWJHQR�VSLQGXOLXRWH��QDXGRMDQW�VY\UDYLPR�VWUXNWǌUą�$UU����

,ã���E±G�SDY��YDL]Gǐ�PDW\WL��NDG��GLGơMDQW�OD]HULR�LPSXOVR�5HQWJHQR�IRWRQǐ�
VNDLþLXL� LU� ãDOWLQLR� U\ãNLXL�� YDL]GR�NRN\Eơ�SDJHUơMD��'ơO�GLGHVQLR�5HQWJHQR�
VSLQGXOLǐ�VUDXWR��NXUƳ�VXNXULD�GLGHVQơV�HQHUJLMRV�HOHNWURQDL��$UU��VWUXNWǌURV�
VXNXULDPDV�YDL]GDV� WXUL�PDåLDX� WULXNãPR�QHL�$UU��VWUXNWǌURV�YDL]GDV����D±
F�SDY�� SDURG\WL� YDL]GDL�� QDXGRWL� 5HQWJHQR� ãDOWLQLR� VXNXULDPR� YDL]GR�
VNLULDPDMDL� JHEDL� ƳYHUWLQWL�� ��EF�SDY�� PDWRPRV� PDåR�� DS\WLNVOLDL� ���ȝP�
VNHUVPHQV�� GUXJHOLR� NRMRV� NRQWǌUDL� LU� SODXNDL�� 'UXJHOLV� EXYR� SDGơWDV� Xå�
YDNXXPR� NDPHURV� ODQJR��� FP�DWVWXPX�SULHã�5HQWJHQR� GHWHNWRULǐ��9DL]GDV�
EXYR� GLGLQDPDV� ����� NDUWR�� R� YDL]GR� VNLULDPąMą� JHEą� ULERMR� �����ȝP�
GHWHNWRULDXV�SLNVHOLR�G\GLV���



����
�

�

23 pav.� 1DNWLQLR� GUXJHOLR� YDL]GDL�� JDXWL� RSWLQLX� PLNURVNRSX� (a) LU� SUDHLQDQþLD�
5HQWJHQR�VSLQGXOLXRWH�(b–d)��VXYLGXUNLQXV����OD]HULR�LPSXOVǐ�HVDQW�a�� �����LU�np� ���
î������FP����QDXGRMDQW�SDYLHQĊ�WǌWą�S1 (b)�LU�Arr2 (c) EHL�Arr3 VY\UDYLPR�VWUXNWǌUDV��
OD]HULR�SOXRãWXL�VNOLQGDQW�����ȝP�DWVWXPX�YLUã�WǌWRV�åLRþLǐ�(d)�>���@��

�

24 pav.� ��� ȝP� VWRULR� SROLPHULQơV� IROLMRV� YDL]GDL�� JDXWL� RSWLQLX� PLNURVNRSX� (a)� LU�
SUDHLQDQþLD�5HQWJHQR�VSLQGXOLXRWH� (b)�� VXYLGXUNLQXV���� OD]HULR� LPSXOVǐ��QDXGRMDQW�
Arr2�VY\UDYLPR�VWUXNWǌUą���

��G�SDY��SDURG\WDV�VXNU\åLXRWǐ�YROIUDPR�YLHOǐ�� LãGơVW\Wǐ����FP�DWVWXPX�
QXR�GHWHNWRULDXV��YDL]GDV��9DL]GR�GLGLQLPDV�EXYR����NDUWDL��*DXVR�VNLUVWLQLR�
DSURNVLPDFLMRV� DWYHMX� ���ȝP� ãDOWLQLR� VNHUVPHQV� �):+0�� DSVNDLþLXRWD�
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YDL]GR� VNLULDPRML� JHED� EXYR� �� ȝP�� âLH� DQWULQơV� /3*� HOHNWURQǐ� EHWDWURQR�
5HQWJHQR�VSLQGXOLXRWơV�ãDOWLQLDL�JDOL�EǌWL�QDXGRMDPL�PLQNãWǐMǐ�DXGLQLǐ�ID]LQLR�
NRQWUDVWR�YDL]GDYLPXL�LU�WRPRJUDILMDL��

�

25 pav.� 'UXJHOLR� (a–c)� LU� ��� ȝP� VXNU\åLXRWǐ� YROIUDPR� YLHOǐ� (d) YDL]GDL�� JDXWL�
SUDHLQDQþLD�5HQWJHQR� VSLQGXOLXRWH�� VXYLGXUNLQXV� ���OD]HULR� LPSXOVǐ��9DL]GDL� EXYR�
SDQDXGRWL�Arr3�VY\UDYLPR�VWUXNWǌURV�5HQWJHQR�ãDOWLQLR�VXNXULDPR�YDL]GR�VNLULDPDMDL�
JHEDL�ƳYHUWLQWL��OD]HULR�SOXRãWXL�VNOLQGDQW�����ȝP�DWVWXPX�YLUã�WǌWRV�åLRþLǐ�>���@��

/3*� HNVSHULPHQWDL� SDWYLUWLQR� VNDLWPHQLQLR� PRGHOLDYLPR� UH]XOWDWXV��
6XGHULQXV�OD]HULR�LPSXOVR�LU�SOD]PRV�NRQFHQWUDFLMRV�SDUDPHWUXV��QXVNXUGLQWR�
HOHNWURQDLV� SOD]PRV� EXUEXOR� UHåLPX� SDVLHNLDPD� GLGåLDXVLD� SDJUHLWLQWǐ�
HOHNWURQǐ� HQHUJLMD�� 'ơO� PDåRV� HOHNWURQǐ� SOXRãWR� VNơVWLHV� 5HQWJHQR�
VSLQGXOLXRWơV�LãHLJD�EXYR�PDåD��'LGLQDQW�SOD]PRV�NRQFHQWUDFLMą��SDJUHLWLQWǐ�
HOHNWURQǐ� HQHUJLMD� VXPDåơMR�� WDþLDX� GơO� SDGLGơMXVLRV� VNơVWLHV� SDGLGơMR�
EHWDWURQR�VSLQGXOLXRWơV�VUDXWDV���

1DXGRMDQW� LQMHNWRULDXV� VWUXNWǌURV�SOD]PRV�NRQFHQWUDFLMRV�SURILOƳ�$UU�� LU�
MRQL]DFLMRV�LQMHNWXRWXV�HOHNWURQXV�EXYR�SDJUHLWLQWL�NYD]LPRQRHQHUJHWLQLDL��±
��S&�NUǌYLR���������0H9�HQHUJLMRV�HOHNWURQǐ�SOXRãWDL����F�SDY����'LGLQDQW�
SOD]PRV�NRQFHQWUDFLMą�LU�QDXGRMDQW�VY\UDYLPR�VWUXNWǌUDV�$UU���$UU���SDGLGơMR�
SDJUHLWLQWǐ� HOHNWURQǐ� NUǌYLV� LU� VNơVWLV� ���G±I� SDY���� $UU��� $UU�� VWUXNWǌUǐ�
����SDY���SOD]PRV�ãO\QRJUDPRV�LU�$UU��GXMǐ�þLXUNãOLǐ�PRGHOLDYLPR�UH]XOWDWDL�
��FG�SDY���SDURGơ��NDG�HOHNWURQǐ�LQMHNFLMą�LU�VNơVWLHV�GLGơMLPą�OơPơ�VPǌJLQLǐ�
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EDQJǐ�VXIRUPXRWD�GXMǐ�NRQFHQWUDFLMRV�SURILOLR�VWUXNWǌUD��6NDLWPHQLQLR�/3*�
PRGHOLDYLPR�UH]XOWDWDL�SDURGơ��NDG�VY\UDYLPR�VWUXNWǌURV�SDQDXGRMLPDV�HVDQW�
np� ���î������FP���SDGLGLQD�SDJUHLWLQWǐ�HOHNWURQǐ�VNơVWƳ���FG�SDY����D�SDY�����±
������ 'DXJLDX� HOHNWURQǐ� WXUL� GLGHVQĊ� NULWLQĊ� VLQFKURWURQR� VSLQGXOLXRWơV�
HQHUJLMą�LU�Mǐ�LQGơOLV�Ƴ�EHQGUą�5HQWJHQR�VSLQGXOLXRWĊ�\UD�GLGHVQLV���FG�SDY����
6NDLWPHQLQLR� PRGHOLDYLPR� PHWX� DSVNDLþLXRWDV� �±��ȝP� EHWDWURQR� ãDOWLQLR�
VSLQGXO\V�EXYR�PDåHVQLV���E�SDY���QHL�HNVSHULPHQWLãNDL�LãPDWXRWR�������ȝP�
EHWDWURQR�ãDOWLQLR�VSLQGXO\V��6NLUWXPą�WDUS�DSVNDLþLXRWR� LU�HNVSHULPHQWLãNDL�
LãPDWXRWR� EHWDWURQR� 5HQWJHQR� ãDOWLQLR� VSLQGXOLR� JDOLPD� SDDLãNLQWL� GDXJ�
GLGHVQH� HOHNWURQǐ�SOXRãWR� VNơVWLPL�� DWLWLQNDQþLD� SODWHVQƳ�!����ȝP�HOHNWURQǐ�
VNLUVWLQLR� VSLQGXOƳ� ���� PP� JUHLWLQLPR� DWVWXPX�� 6XPLQLV� 5HQWJHQR�
VSLQGXOLXRWơV� VSHNWUDV� LU� ãDOWLQLR� G\GLV� VXVLGHGD� Lã� VNLUWLQJǐ� HQHUJLMǐ�
HOHNWURQǐ�� HVDQþLǐ� VNLUWLQJRVH� HUGYLQơVH� SDGơW\VH�� VSLQGXOLXRþLǐ�� ,ãPDWXRWą�
5HQWJHQR� VSLQGXOLXRWơV�PDNVLPXPą�QXOHPLD� GLGHVQơV� HQHUJLMRV� HOHNWURQDL��
LãVLGơVWĊ� DS\WLNVOLDL� ��ȝP� VSLQGXOLX�� ,QWHQV\YHVQơ�5HQWJHQR� VSLQGXOLXRWơ� Lã�
FHQWULQơV� ��ȝP� VSLQGXOLR� VULWLHV� WDLS� SDW� JDOơWǐ� SDDLãNLQWL� VSLQGXOLXRWơV�
VNơVWLHV�VXPDåơMLPą�HVDQW�GXMǐ�VOơJLXL��DWLWLQNDQþLDP�GLGåLDXVLą�VSLQGXOLXRWơV�
LQWHQV\YXPą��(OHNWURQDL��SDVLVNLUVWĊ����ȝP�VSLQGXOLX��WXUL�PDåHVQĊ�HQHUJLMą�LU�
Mǐ�LQGơOLV�Ƴ�NHOLǐ�NH9�IRWRQǐ�HQHUJLMRV�5HQWJHQR�VSLQGXOLXRWĊ�\UD�PDåHVQLV��

0DåDV�EHWDWURQR�5HQWJHQR�VSLQGXOLXRWơV�ãDOWLQLR�G\GLV�LU�IHPWRVHNXQGLQơ�
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L. Rovige,1 J. Huijts,1 A. Vernier,1 V. Tomkus,2 V. Girdauskas,2, 3 G. Raciukaitis,2 J.
Dudutis,2 V. Stankevic,2 P. Gecys,2 M. Ouill,1 Z. Cheng,1 R. Lopez-Martens,1 and J. Faure1
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We report on the stable and continuous operation of a kilohertz laser-plasma accelerator. Electron
bunches with 2.6 pC charge and 2.5MeV peak energy were generated via injection and trapping
in a downward plasma density ramp. This density transition was produced in a newly designed
asymmetrically shocked gas nozzle. The reproducibility of the electron source was also assessed over
a period of a week and found to be satisfactory with similar values of the beam charge and energy.
These results show that the reproducibility and stability of the laser-plasma accelerator are greatly
enhanced on the long-term scale when using a robust scheme for density gradient injection.

I. INTRODUCTION

Laser-plasma wakefield acceleration [1] enables the
generation and acceleration of electrons beams over very
short distances due to their extreme longitudinal acceler-
ating fields, orders of magnitude higher than in conven-
tional accelerators. When driven by 100 TW to PW scale
laser systems, Laser-Plasma Accelerators (LPA) can pro-
duce electron beams in the 100 MeV-GeV energy range
and are being considered as drivers for femtosecond X-ray
beams, either via betatron radiation [2] , Compton scat-
tering [3, 4] , undulator radiation [5] or free electron laser
radiation. Such femtosecond X-ray beams could enable
time-resolved (pump-probe) experiments based on e.g.
X-ray diffraction or spectroscopy. A more recent line of
research is currently focusing on the development of high-
repetition rate (100 Hz-kHz) LPAs producing lower en-
ergy beams and requiring more modest laser parameters.
TW-scale and kilohertz lasers with few-mJ pulse energy
are capable of generating few MeV, pC range electrons
beams [6–9] with femtosecond durations. Such beams
could be used for low-energy applications such as ultra-
fast electron diffraction [10, 11] or irradiation of biological
samples [12, 13].

In general, applications of LPAs require highly sta-
ble accelerator performances and the capacity to oper-
ate continuously and reliably over long periods of time,
while providing consistent beam parameters from one day
to the next. While numerous articles report on LPA sta-
bility on short time scales (as in a short series of shots
over minutes) [14–16], there is a lack of consistent data
in the literature addressing the issue of long-term stabil-
ity and reproducibility. This is presumably because most
published studies have focused on proof-of-principle ex-
periments and on studying the physics of various regimes
of plasma acceleration. This is now changing with ini-
tiatives such as the LUX beamline at DESY, aiming at
turning a LPA into an actual machine [17]. In Ref. [17],
day-long operation at a few Hz repetition rate is reported.
However, to the best of our knowledge, no data has ac-
tually been published.

Concerning kHz laser-plasma accelerators, results ob-
tained in the resonant condition for the bubble regime
[6, 7] yielded electron beams with pC charge in the MeV
range. These experiments have reported on short term
stability of the electron beam distribution but long-term
stability has remained a challenge so far. This is be-
cause the kHz laser systems currently used to drive high-
repetition LPAs have parameters that are at the limit of
what is necessary to efficiently inject and accelerate elec-
trons in the wakefield. In previous experiments, electron
beam generation relied on ionization injection [6, 18, 19]
and self-injection [7]. Both mechanisms being rather sen-
sitive to the laser intensity, this made electron injection
in the wakefield difficult to control and stabilize, resulting
in a high sensitivity to experimental parameters such as
laser intensity, pulse duration and small laser misalign-
ments. Therefore, long-term stability has been difficult
to achieve in this regime.

On the other hand, controlled injection techniques
are known to increase the reliability of electron injec-
tion and, consequently, beam stability [14]. In partic-
ular, injection in a plasma density-transition [20–24] is
relatively straightforward to implement experimentally.
While the laser pulse goes through the density transi-
tion, the plasma wavelength increases so that the bubble
is rapidly elongated, causing an effective slowing down of
its back that facilitates the trapping of electrons. The
concept of downward density ramp injection was vali-
dated in proof-of-principle experiments [25, 26]. Other
experiments relying on shock-front injection have also
been successful [27–29]. In these experiments, a sharp
density transition is obtained by inserting a knife-edge
into the supersonic flow of the gas jet. These results in-
dicate that density transition injection consistently trig-
gers localized injection, and could provide the necessary
stability for long-term and reproducible operation of a
kilohertz laser-plasma accelerator.

In this paper, we report on the continuous and au-
tonomous operation over 5 hours of a kilohertz LPA, gen-
erating MeV-pC range electron beams thanks to the use
of a newly designed asymmetrically shocked supersonic
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gas jet allowing injection in a sharp downward density
gradient. The paper is organized as follows: in section
II, we first describe the experimental apparatus and in
particular the gas jet design for generating a density tran-
sition. In part III we show the result of 5h operation and
day-to-day reproducibility. Finally, we conclude in part
III.

II. EXPERIMENTAL METHODS

A. One-sided shock nozzle

Previous implementation of the density transition in-
jection scheme relied on the lateral insertion of a knife-
edge after the exit of the jet in order to induce a shock-
front in the gas flow [16, 27]. We propose a similar
method, but the formation of the shock-front is directly
incorporated in the design of the nozzle, which con-
sists of a 100 µm throat and 300µm exit diameter “De
Laval” nozzle to which a 100 µm long flat section has been
added at the end of one side of the nozzle (see Fig. 1.a).
These nozzles will thereafter be referred to as “One-Sided
Shock” (OSS) nozzles. The flat section induces an abrupt
change of direction in the gas flow which, due to the flow
being supersonic, translates into a shock-front formation
and therefore leads to a sharp density gradient down-
stream [30]. Compared to inserting a knife edge into the
jet, incorporating the shock-front generation directly in
the nozzle design offers a solution that is more robust
and easier to install, for such a small nozzle. However,
machining such a complicated nozzle geometry, including
micrometer scale features, is technologically demanding.
In practice, the nozzle was made using nanosecond laser
rear-side processing and the Femtosecond Laser-assisted
Selective Etching technique (FLSE,[31, 32]) which con-
sists of chemical etching of previously selectively laser-
irradiated fused silica. 3D computational fluid dynamics
(CFD) simulations were realized with the software Flu-
ent to validate and optimize the design. Figure 1.b shows
a map of the molecular density obtained by simulating
a nitrogen flow through the OSS nozzle, with a backing
pressure of 20 bar. The shock-front in gas density origi-
nating from the final straight section is clearly visible.
The plasma density profile was characterized experi-

mentally by sending the laser pulse into a nitrogen gas
jet produced from the OSS nozzle. The plasma column
produced by the main beam was illuminated from the
side by a probe beam, and imaged on a quadriwave lat-
eral shearing interferometer (SID4-HR, Phasics, [33, 34]).
The plasma density line outs can be derived from the
phase maps (see Fig. 1.d) via Abel inversion, assuming
radial symmetry around the horizontal axis. Figure 1.e
shows the measured electron density line out at 150µm
from the nozzle exit, with a backing pressure of 22 bar.
The peak density is 9.7× 1019 cm−2 and the density af-
ter the shock is 7.3× 1019 cm−2, corresponding to a 25%
density drop with a transition width of 15µm. Note that
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FIG. 1. a) 3D model of the One-Sided Shock Nozzle. b)
Molecular density map from a 3D CFD simulation of an OSS
jet performed with Fluent. Gas is N2 and backing pressure
P=20Bar. Colormap is capped at 2.1× 1019 cm−2 for view-
ing purpose. c) Shadowgraphic side view image of the plasma.
Black dotted line suggests the inner walls of the nozzle, white
dotted lines follow the shock front. d) Experimental phase
from the plasma column measured with the wave-front sen-
sor. The y-axis represents the distance from the OSS nozzle’s
exit, the x-axis is the laser propagation axis. e) Electronic
density profile at 150 µm from the OSS nozzle’s exit, retrieved
by Abel inversion of the phase map. Laser propagation direc-
tion is from left to right (red arrow).

with nitrogen, a single molecule of N2 produces 10 elec-
trons once ionized by the laser to N5+, which provides
the high plasma density required to resonantly drive the
plasma wakefield, while keeping the background pressure
in the vacuum chamber to a reasonable level and there-
fore making continuous kilohertz operation possible.
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FIG. 2. Schematic of the laser system. Numbers 1©, 4©, 6© show the position of the beam pointing stabilization devices,
numbers 2©, 3©, 5©, 7© correspond to the position of energy diagnostics for the booster amplifier, the power amplifier, the Hollow
Core Fiber (HCF) compressor and the turning box, respectively.

B. Experimental set-up

The experiment was conducted using the Salle Noire
laser system at LOA [35, 36], which provides 10mJ, 25 fs
FWHM laser pulses at kilohertz repetition rate, with a
central wavelength λ0 = 800 nm. The pulse is then post-
compressed in a helium-filled Hollow Core Fiber (HCF).
Through a pair of motorized fused silica wedges we can
control the amount of dispersion to fine-tune pulse com-
pression or add chirp to the pulse, and measure the
pulse temporal intensity profile using the d-scan tech-
nique [37]. The energy on target was 3.8mJ and the
pulses are focused by a f/4 off-axis parabola, resulting in
a 6.2 µm× 5.5 µm FWHM focal spot, which corresponds
to a Rayleigh range of zR ∼ 100 µm. These laser pa-
rameters yield a measured peak intensity in vacuum of
I = 2.0× 1018 Wcm−2 and a normalized vector potential
a0 # 1.0. The charge as well as the electron beam distri-
bution were measured with a calibrated CsI(Tl) phosphor
screen imaged onto a high dynamic range CCD camera.
The laser beam was blocked by a thin aluminum foil in
front of the phosphor screen, so as to block electrons
with energies below 100 keV. The energy of the electrons
was measured with a retractable spectrometer made of a
500 µm pinhole and two permanent cylindrical magnets.

It is important to note that the laser-plasma accelera-
tor truly runs at a repetition rate of 1 kHz: the gas jet
flows continuously while the pumping system is able to
maintain a vacuum of a few 10−3 mbar; the data was con-
tinuously collected during the experimental run, often by
acquiring data accumulated over several shots. In order

to perform a long run it was necessary to implement nu-
merous diagnostics and feedback loops in the laser system
to make sure that the laser parameters remained stable
over a long time. Figure 2 shows a schematic of the laser
system with indicated positions where laser energy moni-
toring was performed. In order to maximize the stability
of the energy, the spectrum, and the spatial mode output
of the HCF, a fast beam pointing system is essential. In
our case, it ensured an energy stability within one per-
cent over the course of a full day. Considering the long
optical path from the exit of the fiber to the experiment
itself, compensation for long-term thermal drifts proved
crucial to the long-term stability of the LPA. We thus
set up a slow beam pointing device operating at < 1Hz
just before the experiment, using the leakage through
of mirror in the turning box just before the final focus-
ing parabola– point 7© in Fig. 2. This ensured that the
laser beam alignment on the gas jet stayed rigorously the
same and that the focal spot quality was kept consistent
throughout the long acquisition run.

III. EXPERIMENTAL RESULTS

A. Stability over several hours of continuous
operation

The beam profile and charge were measured right
before the start of the electron spectrum monitoring.
Statistics were performed from 20 acquisitions, each con-
sisting of an accumulation over 10 shots, thus accounting
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FIG. 3. a) Electron spectra measured continuously for 306min. Each spectrum is averaged over 100 shots. b) Blue line:
mean spectrum over the 0-150min period. Yellow line: mean spectrum over the 250-300min period. Shaded areas show
standard deviation. The black error bar indicates the spectrometer resolution at 2.4MeV. c) Electron beam measured just
before the start of the 5h spectrum monitoring. The total charge per shot is 2.6 pC ± 0.6 pC (std). The beam divergence is
approximately 80mrad FWHM.

for 200 shots in total. This initial measurement yielded
a mean charge of 2.6 pC per shot with a 0.6 pC stan-
dard deviation, and a beam divergence of 80×75mrad
FWHM (see Fig. 3.c). The electron spectrum was then
monitored during 5 hours of complete hands-off opera-
tion of the kilohertz laser-plasma accelerator, i.e. with
no other intervention than the beam pointing stabiliza-
tion feedback loops at the three above-mentioned loca-
tions in the laser chain, see Fig. 2. Results of this mea-
surement are displayed in Fig. 3.a. Beams with peaked
spectra and a large majority of electrons of energy greater
than 1MeV were reliably produced throughout the whole
306min of monitoring. Moreover, during the first 150
min, the spectrum remained very stable, with a peak
energy of 2.5MeV. After that, the high-energy part no-
ticeably eroded with time, lowering the peak energy to
1.9MeV. Possible reasons for this energy loss will be ad-
dressed later in this article. A comparison of the spectra
during the first 150min and the last 50min is represented
in Fig. 3.b.

To complete these data and assess more thoroughly the
question of stability, we plot the temporal evolution of the
total charge per solid angle dQ/dΩ collected through the
pinhole of the spectrometer (Fig. 4.a), the mean energy
of the electrons 〈E〉 (Fig. 4.b), as well as the relative laser
energy at different points of the laser chain (Fig. 4.c). All
curves are averaged over a 1min moving window. The

data show an increase in dQ/dΩ (Fig. 4.a) during the
first 130min. This is likely due to a small angular drift
of the electron beam on a long time scale, resulting in a
higher electron signal through the electron spectrometer
pinhole. Therefore, only the short term variation of the
charge can be estimated from this measurement, giving
typical fluctuation of about 50 pC/sr/shot corresponding
to 20% RMS.

Figure 4.b confirms the observations made previously
regarding the stability of the spectrum, and indeed,
shows that the mean energy of the electrons is quite sta-
ble at 〈E〉 $ 2.1MeV during the first 150min of mon-
itoring, with short-term RMS variations of only 2-4%
(shaded area in Fig. 4.b). The decrease of the mean beam
energy to 〈E〉 $ 1.5MeV toward the end of the run can
also be clearly observed. Note that during the run, the
laser system was extremely stable, see Fig. 4.c, except
for the energy measured using the turning box diagnos-
tic (red curve in Fig. 4.c), which is the last measurement
point before the focusing parabola and is, therefore, the
most representative of the evolution of the laser energy
on target. The energy measured at this point decreased
steadily during the experiment and reached a 11% rela-
tive loss after 306min. It is likely that this progressive
energy loss was due to the slow damage of a few chirped
mirrors at the end of the compressor. The damage on
the mirrors was found during the inspection which we
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FIG. 5. Correlation between the electron mean energy and
the relative laser energy at the turning box measurement
point (right before the off-axis focusing parabola), and lin-
ear fits of the two different parts of the curve, with slopes α1

and α2.

performed the day after the experiment. Interestingly,
the evolution of the electron energy can be correlated to

the evolution of the laser energy at this last measurement
point. To display these correlations, Fig. 5 shows the nor-
malized mean energy of the electrons plotted against the
laser relative energy. Two different correlation regimes
are clearly distinguishable: (i) the first 5% of laser energy
loss leads to a ∼ 5% energy loss of the electrons suggest-
ing a linear correlation. We then observe a threshold
effect, (ii) as the next 5% drop of laser energy corre-
lates with a ∼30% electron mean energy loss. Assuming
a linear dependence in both regimes, the two parts of
the correlation plot are linearly fitted, yielding a slope
α1 = 1.0 in the first five percents of energy loss, and a
slope α2 = 5.6 in the following five percents. This high-
lights the importance of laser energy stability: in our
case, energy variations larger than 5% can cause signifi-
cant modifications of the electron spectrum due to what
seems like a threshold effect. Nevertheless, decent stabil-
ity of the electron beam was achieved over the 300min of
continuous operation, with the first 150min period dis-
playing a remarkable stability correlated to the highest
laser performance. Stability over multiple hours of opera-
tion with pC-MeV range electron beams at kilohertz rep-
etition rate, corresponding to more than 18× 106 consec-
utive shots, represents significant progress toward scien-
tific applications of laser-plasma accelerators.

Day 1 Day 2 Day 3

I (W.cm−2) 1.8× 1018 2.0× 1018 1.6× 1018

ne,peak (cm−3) 8.8× 1019 9.7× 1019 9.7× 1019

Q (pC/shot) 1.6±0.2 2.6±0.6 1.4±0.2

div. fwhm (mrad) 42±10 77±7 57±11

〈E〉 (MeV) 2.29±0.13 2.11±0.06 2.19±0.04

TABLE I. Various experimental parameters and electron
beam performance showing slight variations from day to day
but overall fair reproducibility of the experiment. The values
after the ± sign are RMS deviation.

B. Day to day reproducibility

In order to determine the reproducibility of the elec-
tron beam and to assess the sensitivity of the acceler-
ator to small day-to-day variations of the laser param-
eters, the measurements were repeated on three differ-
ent days, each separated by about a week. The same
actual OSS nozzle was used for the three experimental
runs and showed no degradation over time. Table I sum-
marizes experimental conditions for each day, as well as
the charge and mean electron energy corresponding to
the electrons spectra displayed in Fig. 6. These results
show that the downward gradient injection method with
one-sided shock nozzles increased significantly the relia-
bility of the accelerator. Indeed, electrons beams with
similar charge and 2-3MeV peaked spectrum were easily
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FIG. 6. Electron spectra obtained on three different days
with the same one-sided shock nozzle. Spectra are the re-
sults of averaging over 2000 shots for day 1 and day 2, and
5000 shots for day 3. Day 1 and day 2 are 7 days apart, day
2 and day 3 are 6 days apart.

obtained even though the experimental parameters var-
ied slightly from day to day. In particular, we see that
experiments from day 2 and day 3, performed at the same
plasma density, yield very similar electron spectra. This
level of reproducibility was not observed in our previ-
ous experiments relying on ionization injection and self-
injection. Such level of reproducibility is also decisive for
a reliable use of the accelerator for applications. More-
over, these fused-silica nozzles showed a great resilience
to damage, as the one used for this experiment provided
reliable and reproducible results even after using it for
about 30 - 50× 106 shots.

IV. CONCLUSION

In conclusion, by using an asymmetrically shocked
fused-silica nozzle, we were able to produce the sharp
density transition and the high plasma density necessary
for downward density gradient injection in a LPA driven
by few-cycle laser pulses. We managed to stabilize the
injection and obtained electron beams with picocoulomb
charge and MeV peaked spectrum for 5 hours of con-
tinuous operation. In addition, the electron energy was
correlated to the laser energy stability, showing that
energy fluctuations should remain at the percent level in
order to ensure stable accelerator performance. Finally,
we demonstrated good day-to-day reproducibility over a
period of two weeks thus making our accelerator ready
for first application experiments.
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A. Vernier, and A. Lifschitz, Phys. Rev. Accel. Beams
19, 021302 (2016).

[12] O. Rigaud, N. O. Fortunel, P. Vaigot, E. Cadio, M. T.
Martin, O. Lundh, J. Faure, C. Rechatin, V. Malka, and
Y. A. Gauduel, Cell Death & Disease 1, e73 (2010).

[13] O. Lundh, C. Rechatin, J. Faure, A. Ben-Ismal, J. Lim,
C. De Wagter, W. De Neve, and V. Malka, Medical
Physics 39, 3501 (2012).

[14] J. Faure, C. Rechatin, A. Norlin, A. Lifschitz, Y. Glinec,
and V. Malka, Nature 444, 737 (2006).

[15] J. Osterhoff, A. Popp, Z. Major, B. Marx, T. P. Rowland-
sRees, M. Fuchs, R. Hrlein, F. Grner, D. Habs, F. Krausz,
S. M. Hooker, and S. Karsch, AIP Conference Proceed-
ings 1086, 125 (2009).



7

[16] A. Buck, J. Wenz, J. Xu, K. Khrennikov, K. Schmid,
M. Heigoldt, J. M. Mikhailova, M. Geissler, B. Shen,
F. Krausz, S. Karsch, and L. Veisz, Phys. Rev. Lett.
110, 185006 (2013).

[17] N. Delbos, C. Werle, I. Dornmair, T. Eichner, L. Hb-
ner, S. Jalas, S. Jolly, M. Kirchen, V. Leroux, P. Mess-
ner, M. Schnepp, M. Trunk, P. Walker, P. Winkler, and
A. Maier, Nuclear Instruments and Methods in Physics
Research Section A: Accelerators, Spectrometers, De-
tectors and Associated Equipment 909, 318 (2018),
3rd European Advanced Accelerator Concepts workshop
(EAAC2017).

[18] A. Pak, K. A. Marsh, S. F. Martins, W. Lu, W. B. Mori,
and C. Joshi, Phys. Rev. Lett. 104, 025003 (2010).

[19] C. McGuffey, A. G. R. Thomas, W. Schumaker, T. Mat-
suoka, V. Chvykov, F. J. Dollar, G. Kalintchenko,
V. Yanovsky, A. Maksimchuk, K. Krushelnick, V. Y. By-
chenkov, I. V. Glazyrin, and A. V. Karpeev, Phys. Rev.
Lett. 104, 025004 (2010).

[20] S. Bulanov, N. Naumova, F. Pegoraro, and J. Sakai,
Phys. Rev. E 58, R5257 (1998).

[21] P. Tomassini, M. Galimberti, A. Giulietti, D. Giulietti,
L. A. Gizzi, L. Labate, and F. Pegoraro, Phys. Rev. ST
Accel. Beams 6, 121301 (2003).

[22] J. U. Kim, N. Hafz, and H. Suk, Phys. Rev. E 69, 026409
(2004).

[23] H. Suk, H. J. Lee, and I. S. Ko, J. Opt. Soc. Am. B 21,
1391 (2004).

[24] A. V. Brantov, T. Z. Esirkepov, M. Kando, H. Kotaki,
V. Y. Bychenkov, and S. V. Bulanov, Physics of Plasmas
15, 073111 (2008).

[25] C. G. R. Geddes, K. Nakamura, G. R. Plateau, C. Toth,
E. Cormier-Michel, E. Esarey, C. B. Schroeder, J. R.
Cary, and W. P. Leemans, Phys. Rev. Lett. 100, 215004
(2008).

[26] J. Faure, C. Rechatin, O. Lundh, L. Ammoura, and
V. Malka, Physics of Plasmas 17, 083107 (2010).

[27] K. Schmid, A. Buck, C. M. S. Sears, J. M. Mikhailova,
R. Tautz, D. Herrmann, M. Geissler, F. Krausz, and
L. Veisz, Phys. Rev. ST Accel. Beams 13, 091301 (2010).

[28] C. Thaury, E. Guillaume, A. Lifschitz, K. Ta Phuoc,
M. Hansson, G. Grittani, J. Gautier, J.-P. Goddet,
A. Tafzi, O. Lundh, and V. Malka, Scientific Reports
5, 16310 (2015).

[29] K. K. Swanson, H.-E. Tsai, S. K. Barber, R. Lehe, H.-S.
Mao, S. Steinke, J. van Tilborg, K. Nakamura, C. G. R.
Geddes, C. B. Schroeder, E. Esarey, and W. P. Leemans,
Phys. Rev. Accel. Beams 20, 051301 (2017).

[30] R. D. Zucker and O. Biblarz, Fundamentals of Gas Dy-
namics (John Wiley & Sons, 2002).
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Laser Plasma Wake!eld Accelerators (LWFA) are attractive alternatives to radio-frequency accelerators for a 
number of applications. LWFA enable the development of compact, next-generation X-ray and γ-ray sources for 
use in biomedical applications, physics, materials science, and signi!cantly facilitate their access to universities 
and smaller research  centres1–3. In LWFA an intense ultrashort laser is focused down to 10 µm into a gas jet. 
If the laser pulse reaches so called relativistic intensities around  1018 W/cm2, it will excite a non-linear plasma 
wave which accelerates electrons up to relativistic velocities. During their acceleration, the electrons oscillate 
transversally inside the plasma wave, which leads to the emission of X-ray radiation in the keV range de!ned 
as betatron emission. Additional work is, however, required to increase the energy and charge of accelerated 
electrons, and to reduce the energy dispersion of the electron beams. $e charge and energy dispersion of accel-
erated electrons is controlled by tapered plasma channels using capillary  discharge4, by ionization-assisted5,6 or 
self-truncated electron  injection7,8, by injection utilising colliding  beams9,10 or the density down-ramp triggered 
 injection11–13. Density down-ramp injection is implemented by the formation of tailored plasma pro!les using two 
or more stages of  nozzles14,15 by insertion of a  wire16, a razor  blade17 or a capillary  jet18 into the nozzle jet caus-
ing shock waves. Implementation of separate nozzles and insertion of external objects into the gas jet increases 
mechanical complexity, lowers the stability and is hard to realise in the case of laser pulses with duration < 10 fs 
where a dephasing length is less than 100 μm19. Tailored plasma channels are also interesting for optimisation of 
betatron radiation aiming to increase the critical energy, the number of photons per shot and brightness of X-ray 
and γ-ray sources. $e e&ciency of betatron radiation is raised by increasing the energy of electrons, plasma 
concentration and betatron radius. Tuning of the betatron radiation is implemented using two-stage nozzles: 
one with a lower plasma concentration, optimised for the acceleration of electrons, and the second one with a 
higher concentration – acting as a plasma  radiator20,21.

In this report, we present the experimental results of LWFA and X-ray generation using the 40 TW, 35 fs 
laser at the Lund Laser Centre using novel multi-stage micronozzles manufactured from a single block of fused 
silica. $e charge, energy and divergence of accelerated electrons and e&ciency of betatron X-ray radiation were 
de!ned by the formation of gas density grid using shock wave interference. Fused silica nozzles are more resist-
ant to optical damage than polymeric or metallic nozzles. Fused silica has by order of magnitude higher optical 
damage  threshold22 comparing to polymeric  structures23. $e ablation threshold of fused  silica24 is several times 
larger than for  metals25. Furthermore, the so'ening temperature of the fused silica is larger than that of plastics 
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and the melting point of metals, such as aluminium, copper or  iron26. By repetitive use, the nozzles get damaged 
due to the plasma produced in the laser–gas interaction. For example, the gas !ux of stainless-steel nozzles starts 
to show turbulence for less than  104 shots due to nozzle  damage27. "e fused-silica nozzles demonstrated high 
resilience to damage and provided reliable and reproducible results a#er operation at kilohertz repetition rate for 
about 3–5 × 107  shots28. Comparing to gas capillaries or gas cells, the supersonic nozzles targets are more easily 
to setup and can be combined to multijet longitudinal plasma pro%les. "e implementation of metallic nozzles 
can be more favourable in the conditions when the backing pressure exceeding 100 bar is required. "e nozzles 
manufactured from fused silica are fragile and have to be handled with care. At the modest pressure of 20–60 bar 
fused silica nozzles ensure signi%cantly longer operation times than metallic or polymeric nozzles. Laser-assisted 
hybrid microfabrication  technique29,30 of fused silica allows the formation of centimetre-size frame and channels 
of the diameter less than 40 μm with the surface roughness < 1 μm from a single block. "e formation quality 
exceeds the precision of 3D  printing31 and electro-erosion  technique32.

"e experiment has been done using the experimental setup shown in Fig. 1 and LWFA parameters described 
in Table 2 in “Methods”. For the laser wake%eld acceleration and X-ray generation, laser beam focused to the spot 
of 8 μm at FWHM, and plasma concentration 2 × 1018–1 × 1019 cm−3 were implemented. "e peak laser intensity 
was 3.6 × 1019 W/cm2 and the corresponding laser strength parameter a0 = 4.0. "e geometries and dimensions of 
the nozzle arrays used in the experiments are presented in Fig. 2a,b and in Table 3 (see “Methods”). "e nozzle 
arrays were made from two sections. "e %rst section comprises a main supersonic converging–diverging noz-
zle of 1.5 mm length (S1, Arr2, Arr4) or 2.25 mm (Arr3) length commonly used for laser-plasma acceleration. 
"e second section consists of 1 or 4 smaller nozzles of 200–300 µm length located 100 µm away from the main 
nozzle (Arr2, Arr3, Arr4). "e nozzles are oriented in wiggler or injector geometry. In wiggler geometry, the 
array is placed a#er the main nozzle, and in injector geometry, the array is placed before the main nozzle relative 
to the incoming laser beam. "e SEM image of a cross-section of a nozzle array cut in half is shown in Fig. 2c,d.

"e microarrays of gas-jet nozzles were designed by iterative numerical simulation of FBPIC PIC (Particle in 
Cell) and OpenFOAM algorithms. "e energy and spatial distribution of the LWFA accelerated electrons were 
modelled using the FBPIC PIC  simulation33. "e obtained results were post-processed to evaluate the number 
of X-ray photons per shot and the brightness of electron-generated betatron radiation using the analytical 
 expressions34–36 (see Supplementary information S1). "e concentrations, velocities, pressures and temperatures 
of the gas jets were calculated using the OpenFOAM  so#ware37.

��������������������Ǥ� "e electron energy spectrum, divergence and charge of accelerated electrons were 
measured using a magnetic spectrometer and Lanex scintillation screen. "e spectrum data and spatial dis-
tribution of charge of electrons averaged over 10 shots for a single S1 nozzle and Arr2, Arr3, Arr4 arrays are 
shown in Fig. 3. Highest energy and lowest divergence (FWHM) of accelerated electrons were obtained with a 
single nozzle and moderate focusing at a lower backing pressure of 5–12 bar of He + 1%N gas (Fig. 3a). Quasi-
monoenergetic electron bunches were observed at a low backing pressure of 5–7 bar of pure He using an injector 
geometry of Arr4 with a density-triggered injection of electrons (Fig. 3b). "e corresponding plasma concentra-
tion was approximately np = 3 × 1018 cm−3. "e energy of separate electron bunches had low energy dispersion 
of 5–10 MeV. However, the amount of accelerated charge and spatial distribution !uctuated from shot to shot, 
which increased the averaged distribution. Using the mixture of He + 1%N and lowering the backing pressure by 

Figure 1.  Experimental setup of the laser wake%eld acceleration of electrons and measurement of betatron 
radiation.
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a factor of 1.5 the injector array enabled to get more stable quasi-monoenergetic electron bunches with a mean 
energy of 50 MeV and dispersion ± 10 MeV (Fig. 3c). Adding a wiggler array (Fig. 3e,f) as well increasing of the 
backing pressure up to 18–26 bar led to a massive injection of electrons and broadening of the beam. Note that, 
the wiggler geometry increased the e"ciency of betatron radiation. In the case of (Fig. 3a,c–f), the spatial dis-
tribution of the charge and divergence of the electron beam of a single shot did not di#er substantially from the 
average of 10 shots. $e backing pressure of 18 bar for S1, Arr2 and 26 bar for Arr3 corresponded approximately 
to the plasma concentration of np = 1 × 1019 cm−3.

In Figs. 4 and 5, the dependence of mean energy, charge and divergence of accelerated electrons on gas back-
ing pressure are presented. $e arrows and the ellipses indicate the regions of the highest X- ray yield. For the 
1.5 mm single nozzle S1, the maximum of X-ray radiation was reached at the backing pressure of 18–21 bar. 
(Fig. 4a,b). $e maximum of X-ray counts was registered at the highest divergence values when the mean energy 
started to drop. At the lower backing pressure of 15 bar, adding the wiggler array to S1, increased the average 
divergence (FWHM) of accelerated electrons by 50% from 40 to 60 mrad. At the backing pressure of 20 bar, the 
average divergence of accelerated electrons for S1 and Arr2 was similar in the range of 70–90 mrad. However, 
for Arr2, the increase of the charge of accelerated electrons (Wmean > 40 MeV) and a drop of mean energy by 20% 
relative to S1 nozzle was observed. 

$e same trend of the increase of X-ray yield with the increase of divergence and charge was also observed 
for the array Arr3. $e 2.25 mm cylindrical nozzle array Arr3 had longer acceleration distance by a factor 1.5 
times relative to the nozzle S1 and array Arr2. $e energy of accelerated electrons using this nozzle was higher. 
Arr3 nozzle had a higher expansion ratio than S1 and Arr2 nozzles. For the array Arr3, the maximum of X-ray 
radiation was reached at the backing pressure of 24–26 bar. At the distance of 800 μm of laser beam above the 
array Arr3 (Fig. 5a,b), when increasing the backing pressure from 15 until 28 bar, the charge grew continuously 
even though it remained low (in the range of 25–30 pC). In addition, the mean energy dropped from 50 to 
32 MeV, and the divergence increased from 20 to 80 mrad. At the distance of 400 μm of laser beam above the 
array Arr3 (Fig. 5c,d), the substantial increase of charge (Wmean > 40 MeV) up to 100 pC and mean energy to 
43 eV was registered. $e divergence of the electron beam remained at the same level of 80 mrad. Decrease of 

Figure 2.  $e geometry of the nozzle array Arr2 in wiggler geometry (a) and Arr4 in injector geometry (b). 
$e red arrows indicate the orientation of the nozzle arrays relative to the incoming laser beam. SEM images 
of the cross-section of the array Arr2 cut-in-half manufactured using the nanosecond rear side machining (c) 
and an element of the slit array with the length of 200 μm manufactured using the Femtosecond Laser-Induced 
Chemical Etching (FLICE) technique (d). Arr2 consists of a converging–diverging 1.5 mm slit nozzle S1 and 
four capillary nozzles with the (xed channel dimensions of 200 μm × 200 μm.
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the distance between the array output and laser beam resulted in the growth of the charge by a factor of 4 and 
the enhancement of X-ray radiation by a factor of 5.

!e experimental data of betatron X-ray radiation are presented in Figs. 6, 7, 8 and Table 1. !e number of 
X-ray photons per shot and brightness increased proportionally to the amount of accelerated charge and the 
divergence of electron beam increasing the amplitude of betatron oscillation of electrons. !e average energy of 
electrons with higher divergence is lower, however, and the maximum of X-ray radiation does not correspond 
to the maximum of the average energy of electrons. With increasing the pressure > 22 bar for S1 and Arr2 with 
the divergence of the electron beam increased further. !e declining mean energy of electrons caused the drop 
in the number of photons of X-ray radiation. For the array Arr3, having a higher expansion rate of the gas jet, 
just the increase of X-ray radiation with the increase of pressure was observed. !e highest number of photons 
and brightness of X-ray radiation was reached at 26 bar when the laser beam was propagating 400 μm above the 
nozzle. For the single S1 nozzle, and Arr3 at a laser-nozzle distance of 800 μm, the divergence of X-ray radiation 
(FHWM) increased proportionally to the divergence of the electron beam (Figs. 6a, 7a). For the array Arr2, and 
Arr3 at the laser-nozzle distance of 400 μm, the drop of the divergence of X-ray radiation (FHWM) by 15–30% 
was observed in the region of the backing pressure corresponding to the highest X-ray yield (Figs. 6c, 7c).

!e critical energy of the betatron sources was measured using Ross $lters. !e spatial pro$les of the betatron 
radiation were estimated using the  relations38–41 of Gaussian approximation of intensity of X- ray radiation. !e 
critical energy of betatron radiation was evaluated by calculating the squared di%erence between the measured 
transmission and the theoretical one for each critical energy of synchrotron radiation. !e number of photons 
per shot was calculated by postprocessing the images at FWHM level of counts per pixel and corresponding 
critical energy Ec.

!e typical examples of X-rays radiation spatial distribution for the single nozzle S1 and arrays Arr2, Arr3 
are shown in Fig. 8. !e measurement of the divergence θ (FHWM) of X-ray radiation has demonstrated that 
the intensity distribution in the x–y direction changes from circular to elliptical from shot to shot. In average, 
the X-ray distribution for Arr3 was more elongated in x-direction parallel to laser polarisation relative to the 
X-ray distribution for S1 and Arr2 nozzles.

!e radius size of betatron source was measured by imaging tungsten wires placed close to the betatron 
source, and comparison of di%raction intensity signals in the horizontal and vertical directions with the calculated 
Fresnel di%raction integrals for di%erent X-ray source  sizes42–44. !e evaluation of Fresnel di%raction has shown 

Figure 3.  Experimental pro$les of energy and spatial distribution of electrons for np = 3 × 1018 cm−3 for the 
single S1 nozzle for the mixture He + 1%  N2 (a) and the array Arr4 in injector geometry for pure He (b) and 
np = 2 × 1018 cm−3 for the mixture He + 1%N2 (c). Experimental pro$les of energy and spatial distribution of the 
charge of electrons for np = 1 × 1019 cm−3 for the single S1 nozzle (d) and for the array Arr2 (e) and Arr3 (f) for 
the mixture He + 1%N2 in wiggler geometry.
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Figure 4.  Experimental dependence of mean energy Wmean, charge q40 for Wmean > 40 MeV (a,c) and mean 
divergence θye (FWHM) (b,d) of accelerated electrons on gas backing pressure. WS1, qS1, θS1 correspond to the 
single nozzle S1, and WArr2, qArr2, θArr2 correspond to the array Arr2 in wiggler geometry. Interpolated solid lines 
provide a guide to the eye.

Figure 5.  Experimental dependence of mean energy Wmean, charge q40 for Wmean > 40 MeV (a,c) and mean 
divergence θye (FWHM) (b,d) of accelerated electrons on gas backing pressure for the array Arr3 in wiggler 
geometry. EArr3UP, qArr3UP, θArr3UP were measured at the distance of 800 μm, and—EArr3DN, qArr3DN, θArr3DN—at the 
distance of the laser beam above the nozzle of 400 μm. Interpolated solid lines provide a guide to the eye.
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Figure 6.  Experimental dependence of counts per pixel C, divergence θ (FHWM) (a,c), photons per shot Nphot 
and brightness Br (b,d) of X-ray radiation on gas backing pressure. CS1, θS1, PhS1, BrS1 correspond to the single 
nozzle S1 and CArr2, θArr2, PhArr2, BrArr2 correspond to the array Arr2 in wiggler geometry. Interpolated solid 
lines provide a guide to the eye.

Figure 7.  Experimental dependence of counts per pixel C, divergence θ (FHWM) (a,c), photons per shot Nphot 
and brightness Br (b,d) of X-ray radiation on gas backing pressure for the array Arr3 in wiggler geometry. 
CArr3UP, θArr3UP, PhArr3UP, BrArr3UP were measured at the distance of 800 μm, and—CArr3DN, θArr3DN, PhArr3DN, 
BrArr3DN at the distance of laser beam above the nozzle of 400 μm. Interpolated solid lines provide a guide to the 
eye.
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that the radius of X-ray source changes from 3.5 ± 1 µm for single slit nozzle S1 and 11 bar of gas backing pres-
sure to 7.5 ± 1 µm for array Arr2 and 29 bar of gas backing pressure. In the region of interest of measuring the 
brightness of X-ray corresponding to 15–26 bar of backing pressure, the source size was de"ned as 5 ± 1 µm in 

Figure 8.  Examples of X-rays images, the colored ellipses represent regions with a number of counts per pixel 
higher than indicated (in thousands): single nozzle S1 (a–d), array Arr2 (e–h), and array Arr3 (i–l) at the 
distance of laser beam above the nozzle of 400 µm.

Table 1.  #e data of accelerated electrons and betatron radiation of a single nozzle and arrays in wiggler 
geometry for np = 1 × 1019 cm−3 and a0 = 4.0. In the #1–#3 cases, the laser beam was propagating 800 μm, in the 
#4 case—400 μm above the nozzle. #e "eld of view of the camera was only 35 mrad; the divergence values of 
X-ray radiation are extrapolated from the evaluated Gaussian distribution.

No. Description Charge > 40 MeV, pC
Counts per pixel, 
FHWM Critical energy, keV

Diver-gence
θ (θey), mrad, FHWM

Photons per shot, 
FHWM

Brightness, 
ph/s/mrad2/
mm2/0.1%BW, 
FHWM

#1
1.5 mm single slit 
converging–diverging 
nozzle S1

70 ± 10 900 ± 300 2.3 ± 0.2 75 ± 10 (80 ± 20) 1.1 ± 0.5 × 108 0.3 ± 0.1 × 1020

#2
1.5 mm slit converg-
ing–diverging nozzle 
with an array of 4 
nozzles Arr2

85 ± 20 1800 ± 500 2.5 ± 0.2 80 ± 10 (80 ± 20) 2.9 ± 0.7 × 108 0.7 ± 0.1 × 1020

#3

2.25 mm cylindrical 
converging–diverging 
nozzle with an array 
of 4 nozzles Arr3 
(distance 800 μm)

30 ± 10 900 ± 200 2.2 ± 0.2 50 ± 15 (80 ± 10) 1.0 ± 0.2 × 108 0.3 ± 0.1 × 1020

#4

2.25 mm cylindrical 
converging–diverging 
nozzle with an array 
of 4 nozzles Arr3 
(distance 400 μm)

130 ± 25 4900 ± 1500 2.6 ± 0.1 70 ± 30 (90 ± 20) 5.5 ± 4.8 × 108 1.6 ± 0.5 × 1020
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average in both horizontal and vertical direction. !e "xed value of 5 µm was used for the brightness calculation 
of the source for all nozzles indicated in Table 1.

!e spectra of betatron radiation of the single nozzle S1 and array Arr2 had the best match to the synchrotron 
radiation with the critical energy of 2.3 ± 0.2 keV and 2.5 ± 0.2 keV correspondingly. !e spectrum of the array 
Arr3 for laser-nozzle distance of 400 μm had the best matching to the synchrotron radiation with the critical 
energy of 2.6  ± 0.1 keV. !e divergence values θ (FWHM), presented in Table 1, were calculated by measuring 
separately and averaging of the ellipse radii a%erwards. !e numbers in parentheses in Table 1 indicate the mean 
divergence θye of electrons in the y-direction. !e implementation of the nozzle array Arr2 increased the critical 
betatron energy by 8–10% relative to the single nozzle S1. For the Arr2, the number of X-ray photons per shot 
relative to the single S3 nozzle increased from 1.1 × 108 to 2.9 × 108 and the brightness of the source from 0.3 × 1020 
to 0.7 × 1020 ph/s/mrad2/mm2/0.1%BW. For the array Arr3, the changing of the laser-nozzle distance from 800 μm 
to 400 μm increased the number of X-ray photons per shot from 1.0 × 108 to 5.5 × 108 and the brightness of the 
source—from 0.3 × 1020 to 1.6 × 1020 ph/s/mrad2/mm2/0.1%BW.

!e X-ray source was used for the transmission imaging of biological objects. In Fig. 9a–c, the X-ray images 
of a moth averaged over ten shots are shown. Small details as leg edges and hairs of the moth of approximatively 
20 µm diameter can be seen (Fig. 9b,c). !e moth was placed outside of the vacuum chamber at the distance 
of 6 cm before the X-ray detector. !e magni"cation was 1.08, and the imaging resolution was limited by the 
pixel size of 13.5 μm of the detector. !e X-ray source can be further implemented for phase-contrast imaging 
(PCI) and  tomography44 allowing non-invasive analysis in low-absorbing materials, such as so% tissue. In-line, 
or propagation based, phase-contrast imaging (PB–PCI) requires no optical components. With appropriate 
propagation distances, the phase-shi% evolves by itself into measurable intensity modulation. !e PB-PCI imag-
ing resolution was de"ned using the relations in  reference45,46. In the case of Fig. 9d, the cross wires were located 
at 70 cm from the source. Assuming the Gaussian distribution, 10 μm diameter (FWHM) of the source, and 
magni"cation of 26, the imaging resolution was estimated to be 9 µm (de"ned as double the standard deviation 
of the source intensity distribution).

!e propagation of the laser beam and the formation of the plasma channel was monitored using a probe 
beam split from the driving laser and crossing the gas jet perpendicularly. !e interferograms of Wollaston prism 
was used for shadowgraphy diagnostics. !e interferogram images of array Arr2 and Arr3 (Fig. 10) showed the 
formation of shock waves of gas jets. For Arr2, the shock waves were observed at the laser-nozzle distance of 
800 μm (Fig. 10a). For Arr3, the substantial di'erence in the distribution of plasma density depending on the 

Figure 9.  !e X-ray transmission image (a–c) of a moth averaged over 10 shots and 50 μm tungsten cross-wires 
(d) for plasma concentration np = 1 × 1019 cm−3 using X-ray  source of array Arr3 for the laser beam propagating 
400 μm above the nozzle.
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distance of the laser beam above the nozzle is visible (Fig. 10b,c). At the distance of 800 μm (Fig. 10b), the width 
of the laser wake#eld of the ionised region was narrower, in the range of 150–200 μm, and the shock waves only 
in the centre part of array Arr3 were visible. At the distance of 400 μm (Fig. 10c), the width of the ionised region 
increased to 200–250 μm, and the intersecting shock-wave fronts of all array nozzles were clearly visible.

��������������������Ǥ� To evaluate the impact of the plasma density grid on LWFA and X-ray radiation 
the iterative simulation process using the FBPIC PIC (Particle in Cell), and OpenFOAM algorithms was run. 
First, the simpli#ed plasma concentration pro#les were used in the FBIC simulation. $e injector geometry was 
simulated by a 200 μm long plasma region, 100 μm gap and 1.5 mm plasma section for electron acceleration 
(Fig. 11a). A 1.5 mm long plasma acceleration section and wiggler comprising four 200 μm plasma regions and 
100 μm gaps were used for the simulation of wiggler geometry (Fig. 11b).

Based on the FBIC LWFA results, several geometries of converging–diverging nozzles with di%erent expansion 
rates were designed using OpenFOAM simulation, allowing to reach approximate plasma concentration pro#les 
used in FBPIC simulation. $e simulation parameters were chosen according to the experimental setup of Lund 
Ti:Sa laser. $e laser strength parameter a0 was calculated, taking into account the focal length of the focusing 
mirror of 465 mm and the laser beam diameter at the FWHM level of 8 µm. It corresponded to the a0 = 4.0. $e 
resolution of the mesh grid was 0.05 µm, and the time step was 0.17 fs. $e simulation was performed for vari-
ous acceleration distances, and the plasma concentration was changed within the range of 3 × 1018–1 × 1019 cm−3. 
Calculations were made for the gas mixture of He + 1%N2.

In Fig. 12a, the LWFA simulation results of the spatial distribution of energy and charge of ionization injected 
electrons for the single nozzle is presented. $e matched plasma wavelength of np = 3 × 1018 cm−3 allows achieving 
high energy and the lowest divergence of accelerated electrons. $e electrons are injected continuously, however, 
causing a broad energy spectrum of accelerated electrons. In Fig. 12b, the simulation results of the injection 
scheme using combined density-triggered and nitrogen ionization for Arr4 in injector geometry are presented. 
Adjusting the laser strength parameter and matching the plasma wavelength for a0 = 4.0 and np = 3 × 1018 cm−3 
the formation of a quasi-monoenergetic bunch of higher charge was achieved.

Figure 10.  $e interferograms of the array Arr2 (a) and the array Arr3 for the laser beam at the distance of 
800 μm (b) and 400 μm (c) above the array for the np = 1 × 1019 cm−3.

Figure 11.  Simpli#ed relative plasma density pro#les of the injector (a) and wiggler (b) geometries used in the 
simulation.
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In Fig. 12c,d, the simulation results of single nozzle S1 and array Arr2 in wiggler geometry at the plasma 
concentration np = 1 × 1019 cm−3 are shown. $e energy of accelerated electron for a single S1 nozzle and 
np = 3 × 1018 cm−3 reaches 150–200 MeV, the divergence is 4–6 mrad. With the increase of the gas concentration 
from np = 3 × 1018 cm−3 to np = 1 × 1019 cm−3, the plasma wavelength becomes shorter and, several plasma waves 
are formed. $e electrons are injected into the multiple plasma waves and the lateral plasma wake. $e charge of 
the injected electrons increases, but the energy of accelerated electrons drops to 30–80 MeV, and the divergence 
of the electron beam increases to 20–40 mrad (Fig. 12c). In Fig. 12d, the simulation results of electron accelera-
tion using the nozzle array Arr2 is presented. First, the electrons are accelerated in the gas jet of a longer section 
of array Arr2. $en, the electrons pass the second section, where the divergence of the electron beam increases 
up to 30–50 mrad.

To estimate the parameters of X-ray betatron radiation, the data of momenta and spatial distribution of elec-
trons simulation were post-processed using analytical relations (see Supplementary information S1 for details). 
In Fig. 13a–c, the amount of charge of electrons corresponding the divergence in the transversal direction θe 
(a), betatron radius rβ (b), and critical synchrotron energy Ec (c) are presented. $e divergence in transversal 
direction θe (FWHM) was calculated as an average of the divergence of electrons in the x- and in y-direction. 
$e betatron radius was de%ned as the transverse amplitude of electron motion in the ion channel produced in 
the wake of the laser  pulse47.

$e calculations have shown that the implementation of nozzle array Arr2 increased the number of electrons 
having a higher transversal divergence and slightly extended the average of betatron radius and critical energy. 
In Fig. 13d, the calculated spectral density dNphot/dEr of radiated photon number per shot for the array Arr2 and 
single nozzle S1 is presented, where Er is the energy of emitted photons.

$e calculation demonstrated the increase of the number of photons per shot caused by the plasma density 
array by a factor of 2 and the total number of photon number reached 5 × 108. $e simulation results of critical 
energy Ec and the number of photons per shot were in good correspondence with experimental results. However, 
the calculated average radius of betatron rβ was in the range of 1–2 μm and di'ered from the size of 5 μm got by 
cross-wire di'raction measurements. It also resulted in mismatched values of the brightness of X-ray radiation.

To interpret the experimental results of the spatial distribution of gas jets, the (uid simulation using the 
rhoSimpleFoam compressible stationary OpenFOAM solver was performed. In Fig. 14a,b, the simulation results 
of gas pressure and concentration at the backing pressure of 30 bar are presented. $e simulation has shown the 

Figure 12.  Simulated pro%les of the transversal spatial distribution of the electron energy and charge 
for the single nozzle S1 (a), array Arr4 (b) in injector geometry for the mixture He + 1%N2, a0 = 4.0 and 
np = 3 × 1018 cm−3 at the acceleration distance z = 0.5 mm, and for np = 1 × 1019  cm−3 for the single nozzle S1 (c) 
and array Arr2 (d) at the acceleration distance z = 2.5 mm.



209
ͷͷ

Vol.:(0123456789)

Scientific RepoRtS |        (2020) 10:16807  | �����ǣȀȀ���Ǥ���ȀͷͶǤͷͶ;Ȁ�ͺͷͻͿ;ǦͶͶǦͽ;ͶͻǦͽ

www.nature.com/scientificreports/

formation of diamond-shaped pressure (Fig. 14a) and density (Fig. 14b) grid is caused by the interference of 
shock waves of colliding jets. "e shock waves also a#ected the region of the nozzle array used for LWFA. "us, 
the region was compressed, and a shock wavefront between the $rst and second part of the array was built. "e 
shock waves increased the gas density of the middle jets by a factor of 2 relatively to the edge jets without the 
neighbouring jet streams. "e middle jets reached the height of 0.9–1.2 mm while the height of outside jets was 
0.5–0.6 mm.

Figure 13.  "e simulated charge of electrons accelerated by array Arr2 and single nozzle S1 having divergence 
θe (FWHM) (a), betatron radius rβ (b), and critical synchrotron energy Ec (c). Calculated spectral density dNphot/
dEr of photon number per shot of electrons accelerated by array Arr2 and single nozzle S1 (d) for a0 = 4.0 and 
np = 1 × 1019  cm−3. "e dashed lines Arr2c and S1c show the calculated density of dNphot/dEr, the dotted lines—
the dNphot/dEr attenuated by the materials placed between the X-ray  source and camera, and the bold lines Arr2 
and S1 show the best match of the synchrotron-like spectra with the mean critical energy Ec measured using 
Ross $lters.

Figure 14.  Simulated spatial distribution of pressure (a) and gas concentration (b) of He jet of Arr3 at the 
backing pressure of 30 bar. "e green dotted line indicates the distance of the laser beam of 800 μm, and the 
magenta dotted line shows the distance of 400 μm above the nozzle.
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����������
!e data analysis of backing pressure scan has shown that the maximum of X-ray radiation corresponds to the 
maximum divergence of the electron beam while maintaining a high accelerated charge. For the single nozzle 
S1 and array Arr2 (Fig. 4), the maximum energy of accelerated electrons was reached at the backing pressure of 
5–12 bar. At this backing pressure, the gas density matches the plasma bubble condition and is optimal for the 
acceleration of electrons. However, the divergence of the electron beam is small, and the yield of X-ray radiation 
is low. When increasing the gas density, even though the energy starts to drop, the accelerated charge grows, and 
the divergence increases a lot leading to an increase in X-ray #ux. !e maximal number of X-ray photons per shot 
was reached at a maximum of divergence and minimum of mean energy at the backing pressure of 18–21 bar 
for the single nozzle S1 and 24–26 bar for the array Arr2. !e nozzle S1, Arr2 and Arr3 arrays have di$erent gas 
expansion rates resulting in di$erent gas concentration at the output of the nozzle. !e corresponding gas con-
centration for S1 nozzle and Arr2 was reached at lower backing pressure relative to Arr3 nozzle. !e distance of 
LWFA acceleration for Arr3 nozzle was longer than for S1 nozzle. !erefore, the energy of accelerated electrons 
and X-ray yield relative to S1 nozzle was higher. In wiggler geometry, the presented results of S1 and Arr2, Arr3 
correspond to the highest photons per shot and brightness observed. In the injector geometry, the presented 
results of Arr4 correspond to the best results of the formation of quasi-monoenergetic electron bunches.

Implementation of nozzle arrays in wiggler geometry resulted in the increase of divergence of electron beam 
and growth of accelerated charge (Figs. 4, 5). !e comparison of shadowgrams of plasma diagnostics of the S1, 
Arr2, Arr3 nozzles (Figs. 10, 15c) and the OpenFOAM simulation results (Fig. 14) con%rmed the formation of 
the grid of maximums and minimums of gas concentration in the propagation path of laser beam approximately 
corresponding to the plasma density pro%les simulated using FBPIC algorithm. !e modelled accelerator and 
wiggler plasma sections indicated the growth of divergence of accelerated electrons and photon number of 
X-ray radiation relative to a single plasma section pro%le. For the array Arr2, the shock waves were present at 
the laser-nozzle distance of 800 µm. For the Arr3 having higher gas jet expansion rate, the laser beam did not 
cross all the intersecting jets of smaller nozzles of the diameter of 200 μm at the height of 800 from the output 
of nozzles. Hence, only by changing the distance between the laser beam and nozzle output from 800 to 400 µm, 
the laser beam propagated through the whole region of varying gas density. !e gas density grid increased the 
transversal motion of electrons and increased the e'ciency of X-ray radiation. !e spatial distribution of X-ray 
radiation varied from circular to elliptical one as well as the orientation of elliptical distribution altered from shot 
to shot. It indicated that the divergence and orientation of X-ray radiation depend on the spatial distribution of 

Figure 15.  Gas concentration pro%les reconstructed using measured wavefront sensor phase diagrams for the 
cylindrical converging–diverging nozzle with the diameter of 2.25 mm (a), slit converging–diverging nozzle 
with the length of 1.5 mm S1 (b) at the backing pressure of 30 bar. Shadowgrams of the nozzle S1 (c), and Arr4 
in injector geometry (d).
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plasma rather than on laser polarization. In average, the X-ray distribution was more elongated in x-direction 
parallel to laser polarisation, however. !e interference of shock waves is de"ned by the period of nozzle array 
as well as by the pressure, temperature, and expansion rate of colliding jets. !e numerical plasma simulation 
has shown that using array in wiggler geometry increases the divergence of accelerated electrons (Figs. 12c,d, 
13a) by 30–50%. More electrons have higher critical energy of synchrotron radiation, and their contribution 
to the total X-ray emission is more extensive (Fig. 13c,d). !e ratio of transversal and longitudinal momenta of 
electrons and betatron radius changes at a smaller extent in the range of 1–2 μm (Fig. 13b). !e radius of the 
betatron source measured experimentally was 5 ± 1 μm on average. !e di%erence between the calculated and 
experimentally measured radius of X-ray source could be explained by a much broader divergence of electrons 
corresponding to the transversal distribution radius > 50 μm at the acceleration distance of 2.5 mm. !e resulting 
spectrum and source size of X-ray radiation is de"ned by the superposition of radiation of electrons with diverse 
momenta radiating at di%erent spatial positions. We assume the main contribution to the X-ray radiation is from 
electrons of higher energy concentrated in the radius of 5 µm approximately. !e X-ray radiation from the central 
5 µm radius region can also explain the decrease of X-ray divergence (FWHM) observed at the backing pres-
sure corresponding to the highest X-ray radiation yield. !e electrons located in the broad halo of 50 µm have 
lower energy and do not contribute substantially to the X-ray radiation with the photon energy of several keV.

����������
In conclusion, the implementation of the nozzle array with separate regions of LWFA and gas density grid raised 
the e&ciency of X-ray generation and increased the number of photons per shot by a factor of 2–3 relative to a 
single-jet gas target source. !e critical energy of synchrotron radiation measured using Ross "lters was in the 
range of 2.2–2.6 keV. !e radius of the X-ray source in the region of the best X- ray yield was de"ned as 5 µm 
on average. !e number of photons per shot was in the range of 1.0 × 108–5.5 × 108, and the brightness was 
0.3 × 1020–1.6 × 1020 ph/s/mrad2/mm2/0.1%BW. !e analysis of experimental data and numerical simulation 
has shown that the increased e&ciency of X-ray radiation was caused by the formation of a gas density grid 
created by colliding jets. !e experimental results of the energy and number of photons per shot were in good 
correspondence with the results of FBPIC simpli"ed model. !e calculated betatron radius of 1–2 μm di%ered 
from the measured X-ray source size of 5 µm however. !e di%erence in sizes can be explained by the spatial 
distribution of radiating electrons in the radius of 50 µm on average. Also, the "xed betatron radius used in 
the de"nition of brightness has added the uncertainty in the calculations. !e imaging tests of the biological 
samples in the transmission X-rays demonstrated the resolution higher than 20 μm. !e resolution was limited 
by the pixel size of the detector of 13.5 μm. !e X-ray source can be implemented for phase-contrast imaging 
and tomography. !e estimated PB-PCI source size-limited resolution was 9 μm. In future work, it would be 
advantageous to test the nozzle arrays with independent adjustment of backing pressure of gas supply of accel-
erating and wiggler section. It would allow maximizing the energy of accelerated electrons and divergence of 
the electron beam. !e collected data will be used for the optimisation of micronozzle geometry and e&ciency 
of the X-ray source. !e laser-assisted fabrication technology of the micronozzles from single fused silica block 
ensures higher precision, resistance to optical damage, and the formation of tailored plasma pro"les with the 
dimensions of less than 40 µm with surface roughness < 1 μm.

�������
������������������Ǥ� !e diagram of the experimental setup for LWFA of electrons and betatron radiation 
measurement is presented in Fig. 1. In Table 2, the LWFA parameters in the wiggler and injector geometry are 
shown. For the LWFA experiments, the 800 nm 1.8 J Ti:Sa laser at the repetition rate < 1 Hz with a pulse dura-
tion of 35 fs, and pulse energy on the target of 700–880 mJ was used. !e laser beam was focused on the gas jet 
in a vacuum chamber using a 4-inch o%set parabolic mirror with the focal length of 465 mm, leading to a focal 
spot of 8 µm at FWHM. !e laser strength parameter a0 was de"ned as the maximum amplitude of the normal-
ized vector potential of the laser "eld A: a0 = eA/mec2, where A is the maximum amplitude of the laser electric 
"eld, e—electron charge, me—electron mass, and c is the speed of light in  vacuum1. In practical units, the a0 
parameter for the linearly polarized laser "eld with a Gaussian radial pro"le was calculated as a0

2 = 7.3 × 10−19 
[λL(μm)]2 I0(W/cm2), where λL – is the laser wavelength and I0 – is the laser intensity. !e aberration correction 
of the laser beam has been controlled by a deformable mirror, which ensured the high quality of the focused 
beam. !e laser polarisation was horizontal along the x-axis. !e energy of the accelerated electrons was meas-
ured using a Kodak Lanex Regular scintillation screen with a dipolar 0.8 T magnet of the total length of 20 cm 
located at the distance of 50 mm from the source. !e width of the magnetic spectrometer was 5 cm, and the gap 
of the dipole gap was 15 mm. !e measuring range of the spectrometer was 20–300 MeV. !e relation between 
electron energy and position on the scintillating screen were determined by simulation using COMSOL Mul-

Table 2.  !e experimental LWFA parameters.

Geometry Laser strength parameter a0

Plasma concentration, 
 cm−3 Laser spot FWHM, μm Gas

1 Injector 4.0 3 × 1018 8 He
2 Injector 4.0 2 × 1018 8 He + 1%N2

3 Wiggler 4.0 1 × 1019 8 He + 1%N2
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tiphysics and the measured map of the magnetic !eld. "e energy resolution at 300 MeV was 1.3%/mrad. "e 
uncertainty introduced by the ± 10 mrad divergence of the 125 MeV electron beam was 7.5 MeV, corresponding 
to the accuracy of ± 6%.

Scintillation screen images were captured using the Andor Zyla 4.2 Plus CMOS 16-bit camera. "e camera 
was of 2048 × 2048 pixels with a pixel size of 6.5 μm. "e energy and divergence of the electron beam were cal-
culated using the images of Lanex scintillation screen. "e response of the full imaging system was calibrated 
using previously published calibration factors of 6.95 × 10–8 pC/count for the scintillating screens measured at 
linear  accelerator48,49. "e betatron radiation was registered using the Andor iKon-L SO X-ray camera, sensitive 
to X-rays up to 20 keV. "e X-ray CCD was of 2048 × 2048 square pixels with a pixel size of 13.5 μm. "e camera 
window was made of 250 μm-thick beryllium. A 50 μm Kapton window with an additional shield of 3 μm alu-
minium foil was installed at the outlet of the vacuum chamber. "e X-ray camera was installed at a distance of 
73 cm from the source, and the betatron radiation passed through the air gap of 12 cm. To characterize the &ux 
distribution and energy distribution of the X-ray pulse, a Ross-!lter  array50 was inserted into the X-ray beam at 
the distance of 6 cm from the exit of the experimental chamber. "e !lter array used was composed of intersect-
ing strips of the elements Ni, Cu, Zn, Al, Ti, Zr, Cu of thickness 5 μm, 25 μm, 5 μm, 6 μm, 6 μm, 3 μm, 3 μm 
respectively. "e transmission of the betatron X-rays through the !lters was measured using Andor iKon-L Xray 
camera and compared to the transmission of synchrotron-like spectra with critical energy Ec using least-squares 
!tting  method51. "e radius of the betatron source was determined by measuring the Fresnel di'raction from 
the 50 μm tungsten cross-wires, placed 28 mm from the source, magnifying the image 26 times and comparing 
the intensities of X-ray signals in the horizontal and vertical directions. "e intensity distribution of the Fresnel 
di'raction was calculated using the relations given  in42–44.

��������������������Ǥ� "e geometry and dimensions of nozzle arrays are presented in Fig. 2 and Table 3. 
"e designed micronozzles were manufactured from fused silica with a thickness of 6.3 mm, using the second 
harmonic radiation (532 nm) of the DPSS nanosecond laser (from Ekspla) and the second harmonic radiation 
(515 nm) of the femtosecond Yb:KGW Pharos laser (from Light Conversion).

All nozzle frames were fabricated using the nanosecond laser and a rear-side or bottom-up machining 
approach alone, which allowed a high material removal  rate29,52. However, depending on the design, some of 
the inner channels were fabricated in combination with the front-side laser ablation. "is step was required 
due to the incapability of the rear-side machining technique to fabricate high negative taper angles, which are 
unavoidable in the con!guration of converging–diverging Laval nozzles. Additionally, the output surface of noz-
zles with small channels was mechanically polished to reduce the gas concentration drop due to the chamfered 
 edges30. For the formation of structures smaller than 200 μm, the femtosecond laser-induced selective chemical 
etching FLICE technique was implemented. "e FLICE technique ensured the formation of microchannels with 
the surface roughness less than 1 μm31,52,53.

�����������������������Ǥ� Characterisation of gas density pro!les of the nozzle used in the LWFA experi-
ments was performed using an optical wavefront sensor, the collimated light beam of a HeNe laser, and the 
Python library of the open-source 3D tomographic image reconstruction algorithms “Astra Toolbox”54. "e 
integral phase change was recorded by the wavefront sensor in two orthogonal planes perpendicular to the noz-
zle symmetry axis. "e wavefront sensor resolution was 157 × 117 pixels with a pixel size of 17 µm. Using the 
integral phase distribution φ(x,y,z), the gas concentration n was calculated by the relation n = ε0λφ⁄παd, where 
ε0 is the vacuum permittivity, λ = 632 nm is the laser wavelength, α = 18.52 × 10–41 Fm2 is the polarizability of 
the argon gas atoms, and d = 17 µm is the reconstruction length of cubic voxels. "e tomographic reconstruc-
tion of the phase volume pro!le was calculated using Simultaneous Iterative Reconstruction Technique (SIRT) 
 algorithm55. "e reconstructed concentration pro!les of the nozzles S1 and 2.25 mm nozzle of Arr3 at the back-
ing pressure of 30 bar argon are presented in Fig. 15a,b, respectively. "e characterisation has shown that the gas 
target of the single slit converging–diverging 1.5 mm nozzle S1 has the 0.9 mm-long gas concentration plateau 
and the ramps with the length of 0.8 mm at each side of the nozzle. "e single cylindrical Laval nozzle with the 
diameter of 2.25 mm has the 1.5 mm-long gas concentration plateau and the ramps with the length of 0.6 mm 
at each side of the nozzle. "e shadowgrams of the single nozzle S1 (c), and array Arr4 in injector geometry (d) 
are shown in Fig. 15c,d, respectively.

Table 3.  "e list of nozzles used in the experiment.

No.

First section Second section

Description
Output dimensions, mm 
(L × W)

#roat dimensions, mm, 
(L2 × W2) Description

Output dimensions, mm, 
(L1 × W1)

#roat dimensions, mm, 
(L3 × W3)

#1 Single slit converging–
diverging nozzle S1 1.5 × 1.2 1.5 × 0.12 – – –

#2 Single slit converging–
diverging nozzle Arr2 1.5 × 1.2 1.5 × 0.12 Slit array of 4 nozzles 0.2 × 0.2 0.2 × 0.2

#3 Single cylindrical converg-
ing–diverging nozzle Arr3 Φ2.25 Φ0.5 Slit array of 4 nozzles 0.2 × 0.2 0.2 × 0.2

#4 Single slit converging–
diverging nozzle Arr4 1.5 × 1.2 1.5 × 0.12 Single slit converging–

diverging nozzle 0.3 × 0.27 0.3 × 0.18
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Estimating the dependence of plasma concentration  np on backing pressure, the approach of ideal gases was 
used. !e molecular concentration of ideal gases  ng was calculated as ng = NA ρ/M, where NA is the Avogadro 
constant, ρ is the gas density, and M is the molar mass of the  gas56. At the standard temperature and pressure of 
T = 273.15 K, and P = 101.325 kPa, ng corresponds to 2.687 × 1025 m−3. For the calculation of the molecular gas 
concentration of the same gas under two di%erent sets of the pressure P1,2, volume V1,2 and temperature T1,2, the 
relation p1V1/T1 = p2V2/T2 was used. !e molecular gas concentration increases proportionally to the ratio of 
actual pressure and temperature. !e molecular concentration in the central part of the Arr2 cylindrical nozzle at 
the backing pressure of 26 bar and ng was estimated as 5 × 1018 cm−3. !e same concentration for the S1 nozzle was 
reached at the backing pressure of 18 bar. Calculating the plasma concentration np, it was assumed that helium 
is fully ionized to the level of  He+2, and helium plasma concentration np corresponding to the ng = 5 × 1018 cm−3 
was estimated as np = 1 × 1019 cm−3.

!e Figs. 3, 4, 5, 6, 7, 8, 9, 10, 11, 12, 13, 14 and 15 and the Fig. S1 in the Supplementary information were 
visualized using Matplotlib plotting library for the Python programming  language57.

�����������������
!e authors con&rm that all of the data used in this study are available from the corresponding author on rea-
sonable request.
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A B S T R A C T

In this report, the impact of the wall roughness of the cylindrical micronozzles with the diameter of 50 μm,
100 μm and 200 μm on the concentration profiles of the gas targets for laser plasma wakefield acceleration was
investigated. Micronozzles were manufactured using three different laser processing techniques – nanosecond
laser rear-side (RS) machining with and without the subsequent etching in the potassium hydroxide (KOH)
solution and hybrid laser machining technique – the combination of nanosecond laser rear-side machining and
femtosecond laser-assisted selective etching (FLSE). Processing efficiency, accuracy and the wall roughness of
micronozzles, fabricated by these techniques, are compared, and the best application areas are defined. Finally,
the numerical simulation results of the gas concentration profiles are compared with experimental data with the
satisfactory agreement.

1. Introduction

Gas nozzles are used in many laser plasma experiments for Laser
Wakefield Acceleration (LWFA), secondary X-ray and γ-light generation
[1]. With the development of ultrashort few-cycle femtosecond lasers
[2,3], dimensions of the plasma target and concentration have to be
controlled at the micrometric level being proportional to the propaga-
tion distance cτ of the laser pulse, where c is the speed of light and τ is
the duration of the laser pulse. Gas density modulation, obtained by
utilising several stages of gas targets, is implemented to increase the
energy of accelerated electrons and X-ray radiation [4].

Jet nozzles for gas injection into the interaction area could be fab-
ricated from different materials using various mechanical machining,
etching and stereolithography-based technologies [5–8]. Independently
of the design, the most challenging and critical part of a nozzle is its
intrinsic channel for gas flow. Stereolithography-based methods or 3D
printing enable fast prototyping of gas nozzles at low cost and com-
plexity. However, this technology is incapable of fabricating of micro-
channels on a sub-millimeter scale. Also, the fabricated nozzles are
usually made from plastics, therefore, may not be resistant to harsh
operational conditions - high pressures, temperatures, etc. Although the
mechanical machining is a relatively cheap technology, which could be

applied for processing of different materials, it has limitations regarding
the achievable aspect ratio of a channel, the minimum hole diameter
and quality. Chemical processing of glasses allows fabricating micro-
metric channels with a very low surface roughness (down to tens of
nanometers of average surface roughness Ra). However, it is an ex-
pensive, slow and complicated technique [9]. Laser-based methods may
be an alternative, which gives relatively high processing quality and
speed.

The performance of a gas jet nozzle depends on its dimensions and
the wall roughness. Up to now, most of the research is dedicated for the
investigation of micro de Laval or other types of converging-diverging
nozzles [10–13] and the improvement of their manufacturing in order
to reduce the wall roughness [5,12,13]. The surface roughness and
waviness reduce the performance of these nozzles. Tailored plasma
targets require implementation of the different types of nozzles both
converging-diverging and cylindrical to get the modulation of gas
concentration on a wide scale. Due to the expansion of the gas flow, de
Laval nozzles are optimal where lower concentrations and longer in-
teraction zone of gas for LWFA are required. Cylindrical nozzles con-
taining cluster-jets can be efficient targets for high harmonics [14],
secondary X-ray and γ-light generation [4], where higher concentra-
tions and smaller gas density distribution zones of the size of 1–2
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diameters of the cylindrical nozzle, are required. However, there is a
lack of research data on the influence of the wall quality to cylin-
drically-shaped nozzles with micrometric dimensions. Moreover, there
is a need for developing a mature technique to fabricate these nozzles.

In this report, the impact of the wall roughness on the quality and
jet concentration of cylindrical micronozzles, manufactured from fused
silica, with diameters of 50 μm, 100 μm and 200 μm, was investigated.
The simulation of the impact of the wall roughness on the gas flow in
Laval nozzles of the diameter of millimeter dimensions can be per-
formed using analytical methods of isentropic gas flow. However, the
simulation results of the isentropic gas flow of the nozzles of the size of
tens and hundreds of micrometers differ significantly from the experi-
mental results [12,13]. In this report, the methods of computational
fluid dynamics are implemented to evaluate the impact of the wall
roughness on the gas flow in micronozzles and jet profiles. The laser
processing technology of fused silica is limited by the specific surface
roughness typical for the fabrication regime used and it is hard to
measure the height of the surface roughness of internal walls inside of
the nozzle channel. The simulation results were compared to the in-
terferometric measurements of gas concentration profiles for the noz-
zles, manufactured by three laser-based processing techniques, re-
sulting in various wall roughness. The validation of simulation results is
essential for the definition the acceptable wall roughness and design of
the gas jet profile at the output of the nozzle.

2. Simulations

A two-dimensional model of longitudinal and radial dimension was
used for the analysis of the impact of the wall roughness on the su-
personic gas flow inside of the cylindrical nozzle. Triangle mesh was
created in the simulation area except for the region close to the wall.
For the modelling of the boundary layer, a quadrilateral cell mesh with
increasing thickness was implemented. Subsonic and supersonic gas
flow was simulated using Reynolds-averaged Navier-Stokes (RANS)
formulation and the two-equation k-ε turbulence model. Gas flow and
heat exchange in the boundary layer were evaluated using a wall
functions method. Boundary conditions at the input were defined by the
total pressure Ptot (comprising static and dynamic pressure), uniform
input velocity vin and fluid temperature Tin. On the wall, the no-slip
boundary condition, and at the output, a boundary condition of fixed
static pressure Pout_stat = 0.1 mbar was applied. Nitrogen gas was im-
plemented as a modelling media. The viscosity of the fluid μ was cal-
culated according to the three coefficient Sutherland viscosity model as
a function of the temperature T, reference value of viscosity
μ0= 1.7894× 10−5 Pa/s, a reference temperature T0= 273.11 K and
Sutherland temperature Ts = 110.56 K:
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Wall roughness was modelled using two parameters: krf, which is
equivalent to the sand roughness height, defined as roughness on tur-
bulent flows by measuring the pressure drop in pipes coated with
uniform sand grain [15] and non-dimensional roughness parameter Cra,
which can take into account other types of roughness [16,17]. Experi-
mentally, a number of different parameters was defined to characterise
the surface roughness. An arithmetic average of absolute values Ra was
calculated as [18]:∑= =R
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where yi is the distance from the average height of a profile for mea-
surement i, and n is the number of measurements. RRMS and Rzd

roughness parameters are calculated correspondingly as a mean
squared and the peak-to-valley values of from the average height of a
profile. The peak-to-valley parameter Rpi and Rνi refer to the largest
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The estimation of sand-grain roughness parameter krf based on the
relations with measured surface roughness values is presented in
Table 1.

The simulation results, presented in Fig. 1(a), indicate that wall
roughness with sand-grain roughness parameter krf = 2.5 μm (line 2)
has a considerable impact on the gas concentration values at the output
of the 50 μm-diameter cylindrical nozzle. The gas concentration at the
axis of the nozzle drops by 23% relative to the smooth wall with
krf = 0 μm. The velocity of the gas at the output of 50 μm-diameter
nozzle with sand-grain roughness parameter krf = 2.5 μm, presented in
Fig. 1(b), increases in the center because of the turbulent boundary
where gas flow is slowed down. The impact of wall roughness on the
nozzle with a diameter of 100 μm is relatively smaller. The gas con-
centration, as shown in Fig. 1(c), indicates that on the axis of the nozzle
with sand-grain roughness parameter krf = 10 μm (line 2) concentration
drops by 17% relative to the smooth wall. The simulation results of the
nozzle with a 200 μm diameter, presented in Fig. 1(d), show that the
impact on the concentration at the output of the nozzle does not exceed
7% for sand-grain roughness parameter krf up to 15 μm.

Additionally, the impact of edge chipping at the output of the nozzle
channel, fabricated by the nanosecond rear-side machining technique,
was simulated. Chipping resulted in the formation of the chamfered
edge, which was approximated by the section with the angle of 30° at
40 μm depth below the output of the nozzle (Fig. 4). The section of the
nozzle edge at the angle of 30° decreased the gas concentration at the
output of the nozzle by 15–17%. The total reduction of the con-
centration, comprising the impact of wall roughness with the parameter
krf = 10 μm and edge section with the angle of 30°, was 30% for the
nozzle with the diameter of 100 μm, and 20% for the nozzle with the
diameter of 200 μm. The simulation results of the channels with
krf = 0 μm and regular cylindrical nozzles are presented on the left side
of Fig. 7(a, b, e) and the simulation results of the channels with
krf = 10 μm and edge section with the angle of 30° - on the left side of
Fig. 7(c, d, f).

3. Experimental data

Wall roughness was investigated of cylindrical nozzles, manu-
factured from fused silica using three different laser processing tech-
niques: the hybrid nanosecond rear-side processing and femtosecond
laser-assisted selective etching (FLSE) technique [19], the nanosecond
laser rear-side (RS) processing alone [20], and nanosecond laser rear-
side processing technique with the subsequent etching in KOH solution
for 4 h. The nozzles with the diameter of 50 μm, 100 μm and 200 μm
were fabricated and characterised using Mach-Zehnder interferometer
and gas jet concentration reconstruction.

Table 1
Estimated sand-grain roughness based on measured surface roughness para-
meters [18].

Measured surface roughness parameter Estimated sand-grain roughness, krf

Ra krf = 5.863Ra

RRMS krf = 3.100RRMS

Rzd krf = 0.978Rzd
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3.1. Manufacturing of nozzles

The 6.3 mm-thick fused silica plates were used as a raw material for
nozzle manufacturing. The flowchart of different laser processing
techniques is presented in Fig. 2. In the case of hybrid laser machining
technique (Fig. 2(a)), in the first step, the large volume of the material
was removed by nanosecond laser pulses via highly-efficient rear-side
machining technique and the preform for a nozzle was fabricated. The
material removal rate was over 2mm3/s. In the second step, the sample
was turned upside down, and the adapter was fabricated via rear-side
machining to connect the micronozzle to the valve and to reduce the
thickness of glass to 2mm for processing using FLSE. In the third step,
the material was modified using a femtosecond laser and then etched in
a KOH solution of 10M concentration to form a microchannel. This
technique allowed to fabricate 50 μm-diameter channels, while for the
nanosecond rear-side machining alone (Fig. 2(b)), the minimum dia-
meter was 100 μm. The wavelength, pulse duration at full-width at half-
maximum, and pulse energy were 532 nm, 4.5 ns and 90 μJ, respec-
tively, for the nanosecond laser system and 515 nm, 300 fs,< 1 μJ for

the femtosecond laser system (Pharos laser from Light Conversion). The
details about nozzle fabrication using hybrid and nanosecond rear-side
machining techniques could be found in the reference [19]. Finally, the
third technique was implemented: the nozzles, fabricated by the rear-
side machining technique, were immersed in the KOH solution of 10M
concentration for 4 h (Fig. 2(c)).

The optical microscope images of fabricated nozzles are presented
in Fig. 3. FLSE allowed fabricating 100 μm and 200 μm-diameter noz-
zles with excellent geometry and chip-free edges. However, slight
chipping (~10 μm) appeared for 50 μm-diameter holes. It should be
noted that the real diameter of 50 μm nozzle was 56 μm. In the case of
nanosecond laser rear-side machining technique, the surface chipping
was about 100 μm. The real diameters of nozzles, discussed below, were
92 μm, manufactured using FLSE technique, 105 μm, drilled using na-
nosecond laser rear-side processing and 108 μm, produced by nanose-
cond laser rear-side processing technique and etched additionally in
KOH solution for 4 h. For simplicity, these are referred to 100 μm-dia-
meter nozzles. The real diameters of 200 μm nozzles were 204 μm,
204 μm and 210 μm, respectively.

Fig. 1. Simulated transversal N2 concentration (a, c-d) and velocity (b) profiles at 60 bar backing pressure at the valve of the nozzles with the diameter of 50 μm (a,
b), 100 μm (c) and 200 μm (d) and different values of the sand-grain roughness parameter krf.

Fig. 2. The flowchart of nozzle fabrication by hybrid laser machining technique (a), nanosecond rear-side machining (b) and nanosecond rear-side machining with
the subsequent etching in KOH solution (c). In the processing steps, laser beam propagates from top to bottom.
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The blurred grey and black area around the holes, which were
fabricated using nanosecond laser, indicates that the output edge of
nozzles is chamfered. Therefore, the profiles of microchannels were
investigated using stylus profiler Dektak 150 (from Veeco). The typical
profiles at the output of nozzles with the diameter of 100 μm (a, b) and
200 μm (c, d), fabricated by nanosecond rear-side machining technique
alone (a, c) and with the subsequent etching in KOH solution (b, d), are
presented in Fig. 4. A grey area represents the ideal cylindrical nozzle,
while the distance x= 0 μm is the axis of a nozzle. Red dotted contours
show the geometry of the chamfered edge, used for simulations. After
the initial interferometric measurements, the surface of the nozzles,
drilled using nanosecond laser rear-side processing and produced by
nanosecond laser rear-side processing technique and etched ad-
ditionally in KOH solution, were polished and the upper layer, con-
taining the chamfered edge, was removed. The right angle of the output
edge was nearly restored and the concentration profiles were measured
again.

The scanning electron microscope (SEM) images of the opened

microchannels are presented in Fig. 5(a–c). The topologies of surfaces,
fabricated by nanosecond laser rear-side machining alone and with the
subsequent etching in KOH for 4 h, were measured using stylus profiler
and are presented in Fig. 5(d) and (e), respectively. The measured
surface roughness and estimated sand-grain roughness parameter krf,
according to the relations, are presented in Table 2. The average
roughness and average peak-to-valley distance of a nozzle, fabricated
by rear-side machining technique, were Ra= 1.4 μm and Rzd= 8 μm.
The subsequent etching in KOH for 4 h resulted in a rougher surface
with the average roughness of 1.7 μm (Rzd= 10.4 μm). In comparison,
the FLSE technique allowed to achieve the significantly smoother sur-
face. In this case, the average roughness and average peak-to-valley
distance were Ra= 0.12 μm and Rzd= 0.57 μm. The estimated sand-
grain roughness parameter krf, based on the average roughness and
average peak-to-valley distance, was in the submicron range for FLSE
technique, while for the rear-side machining alone and with subsequent
etching in KOH it was equal to ~8 μm and ~10 μm, respectively. The
values of sand-grain roughness, estimated according to the root-mean-

Fig. 3. Optical microscope images of nozzles, manufactured via different techniques. Scale bar is 100 µm-length.

Fig. 4. Measured profiles (solid black lines) at the output of nozzles with the diameter of 100 µm (a, b) and 200 µm (c, d), fabricated by nanosecond rear-side
machining technique alone (a, c) and by nanosecond rear-side machining technique with the subsequent etching in KOH (b, d). A grey area represents the ideal
cylindrical nozzle, while the distance x= 0 µm is the axis of a nozzle. Red dashed contours show the geometry of the chamfered edge, used for simulations.
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square roughness RRMS, were slightly lower.

3.2. Interferometric measurements

The transversal gas density profile was determined using nitrogen
gas, a Mach–Zehnder interferometer [21], continuous wave 632.8 nm
HeeNe laser and CCD camera. The density profiles were reconstructed
using the Interferometric Data Evaluation Algorithms (IDEA) [22]. The
nozzles were driven by the Parker 9 series microvalve. The nozzles were
tested in a vacuum chamber at the vacuum level of 10−5 mbar. The
images of measured and Fourier-filtered phase interferograms of the gas

jets at the backing pressure of 60 bar of the cylindrical nozzles are
presented in Fig. 6. The diameters of nozzles are 50 μm (Fig. 6(a)),
100 μm (Fig. 6(b–d)) and 200 μm (Fig. 6(e)). Nozzles were fabricated by
the FLSE technique (Fig. 6(a, b)), nanosecond rear-side machining
technique (Fig. 6(c, e)) and nanosecond rear-side machining technique
with the subsequent etching in KOH (Fig. 6(d)).

The results of simulated (left side) and reconstructed (right side)
transversal nitrogen concentration profiles using Abel transformation
[23] of nozzles with the diameter of 50 μm, 100 μm, and 200 μm are
given in Fig. 7. The concentration profiles of nozzles, manufactured by
FLSE technology, are presented in Fig. 7(a, b, e), and the concentration
profiles of nozzles, fabricated by nanosecond rear-side machining
technique, are given in Fig. 7(c, f). The concentration profile of a
100 μm-diameter nozzle, fabricated by nanosecond rear-side machining
technique with the subsequent etching in KOH, is shown in Fig. 7(d).

4. Results and discussion

The FLSE technique allowed to fabricate nozzles with the smallest
sand-grain roughness krf = 0.56 of the wall, estimated according to the
measured peak-to-valley distance. In the case of nanosecond rear-side
processing technique, the material was removed due to the local
cracking and consequent disintegration of material into smaller debris,

Fig. 5. SEM images of the opened microchannels, fabricated by FLSE technique (a), nanosecond rear-side machining (b) and rear-side machining with the subsequent
etching in KOH (c). Scale bars are 20 µm-length. 0.5 x 0.4mm2 topographies of the flat surface, fabricated by rear-side machining (d) and rear-side machining with
the subsequent etching in KOH (e).

Table 2
The measured surface roughness of the fabricated channels and estimated sand-
grain roughness parameter, according to the relations, given in Table 1.

FLSE RS machining RS machining and etching

Ra [μm] 0.12 1.4 1.7
RRMS [μm] 1.7 2.1
Rzd [μm] 0.57 8 10.4
krf @ Ra [μm] 0.70 8.2 10.0
krf @ RRMS [μm] 5.3 6.5
krf @ Rzd [μm] 0.56 7.8 10.2

Fig. 6. Interferograms of Mach-Zehnder interferometer of transversal N2 concentration profiles of nozzles with the diameter of 50 μm (a), 100 μm (b-d) and 200 μm
(e) at 60 bar of backing pressure at the valve. Nozzles were fabricated by FLSE technique (a, b), nanosecond rear-side machining technique alone (c, e) and with the
subsequent etching in KOH (d). Scale bar is 100 µm-length.
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which then can be removed through the opposite direction. Therefore,
the impact of ablation process was highly suppressed in this case. In
addition to that, the removed debris takes away some heat from the
interaction area. Therefore, the residual wall surface is considerably
rougher with almost no sign of remelting. The sand-grain roughness of
the wall equalled to 8 μm, which was by order of magnitude larger
compared to FLSE technique. Another feature of nanosecond rear-side
processing technique is the significant chipping of glass edges at the
output of a nozzle, which occurs when a thin layer of glass fractures in
the final stage of drilling. Chipping results in the chamfered nozzle
output with the edge section of 30° at 40 μm depth below the output of
the nozzle.

The gas concentration, measured at 60 bar backing pressure at the
output of 50 μm cylindrical channel, manufactured by FLSE technique,
at the distance of 40–60 μm from the output of the nozzle was
1–2× 1020 cm−3. The gas concentration, measured at the output of
100 μm cylindrical channel, fabricated by nanosecond rear-side pro-
cessing technique, at the distance of 50–80 μm from the output of the
nozzle was 25–30% lower relative to the channel with the sand
roughness of the wall krf = 0.56 μm, achieved by FLSE technique. The
measured gas concentrations were 1.4–2.2× 1020 and
1.8–3× 1020 cm−3, correspondingly. The gas concentration, measured
at the output of 200 μm cylindrical channel at the distance of
80–140 μm from the output of the nozzle, was 15–25% lower in the
channel, fabricated by nanosecond rear-side processing technique re-
lative to the channel, made by FLSE technique. The measured gas

concentrations were 2.3–4.5× 1020 and 2.9–5.1× 1020 cm−3 corre-
spondingly.

The subsequent etching of channels, fabricated with nanosecond
rear-side machining technique, in KOH solution for 4 h resulted in the
quite different surface morphology, as seen in Fig. 5(c), and higher
sand-grain roughness parameter equalled to 10 μm. The wet etching
revealed the randomly-distributed intra-volume cracks close to the
microchannel, which were induced due to nanosecond laser processing
[24]. It is worth to note that longer etching durations lead to even
higher values of surface roughness (krf = 18 μm for 22 h) and a worm-
like surface structure [19]. At the beginning of the wet etching, the
individual cracks are opened, which can intersect and coalesce during
longer etching durations [24]. Also, the wet etching did not affect the
angle of the edge section. Despite the different surface morphology and
roughness, the results of the measured concentration of 100 μm and
200 μm nozzles, fabricated by nanosecond rear-side machining alone
and nanosecond rear-side machining with the subsequent etching in
KOH, did not show substantial differences within the accuracy of 10%.

The simulation results of the regular cylindrical nozzles with
roughness parameter krf = 0 μm, presented in Fig. 7(a, b, e), are in good
correspondence with experimental results of the nozzles with diameters
of 50 μm, 100 μm and 200 μm, manufactured by FLSE technique. The
simulation results of the channels with krf = 10 μm and edge section
with the angle of 30°, presented at the Fig. 7(c, d, f), correspond with
the experimental results of the nozzles fabricated by nanosecond rear-
side processing technique within 10–15%. Additionally, the chipping of

Fig. 7. Simulated (left side) and reconstructed (right side) transversal N2 concentration profiles of nozzles with the diameter of 50 μm (a), 100 μm (b), 200 μm (e),
manufactured by FLSE technology, 100 μm (c) and 200 μm (f), fabricated by the nanosecond rear-side machining technique, and 100 μm (d), made by the nanosecond
rear-side machining technique with the subsequent etching in KOH, at 60 bar of backing pressure at the valve.

V. Tomkus, et al. $SSOLHG�6XUIDFH�6FLHQFH���������������²���

���



223

the channel edges results in the more stochastic behaviour of the con-
centration of the gas jet and deviations of the concentration not de-
scribed by the symmetrical model of cylindrical nozzles. After the
polishing of the front surface with chamfered edges, the quality of
nozzles, fabricated by a nanosecond laser, was improved by 10%. The
gas concentration reduction decreased below 15% for 100 μm-diameter
nozzles. Within the accuracy of 10% it corresponds to the simulations,
presented in Section 2.

5. Summary and conclusions

Three different laser-based techniques were applied for the fabri-
cation of cylindrical micronozzles, which resulted in different surface
morphology and roughness. Femtosecond laser-assisted selective
etching technology provided non-chamfered channels down to 50 μm
diameter with sand-grain roughness parameter in the sub-micron range.
At backing pressure of 60 bar the gas concentration at the distance of
40–60 μm from the output of cylindrical micronozzles in the range of
1–5× 1020 cm−3 was achieved. Therefore, it allows designing gas
target profiles of high concentration and micrometric dimensions. The
operation of nozzles is in good correspondence with simulation results
with the wall roughness krf = 0 μm. However, due to the long fabrica-
tion time, this technology is less competitive for processing of high-
volume parts.

Nanosecond laser rear-side processing technique provides excellent
material processing rate and can be implemented for the removal of
high volumes of fused silica and fabrication of channels down to
100 μm diameter. Technology has limitation for processing of structures
with dimensions below 200 μm because chipping is in the range of
50–100 μm and the sand-grain roughness parameter of the wall is 8 μm.
It results in the decrease of the nozzle quality and drop of concentration
rates by 20–30% for a nozzle with the diameter of 100 μm. The influ-
ence of the absolute roughness value to the nozzle performance reduces
with increase of a nozzle diameter. The reduction of gas concentration
is 15–25%, compared to FLSE technique, for a nozzle with the diameter
of 200 μm.

The subsequent etching in KOH alters the surface morphology of
nozzles, fabricated by nanosecond laser rear-side machining technique.
The wet etching opens intra-volume channels, which may coalesce, and
the sand-grain roughness parameter of the wall is equal to 10 μm after
4 h etching. However, there was no significant difference in perfor-
mance between additionally-etched and non-etched nozzles.

Simulations revealed that the section of the nozzle edge at the angle
of 30° decreased the gas concentration at the output of the nozzle by
15–17%. The quality of nozzles, fabricated by nanosecond laser ma-
chining, was improved by 10% by mechanical polishing of the surface
of a nozzle.

The FSLE technology is preferred where low surface roughness
and<200 μm diameter microchannels are required. It is less effective
than nanosecond rear-side processing, where machining of high-volume
parts is necessary. However, larger nozzles should be fabricated with
nanosecond laser rear-side processing only, which is cheaper and less
complicated.

The wall roughness has an effect on subsonic and ultrasonic gas flow
when the height of the roughness structure exceeds 1–2% of the dia-
meter of the cylindrical nozzle or the diameter of the throat of de Laval
nozzle [10–12]. The 1–2% of the diameter of 50–100 μm corresponds to
the roughness height of 0.5–1 μm. No degradation of the gas flow
compared to the simulation results of an ideal wall with krf = 0 μm was
observed. The sand-grain roughness parameter of nanosecond laser
rear-side machining technique, equalled to krf = 8–10 μm, comprise
8–10% of the nozzle diameter of 100 μm and 4–5% of the nozzle dia-
meter of 200 μm. The right angle of the channel of the cylindrical

nozzle has to be maintained at the output of the nozzle. The gas con-
centration reduction was below 15% for 100 μm-diameter nozzles with
polished output surface and nearly right edge angles. The subsequent
etching in KOH alters the surface morphology of nozzles. However, it
does not affect the performance of the nozzles. The roughness height
has a substantial impact on the gas flow profile rather than the fractal
dimension of the surface structure.
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Abstract: In this report, an efficient hybrid laser technique, nanosecond laser rear-side 
processing and femtosecond laser-assisted selective etching (FLSE) for the manufacturing of 
high-density gas capillary targets, is demonstrated. Cylindrical capillary nozzles for laser 
betatron X-ray sources were numerically simulated, manufactured from fused silica by 3D laser 
inscription and characterized using interferometry and gas density reconstruction. The 
dependence of gas concentration profiles on the wall roughness of cylindrical channels is 
presented.

© 2018 Optical Society of America under the terms of the OSA Open Access Publishing Agreement

1. Introduction
The need of modest scale research facilities, and the demand of higher X-ray energy for the 
investigation of warm dense matter [1] increase the interest in advanced X-ray sources, driven 
by laser-accelerated electrons. Such sources require manufacturing and characterization of 
tailored gas targets with micrometric dimensions. Confining the laser field inside the plasma 
bubble can act as an effective wiggler to produce betatron X-ray radiation with harmonics 
peaking in the range of tens and hundreds of keV [2]. The betatron critical frequency Ȧc can be 
calculated from the relation (1), where Ȗ is the relativistic factor of the accelerated electrons, n
is the plasma concentration and rȕ - the amplitude of the betatron orbit [3]:

> @ > @23 2 3keV 1.1 10 cm ȝP �c n rEZ J� �ª ºu ¬ ¼ (1)

The increase of the critical frequency Ȧc and photon energy of betatron radiation cannot be 
done straightforwardly via increasing all three parameters Ȗ, n, and rȕ simultaneously. The 
relativistic factor of electrons is limited by the maximal energy of the laser. While shortening 
the laser pulse length, the gas target dimensions and corresponding plasma wavelength has to 
be decreased to maintain the optical path for the laser beam in the gas target within a half of the 
plasma wavelength [4]. The operation at near critical plasma densities and sharp focusing to 
the smaller target dimensions decrease the dephasing length of the laser wakefield acceleration 
(LWFA). It is difficult to maintain the optimal LWFA conditions to get the maximum energy 
of accelerated electrons and increase the energy of betatron radiation and rȕ via transverse laser 
direct acceleration. Tailored concentration profiles [3,5,6], gas nozzles with different ionization 
energies [7], colliding laser pulses [8], two LWFA stages with lower plasma density for electron 
acceleration and higher density for optimized betatron radiation [9] are used to control the 
injection of the electrons, increase the energy of the accelerated electrons and raise the 
efficiency of betatron radiation. Implementation of short pulses and high plasma densities 
decreases the LWFA intensity threshold and opens the way of design of femtosecond table top 
medical grade ultrashort X-ray sources with lower laser energy of tens of millijoules and pulse 
duration of 7-20 fs at 1 kHz repetition rate [10–12].
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In this report, we demonstrate a new method of 3D laser formation of tailored gas targets 
using micrometric nozzle arrays manufactured in fused silica. Depending on required plasma 
density profile, focus length and laser power, several stages of the accelerator with different 
nozzle geometry can be implemented to ensure the electron injection, acceleration and 
increased efficiency of betatron radiation on a single chip.

Gas jet nozzles for laser wakefield acceleration may be fabricated from various materials 
using various subtractive and additive technologies. The nozzle materials should be resistant to 
the harsh operational conditions. The conventional method of CNC machining from metals is 
time-consuming and is not suitable for fabricating complex structures with a high aspect ratio 
(structure depth to width ratio). Stereolithography-based methods allow rapid manufacturing 
from plastics of custom-shaped nozzles down to 100 µm size at a low cost [13]. However, 
additional post-processing is required to open the blocked nozzle, and the materials are of 
moderate resistance. Also, in the sub-millimeter scale, the printed holes fail in maintaining the 
circular shape, and the achievable aspect ratio is close to one [14]. Taking into account the 
hardness of material and manufacturing flexibility, glassy materials seems to be an appealing 
alternative.

Conventional mechanical drilling of glass suffers from limitations in hole aspect ratio 
(typically up to 10:1), achievable minimum hole diameter (on the order of 100 µm), relatively 
slow processing speed and low machining quality [15]. The performance of direct laser ablation 
is limited in the case of thick samples. Plasma shielding, scattering from kerf sidewalls, debris 
accumulation are serious challenges, preventing fabrication of deep and taper-less structures 
[16]. One of the solutions is to remove the material from the rear side of a sample, which is 
usually referred to as the rear-side processing, back-side ablation or bottom-up technique [17–
23]. The overview and comparison of various micro-hole drilling techniques in glass could be 
found in [15].

Liquid-assisted femtosecond laser drilling of high aspect ratio holes (50:1) at the speed of 
several of µm/s from the rear side of the glass was already demonstrated more than a decade 
ago [18]. The drilling depth was mainly limited by the accumulation and redeposition of the 
processing debris [24]. The redeposition and accumulation effects can be reduced by tightly 
focusing nanosecond laser pulses, which induce micro-cracks in the glass. By choosing a proper 
pulse overlap, the material can be removed as large particles with the size up to hundreds of 
microns [19,21]. This technique is energy-efficient and could be applied for large-scale 
applications. However, it has limitations regarding the minimum hole diameter and surface 
quality. Nevertheless, in this paper, we demonstrate the hybrid 3D fabrication technique, in 
which the large volume of glass is removed by nanosecond pulses and the final micro-holes are 
manufactured by the femtosecond laser-assisted selective chemical etching technique (FLSE) 
[25–28].

In this report, we present results on the simulation, fabrication and characterization of 
cylindrical micronozzles with the diameter of 100-����ȝP�DQG�OHQJWK�RI�VHYHUDO�PLOOLPHWHrs to 
produce high-density gas targets for laser wakefield acceleration. Nozzles were fabricated using 
the nanosecond laser rear-side processing approach alone and the hybrid 3D fabrication 
technique.

2. Numerical simulation
The concentration, velocity, pressure and temperature of gas jets, ejected by micronozzles, were 
simulated using OpenFOAM [29] compressible steady-flow solver rhoSimpleFoam. The 
Reynolds-averaged Navier–Stokes (RANS) k-߱ Shear Stress Transport (SST) turbulence 
model describing turbulence using two transport equations and 2 transported variables -
turbulent kinetic energy k and ߱ - the specific rate of dissipation of the turbulence kinetic energy 
k into internal thermal energy was applied. A general thermo-physical model of calculation was 
based on internal energy and compressibility parameter ȥ = 1/RspecT, where Rspec is the specific 
gas constant and T is the temperature. The viscosity of the fluid ȝ was calculated according to 
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the Sutherland viscosity model as a function of the temperature T from the Sutherland 
coefficient As and Sutherland temperature Ts, according to:

� �
.
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(2)

Inlet and outlet boundary conditions were defined as the total pressure p0 calculated by the 
static pressure p, velocity vector U and density ȡ:

2
0

1 ,
2

p p UU � (3)

fixed velocity and temperature at the inlet boundary and the static pressure at the outlet 
boundary. For the wall type boundaries, the no-slip condition was used, and the two-
dimensional geometry of wedge symmetry was implemented.

Table 1. Material properties used in simulation [30]

Properties Units Nitrogen Helium
Molecular mass g/mol 28.02 4.02
Density at 1 bar 
and 273.15 K kg/m3 1.256 0.185
Specific heat 
capacity Cp J/kg K 1004 5193
Cp/Cv - 1.4 1.67
The speed of the 
sound at 273.15 K m/s 331.2 973
Sutherland 
constant As -

1.458 × 
10�6

1.633 × 
10�6

Sutherland 
temperature Ts K 110.8 147.0
Refractive index n
at 632 nm, 1 bar 
and 273.15 K - 1.000298 1.0000349

Material properties used in the simulation are given in Table 1. The actual values of the 
density, the speed of sound and refraction index were recalculated in the simulation based on 
the local values of pressure and temperature.

Nitrogen gas was implemented as the main modelling media to define optimal geometries 
of the nozzles during their manufacturing. The results are applicable also to helium frequently 
used as a laser wakefield acceleration media. The concentration differences at the nozzle output 
for nitrogen and helium are in the range of 7-10% only. The refractive index of nitrogen is 
higher by order of magnitude compared to helium and allows much easier and precise 
interferometric measurements of the gas target distribution. The simulation area comprises the 
length of microcapillary of 2.8 mm and 6 x 4 mm simulation area of expansion of the gases. 
Because of the high aspect ratio 1:18 (150 µm and 2.8 mm) only the part of simulation – 600 x 
600 µm close to the output of the nozzle is shown. Simulated images of gas concentration and 
Mach number of nitrogen and helium at the backing pressure of 60 bar of a cylindrical nozzle 
wLWK�WKH�RXWSXW�GLDPHWHU�RI�����ȝP�DUH�SUHVHQWHG�LQ�Fig. 1. The concentrations at the output of 
the nozzle for nitrogen and helium are similar because the gas density ȡ depends on the Mach 
number M being close to critical to both of gases [31]:

1
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where ȡ0 is the critical density at the point where gas flow turns from subsonic to supersonic 
flow. Slight differences of concentration are caused mainly by the difference of the adiabatic 
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index k of monoatomic gas of helium (5/3 = 1.67) and adiabatic index of diatomic nitrogen gas 
(7/5 = 1.4).

Fig. 1. Simulated gas concentration (a), Mach number (b) of nitrogen and concentration (c) and 
Mach number (d) of helium at the backing pressure of 60 bar of a cylindrical nozzle with the 
output GLDPHWHU�RI�����ȝP�

The higher deviations of Mach number between nitrogen and helium at larger distances 
depend on the gas temperature and speed of sound being inverse proportional to the square root 
of the mass of gases. Helium having lower molecular mass expands quicker, and the local 
temperature drops to the lower values compared to nitrogen. It results in higher Mach numbers 
of helium defined as a ratio of gas flow velocity and local speed of sound.

3. Manufacturing
The capillary nozzles were manufactured from fused silica using the nanosecond rear-side 
processing approach alone and the hybrid 3D laser machining technique. The sketch of the 
nozzle is presented in Fig. 2(a). The nozzle consisted of the 35 mm-diameter holder with a 
frustum of a cone and microcapillaries, fabricated along the element axis. The commercially-
available 150 x 150 mm2 and 76 mm-diameter fused silica plates with the thicknesses of 6.3 
mm and 12.7 mm, respectively, were used as raw material.

3.1 Nanosecond laser processing

The processing setup with a nanosecond laser is presented in Fig. 2(b). Gas jet nozzles were 
fabricated using the second harmonics (532 nm) of a diode-pumped solid-state (DPSS) laser 
(from Ekspla). The pulse duration, measured at full-width at half-maximum, was 4.5 ns. The 
laser system provided the maximum average laser power of 18 W at the 200 kHz pulse 
repetition rate. The galvanometer scanner intelliSCAN 14 (from SCANLAB) was used to guide 
the laser beam in the XY plane, focused by the telecentric f-theta lens with the focal length of 
80 mm. The diameter of the focused beam at the 1/e2 level equalled to 10.5 µm. Typical pulse 
energy and laser fluence was 90 µJ and 210 J/cm2, respectively. Samples were mounted on the 

Vol. 26, No. 21 | 15 Oct 2018 | OPTICS EXPRESS 27968 



229

translational stage with a stepper motor 8MT167-100 (from Standa) for vertical positioning. 
The drilling and milling of fused silica were conducted using the spiral-mode cutting technique, 
presented in [21], with variable inner and outer diameters, depending on the desired structure. 
Initially, the laser beam was focused below the rear surface, and then the positioning stage was 
moved down at a fixed vertical speed, which depended on the area of the milled surface. The 
removed volume of glass was divided by the processing time to calculate the material removal 
rate (mm3/s). The material removal rate was divided by the average laser power to obtain the 
energetic efficiency of processing (mm3/J).

Fig. 2. The sketch of the nozzle (a). The nanosecond laser processing setup (b), which consisted 
of the galvanometer scanner to guide the beam in the XY plane and f-theta lens for focusing. 
The process was initiated from the rear side of a sample, and the positioning stage was 
continuously moved down.

The nozzle was fabricated by two stages. In the first stage, the frustum of a cone and screw 
holes were fabricated. The material removal rate for such high-volume milling reached 2.34 
mm3/s with the 18 W average laser power.

Fig. 3. Images of 6 mm-OHQJWK�FDSLOODULHV�ZLWK�RXWSXW�GLDPHWHUV�RI�����ȝP��D�������ȝP��E���300 
ȝP��F��DQG�����ȝP��G���PDQXIDFWXUHG�LQ�IXVHG�VLOLFD�XVLQJ�WKH�QDQRVHFRQG�ODVHU�

The energetic efficiency at such conditions was 0.13 mm3/J. Therefore, it took a few dozen 
minutes to manufacture a 35 mm-diameter nozzle holder with the 2 mm height of the frustum 
of a cone. The average roughness Ra of the milled surface, measured in the horizontal direction 
by the stylus profiler Dektak 150 (from Veeco), was in the range of 4-6 µm.

In the second stage, the nozzle holder was turned upside down and the intrinsic structure, 
consisting of a microchannel and an adapter, was fabricated with reduced average laser power 
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and pulse repetition rate to achieve high-quality drilling and milling. The minimum diameter 
of the hole was 100 µm in the 6.3 mm-thick glass plate. For smaller diameters, processing 
debris was trapped inside a hole, and the process stopped. The achieved aspect ratio of 63:1 
was comparable with the liquid-assisted femtosecond drilling technique [18]. However, the 
processing speed was significantly enlarged. It took only 15 s, 30 s, 60 s, 160 s to drill 100 µm, 
200 µm, 300 µm and 500 µm-diameter holes, respectively, in the 6.3 mm-thick glass sheet with 
the 0.48 W average laser power. Therefore, the material removal rate and processing energetic 
efficiency where 3.3 × 10�3 mm3/s and 6.9 × 10�3 mm3/J, respectively, calculated for the 100 
µm-diameter hole and approximately 15 × 10�3 mm3/J for other holes. The front-side scanning 
electron microscope (SEM) images of drilled holes are presented in the Fig. 3. The maximum 
surface chipping, which is typical for nanosecond laser processing of glass, was around 100 
µm. For examination of the surface roughness, the sample was cut through an array of holes 
and polished to open a channel. An SEM image of opened channels is given in Fig. 4(a). It is 
clearly seen that the fabricated channels are taper-less and maintain their cylindrical shape for 
the entire thickness of the glass. The rough surface, visible in Fig. 4(b), occurs due to the nature 
of the process. The surface topography of 500 µm-diameter channel, measured by the stylus 
profiler, is presented in Fig. 4(c). The measured average surface roughness Ra of a channel in 
the vertical direction was 1.4 µm, the average peak-to-valley distance Rz was 8 µm.

Fig. 4. Tilted SEM images of an opened drilled holes array with diameters of 100 µm, 200 µm, 
300 µm and 500 µm (a). The magnified image of the 100 mm-diameter channel surface (b). The 
surface topography of 500 µm-diameter channel (c), 100 µm-diameter capillary, connected with 
a 0.8 mm-diameter adapter (d).

The nanosecond laser rear-side processing approach is a flexible technique, which allows 
us to fabricate the 2.5D structures in the bulk of glass. For instance, capillaries with variable 
diameters, as shown in the Fig. 4(d).

3.2 Hybrid 3D machining technique

Initially, samples were shaped using the DPSS nanosecond laser with a high material removal 
rate. In this step, a nozzle holder and an adapter without a microchannel, similar to the one 
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presented in Fig. 4(d), were fabricated. The 0.8 mm-diameter adapter with a conical tip was 
required to reduce the thickness of laser-untreated volume to 2 mm for the further processing 
step.

Fig. 5. Fabrication geometry of the modifications for the chemical etching (a) and the SEM 
picture of the channel entrance after 22 h etching in 10M KOH (b).

Then, micro-capillaries were inscribed using the femtosecond laser direct writing technique 
and etched in the potassium hydroxide (KOH) of 10M concentration for 22 hours. In such way, 
the manufacturing showed no chipping on the microchannel entrance surface, shown in Fig. 
5(b), and the diameter accuracy control has been improved up to +/� ��ȝP��GHSHQGLQJ�RQ�WKH�
channel size precompensation. For the channel fabrication, the femtosecond Yb:KGW Pharos 
laser (from Light Conversion) operating at the 515 nm wavelength and ~300 fs pulse duration 
was used. The repetition rate was set to 500 kHz, and the processing speed was 0.5 mm/s to 
ensure the 1000 pulses/µm density. The laser beam was focused with a 100x microscope 
objective (from Mitutoyo, NA = 0.5) to achieve ~2 µm spot size.

Fig. 6. SEM images of an opened channel with a diameter of ~100 µm after 22 h etching in 10 
M KOH (a). The magnified image of the transition from the drilled adapter to the etched channel 
surface (b). Magnified surface morphology of the etched channel (c). Drilled and etched adapter 
(d).

The vertical channel was formed according to the fabrication geometry, demonstrated in the 
Fig. 5(a). The whole channel length was divided into the 9 sections with a single section length 
of ~230 µm. The section was composed of the layers consisting of a set of concentric circles, 
which increased the etched cavity size. The concentric circles were manufactured by translating 
the sample relative to the laser focus with the XY positioning system that allows the accuracy 
of ~300 nm (Aerotech ANT150). The single layer was not entirely filled by the circles to 
minimise the fabrication time. The z step between the layers in the single section was defined 
experimentally and was 4-5 µm. Each section was terminated by the end sections, composed 
of the few layers, fabricated by the same processing parameters. However, in this case, the 
whole area of the layer was filled entirely by concentric circles. The circle's radius in the layer 
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was changed by the 1.5 µm step. This sectional fabrication minimised the saturation during the 
etching as the etched section was separated and fall out. Therefore the clear etchant could 
achieve deeper and deeper sections. Due to the aberrations [32], for the deeper focusing the 
pulse energy dissipated, and higher energy was needed to induce the required modifications. In 
this way, ~300 nJ pulse energy was used for the first section and ~800 nJ pulse energy for the 
last section. The vertical channel shape was precompensated by changing the maximum section 
radius to achieve the taper-less microchannel. The total laser fabrication time of 100 µm 
diameter channel was ~21 min. SEM images of an opened channel are shown in Fig. �. The 
magnified etched microchannel and adapter images demonstrate a significant difference in the 
surface morphology. The adapter, drilled using the nanosecond laser and etched for 22 h, shows 
the rough worm-like surface. The surface profile, measured with a stylus profiler, is given in 
Figs. 7(a) and 7(b). 

Fig. 7. Surface roughness measurement of the channel, fabricated by the FLSE technology (a), 
and of the adapter, drilled using nanosecond laser and 22 h-etched in 10 M KOH (b).

The surface roughness of the microchannel, fabricated with the FLSE technology, was Ra =
120 nm (Rz = 568 nm). For comparison, the surface roughness of the adapter, drilled with the 
nanosecond laser and etched for 22 hours, was Ra = 3.5 µm (Rz = 18.8 µm). Note that etching 
further increased the roughness of channels, fabricated using nanosecond laser.

Fig. 8. The nozzle (diameter 35 mm, height 12.7 mm) of 2 mm-length capillaries with the output 
GLDPHWHU�RI�����ȝP��ODVHU-machined in fused silica with the following etching in KOH.

The FLSE technology significantly improves the average surface roughness Ra (~12 times) 
and average peak-to-valley distance Rz (~14 times) of the microchannel; however, due to the 
long fabrication time, it is less competitive in the processing of high-volume parts. The 
minimum diameter that can be achieved in the 2 mm thick fused silica was ~30 µm, which is 
~3 times smaller compared to the nanosecond laser drilling. Therefore, the FSLE technology 
can be preferred where the low surface roughness and small < 100 µm diameter microchannels 
are required. Images of the fabricated nozzle with the 2 mm-length capillaries are given in Fig. 
8.
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4. Characterization of nozzles

Fig. 9. Diagram of Mach-Zehnder interferometer (a), and measured phase interferogram of 
helium (b) and nitrogen (c) gas jet at the backing pressure of 60 bar of the cylindrical nozzle 
ZLWK�WKH�RXWSXW�GLDPHWHU�RI�����ȝP�

Fig. 10. Simulated (a, c, e, g) and reconstructed (b, d, f, h) integral phase profiles of Mach-
Zehnder interferometer of nitrogen gas at 60 bar of cylindrical nozzles with the output diameter 
RI�����ȝP��D��E�������ȝP��F��G�������ȝP��H��I��DQG�����ȝP��J��K��

The gas density profiles were measured using nitrogen, Mach-Zehnder interferometer, 
continuous wave 632.8 nm He-Ne laser and subsequently filtered using Fourier transformation 
[33]. The gas nozzles were tested in a vacuum chamber at the vacuum level of 10�5 mbar. The 
laser was operated, and the interferometer was installed outside of the vacuum chamber with 
one of the interferometer arms crossing the vacuum chamber through the windows of the optical 
quDOLW\�RI�Ȝ�����7KH�GLDJUDP�RI�WKH�0DFK-Zehnder interferometer is presented in Fig. 9(a) and 
the images of measured phase interferograms of the gas jet at the backing pressure of 60 bar of 
WKH�F\OLQGULFDO�QR]]OH�ZLWK�DQ�RXWSXW�GLDPHWHU�RI�����ȝP�IRU�KHOLXP�are given in Fig. 9(b) and 
for nitrogen in Fig. 9(c). The nozzles were driven by the Parker 9 series microvalve with the 
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0.8 mm orifice, actuated by a specialised pulse driver enabling millisecond operation. The 
operation of the microvalves and CCD cameras were synchronised and triggered by the master 
oscillator.

Nitrogen was used for the determination of the gas density profiles because of the 
sufficiently higher refractive index relative to the helium. The Abel transformation was 
performed to get the 3D map of the nozzle gas density. The phase was retrieved, and the density 
profiles were reconstructed using the interferometric data evaluation algorithms (IDEA) [34]. 
The simulated integral phase profiles of nitrogen gas at 60 bar of cylindrical nozzles with the 
RXWSXW�GLDPHWHU�RI�����ȝP������ȝP������ȝP�DQG�����ȝP�DUH�SUHVHQWHG�LQ�Figs. 10(a), 10(c), 
10(e) and 10(g), respectively.

Fig. 11. Simulated and reconstructed transversal concentration profiles (a,b) of gas at 60 bar of 
cylindrical nozzles DW�WKH�GLVWDQFH�RI����ȝP��OLQH����PDUNHU���������ȝP��OLQH����PDUNHU���������
ȝP��OLQH����PDUNHU����DQG�����ȝP��OLQH����PDUNHU�����6ROLG�OLQHV�FRUUHVSRQG�WR�WKH�FRQFHQWUDWLRQ�
simulations of nitrogen and dashed of helium. Markers represent the experimental data. 
Simulated and reconstructed longitudinal concentration profiles (c) of gas at 60 bar of cylindrical 
QR]]OHV�ZLWK�RXWSXW�GLDPHWHU�RI�����ȝP��OLQH����PDUNHU���������ȝP��OLQH����PDUNHU����DQG�����
ȝP� �OLQH� ����5HFRQVWUXFWHG� LQWHJUDO� SKDVH� SURILOHV� �G�� H�� of Mach-Zehnder interferometer of 
QLWURJHQ�JDV�DW����EDUV�RI�F\OLQGULFDO�QR]]OHV�ZLWK�WKH�RXWSXW�GLDPHWHU�RI�����ȝP�DQG�Rz = 568 
nm (d), and Rz = 8 µm (e).

The reconstructed integral phase profiles are presented in Figs. 10(b), 10(d), 10(f) and 10(h).
Integral phase ĳ was calculated from the OpenFOAM concentration simulations with following 
integration of the phase change while the interferometer beam was crossing the nozzle gas jet. 
The measured profiles of integral phase were reconstructed from measured interferograms 
using IDEA software package. In Figs. 11(a) and 11(b), the simulated and reconstructed 
transversal concentration profiles of gas at 60 bar of cylindrical nozzles with the output 
GLDPHWHU�RI� ����ȝP�DQG�����ȝP�� UHVSHFWLYHO\�� DUH� SUHVHQWHG��6ROLd lines correspond to the 
concentration simulations of nitrogen and dashed of helium. Markers represent the 
experimental data. In Fig. 11(c), the simulated and reconstructed longitudinal concentration 
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profiles of gas at 60 bar of cylindrical nozzles with oXWSXW�GLDPHWHU�����ȝP��OLQH����PDUNHU�����
���� ȝP� �OLQH� ��� PDUNHU� ��� DQG� ���� ȝP� �OLQH� ��� DUH� JLYHQ�� ,Q� Figs. 11(d) and 11(e), the 
reconstructed integral phase profiles of Mach-Zehnder interferometer of nitrogen gas at 60 bar 
of cylindrical nozzles with the RXWSXW�GLDPHWHU�RI�����ȝP�DQG�Rz = 568 nm and Rz = 8 µm, 
respectively, are shown.

5. Results and discussion
The calculated and measured integral phase ĳ, presented in Fig. 10, and gas concentration 
profiles, presented in Fig. 11, are in good correspondence for the nozzles with the diameter of 
���������DQG�����ȝP��7KH�PHDVXUHG�SKDVH�SURILOHV�RI�WKH�QR]]OH�ZLWK�WKH�RXWSXW�GLDPHWHU�RI�
����ȝP�ZHUH�����ORZHU�UHODWLYH�WR�WKH�SUHGLFWHG�E\�QXPHULFDO�VLPXODWLRQ�EHFDXVH�RI�WKH�ORZ�
removal rate of the residual gas by the vacuum pump system. Depending on the valve backing 
pressure of 20 to 60 bar, the achieved concentration of the gas density at the exit of 
micronozzles was in the range of 2-6 × 1020 cm�3. The concentration profiles were parabolic, 
and the concentration dropped by orders of magnitude at the distance of 4-5 diameters from the 
output. At these distances, the concentration depends linearly on the backing pressure of the 
valve. The density at the output of the nozzle is close to the critical density of subsonic flow 
inside of the capillary, and the Mach number of the gas jet is in the range of 1.3-1.4. Leaving 
the capillary, the gas expands quickly, and at the distance of the diameter of the nozzle, reaches 
the velocity of 2-3 Mach. At a distance, being equal of 0.5-0.7 diameters of the nozzles from 
the output, the concentration profile is relatively flat, and the concentration changes 20-30% 
within the focused beam of 10-���ȝP�DW�):+0�RI�DFFHOHUDWLQJ�Oaser. The gas concentration of 
cylindrical nozzles with the diameter of 200-����ȝP�DW����EDU�RI�EDFNLQJ�SUHVVXUH�LV����-2.2 × 
1020 cm�3. This value is higher relative to Laval nozzles with the throat of the same size as 
cylindrical nozzle because the output area of Laval nozzles is typically several times greater 
than the critical area. The concentration can be raised by increasing the backing pressure several 
times. The maximal pressure is limited by the mechanical characteristics of the valve and 
strength of the material. Cylindrical nozzles have advantages where high-density and short gas 
target are required, and the laser beam is focused close to the nozzle output area. The supersonic 
Laval nozzles have advantages where more extended flat profiles with modest gas 
concentration and long focusing length of the laser beam are implemented.

The gas concentration of cylindrical nozzles with the diameter of 100 µm, measured at the 
GLVWDQFH�RI����ȝP�IURP�WKH�RXWSXW�RI�WKH�QR]]OH�ZDV�����ORZHU�LQ�WKH�FKDQQHO�ZLWK�the higher 
wall roughness of Rz = 8 µm relatively to the channel with the wall roughness of Rz = 568 nm. 
The corresponding gas concentrations were 2.2 × 1020 and 3 × 1020 cm�3, respectively. The 
difference of the gas concentration of the channels decreased with the distance from the nozzle 
output and reached similar values of 0.8-1 × 1020 cm�3 DW�WKH�GLVWDQFH�RI�����ȝP�IURP�WKH�QR]]OH�
output. The SEM images of wall roughness and integral phase of FLSE and rear-side technique 
are presented correspondingly in Fig. 6(c), Figs. 4(c) and 4(d), Figs. 11(d) and 11(e).

6. Conclusions and outlook
The combination of the 7-12 fs laser pulses and plasma targets of the size of 100-����ȝP�DQG�
the gas density of 1-3 × 1020 cm�3 allows to reach the laser strength parameter a0 >2 and 
accelerate the electrons with lasers having several terawatt of power. It opens the opportunity 
to benefit from the generation of ultrashort X-ray pulses with a high repetition rate of 1 kHz. 
At the distance of the diameter of the channel, the concentration profile is relatively flat and 
changes 20-30% within the focused beam of 10-���ȝP�DW�):+0�RI�DFFHOHUDWLQJ�ODVHU��+LJKHU�
gas density will result in shorter dephasing length and lower the energy of accelerated electrons. 
The decreased energy will be partially compensated by higher plasma field. Additionally, to 
increase the dephasing length, a periodical nozzle array with modulation of the density with 
high and low concentrations regions can be implemented. The described manufacturing 
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technique can be used for manufacturing of Laval nozzles and combinations of cylindrical, slit 
and Laval nozzle arrays on a single chip to produce tailored gas concentration profiles.

The nanosecond laser rear-side processing approach allows rapid fabrication of gas jet
nozzles with the minimum 100 µm-diameter capillaries in a 6.3 mm-thick fused silica. The 
maximum material removal rate for high-volume parts is 2.34 mm3/s with the 18 W average 
laser power. However, due to the nature of the process, the channel roughness is on the order 
of several micrometers. The FLSE technology significantly improves the average surface 
roughness (~12 times) and average peak-to-valley distance (~14 times) of the microchannel; 
however, due to the low fabrication time, it is less competitive for processing of high-volume 
parts. The limitations above can be eliminated by the hybrid 3D machining technique, when 
high-volume parts, which do not require high quality, are removed by nanosecond pulses, and 
high-quality capillaries are fabricated by the laser-assisted chemical etching. Such a technique 
allows achieving both - high processing speed and quality.

Funding
Research Council of Lithuania (S-MIP-17-79).

References
1. M. Šmíd, I. Gallardo González, H. Ekerfelt, J. Björklund Svensson, M. Hansson, J. C. Wood, A. Persson, S. P. 

D. Mangles, O. Lundh, and K. Falk, “Highly efficient angularly resolving x-ray spectrometer optimized for 
absorption measurements with collimated sources,” Rev. Sci. Instrum. 88(6), 063102 (2017).

2. S. Cipiccia, M. R. Islam, B. Ersfeld, R. P. Shanks, E. Brunetti, G. Vieux, X. Yang, R. C. Issac, S. M. Wiggins,
G. H. Welsh, M. P. Anania, D. Maneuski, R. Montgomery, G. Smith, M. Hoek, D. J. Hamilton, N. R. C. Lemos,
D. Symes, P. P. Rajeev, V. O. Shea, J. M. Dias, and D. A. Jaroszynski, “Gamma-rays from harmonically 
resonant betatron oscillations in a plasma wake,” Nat. Phys. 7(11), 867–871 (2011).

3. K. Ta Phuoc, E. Esarey, V. Leurent, E. Cormier-Michel, C. G. R. Geddes, C. B. Schroeder, A. Rousse, and W. P.
Leemans, “Betatron radiation from density tailored plasmas,” Phys. Plasmas 15(6), 063102 (2008).

4. E. Esarey, C. B. Schroeder, and W. P. Leemans, “Physics of laser-driven plasma-based electron accelerators,”

Rev. Mod. Phys. 81(3), 1229–1285 (2009).
5. C. Thaury, E. Guillaume, A. Lifschitz, K. Ta Phuoc, M. Hansson, G. Grittani, J. Gautier, J. P. Goddet, A. Tafzi,

O. Lundh, and V. Malka, “Shock assisted ionization injection in laser-plasma accelerators,” Sci. Rep. 5(1),
16310 (2015).

6. M. Hansson, B. Aurand, X. Davoine, H. Ekerfelt, K. Svensson, A. Persson, C. G. Wahlström, and O. Lundh,
“Down-ramp injection and independently controlled acceleration of electrons in a tailored laser wakefield
accelerator,” Phys. Rev. Spec. Top. Accel. Beams 18(7), 071303 (2015).

7. G. Golovin, S. Banerjee, S. Chen, N. Powers, C. Liu, W. Yan, J. Zhang, P. Zhang, B. Zhao, and D. Umstadter,
““Control and optimization of a staged laser-wakefield accelerator,” Nucl. Instruments Methods Phys. Res. Sect.

A Accel. Spectrometers,” Detect. Assoc. Equip. 830, 375–380 (2016).
8. M. Hansson, B. Aurand, H. Ekerfelt, A. Persson, and O. Lundh, ““Injection of electrons by colliding laser pulses

in a laser wakefield accelerator,” Nucl. Instruments Methods Phys. Res. Sect. A Accel. Spectrometers,” Detect.
Assoc. Equip. 829, 99–103 (2016).

9. J. Ferri, S. Corde, A. Döpp, A. Lifschitz, A. Doche, C. Thaury, K. Ta Phuoc, B. Mahieu, I. A. Andriyash, V.
Malka, and X. Davoine, “High-%ULOOLDQFH�%HWDWURQ�Ȗ-Ray Source Powered by Laser-Accelerated Electrons,”

Phys. Rev. Lett. 120(25), 254802 (2018).
10. R. %XGULǌQDV, T. Stanislauskas, J. Adamonis, A. $OHNQDYLþLXV, G. Veitas, D. Gadonas, S. Balickas, A.

Michailovas, and A. 9DUDQDYLþLXV, “53 W average power CEP-stabilized OPCPA system delivering 5.5 TW few 
cycle pulses at 1 kHz repetition rate,” Opt. Express 25(5), 5797–5806 (2017).

11. A. J. Goers, G. A. Hine, L. Feder, B. Miao, F. Salehi, J. K. Wahlstrand, and H. M. Milchberg, “Multi-MeV 
Electron Acceleration by Subterawatt Laser Pulses,” Phys. Rev. Lett. 115(19), 194802 (2015).

12. D. Guénot, D. Gustas, A. Vernier, B. Beaurepaire, F. Böhle, M. Bocoum, M. Lozano, A. Jullien, R. Lopez-
Martens, A. Lifschitz, and J. Faure, “Relativistic electron beams driven by kHz single-cycle light pulses,” Nat.
Photonics 11(5), 293–296 (2017).

13. S. W. Jolly, Z. He, C. McGuffey, W. Schumaker, K. Krushelnick, and A. G. R. Thomas, “Stereolithography 
based method of creating custom gas density profile targets for high intensity laser-plasma experiments,” Rev.
Sci. Instrum. 83(7), 073503 (2012).

14. A. Döpp, E. Guillaume, C. Thaury, J. Gautier, K. Ta Phuoc, and V. Malka, “3D printing of gas jet nozzles for 
laser-plasma accelerators,” Rev. Sci. Instrum. 87(7), 073505 (2016).

15. L. Hof and J. Abou Ziki, “Micro-Hole Drilling on Glass Substrates—A Review,” Micromachines (Basel) 8(2), 
53 (2017).

16. N. M. Bulgakova, V. P. Zhukov, A. R. Collins, D. Rostohar, T. J.-Y. Derrien, and T. Mocek, “How to optimize 
ultrashort pulse laser interaction with glass surfaces in cutting regimes?” Appl. Surf. Sci. 336, 364–374 (2015).

Vol. 26, No. 21 | 15 Oct 2018 | OPTICS EXPRESS 27976 



237

17. Y. Li, K. Itoh, W. Watanabe, K. Yamada, D. Kuroda, J. Nishii, and Y. Jiang, “Three-dimensional hole drilling of 
silica glass from the rear surface with femtosecond laser pulses,” Opt. Lett. 26(23), 1912–1914 (2001).

18. D. J. Hwang, T. Y. Choi, and C. P. Grigoropoulos, “Liquid-assisted femtosecond laser drilling of straight and
three-dimensional microchannels in glass,” Appl. Phys., A Mater. Sci. Process. 79(3), 605–612 (2004).

19. D. Ashkenasi, T. Kaszemeikat, N. Mueller, A. Lemke, and H. J. Eichler, “Machining of glass and quartz using 
nanosecond and picosecond laser pulses,” Proc. SPIE 8243, 82430M (2012).

20. Z. K. Wang, W. L. Seow, X. C. Wang, and H. Y. Zheng, “Effect of laser beam scanning mode on material 
removal efficiency in laser ablation for micromachining of glass,” J. Laser Appl. 27(S2), S28004 (2015).

21. P. *Hþ\V, J. Dudutis, and G. 5DþLXNDLWLV, “Nanosecond Laser Processing of Soda-Lime Glass,” J. Laser Micro 
Nanoeng. 10(3), 254–258 (2015).

22. G. Lott, N. Falletto, P. Devilder, and R. Kling, “Optimizing the processing of sapphire with ultrashort laser 
pulses,” J. Laser Appl. 28(2), 022206 (2016).

23. K. Mishchik, K. Gaudfrin, and J. Lopez, “Drilling of through holes in sapphire using femto-second laser pulses,” 
J. Laser Micro Nanoeng. 12(3), 321–324 (2017).

24. X. Zhao and Y. C. Shin, “Femtosecond laser drilling of high-aspect ratio microchannels in glass,” Appl. Phys., A 
Mater. Sci. Process. 104(2), 713–719 (2011).

25. A. Marcinkevi Ius, S. Juodkazis, M. Watanabe, M. Miwa, S. Matsuo, H. Misawa, and J. Nishii, “Femtosecond
laser-assisted three-dimensional microfabrication in silica,” Opt. Lett. 26(5), 277–279 (2001).

26. S. Lo Turco, R. Osellame, R. Ramponi, and K. C. Vishnubhatla, “Hybrid chemical etching of femtosecond
irradiated 3D structures in fused silica glass,” MATEC Web Conf. 8, 05009 (2013).

27. V. 6WDQNHYLþ and G. 5DþLXNDLWLV, ““Free-shape 3D structure formation in bulk fused silica by irradiation with
IHPWRVHFRQG�ODVHU�SXOVHV�´�-/01-,” J. Laser Micro Nanoeng. 9(3), 271–275 (2014).

28. M. Hermans, J. Gottmann, and F. Riedel, “Selective, laser-induced etching of fused silica at high scan-speeds
using KOH,” J. Laser Micro Nanoeng. 9(2), 126–131 (2014).

29. L. Open CFD
30. “Engineering ToolBox. Material Properties.,” https://www.engineeringtoolbox.com/material-properties-

t_24.html.
31. M. J. Zucrow and J. D. Hoffman, Gas Dynamics (Krieger Pub. Co, 1985).
32. C. Hnatovsky, R. S. Taylor, E. Simova, V. R. Bhardwaj, D. M. Rayner, and P. B. Corkum, “High-resolution 

study of photoinduced modification in fused silica produced by a tightly focused femtosecond laser beam in the 
presence of aberrations,” J. Appl. Phys. 98(1), 013517 (2005).

33. R. Azambuja, M. Eloy, G. Figueira, and D. Neely, “Three-dimensional characterization of high-density non-
cylindrical pulsed gas jets,” J. Phys. D Appl. Phys. 32(8), L35–L43 (1999).

34. M. Hipp, J. Woisetschläger, P. Reiterer, and T. Neger, “Digital evaluation of interferograms,” Measurement
36(1), 53–66 (2004).

Vol. 26, No. 21 | 15 Oct 2018 | OPTICS EXPRESS 27977 



238

 
NOTES 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 



239

 
NOTES 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 



 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
Vilnius University Press 

��6DXOơWHNLR�$YH���%XLOGLQJ�,,,��/7-10222 Vilnius 
Email: info@leidykla.vu.lt, www.leidykla.vu.lt 

Print run 25 


